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The relaxation time, 7, of protons in HxO—D.O mixtures has been measured and found to depend 
strongly upon the relative proton concentration. This dependence supports the assumption of Bloembergen, 
Purcell, and Pound that the main relaxation mechanism in water is a nuclear dipole interaction. 





HE relaxation of protons in water has been as- 
sumed in the theory of Bloembergen, Purcell, and 
Pound! to be due predominantly to their mutual dipole 
interaction. As a severe test of this assumption, meas- 
urements of the longitudinal relaxation time 7; of 
protons in mixtures of light and heavy water have been 
carried out. Due to its smaller magnetic moment, which 
enters quadratically in the relaxation process, a deuteron 
should be about ten times less effective for the relaxation 
of neighboring protons than another proton. A corre- 
sponding lengthening of 7; in mixtures with increasing 
concentration of heavy water would thus represent a 
verification of the above-mentioned assumption. 
Measurements of 7; in HXO—D,0O mixtures were 
carried out with a nuclear induction apparatus in a 
magnetic field of about 7000 gauss by using the method 
of total reversal of the proton polarization.? The nuclei 
were allowed to establish their equilibrium polarization 
whereupon the proton polarization was completely re- 
versed by sweeping the field through resonance. The 
resonance was traversed during a time Aft which 
satisfied, to within a factor of at least ten, the condition 


1/ (yA) KMKT), (1) 


where ¥ is the proton gyromagnetic ratio and 2H; the 
amplitude of the transverse radio-frequency field. 

The proton polarization after reversal recovers its 
equilibrium value with the characteristic time T; and is 
zero at a time (In2) 7; after the reversal. For equal short 
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1 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
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intervals on either side of this time, the observed proton 
signal is symmetrically inverted, allowing the accurate 
determination of the time of zero polarization, as a 
convenient experimental measure of 7;. The shorter 
range of times for which the signal was so small as not to 
be detectable above the noise has been taken as a 
measure of the experimental error in the method. 

The first samples examined were prepared by sealing 
the mixtures in Pyrex tubes; however, we were led to 
suspect that in these samples significant amounts of 
paramagnetic material, perhaps iron salts, were being 
dissolved slowly from the walls. The samples were 
subsequently prepared by direct vacuum distillation 
into quartz tubes. These were carefully sealed against 
air since oxygen dissolves in water in quantities suffi- 
cient to contribute appreciably to the relaxation of the 
protons.* 

Figure 1 represents the experimental data for 1/7) of 
H.,O—D,0 mixtures as a function of the volume concen- 
tration, a, of ordinary water in heavy water. The data 
show indeed the strong dependence of 7; on a which is 
to be expected from a relaxation process based on a 
mutual dipole interaction among the nuclei. 

According to the theory of Bloembergen e¢ al., which 
assumes that the correlation times are proportional to 
the macroscopic viscosity, the relaxation time of the 
mixture should obey an expression of the form 


~=1(—) [a+ (1—a)R], (2) 
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where the index w refers to ordinary water and 7 is the 
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ratio of the viscosity of the mixture to that of ordinary 
water. The quantity R is given by 


ug Iat1 I, 
Peed =0.063, (3) 


ae Ta I,+1 


where yy, wa are the magnetic moments and J,, J¢ the 
spins of the protons and deuterons respectively.‘ 

It will be noted from (2) that 1/(7;) should be a 
linear function of a. We have plotted this quantity, 
using the observed values’ of n, in Fig. 2. The points lie 
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Fic. 1. Reciprocal of measured proton relaxation time, 71, vs 
relative volume concentration, a, of ordinary water in HYO— D,O 
mixtures. The temperature was 21.5°C. The variation of the 
temperature of the various samples was 0.6°C or less; however, a 
slight correction has been made for this variation. 


‘Professor A. Abragam has kindly pointed out in a private 
communication that the coefficient R should be multiplied by a 
factor 3. However, the inclusion of this factor would not materially 
affect our conclusions since the observed effects depend primarily 
upon the smallness of R compared to unity. 

5 W. N. Baker and V. K. LaMer, J. Chem. Phys. 3, 406 (1935); 
G. N. Lewis and R. T. MacDonald, J. Am. Chem. Soc. 55, 4730 
(1933); R. C. Hardy and R. L. Cottingham, J. Chem. Phys. 17, 
509 (1949). 
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Fic. 2. Reciprocal of the product of the proton relaxation time, 
T;, and the relative viscosity, n, vs relative volume concentration, 
a, of ordinary water in HAO—D,0 mixtures. 


on a straight line to within the experimental error, 
showing that the assumption of proportionality between 
the correlation time and the macroscopic viscosity is 
substantially correct. 
From the plot of Fig. 2, the experimental value of R is 
found to be 
Rexp=0.056+0.010. (4) 


In view of the somewhat uncertain assumption, the 
close agreement of the values (3) and (4) must be con- 
sidered as rather fortuitous. However, it is not the exact 
numerical value of R but the fact that it is small in 
comparison to unity which leads to the strong de- 
pendence of 7; on @ and thus to the verification of 
magnetic dipole relaxation in water. 
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Compressibility and Heat Transfer of Helium II*{ 
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It has been demonstrated that the thermomechanical effect operates in a closed system of helium II. 
This effect has been used to measure the compressibility of helium II. The results agree relatively well with 
the results of other investigators who used other methods. The agreement indicates that the method used, 
a packed column of rouge in a closed system, is a good one for obtaining the full thermomechanical effect. 
The heat transfer of helium II in the rouge column has been measured. The behavior found is, in general, 
similar to that found for the heat transfer through a slit between two optically polished surfaces. Evidence 
was found for a maximum in the heat transfer close to, but below, the \ point. 





I. INTRODUCTION 


T has been found! that when a sufficiently large heat 

current passes down through a closed system of 
helium IT in channels in packed rouge, a sudden rise in 
the liquid level is produced. When the heat is turned 
on, a temperature difference is established and this, 
by virtue of the thermomechanical effect,? produces an 
underpressure in the helium in the rouge. This process 
may be thought of as a “relative stretch” of the two 
components—that is, a “Le Chatelier stretch.”’ The 
relative concentration of normal to superfluid com- 
ponent is greater above than below because of the 
difference in temperature and by Le Chatelier’s prin- 
ciple a compensation mechanism, which in this case is 
a pressure difference, results tending to equalize the 
concentration difference. The superfluid component 
moves with no viscosity, so the pressure is less below. 
This should result in a decreased density of the helium 
in the rouge. Although this was not definitely estab- 
lished because of the small differences in level before 
the sudden rise, other evidence presented here makes it 
reasonable. 

As the heat current and temperature difference in- 
crease the underpressure increases until small bubbles 
are formed. These bubbles were not seen but their 
existence was inferred from a comparison of the under- 
pressure necessary to form bubbles of the radius 
(2 microns) of the rouge channels and of the under- 
pressure calculated from London’s thermomechanical 
equation.* There was good agreement between these 
two quantities. It had been shown that London’s 
equation could be applied approximately for these 
channel sizes by opening the system at the bottom and 
measuring the thermomechanical effect directly. 

It is interesting to note that the heat current at the 


* Part of this work was used by one of us (H.F.) as a thesis 
submitted in partial fulfillment of the requirements for the Ph.D. 
degree at the University of Connecticut. 
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rise was reproducible only when the apparatus was 
tapped. When the apparatus was not tapped the sudden 
rise was delayed until higher heat currents were reached. 
Calculations of the pressure in the channels while these 
high heat currents were passing through indicated that 
the liquid was under a negative pressure—that is, 
a tension.! 

Since this work established that the thermomechanical 
effect operates in a closed system and can produce 
underpressures, the question arose as to whether the 
effect could be reversed and used for measuring the 
compressibility of helium IT. Furthermore it previously 
had been reported by Allen and Misener® that in the 
case of open systems and nonsteady-state conditions 
the gravitational flow of helium II through tightly 
packed rouge was identical with the flow in narrow 
smooth channels. Bowers, Chandrasekhar, and Mendels- 
sohn® and Chandrasekhar and Mendelssohn’ also found 
that the flow of helium II towards a heat source in 
compressed powder (in an open system) was the same 
as for flow through a slit. It would then appear that 
the thermal flow in packed rouge in a closed system 
should not be very different from thermal flow through 
a narrow slit. To check this, the heat transport property 
of helium IT in the rouge channels was also investigated. 
The following sections describe these experiments.* 


4L. Meyer and J. H. Mellink [Physica 13, 197 (1947) ] reported 
the formation of bubbles in their heat transfer apparatus at times 
when conditions were not static and the fountain effect pressures 
could not be measured. The situation was such, though, that it 
was likely that the liquid was subjected to an underpressure 
brought about by the thermomechanical (fountain) effect. They 
assume that this underpressure must overcome the Van der Waals 
cohesion forces, which would amount to a stress of 40 atmospheres. 
It is more likely that a small sharp edge or a slight agitation of 
the apparatus started the bubble formation under the action of 
a smaller (relatively) thermomechanical effect. 

5 J. F. Allen and H. D. Misener, Proc. Roy. Soc. (London) 
A172, 467 (1939). 

* Bowers, Chandrasekhar, and Mendelssohn, Phys. Rev. 80, 
856 (1950). 

7B. S. Chandrasekhar and K. Mendelssohn, Proc. Roy. Soc. 
(London) A218, 18 (1953). 

8 Preliminary reports of this work have been given at the 
New York and Washington meetings of the American Physical 
Society [H. Forstat and C. A. Reynolds, Phys. Rev. 98, 1196(A) 
(1955) and 99, 669(A) (1955) ]. 


513 





H. FORSTAT AND C. A. REYNOLDS 


Il. COMPRESSIBILITY 
a. Apparatus 


The apparatus used in the compressibility measure- 
ments is shown in Fig. 1. The compressed volume section 
was made from Pyrex glass tubing, 30.6-mm inside 
diameter and 87.7 mm in length. A carbon thermometer 
(1-watt Allen-Bradley resistor of 270 ohms) and a 
manganin wire heater (575 ohms) were mounted inside 
this volume. A fritted disk of medium porosity (hole 
sizes ranging from 10 to 15 microns) was sealed to the 
top of the compressed volume. This disk was used 
primarily as a backing against which jeweller’s rouge 
(ferric oxide) was packed. A total of 5.95 g of rouge was 
packed into the glass tubing to a height of 8.0 cm. To 
prevent the rouge from separating under vacuum, a thin 
perforated copper disk was pressed against the top of 
the rouge column. To hold this in place, the disk was 
attached to a 2-inch length of copper tubing that was 
silver-soldered to the Kovar seal. The other end of the 
tubing was joined to another Kovar-glass seal, to which 
was added a Pyrex glass tube of uniform cross sectional 
area of 0.229 cm? which served as the viewing-section 
of the apparatus. Another carbon thermometer (}-watt 
Allen-Bradley, 200 ohms) was placed at the bottom of 
the copper tubing (equivalent to being on top of the 
rouge column). The compressed volume was 67 cc and 
the volume above the fritted disk (from the fritted disk 
to the zero fiducial mark in the viewing section) was 
6.1 cc. 


b. Experimental Procedure 


Helium gas was condensed into the apparatus from 
an external filling system until the level was at a con- 
venient viewing height and then the apparatus was 
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Fic. 1. Compressibility apparatus. 
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Fic. 2. Height of liquid level versus temperature. 





closed off. Starting slightly below the d point, the 
thermometers were calibrated at the same time that 
a height reading of the liquid level in the experimental 
apparatus was taken. When the operating temperature 
was reached, power was introduced into the system 
through the heater in the compressed volume and both 
thermometers were read and height levels taken as a 
function of power. 

The path for the heat current was up through the 
rouge column and out into the helium bath through the 
copper tube. In this manner, the compressed volume 
was put under the action of the thermomechanical 
pressure. 


c. Results 


Figure 2 shows the curves obtained by plotting the 
height levels as a function of temperature. The curve 
marked zero power curve (solid line) was the one 
obtained for zero power input. This is nothing more 
than the density curve for liquid helium except for a 
negligible correction for the variable amount of mass in 
the gaseous state. The dotted-line curve (marked 
power curve) shows the points obtained when the 
bottom heater was turned on. The heights here are 
plotted as a function of the temperature of the com- 
pressed volume. The differences between the height at 
the power points at a given temperature and the height 
of the zero power curve at the same temperature 
indicate that the liquid was compressed. 





COMPRESSIBILITY AND HEAT TRANSFER OF He II 


In order to get some indication of the consistency of 
the data and to get some estimate of the relative errors 
in the experiment, all the runs for zero power were 
normalized to the same height at one temperature. 
Although it is possible to fill the experimental apparatus 
with helium to the same level for each run, it is easier 
to make this normalization. Figure 3 shows the curve 
obtained from this normalization process and indicates 
that the data from the various runs are consistent. 
The power points were also reduced and the differences 
between them and the normalized curve were used in 
the compressibility calculation. 

The usual expression for the compressibility, x, 


1 AV 


VAP’ 


rewritten in terms of height differences, becomes 


A AH 
x=-=—, (2) 
V AP 


where A=cross-sectional area of the viewing tube in 
cm?, V=compressed volume in cm’, AH=corrected 
height difference in cm, and AP=corrected thermo- 
mechanical pressure in dynes/cm*. 

Two corrections were applied to the height differences 
to obtain the final AH used in Eq. (2). First, a correc- 
tion was made for the compression of the liquid in the 
rouge column. This was a subtractive correction, since 
the only volume of interest for this compressibility 
experiment was the volume below the rouge. In calcu- 
lating the correction, it was assumed that the thermo- 
mechanical pressure varied linearly with the length of 
the rouge column and that the compressibility was con- 
stant. This correction amounted to approximately 1%. 

Since the height readings with power, which were 
plotted as a function of the bottom (hot) temperature, 
were taken while the top portion was still at a colder 
temperature, it was necessary to correct these readings 
so that they would correspond to the condition of the 
entire liquid when all of it is at the bottom (hot) 
temperature. This was an additive correction because 
the specific volume of helium II, varying inversely with 
temperature, tends to lower the height of the level as 
the temperature rises and thus the differences with the 
zero power curve at a given temperature would be 
larger if all of the liquid were at the bottom tempera- 
ture. This correction amounted to approximately 4%. 
Hence the over-all corrections to the height differences 
amounted to approximately 3%. 

The value for AP in Eq. (2) was obtained by using 
the integrated form of London’s thermomechanical 
equation’ with more recent values for the density® and 
the specific entropy.’° The equation used was as follows, 


AP= (2.91/6.58) (T,°*8— 7,658) X 104 dynes/cm?*, (3) 


9K. R. Atkins (private communication). 
© Kramers, Wasscher, and Gorter, Physica 18, 329 (1952). 
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Fic. 3. Normalized curve of zero power heights. 


where 7,=temperature in the compressed volume in 
°K and 7,= temperature at the top of the rouge column 
in °K. AP in Eq. (3) was corrected for the vapor 
pressure difference between the top and bottom of the 
rouge column. This correction amounted to approxi- 
mately 5%. The corrected AP was then used in Eq. (2) 
to obtain the value for the compressibility. 

Table I gives the results for the compressibility 
experiments. The last four rows were obtained with the 
apparatus used in the heat transfer experiments (to be 
discussed in the next section). The largest error arose 
in the height measurements. The height levels were 
measured with a cathetometer with an accuracy of 
+0.01 cm. Since it was necessary to record differences 
in height level, the error was increased to +0.02 cm. 
The height differences used in the calculations varied 
from 0.06 cm for small powers to 0.65 cm for large 
powers. This amounted to an average error of approxi- 
mately 10%. The error of each determination of the 
compressibility is indicated in the last column of 
Table I. 

In these experiments the accuracy was not sufficient 
to show a dependence of compressibility on temperature. 
In any event, one would expect such a dependence to 
be small. Furthermore, no dependence on the thermo- 
mechanical pressure was found. 

These measurements are in good agreement, within 
the experimental error, with results obtained by other 
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TABLE I. Compressibility results. 








7; 
bottom 
1.883 
1.883 
1.969 
2.053 
2.087 
2.089 


1.997 
2.021 
2.127 
2.163 


AT, °K AP x 
(To —T) (atmos) (atmos™') 
0.025 22X 10-3 8+3X 10 
0.025 22 8+3 
0.111 110 9+1 
0.191 220 9+1 
0.215 270 9+1 
0.214 270 9+1 


0.015 18 11+4 
0.038 50 12+2 
0.143 220 10+1 
0.175 280 8+1 





2.052 
2.052 
2.052 


0.193 22 
0.193 22 
0.193 22 


9+1 
9+1 
9+1 


10+1 
10+1 
10+1 


2.042 
2.051 
2.052 


0.181 20 
0.184 21 
0.172 20 


1.906 
1.953 
1.984 
1.985 


0.054 49 
0.097 95 
0.121 126 
0.119 125 


10+2 
10+2 
12+1 
1341 





investigators. Keesom and Clusius!! measured the com- 
pressibility of liquid helium by a method involving the 
measurement of the amount of helium removed during 
a known pressure decrease. They obtained as a result, 
x= 11.510 atmos~!. Atkins and Chase" calculated 


the compressibility of liquid helium by measuring the 
velocity of first sound in liquid helium and applied 
these results to the expression, 


x=1/pu;’, (4) 


where p=density of liquid helium and «;=velocity of 
first sound. They obtained a value for the compressi- 
bility which was slightly temperature-dependent, but 
yielded, as an average value, 13.0X10-* atmos“. 

A confirmation of the bubble formation when the 
heat current is reversed, which was mentioned in the 
Introduction, was obtained in the latter part of the 
runs with the present apparatus. When the bath level 
dropped just below the copper section into the Kovar 
section (see Fig. 1), the liquid level in the viewing tube 
rose and a vapor block was found in the volume below. 
The conductivity of the Kovar is smaller than that of 
the copper so that the temperature of the liquid above 
the rouge was maintained closer to the temperature of 
the region outside of the copper. When the bath level 
dropped below the copper, there was a rise in tempera- 
ture of the liquid above the rouge and a consequent 
flow of heat down into the compressed volume. By 
virtue of the thermomechanical effect, this resulted in 
a reduced pressure in the volume and the formation of 
a vapor block. 


" W. H. Keesom and K. Clusius, Leiden Comm., No. 219f 
(1932). 

2K. R. Atkins and C, Chase, Proc. Roy. Soc. (London) A64, 
826 (1951). 
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Although the accuracy of the measurement of com- 
pressibility here is not as good as the accuracy of the 
more conventional methods, it couid be substantially 
improved by using a viewing tube of smaller cross- 
sectional area. Also, this method could be ‘‘reversed”’ 
and used to measure the thermomechanical pressure in 
a closed system, that is, by taking a value for the 
compressibility from other measurements and meas- 
uring the compression produced, the pressure could be 
calculated. 

The agreement of the compressibility value arrived 
at here with the values obtained by more conventional 
methods appears to justify the assumption that the 
full thermomechanical effect is operative across the 
rouge column in a closed system. It has been shown™ 
that, at a given temperature, there is a proportionality 
between the thermomechanical pressure and the heat 
current through narrow channels. It was of interest, 
therefore, to determine the heat transport properties of 
the helium IT in the rouge channels. 


Ill. HEAT TRANSFER EXPERIMENT 
a. Apparatus 


The apparatus used in the heat transport experiments 
was essentially the same in design as that used in the 
compressibility experiments. An additional feature was 
a glass vacuum jacket which enclosed the entire volume 
of the compression section from a point slightly above 
the top of the rouge column down to the bottom. This 
jacket was covered with aluminum foil in order to 
reduce heat radiation. In addition, two pieces of flat 
copper braid were soft soldered to the copper tube 
(see Fig. 1). These hung down in the helium bath and 
hence permitted better thermal contact between the 
bath and the copper tube when the helium bath fell 
below the copper tube. A radiation shield, made of 
copper sheeting bent into a tube with two viewing 
slits cut along opposite sides of a diameter, was mounted 
above the adiabatic jacket and extended to a point 
slightly above the viewing section. The inner (com- 
pressed) volume of this apparatus was 10.6 cc and the 
rouge column was 4.43 cm high, containing 6.0 g of 
rouge. 


b. Experimental Procedure 


The same procedure was followed here as in the 
compressibility measurements. The thermometers were 
calibrated, and then power was introduced into the 
system. The temperatures at both ends of the rouge 
column were read and the liquid level recorded. 

As in the earlier experiments, mentioned in the 
Introduction, an average rouge channel size was de- 
termined by allowing air to pass through the rouge. 
(A finer rouge was used here than in the experiments 
mentioned in the Introduction.) If the flow of the 


"8 J. F, Allen and J. Reekie, Proc, Cambridge Phil. Soc. 35, 114 
(1939), 
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normal component of helium II through the rouge is of 
a Poiseuille type (see Sec. III. c.) and the air flow is 
also Poiseuille then the Poiseuille geometrical constant, 
K, measured by air flow may be used in Eq. (8) without 
any guesses as to the actual geometrical configuration 
in the rouge column. However, as will be mentioned in 
a subsequent paragraph, the air flow was not Poiseuille. 
Thus, not only for the estimation of an average channel 
size, but also for a calculation of K for the heat transport 
Eq. (8), it was necessary to make a guess as to the 
geometry of the channels in the rouge. 

It was assumed that the rouge column is made up of 
N homogeneous cylindrical channels in parallel. This is 
undoubtedly not the case but the K calculated from 
this assumption is probably not far from the true value. 
For this assumption, the Poiseuille geometry factor, K, 
then is 

K=Nra‘/8L, (5) 


where a=radius of the channels and L=length of the 
channels. The value of Na‘ could be calculated from the 
(air) measured K. Using the density and mass of the 
rouge and the volume of the rouge column, Na? could 
be calculated. The combination of these yields the 
rouge channel radius, a. The value obtained for the 
channel size was 0.25 micron. 

Since the mean free path for air at room temperature 
is of the same order of magnitude as the channel size," 
the channel size was recalculated assuming a Knudsen- 
type flow. The value obtained for the channel size was 
0.10 micron. From the criterion" for flow conditions, it 
was concluded that the flow was practically all Knudsen- 
type and so the value 0.10 micron was used for the 
channel size. 


c. Theory 
The expression for the heat transport is 
Q=VwTs, (6) 


where V,=volume rate of flow of the normal com- 
ponent of helium IT in cm*/sec, p= density of the liquid 
in g/cm’, and s=specific entropy of the liquid in 
cal/g °K. If laminar flow is assumed, Poiseuille’s equa- 
tion holds and Eq. (6) may be written as 


Q=psT (K/nn) AP, (7) 


where 7, is the normal-component viscosity. When ps 
=3X10'7** cgs units, X= (7/7))**, and 7,=2.186°K 
are substituted, Eq. (7) becomes,'® 


Q=3X10!7,5-°(K/nn)XTAP. (8) 


Equation (8) was used in the heat transfer calcula- 
tions. The factor K, given by Eq. (5), was calculated 


We thank Professor Lars Onsager of Yale University for 
pointing this out to us. 

15S. Dushman, Scientific Foundations of Vacuum Technique 
(John Wiley and Sons, Inc., New York, 1949). 

16 This is essentially the equation arrived at by F. London and 
P. R. Zilsel [Phys. Rev. 74, 1148 (1948) ]. 
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TABLE II. Heat transfer results. 





— (exp) O(exp) 


(mw/°K) 


O(exp) O (theo) 
(mw) (mw) 


Ts,°K AT,°K AP 


(bottom) (Ts—7T:) (dynes/cm?) Q (theo) 





= 
oo 
w 


i im Une im 00 Wet 


0.001 0.05 X10 1.22 X10? 0.11 0.006 
0.006 0.35 0.64 0.41 0.04 1 
0.027 1.49 0.61 1.63 0.21 
3.68 0.50 

0.50 


0.054 
0.054 
0.089 
0.089 
0.129 


w 


00 ta in Go Go 
AQAANINNOS 


NIDD— 


0.006 
0.054 
0.097 
0.121 
0.096 
0.002 
0.008 
0.002 


ao Ae@euUn 


Cm ONwYOUS 
ABUWNOAwWAwwN 
Vint ID Gn G1 =1 Co 
— mn OO OO 


ak) 








using a=0.10 micron. The pressure difference, AP, 
between the ends of the rouge column was calculated 
by substituting the measured temperature differences 
in the thermomechanical Eq. (3). The values for the 
normal-component viscosity, n,, were obtained from 
the data of Hollis-Hallet.'” 


d. Results and Discussion 


The results of the experimental and theoretical deter- 
minations of the heat transfer are given in Table IT. 
The first column in the table gives the bath tempera- 
ture; the second column gives the temperature differ- 
ence between the top and bottom of the rouge column; 
in the third is the calculated thermomechanical pres- 
sure; in the fourth is the ratio of the observed heat 
current to the observed temperature difference; the 
fifth column gives the observed heat current; in the 
sixth column are the values of the heat current calcu- 
lated from Eq. (8); and in the last column are the ratios 
of the experimental heat currents (column 5) to the 
theoretical heat currents (column 6). 

The first eight entries are all from one run, taken at 
the same bath temperature. The last eight were taken 
at random from the data of five other runs. 

The results in column 7 show that the calculated 
values of the heat current are smaller than the experi- 
mental values by factors ranging from 5 to 18. This 
disagreement, however, is smaller than the disagree- 
ment observed by London and Zilsel'® in their analysis 
of the Leiden'* data for a comparable channel size. 
The London and Zilsel analysis gave discrepancies as 
high as a factor of 260 for the region of small tem- 
perature differences and small channel sizes. It should 
be kept in mind that, because of the different geometry 
used, the comparison of the experiments reported here 
with those of the Leiden group can only be made 
through the theory. The experimental difficulties in 

174, C. Hollis-Hallet, Proc. Roy. Soc. (London) A210, 404 
OW. H. Keesom and G. Duyckaerts, Physica 13, 153 (1947); 


also: J. H. Mellink, Physica 13, 180 (1947); L. Meyer and J. H. 
Mellink, Physica 13, 197 (1947). 
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determining the channel size both in these experiments 
and those of Leiden might account for the difference in 
the comparisons to theory. In both sets of experiments, 
however, the observed heat currents are larger than 
predicted.” 

Column 4 of Table II shows that for the first set of 
readings (those for a single run) the Qs» are very 
nearly proportional to AT, as predicted by the linear 
theory. It should also be noted that there is an apparent 
dependence of Q on the pressure difference. There is a 
decrease in Qexp/Qtneo of a factor of about 3 for an 
increase in AP of a factor of about 200. The reasonable- 
ness of the compressibility results discussed in Sec. IT 
would indicate that this dependence is on AP rather 
than of AP on the temperatures (top and bottom).” 

It is also of interest to compare the values of 
Q/AT (column 4) as a function of temperature with 
a similar quantity which was plotted by Keesom and 
Duyckaerts.'* They showed that the heat current 
density at constant temperature-difference plotted as 
a function of the temperature exhibited a maximum 
below the \ point. The maximum decreased and moved 
closer to the \ point with decreasing channel size. The 
smallest channel size which showed a maximum on this 
plot was 9.3 microns for which the maximum occurred 
at 2.0°K. The linear theory does not predict a falloff of 
the curve to a small value at the A point. 

From an examination of column 4, Table II, it can 
be seen that the values of Q/AT increases with in- 
creasing temperature (except for the first and last 
entries), and no real maximum is observed. From an 
extrapolation of the temperatures of the peaks of the 
curves obtained by Keesom and Duyckaerts for differ- 
ent channel sizes, it was found that the peak for the 
present data would be extremely close to the \ point. 
In an effort to locate the maximum, measurements were 
made near the X point. 

While making such measurements, it was found that 
the liquid level in the viewing section at zero power 
input continued to fall after the bath temperature had 
been increased from a previous value and then held 


%C, J. Gorter and J. H. Mellink [Physica 15, 285 (1949)] 
suggested that the discrepancy between the Leiden data for small 
slits (reference 18) and the theory (reference 16) is caused by a 
mean free path effect. They estimated that the mean free path is 
of the order of 1 micron. However, later results [Winkle, Van 
Groenor, and Gorter, Physica 21, 345 (1955) ] indicate that there 
is no mean free path effect down to about 1 micron. Our estimate 
of a mean free path is (roughly) 0.07 micron, which is suggestively, 
at least, near to twice the film thickness (0.02 micron). 

* The recent Leiden results [P. Winkle et al."] show directly 
that for a slit width of 6 microns there is a falloff in the heat 
current as the thermomechanical pressure increases. 
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constant. A decrease in the liquid level was expected, 
since by raising the temperature (while below the 
\ point) the density of the liquid is increased. The 
drift in liquid level could be interpreted as being a long 
equilibrium situation usually associated with poor heat 
transfer and that the heat conductivity peak below the 
\ point had been located. On the other hand, if the 
temperature below the rouge column was above the . 
point, all one would be observing would be the poor 
heat transfer above the \ point. However, the liquid 
level, as mentioned, continued to decrease rather than 
increase, indicating that the temperature was not above 
the A point. In contradiction to this was the measure- 
ment of the temperature of the liquid below the rouge 
which gave a value just above the A point. However, 
a slight error in the absolute calibration of the ther- 
mometer would permit the possibility of an actual 
temperature just below the A point. 

An effort was made to account for the fall in level by 
calculating the variation in density of the liquid above 
the rouge due to a possible variation in the bath tem- 
perature. This calculation yielded a level decrease of 
only 0.002 cm, whereas the observed change was 0.29 
cm. Another calculation was made on the assumption 
that the temperature of the liquid below the rouge was 
above the A point but that the full thermomechanical 
effect was operative across the rouge, compressing the 
liquid below. This yielded a value of 0.07 cm for a 
possible level decrease, still too small to account for 
the observed change. Thus, it was concluded that the 
level decrease indicated that the liquid below the rouge 
was still below the A point. 

It is a possibility that the observed drift?! of the 
liquid level indicates a region of poor heat transfer 
below the A point. On the basis of the measurements 
that were made, the peak in the heat transfer would 
occur in a region of approximately 1 to 2 millidegrees 
below the X point. 
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Performance of a Hot-Wire Thermal Diffusion Column*t 
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The performance of a carefully constructed, metal, hot-wire, thermal diffusion column is examined in 
the regions of laminar and turbulent gas flow in the column for several hot-wire temperatures using the 
normal argon isotopic mixture as a column gas. A new experimental method is employed which simplifies 
and increases the accuracy of the experiment. At the lowest temperature examined, quantitative agree- 
ment with theory is observed without the use of a parasitic remixing factor. The effect of spacers on the 
center wire on column performance was also examined. No significant effect was observed, this being 


attributed to the careful construction of the column. 





INTRODUCTION 


HE thermal diffusion column has been proven to 

be a valuable tool for the enrichment of the 
isotopes of gases. Furry and Jones! extended the 
theory of the plane-parallel-wall column of Furry, 
Jones, and Onsager,’ to the extreme-cylindrical, or 
hot-wire column, and obtained approximate solutions 
by considering the molecules of the gas Maxwellian, 
with a thermal diffusion factor independent of tem- 
perature. Much work has been done in this laboratory** 
to obtain experimental data for comparison with this 
theory. 

Qualitative agreement with the theory has been 
obtained, but there were always indications of a 
sizable parasitic remixing factor, K,, in the apparatus. 
In view of the techniques then available, this parasitic 
factor was not unreasonable. We therefore proposed, by 
employing new constructional techniques, to approach 
as closely as feasible to the theoretical requirements on 
the apparatus, and to measure the separation factor 
versus pressure dependence by examining the equi- 
librium behavior of the column for various temperature 
ratios. 


APPARATUS 


A column employing a metal (monel) for the outer 
wall of the gas chamber was carefully constructed to be 
as straight as possible, and hung vertically on the wall 
This outer wall had internal irregularities less than two 
percent of the wall thickness and less than five percent 
eccentricity. Figures 1 and 2 indicate some of the 
details of the construction. The center wire (20-mil 
tungsten) was centered through electrically insulated 


* Part of a dissertation submitted by J. W. Corbett in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy at Yale University. 

t This work was supported in part by the U. S. Atomic Energy 
Commission. 

t General Electric Charles A. Coffin Fellow. 

§ Now at the General Electric Research Laboratory, Sche- 
nectady, New York. 

1W. H. Furry and R. Clark Jones, Phys. Rev. 69, 459 (1946). 
3 Nagi Jones and W. H. Furry, Revs. Modern Phys. 18, 151 

1946). 

* Furry, Jones, and Onsager, Phys. Rev. 55, 1083 (1939). 

#R. Simon, Phys. Rev. 69, 596 (1946). 
5 J. Donaldson and W. W. Watson, Phys. Rev. 82, 909 (1951). 


“O”’ ring seals and kept taut by a 4-lb weight. This 
avoided the use of centering cross-pieces spot-welded 
to the wire. The length of the gas chamber was 182 cm. 
The lengths of wire employed for equilibrium separation 
factor measurements were carefully measured so that 
the initial length plus the thermal expansion due to 
the increase to operating temperature would just equal 
182 cm. Experiments using a glass column indicate 
that the center wire was at operating temperature to 
within a quarter of an inch of its ends. 


COLUMN ASSEMBLY 
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Fic. 1. Details of column construction. 
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Fic. 2. Details of column construction. 
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TaBLE I. Critical pressures and Reynolds’ numbers for onset 
of turbulence in a hot-wire thermal diffusion column. , is the 
critical pressure in cm of Hg; R is the Reynolds’ number calcu- 
lated by use of Eq. (120), reference 2; 72 is the hot-wire tempera- 
ture; 7; is the cold-wall temperature. 








Simon* Present work 
De R Pe R 


42 42 101 14 
43 47 132 17 
62 62 168 19 
72 72 178 15 
80 84 206 13 











* Interpolated from Table I, reference 4. 


The effect of cross pieces on the center wire on 
column performance was also examined in the same 
manner as Donaldson and Watson® did for a glass 
column. Then single 40-mil nickel cross pieces were 
spot-welded to the wire at 10-cm and 5-cm intervals. 

The gas used was the ordinary cylinder isotopic 
mixture of argon 36, 38, and 40. The method of following 
the progress of the separation was to take samples of 
the gas, each } cm’, and measure the relative concentra- 
tions with a Consolidated Engineering model 21-401 
mass spectrometer. At no time did an impurity com- 
ponent of the gas (i.e., N2, 02, CO2) exceed the amount 
of argon-36 in the sample. Percentages were computed 
solely on the basis of the three argon components. 
Argon-38 can be ignored so far as contributing to the 
column processes.‘ 

The first operation with the column was to run a 
series of experiments in which the approach to equi- 
librium was investigated. Each point of this inves- 
tigation consisted of from five to fifteen samples taken 
from the top in as quick succession as possible. As will 
be noticed in Fig. 1, there is a small dead volume 
between the top of the column proper and the valve. 
This volume acts as a nonconvective end volume. The 
succession of samples effectively measures the concen- 
tration distribution into and down along the column. 
This was necessary to establish which sample gave a 
representative measure of the performance of the 
column—the fourth being so chosen. 


TURBULENCE MEASUREMENTS 


Data were taken of the onset of turbulence in the 
column by measuring the temperature of the hot-wire 
(by electrical resistance and extension) versus the gas 
pressure. The break in the temperature versus pressure 
curve at a critical pressure, p,, is ascribed to a change in 
the convective gas flow from laminar to turbulent.‘ 
Onsager and Watson,® in a concentric-tube column, 
found turbulence occurring for a Reynolds’ number of 
the order of 25. Our results are compared to Simon’s* 
in Table I. 


*L. Onsager and W. W. Watson, Phys. Rev. 56, 474 (1939). 
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SEPARATION FACTOR MEASUREMENTS 


The separation factor, g, is conventionally defined as 
the ratio of the relative concentrations at the top of 
the column divided by the ratio of the relative concen- 
trations at the bottom. This necessitates making a 
measurement of the concentration of the argon-36 
at the bottom. Since the column was initially filled 
with a gas with only 0.33% A**, the concentration at 
the bottom at equilibrium is very small. This fact has 
resulted in rather large experimental errors in this type 
of work in the past. Another procedure was followed in 
the present work. 

The differential equation [Eq. (157), reference 2] 
which describes the concentration, c, in a column of 
length, Z, and with no end-volumes, as a function of the 
time, ¢, and the distance, z, from the bottom of the 
column, has a solution of the form [see Eq. (160), refer- 
ence 2] 


c(z) = ke?4#+-f(2), (1) 


where the separation coefficient, 2A. is defined as the 
ratio of H to K, H being the transport factor, K the 
sum of the remixing factors and k=2A Leo/(e?44—1), 
with ¢o the initial concentration in the column. The 
function, f(t), approaches zero as (>. We define a 2 
such that c(zo)=co as > ; hence 


Co= 2A Lepe?4*0/ (e244—1). (2) 
with «=2AL and £=20/L, we obtain 


1 je-1 
§=-In , (3) 


x x 


We define a new equilibrium separation factor, q*: 


Cc c 
e=(—) /(5)_ nevteaza-an, ” 


which involves knowing the initial and final concen- 
trations at the top of the column, thereby simplifying 
the experiment and increasing the accuracy. Since & is 
a function of 2A, the solution of Eq. 4 for the quantity 
2A must be an iterative one. However, for small x, or 
2AL, t~} (see Table II), the method is not difficult. 

The values used in the theoretical calculations as 
well as the experimental data are given in Table III. 
The experimental errors are estimated as 10 percent of 


TABLE II. Solutions to Eq. (3). 
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TaBLE III, Comparison of experimental and theoretical column 1072 
performance. r;=0.500 in., rz=0.020 in., 7;/r2= 25.0. L=182 cm; F 
T= 280°C. The following quantities are values interpolated to 7. 

D=1.56X10~ cm?*/sec, n=2.1X 10-4 poise, p=1.78X10-% g/cc, 
a= 132X107. 











2A (X1073 cm™) 
T2/T\ inches of Hg—absolute Theoretical Experimental 


9 3.0 
15 4.7 
20 4.20 
25 3.00 
30.5 2.20 
41 1.45 
50 0.87 
60 0.59 





10 5.5 
15 8.4 
20 8.4 
25 6.9 
30 5.2 
41 3.1 9 | 
51 2.0 
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15 PRESSURE (gauge in inches of Hg) 

Fic. 3. Plot of separation coefficient, 2A, versus gas pressure in 
the column for T:/T,=2. Solid line is the theoretical curve, with 
experimental points and experimental errors superimposed. Arrow 
indicates the onset of turbulence. 


1 
1 
1 


7 
1 
3 
1 
9. 
6 
4. 
3 
2. 
2 


25 


We WON AANE 


auanwn 


10°? 


-~ 
Oo 


Theoretical 
No spacers 
Spacers every |Ocm 
Spocers every 5 cm 


— he ee 
NW DOW OS Ne 
KF AWQUOoOUuNon 


3.0 
10.0 
12.7 
14.0 
12.0 

9.8 

5.2 

3.5 


Experimental—spacer 
every 10 cm 
3.30 
4.8 


ge 
es 


PUA 
CSOHWORAD 


5cem 10cm No spacers 
Experimental—spacer 

every 5 cm -3 | i | f 
10-3 =10 ° id 20 
Pressure (gouge in inches of Hg) 








Fic. 4. Plot of separation coefficient, 2A, versus gas pressure 
in the column for 7:/T,=3, including the theoretical prediction 
for the performance with no spacers, and experimental results for 
a spacer every 10 cm and every 5 cm. The arrows indicate the 
onset of turbulence for the condition as labeled. 
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the values quoted. The theoretical values employ only 
quantities directly calculable from the theory. That is, 
no parasitic remixing factor is used. 


CONCLUSIONS 


The results presented in Table III show markedly 
better agreement with theory than similar results from 
glass columns. Indeed, the 7;/7,=2 data are in ex- 
cellent quantitative agreement with the theory, without 
employing a parasitic remixing factor (see Fig. 3). It is 
felt therefore that no appreciable parasitics existed ni 
the column. Solutions of the theory which take into 
account the non-Maxwellian character of the gas as 
well as the temperature dependence of the thermal 
diffusion constant? may very well explain the dis- 
crepancies at higher temperatures. The temperature 


7R. C. Srivastava, Proc. Phys. Soc. (London) A68, 294 (1955). 
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dependence of the thermal diffusion constant can best 
be represented as a linear variation with In7. The tem- 
perature dependence alone cannot account for the 
whole of the discrepancy, since this will increase the 
theoretical values of 24, whereas some of the experi- 
mental deviations are in the other direction. 

The improvement in performance with increasing 
number of spacers as noticed by Donaldson and Watson® 
was not observed (see Fig. 4). We feel that such im- 
provement can occur when the construction is such that 
the spacers improve the geometry of the column. If the 
construction approaches the theoretical ideal, i.e., no 
irregularities in the wire-to-wall spacing, column ab- 
solutely straight, etc., spacers cannot improve the 
performance. 

Finally, we believe that the Furry, Jones, and 
Onsager theory is adequate, but that appropriate solu- 
tions have not been effected for all cases. 
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Color Centers in Alkali-Silicate Glasses Containing Alkaline Earth Ions 


Ryosuke YOKOTA 
Matsuda Research Laboratory, Toyko-Shibaura Electric Company, Kawasaki-shi, Japan 


(Received May 18, 1955; revised manuscript received August 26, 1955) 


Samples of alkali metal oxide-silica glasses with various kinds and amounts of alkaline earth oxide calcium 
oxide and silica were prepared, x-irradiated, and studied by spectrophotometry. Bleaching experiments with 
visible light were carried out. No effect of alkaline earth content upon the absorption spectra was detected. 

Room temperature bleaching of a KxO-SrO-SiO: glass with light of wavelength corresponding to the x-ray 
induced absorption band at 1.95 ev, decreased absorption generally but failed to create a new absorption 
band such as the Z; band found in KCl, containing SrCle, that has been irradiated and then bleached. 

Comparisons are made with alkali-halide systems containing alkaline earth halides. It is suggested that 
there are inadequacies in the quasi-crystalline model of glass when applied to these glasses. 


I. INTRODUCTION 


- an earlier report! on alkali silicate and borate 
glasses, the author presented evidence suggesting 
that the visible band found in x-irradiated samples is 
due to electrons trapped by oxygen vacancies adjacent 
to alkali ions and that the ultraviolet band is due to 
positive holes trapped by alkali ion vacancies which 
are adjacent to oxygen ions. 

Warren and others? have demonstrated short-range 
order in glasses of simple composition and the author 
has used this to construct an analogy between the color 
centers of alkali-silica glasses and those in crystalline 
alkali halides. The attempt seems to be successful. The 
present work extends the study to alkali-silica glasses 
containing alkaline earth oxide. 
~ ER. Yokota, Phys. Rev. 95, 1145 (1954); 93, 896 (1954). 

2B. E. Warren, J. Appl. Phys. 8, 645 (1937); Warren, Krutter, 
and Morningstar, J. Am. Ceram. Soc. 21, 259 (1938); I. Simon 
and H. O. McMahon, J. Chem. Phys. 21, 23 (1953); I. Simon and 
H. O. McMahon, J. Am. Ceram. Soc. 36, 160 (1953); R. Yokota, 
} Phys. Soc. Japan 5, 295 (1950); 6, 489 (1951); M. L. Huggins, 

J. Phys. Chem 1141 (1954). 


X-ray studies* have indicated that the structure of 
NazO—CaO-SiO, glass is similar to that of Na,O-SiO, 
glass with some of the sodium ions replaced by calcium 
ions. 

In view of these facts, we have studied silica glasses 
containing alkaline earth oxide as well as alkali metal 
oxide to learn whether, in these glasses, the x-ray 
coloration can be compared with that in alkali halides 
containing alkaline earth halides and whether the com- 
parison will support the “quasi-crystalline model” for 
glass. 

Most commercial glasses are silicate and boro- 
silicate glasses which contain alkali and alkaline earth 
ions. The method of preparation of the purest glass is 
the same as before.‘ The alkaline earth oxides we used 
were Merck guaranteed reagent grade carbonates. 
Every sample was annealed. 


3 J. Biscoe, J. Am. Ceram. Soc. 24, 262 (1941). 
*R. Yokota, reference 2. 








COLOR CENTERS IN ALKALI-SILICATE GLASSES 


II. COLOR CENTERS IN ALKALI SILICATE GLASSES 
CONTAINING CALCIUM IONS 


In all samples studied, we always observed three 
x-ray induced absorption bands similar to those found 
in the alkali silicate glasses. We denote these bands by 
A}, Ag, and B, respectively, in order from long to short 
wavelengths. 

The absorption resulting from x-irradiation (45-kv, 
10 ma, tungsten target; samples 3 cm from the x-ray 
tube) of 15 hours at room temperature was measured 
by a Beckman DU spectrophotometer. The darkening 
reached almost complete saturation after 15 hours of 
x-irradiation. 

The increase of absorption is given in Fig. 1 for the 
sodium silicate glasses containing calcium ions of 
molecular compositions represented by the formula 
0.6Na,0-*%CaO-2SiO2, where x is 0, 0.09, 0.18, and 
0.27. 

We can obtain an approximation to the complete 
absorption curve of the A; band by reflecting the curve 
of the lower energy side across the 1.99-ev line, although 
there is some arbitrariness in the choice of this wave- 
length. The figures show two facts: (A) The position of 
the peak and the half-width of the A; band are nearly 
the same. There is no evidence for a new band in the 
region of the A; band as a result of introducing calcium 
ions. Also, no new absorption band is apparent in the 
region of the A; or B band, although the intensity ratio 
of the A; to the Az band increases regularly with the 
calcium ion content. (B) The coloration of the glasses 
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Fic. 1. Induced absorption bands in 0.6Na20-xCaO-2Si0, 
glasses. (A), x=0; (B), x=0.09; (C), x=0.18; (D), x=0.27 
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Fic. 2. Induced absorption bands in 0.6Lizx0-xCaO-2SiO; 
(Curves A and B) and 0.6Rb:0-xCaO-2SiO2 (Curves C and D) 
glasses. (A) and (C), «=0; (B) and (D), x=0.18. 


containing calcium ions does not increase with the 
calcium ion content. This is markedly different from the 
case of the alkali halide crystals in which, for example, 
the addition of CaCl, to NaCl enhances the extent of 
darkening at saturation over the entire region of obser- 
vation at room temperature. 

In the 0.6Na20-0.18CaO:2Si02 glass, we measured 
at room temperature the absorption in the region of 1 to 
5u by the infrared monochrometer before and after 
x-irradiation at room temperature, but found no dif- 
ference. 

In the lithium, rubidium, and potassium silicate 
glasses containing calcium ions, the situation is the 
same as shown in Figs. 2 and 4. (The same procedure 
may be used for curves A and B in Fig. 2 since they 
apparently are similar to the other cases.) 

We prepared samples of 0.8K,0-0.2CaO-2SiOz2 glass 
under oxydizing, nearly neutral, and reducing conditions 
using the methods described earlier.' The oxidized glass 
has the smallest A; band and the largest B band. In the 
reduced sample this ratio is reversed, and the neutral 
one has an intermediate ratio of sizes. 


5H. W. Etzel, Phys. Rev. 87, 906 (1952). 
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Ill. ABSORPTION BANDS IN 2Ca0-3Si0, GLASS 


A calcium silicate glass of molecular composition 
2CaO-3SiO2 was prepared by melting at 1650°C and 
then quenching and annealing. The x-ray-induced ab- 
sorption bands are given in Fig. 3. 

We observed a visible absorption band which extends 
from 1 to 2 ev, with a peak at 2.78 ev. This band is con- 
sidered to be characteristic of the presence of calcium 
ion, and further, it is supposed to be due to electrons 
trapped by oxygen vacancies adjacent to calcium ions, 
because there is no x-ray induced visible absorption 
band in the SiO, glass prepared in the nearly neutral 
condition. We observed also an ultraviolet absorption 
band near 4.8 ev which does not exist in the silicate 
glass containing alkali ions. 


IV. COLOR CENTERS IN POTASSIUM SILICATE 
GLASSES CONTAINING VARIOUS ALKALINE 
EARTH IONS 


We prepared potassium silicate glasses containing 
various alkaline earth ions of molecular composition 
represented as 0.6K,0-0.18RO-2SiO2, where R is Mg, 
Ca, Sr, or Ba. The increase of the induced absorption 
as a result of x-irradiation is measured at room tem- 
perature. Figure 4 shows that both the half-width and 
the position of the peak of the A; band are the same in 
each curve. This means that no new band overlaps the 
region of the A; band. Also no new band seems to appear 
in the region of the A» and B bands, although the in- 
tensity ratio of the A; to the A» band increases regularly 
in the order: Mg, Ca, Sr, and Ba. 


V. ABSORPTION BANDS AT 90°K 


The resolution of the absorption curve increases 
generally at low temperature. 

The glass of molecular composition 0.6K,0-0.18SrO 
-2SiO2 was darkened by x-irradiation at room tempera- 
ture and the induced absorption bands were observed 
both at room temperature and liquid oxygen tempera- 
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Fic. 3. Induced absorption bands in 2CaO-3SiO:2 glass. 
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Fic. 4. Induced absorption bands in 0.6K,0-0.18RO-2SiO.2 
glasses. (A), R= Mg; (B), R=Ca; (C), R=Sr; (D), R=Ba. 


ture with a cryostat similar to that of Casler, Prings- 
heim, and Yuster.® Curve A in Fig. 5 shows that no new 
band is resolved from the A;, A», and B bands, although 
each band is sharper at 90°K. 

In KCl containing SrCl; which has been darkened by 
x-irradiation at room temperature, the Z,-band develops 
when the darkened crystal is irradiated in the F-band 
at room temperature.’ Curve A in Fig. 5 shows the ab- 
sorption spectra of the colored sample. This was sub- 
sequently bleached at room temperature with light of 
wavelength of the A; peak up to its saturation value. 
The absorption then was observed both at room tem- 
perature and at 90°K. As curve B in Fig. 5 shows, no 
new band is disclosed by this procedure. 


VI. DISCUSSIONS AND CONCLUSIONS 


We shall consider, as an example, the 0.6Na.0 
-xCaO-2SiO»2 series where x is 0, 0.09, 0.18, and 0.27. 
Morey and Merwin* measured the density of Na,O- 
CaO-SiO: glasses very accurately and comprehensively, 
giving the iso-density curves in triangular coordinates. 


® Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887 (1950). 
( 7 ae Chiarotti, Fumi, and Giulotto, Phil. Mag. 45, 225 
1954). 

8G. W. Morey and H. E. Merwin, J. Opt. Soc. Am. 22, 623 
(1932). 








COLOR CENTERS 


From these we can obtain the density of 0.6Na,0 
-xCaO-2Si0- glass, by interpolation, to within +0.001 
density units. 

The largest ion present in glass is the oxygen ion. It 
is therefore interesting to consider the density data on a 
uniform basis of the glass volume containing one gram- 
atom of oxygen. Figure 6 indicates that the volume of 
0.6Na,0- 2SiO2 glass contracts when CaO is introduced. 

When CaCl, is added to KCl, the volume per gram- 
atom of chlorine increases, predominantly because of 
the fact that the Ca ion eliminates two K ions, sub- 
stituting for one while the site of the other remains 
vacant.’ Similar observations are made with NaCl con- 
taining CaCls. In view of this and the fact that the B 
band (attributed to positive holes trapped by Na ion 
vacancies) does not increase its intensity as shown in 
Fig. 1, it may be concluded that Na ion vacancies are 
not increased by the introduction of CaO. 

This is in marked contrast to the alkali halide 
crystals. The reason may be as follows: The x-ray 
study* has indicated with some uncertainty that in 
Na2O-CaO-SiO2 glass each calcium must be sur- 
rounded by about 7 oxygens, if each sodium is assumed 
to be surrounded by 6 oxygens. The ionic radii of Na 
and Ca ions are nearly the same, the former being 
monovalent and the latter divalent. The network of 
glass has flexibility in the temperature range from the 
liquidus temperature to the glass transformation tem- 





0.6 K:0- 0.18/SrO-2 Si, 





























Fic. 5. Induced absorption bands in 0.6K20-0.18SrO-2SiOz 
glass in which the circular dots and crosses represent data taken 
at room temperature and 90°K, respectively. Curve A is meas- 
ured before bleaching and curve B after bleaching. 


°H. Pick and H. Weber, Z. Physik. 128, 409 (1950). 
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Fic. 6. Molar volumes in 0.6Na20-xCa0O-2SiOy, glasses. 


perature. While the glass cools through this temperature 
range, the Ca ion can coordinate more unsaturated 
single-bonded oxygens than the Na ion can, and so it 
preserves approximate electrical neutrality around 
itself without the generation of a Na ion vacancy. This 
state is frozen in at lower temperature. From this 
reasoning, a possible conclusion is that the Z; center, 
found in alkali-halide crystals containing alkali earth 
ions, cannot be formed in this glass and that the volume 
of 0.6Na20-2SiO»2 glass contracts when CaO is intro- 
duced. 

Oxygen may be coordinated in three ways: first, 
bonding two Si ions; second, bonding one Si and one Na 
ion; and third, bonding one Si and one Ca ion. We de- 
note the first by O;si), the second by O;sina), and the 
third by Ocsica). There are three possible kinds of 
oxygen vacancies, namely Oysina), Ocsicay, and O;siy 
vacancies. The first is most probable. The reason is as 
follows: (1) Osi) is more tightly bound than O;gsina) 
and O,sica), because the former bonds two Si and the 
latter bond only one Si. (2) Ocsica) is more tightly 
bound than O;sina), because the ionic binding energy 
of Ca-O is roughly twice that of Na-O. This may be 
the reason why no absorption band attributed to elec- 
trons trapped by O;sica) vacancies are found. 

There are three possible kinds of positive ion vacan- 
cies, that is, Na, Ca, and Si ion vacancies. BY similar 
reasoning, Na ion vacancies are considered to be most 
probable. This may be the reason why no absorption 
band attributed to positive holes trapped by calcium 
ion vacancies are found. 

Therefore, it is concluded that the absorption bands 
in alkali silicate glasses containing alkaline earth ions 
are the same as those in alkali-silicate glasses. Also, 
it is suggested that the “quasi-crystalline model” for 
glass is inadequate in the alkali-alkaline earth-silicate 
glasses, although there is definitely short-range order 
in these glasses. 

The author wishes to express his gratitude to Mr. S. 
Nakajima for his assistance and to Mr. Y. Uemura for 
valuable discussions. 
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The reflectivity and the transmission of InSb crystals (n-type) were measured between 20 and 200y. 
The reflectivity curve has a sharp maximum at 54.6u and the transmission curve shows a low transmission 
at the same wavelength due to lattice vibration of this crystal. The transmission curve shows a weak 
absorption at 28.34 due to the overtone of that lattice vibration. The reflectivity curve shows another flat 
peak at longer wavelengths. The reflectivity minimum between these two peaks shifts from 160 to 72 
with increase of temperature from —35 to 130°C, and the maximum value of the flat peak increases with 
increase of temperature and is 80% at temperatures of 100°C or more. 

The index of refraction m and the absorption constant K were calculated in the region in which both the 
reflectivity and the transmission were measured. Using the values of m and K thus obtained, the concen- 
tration of free electrons N and their mobility b were obtained, using the theory of free electrons. Then n, 
K, and the reflectivity, R, were calculated for the region in which the transmission could not be measured. 
The values of R thus obtained agree well with the observed values. This shows that the theory of free 
electrons holds in InSb except in the region in which the effects of lattice vibration in this crystal are 


dominant. 





INTRODUCTION 


NDIUM antimonide in its single-crystal form has 
many interesting properties, especially the unusually 
large mobility of free electrons. Many measurements of 
conductivity, Hall constant, and other electrical proper- 
ties made on this material have been reported. A bib- 
liography of these measurements is given by Madelung 
and Weiss." 

As to the optical properties, this crystal has one ab- 
sorption in the region of a few microns which increases 
in intensity toward shorter wavelength and appears to 
be due to the transition of electrons to the conduction 
band. The wavelength of this absorption edge changes 
under different conditions from 2 to 7u; several ex- 
planations to account for this have been proposed.?-* 

Oswald and Schade® measured the index of refraction 
n and absorption constant K of this crystal for wave- 
lengths as long as 16u and made comparisons with the 
optical properties of AlSb, GaAs, GaSb, InP, InAs, 
and Ge. 

In pure InSb crystals, the values of m and K are 
constant for wavelengths greater than 10, whereas in 
impure crystals the value of is constant but K increases 
with increase of wavelength beyond 10yu. Recently 
Kaiser and Fan” measured the transmission of InSb 
crystals of n- and p-types between 3 and 35y at different 
temperatures. They found that the absorption in the 
long-wavelength region could not be explained as the 
result of free carriers. 

The InSb crystals used in the investigation reported 


10. Madelung and H. Weiss, Z. Naturforsch. 9a, 527 (1954). 

2H. Welker, Z. Naturforsch. 7a, 744 (1952); 8a, 248 (1953). 

3 Breckenridge, Hosler, and Oshinsky, Phys. Rev. 91, 243 (1953). 

*M. Tanenbaum and J. P. Maita, Phys. Rev. 91, 1009 (1953). 

5M. Tanenbaum and H. B. Briggs, Phys. Rev. 91, 1961 (1953). 

* E. Burstein, Phys. Rev. 93, 632 (1954). 

7 Hrostowski, Wheatley, and Flood, Phys. Rev. 95, 1683 (1954). 

8 Breckenridge, Blunt, Hosler, Frederikse, Becker, and Oshin- 
sky, Phys. Rev. 96, 571 (1954). 

* F. Oswald and R. Schade, Z. Naturforsch. 9a, 611 (1954). 

© W. Kaiser and H. Y. Fan, Phys. Rev. 98, 966 (1955). 


here were made by T. C. Harman at the Battelle 
Memorial Institute. These are fairly large n-type single 
crystals. Using the far infrared grating spectrograph" 
in this laboratory, the reflectivity and transmission of 
these crystals in the region between 20 and 200u were 
measured. The far infrared data show that this crystal 
has a sharp lattice vibration at 54u, and make it clear 
that the absorption and transmission in this spectral 
region are not greatly affected by the presence of free 
electrons. The optical properties of this crystal in the 
longer-wavelength region are very sensitive to tem- 
perature changes, and the observed data are compared 
with calculated values. 


EXPERIMENTAL RESULTS 


The crystals used in the measurement of reflectivity 
were 2.5 by 1.8 cm in area and 3 mm thick. Two crystals 
used in the measurement of transmission had almost 
the same area and were 0.21 and 0.35 mm thick respec- 
tively. All crystals were sliced from one big InSb block, 
and their surfaces were ground and polished. Measure- 
ments made at the Battelle Memorial Institute show 
that these are all single (proved by the etching method) 
n-type crystals and have the values of resistivity , 
mobility } of free electrons, and concentration N of free 
electrons shown in Table I. 


TABLE I. Electrical properties of InSb sample. 








p bs 
Temperature (ohm-cm) (cm?/volt-sec) 


83°K 6X10 
217°K 10X10 
300°K 4X10 
400°K 
500°K 











* Effective mass of electron =0.025 m. 


1 Oetjen, Haynie, Ward, Hansler, Schauwecker, and Bell, J. 
Opt. Soc. Am. 42, 559 (1952). 
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Fic. 1. Reflectivity of InSb crystal between 20 and 200u at —35°C, 25°C, 43°C 
(part 40°C), 65°C, 100°C, and 130°C. 


In the measurement of reflectivity, these crystals 
were put into the radiation beam between the chopper 
and the entrance slit of the spectrograph; this elimi- 
nated possibility of measurement of radiation emitted 
by these crystals. The incident angle was about 45°. 
The reflectivity of these crystals changes greatly with 
temperature. To vary their temperature, they were 
heated with an electric heater and cooled with dry ice. 
The temperature was measured using a thermocouple 
soldered to the crystals. 

Figure 1 shows the reflectivity at —35°C, 25°C, 40° 
or 43°C, 65°C, 100°C, and 130°C. All curves have 
sharp peaks at 54.6u of which the slope on the short- 
wavelength side is very steep. The wavelength of the 
maximum point of the peak does not change with tem- 
perature, but the intensity of the maximum increases 
with decrease of temperature and is 90% at —35°C. 
The minimum value of the reflectivity on the short- 
wavelength side of the peak is about 10% and is almost 
independent of temperature. The wavelength of mini- 
mum reflectivity varies from 51.24 at —35°C to 46.7u 
at 100°C. In the spectral region of wavelengths less 
than that of minimum reflectivity, the value of reflec- 
tivity decreases with increase of temperature. 

In the region of wavelengths longer than that of the 
peak, the reflectivity curve shows another flat peak 
which is of interest, because this peak changes so 
greatly with temperature. The wavelength of the reflec- 
tion minimum between these two peaks is 160u at 
— 35°C, 120u at 25°C, 104u at 43°C, 92 at 65°C, 77u 
at 100°C, and 72y at 130°C. The intensity of the reflec- 
tivity maximum increases with increase of temperature 
and is 80% at temperatures of 100°C or more. 


The transmission of the crystals of two different 
thicknesses was measured at —35°C, 25°C, 65°C, and 
100°C. The results at —35°C, 25°C, and 100°C are 
shown in Fig. 2. These curves have the following charac- 
teristics. There is low transmissivity in the region cor- 
responding to the sharp reflectivity maximum. A weak 
absorption is observed at 28.3; this wavelength is just 
half that of the strong absorption. Throughout the 
region in which measurements were made, the value of 
transmission decreases with increase of temperature. 
The absorption at 28.34 becomes weak with increase of 
temperature. It was impossible to measure the trans- 
mission in the region of wavelengths greater than 120u 
and at high temperatures, because the crystals available 
were too thick for this purpose. 

In a recent note,” the authors reported far infrared 
reflectivity data for several materials. Comparison of 
the shape of the 54.6u peak in InSb with a corresponding 
peak in ZnS at 25.6u suggests that both are produced by 
lattice vibrations. The 28.34 absorption in InSb is 
probably an overtone of the lattice vibration. On the 
other hand, PbS, PbSe, and TICI crystals have the 
second peak. But the flat peak in InSb in the long- 
wavelength regions shows a different kind of tem- 
perature dependence and must have an origin different 
from that in the other crystals. 


CALCULATION OF ABSORPTION COEFFICIENT 
AND INDEX OF REFRACTION 


Because thick crystals were used in the measurement 
of reflectivity, the reflectivity R is given by 
R= i,/to, (1) 
12H. Yoshinaga, Phys. Rev. 100, 753 (1955). 
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Fic. 2. Transmission of 
Insb crystals of 0.21- and 
0.35-mm thickness at —35° 
C, 25°C, and 100°C. 
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where i is the intensity of the incident radiation, and i, 
is the intensity of the reflected radiation. The crystals 
used in the measurement of transmission were thin, so 


the transmission T is given by the following formula 
which takes into consideration the multiple reflections 
in the crystal 


ig (1—R)%e-Ke 
== (2) 


, 
10 1—R%e?Ke 


where i, is the intensity of the transmitted radiation, 
K is the absorption constant, and d is the thickness of 
the crystal. From Eq. (2), one can calculate K and then 
the extinction coefficient x: 


x= Ky/4r, (3) 


where ) is the wavelength. 

In the region in which the transmission was measured, 
x is small and the index of refraction m is about 3; 
therefore the difference in the intensities of radiation 
reflected when the incident angles are 0° and 45° 
respectively is negligible. The formula 


R=[(n—-1P +e )V[(n+1)*+], (4) 


which is strictly applicable in the case of normal inci- 
dence can be used to calculate m. The solid lines in 
Fig. 3 show the values of K and m obtained by using 
this method. 

The values of K and depend on the purity of InSb 
crystal. The values shown in Fig. 3 are quite reasonable 
compared to the values of Oswald and Schade® and 


100 110 120 130 in 


WAVE LENGTH 


Kaiser and Fan.” If the region of the absorption by the 
lattice vibrations is neglected, m decreases and K 
increases with increase of wavelength and temperature. 


CALCULATION OF CONCENTRATION AND 
MOBILITY OF FREE ELECTRONS 


Fan and Becker" calculated the reflectivity of Ge, 
using the following formulas proposed by Drude and 
Kronig: 

Neb ’ 
nky = —— (3) 


1+(»/y)? 
Ne 


n?—K= eg— (6) 


am* (y? +7) 


where » is the frequency, ¢ is the charge on the electron, 
€o isa constant, m* is the effective mass of a free electron, 
N is the concentration of free electrons, } is the mobility 
of free electrons, and y=e/(2rm*b). By the reverse 
process, we have calculated the values of V and 6 using 
the values of m and K shown in Fig. 3. 

Table II shows the values of N and 6 for several 
wavelengths at —35°C and 25°C obtained using Eqs. 
(5) and (6). In these calculations, it was estimated that 
m*=0.03 m (the value used in many other investiga- 
tions), e.=15.5 at —35°C and e=17.0 at +25°C. The 
values of N and 6 are fairly constant for wavelengths 
greater than 95u at —35°C and greater than 90y at 
25°C. If different values of ¢) are assumed, the con- 


3H. Y. Fan and M. Becker in Semiconducting Materials edited 
by H. K. Henisch (Academic Press, Inc., New York, 1951). 
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TaBLE II. Concentration of free electrons and their mobility for 
each wavelength at different temperatures. 











—35°C 25°C 
N b N b 
(em~) (cm?/volt-sec) (em~) (cm*/volt-sec) 
2.06X 10'* 8 610 
3.13X 10" 20 000 
3.38X 1016 25 900 
3.39X 108 25 500 
3.37X 106 25 400 





0.727X 10'* 

1.56X 10'* 

1.85 10'* 
100 1.85 1018 
110 1.82 10'¢ 
120 1.81X 10'* 


10 100 
27 100 
35 000 
36 200 
36 900 
36 900 





stancy of N and db decreases. Equations (5) and (6) do 
not hold for InSb crystal at 60 or 70u owing to the 
lattice vibration, but they seem to hold very well in 
the long wave region where the effect of the lattice 
vibration is negligible. From the average values between 
95 and 120u for a temperature of —35°C and between 
90 and 100u for a temperature of 25°C, the results of 
this investigation give as best values for concentrations 
of free electrons and their mobilities the numbers 
presented in Table III. 


COMPARISON BETWEEN CALCULATED VALUES 
AND OBSERVED VALUES 


If values of N and 0d are known for a crystal, it is 
possible to calculate m and K in the wavelength region 
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in which measurements of the transmission could not 
be made. The broken lines in Fig. 3 show the results of 
such calculation using the values of N and b given in 
Table III. The broken lines in the short-wavelength 
region also show the calculated values obtained using 
the same values of N and 0. Calculated values of n 
agree well with the observed values, and calculated 
values of K differ from observed values by less than a 
factor of 2 except in the region in which the lattice 
vibration is effective. 

Reflectivities in the region beyond 100u (at 25°C) 
and 120u (at —35°C) were calculated using the values 
of m and K shown in Fig. 3. In Fig. 4, the heavy parts 
of the solid curves show the observed data used in 
obtaining and K, and thus N and b. These values of 
N and 6 were in turn used to calculate the reflectivities 
shown as the broken curves in Fig. 4. In this calculation, 
n is less than 3 and « is not small, so that it is not proper 
to use the formula for normal incidence. Rather, the 
following formulas which hold at the incident angle of 


TABLE III. Best values, as calculated from observed optical data. 








7 
(sec *) 


2.59 104 


(cm?/volt-sec) 


36 300 


N 
(cm~) 


1.83X 10'* 
3.38 1016 


Temperature 
—35°C 
23°C 
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Fic. 3. Index of refraction and absorption constant of InSb crystal. Solid lines show observed data and 
broken lines show calculated values. 
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Fic. 4. Comparison of calculated reflectivity of InSb and observed data at —35°C and 25°C. Heavy parts of solid lines 
show the values used in that calculation, and broken lines show calculated reflectivities. 


45° were used: 
-1-—(2¢—1)! 


“14 (2e—1)? 


1—(2e’—1)*#? 
R,= z,| — 
1+ (2e’—1)! 


where E is the amplitude of incident radiation, R is the 
amplitude of reflected radiation, and e’=(n—ix)?. At 
both 25°C and —35°C, the wavelengths of calculated 
minimum reflectivity coincide with observed values, and 
calculated reflectivities below this wavelength are close 
to the observed values. Beyond this wavelength, the 
calculated reflectivity increases faster than the ob- 
served reflectivity with increase of wavelength. 


CONCLUSION 


From the results shown above, it can be seen that the 
calculated reflectivities agree well with observed values, 
and the formulas (5) and (6) hold in the wavlength 
region where the effect of lattice vibrations is negligible. 
This is true even in the short-wavelength region where 
calculated and observed values have differed by more 
than a factor of 10° in the past. 

The relation between the values of b at —35°C and 
25°C gives 

b faa T-1.55, 


This relation is close to the well-known b« T-!. Values 
of N and db obtained optically differ from values obtained 
using electrical properties by less than a factor of 3; 


these differences would be less if m*=0.025 m is used 
instead of m*=0.03 m. Much consideration will be 
required in order to completely resolve these differences. 
These differences may be related to the fact that elec- 
trical data depend upon the characteristics of the whole 
volume of the crystals whereas optical data depend 
upon the characteristics of the thin surface-layer of 
crystals. 

Equations (5) and (6) do not hold exactly at 90y at 
— 35°C, but hold very well at even this wavelength at 
25°C due to the increase of the concentration of free 
electrons with increase of temperature. So those for- 
mulas may hold at wavelengths less than 90u for tem- 
peratures of 65°C or 100°C. Calculation of b at these 
temperatures using the relation b« 7, assuming 
suitable values for V and ¢o, may yield values of reflec- 
tivity for these temperatures which are close to the 
observed data. We intend to develop techniques for 
making transmission measurements for thinner crystals 
and to compare data thus obtained with calculated 
values with the objective of resolving the differences 
between electrical data and optical data. 
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The deformation potential theory has been re-examined for electrons in Ge to take into account the 
ellipsoidal nature of the energy surfaces, and the effect of shear wave scattering. The coupling between 
shears and the conduction band energy minima is calculated from Smith’s piezoresistance data under the 
assumption that any changes in mobility due to strain may be neglected. The scattering by shears, which 
is the dominant mechanism, is strongly anisotropic and cannot be described by a simple relaxation time. 
We have shown that the distribution function for electrical conductivity has a tensor dependence on the 
orientation of the electric field. The mobility is calculated assuming several values of Ei, the shift of the 
conduction band edge with dilation. The calculated values of the mobility are approximately 3X 1077—*/ 
cm?/v sec. Methods of accounting for discrepancies between the experimental and theoretical values of the 
mobility and its temperature dependence are discussed. 


INTRODUCTION 


HE lattice scattering mobility of carriers in 
nonpolar semiconductors was treated in the 
deformation potential theory of Bardeen and Shockley.! 
In this theory, scattering by long-wavelength acoustical 
modes is considered. The electron phonon coupling is 
the shift in the allowed energy bands due to the com- 
pressions and dilations produced by the longitudinal 
modes. The transverse modes cause no scattering since 
they produce no dilation. 

It is now apparent, from the elastoresistance measure- 
ments of Smith,? that shifts in the conduction band 
minima or valleys in n-type Ge are caused by shears as 
well as by dilation. We should expect, therefore, that 
scattering of electrons will occur that is due to shears 
produced in the crystal by both longitudinal and 
transverse waves. In this paper, we wish to recalculate 
the mobility of electrons in Ge using the deformation 
potential theory and taking into account the effect of 
shear wave scattering. 

It has been shown by Wannier,’ and restated by 
Slater,‘ that in a periodic lattice, with a perturbing 
potential which varies slowly with position compared 
to the periodic potential, an electron may be treated 

t Submitted in partial fulfillment of the requirements for the 
Ph.D. degree. 
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1 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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4J. C. Slater, Phys. Rev. 76, 1592 (1949), 


essentially as a perturbed free particle with an appro- 
priate effective mass. In the strained coordinate system 
of the crystal, the deformation potential due to long- 
wavelength acoustical modes is just such a slowly 
varying potential. We may therefore use the effective- 
mass theory to calculate the probability of transitions 
between momentum states. In such a treatment, any 
strain-induced changes in the effective mass will be of 
the order of the strain. Since the electrons are classically 
distributed, and are close to the conduction band 
bottom, changes in the effective mass may be ignored. 

In principle, the deformation potential theory makes 
it possible to determine exactly the mobility of carriers 
in a semiconductor if one knows precisely how the edges 
of the allowed energy bands shift with strain. In reality, 
the shift with dilation of the individual band edges is 
not known; only the sum of shifts of the valence and 
conduction bands with dilatation has been determined. 
On the other hand, from the elastoresistance data on 
Ge, one can calculate uniquely® the shift with shear of 
the conduction band’s energy minima. As we shall 
show, in n-type Ge the scattering due to shears is the 
dominant mechanism, so that one may calculate the 
mobility to within a small indeterminancy and compare 
it with the experimental values. 


BAND STRUCTURE AND ELASTORESISTANCE 
IN n-TYPE Ge 


Bardeen and Shockley assumed in their theory that 
the surfaces of constant energy in the Brillouin zone 


5 Actually there is a very weak dependence upon the dilation 
effect, 
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were spherical. We now know from recent cyclotron 
resonance experiments*’ that the conduction band of 
Ge has eight degenerate minima or valleys oriented 
along the (1,1,1) directions in the first Brillouin zone. 
Near each of these minima, the surfaces of constant 
energy are elongated ellipsoids, the major axes of which 
are in the (1,1,1) directions. 

It will be convenient to associate with each valley a 
coordinate system, the z axis of which will be identical 
with the major axis of the family of ellipsoids corre- 
sponding to that valley. According to the data of 
Dexter, Zeiger, and Lax, the effective mass of electrons, 
expressed in the coordinate system of a valley is 


my, 0 0 
m* = 0 my, 0 ’ (1) 
0 0 my 


where m,=0.08m and m= 
electron mass. 

The elastoresistance experiments on Ge? have given 
evidence that another scattering mechanism exists for 
electrons in Ge, namely shears produced by both longi- 
tudinal and transverse waves. Smith found that a shear 
with respect to the (1,0,0) set of crystal axes in n-type 
Ge results in a considerable anisotropy of the conduc- 
tivity. If such an effect were due to a change in the 
mobility of the electrons, or to the reorientation of the 
valleys in momentum space, one would expect it to be 
of the same order of magnitude as the shear, but actu- 
ally it is about 90 times larger. The explanation of this 
effect is as follows.?:*° Ordinarily the total conductivity 
of Ge, resulting from the highly anisotropic conductivity 
contributions of the eight symmetrically placed and 
equally populated valleys, is isotropic. This must be 
true because of the cubic symmetry of Ge. The de- 
generate states in the conduction band occur far from 
one another in the first Brillouin zone and have wave 
functions which are considerably different. The de- 
generacy is destroyed when the cubic symmetry is 
removed by a shear, and some states go up in energy, 
and others down. There is a net transfer of electrons 
from the valleys whose energy has been raised to those 
which have been lowered. As a result, the conductivity 
contributions of the more highly populated valleys 
predominate over the others, and the total conductivity 
is no longer isotropic. In this way, a large anisotropy in 
the conductivity may be produced by a relatively small 
shear. 

We will now calculate the shift of the [1,1,1] oriented 
valley for a simple shear. This result will be needed in 

® Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954). 

7 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 


SE.N. Adams, Chi icago Midway Laboratories Technical Report 
CML-TN-P8. 

°C. Herring, Bell System Tech. J. 34, 237 (1955). A detailed 
discussion of the various ways in which strain can effect the con- 
ductivity of a many valley semiconductor appears in this paper. 
Also, in an appendix a general expression for the elements of the 
elastoresistance tensor is derived, using a notation that differs 
considerably from that used in the present paper. 


1.3m, m being the free- 
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order to determine the mobility of electrons in Ge. 
Smith found that the shear dependence of the aniso- 
tropic part of the conductivity could be expressed in 
the (1,0,0) crystal axes as 


—¢2,/7= M44€Ezy, (2) 


where oz, and e€,, are elements of the conductivity and 
strain tensors respectively, and m4, is an experimentally 
determined quantity. Let us now put a pure shear on 
the crystal and calculate the resulting off diagonal con- 
ductivity. Let this shear be 


o en © 
e=tle, 0 O], 
0 0 0 


and imagine that the [1,1,1] valley is shifted in energy 
by AE. The [1,1,1], [1,1,1], and [1,1 ,1] valleys will 
also be shifted by AZ, but the [1,1,1], (1,1,1], (1,1,1] 
and [1,1,1] valleys are shifted by — — AE, since a reversal 
of direction of the x axis or y axis would correspond to 
changing the sign of ¢,,. We may write 


AE= Exézy, (3) 


where E; is to be determined. For a more general shear, 
the shift of the [1,1,1] valley is 


AE=3E3 Dinitis- (3a) 


The sum over all the off-diagonal strain components 
occurs, because each off-diagonal component of the 
strain will cause the same shift in energy of the valley 
as will any other off-diagonal component of equal 
magnitude, due to the symmetry of the [1,1,1] direction 
with respect to the (1,0,0) crystal axes. 

For the simple shear we are considering, four valleys 
are shifted up a small amount in energy and four down. 
The number of excess electrons in the ith valley above 
the number n, that were there before the shear is simply 


An;= (0fo/dE)AE;= seat n(AE;/kT), (4) 


where fo is the Boltzmann distribution at equilibrium. 
Since >>; An;=0, the Fermi level of the distribution has 
remained constant. The excess conductivity contribu- 
tion of the ith valley is 


Ao;= — (AE,/kT)oi, (5) 


where g; is a tensor which may be written in the coor- 
dinate system of the valley as 


0} 0 0 
oc=|0 oo, 0}. (6) 
0 O ae 


If now we transform the excess conductivity contribu- 
tions of the eight valleys to the coordinate system of the 
(1,0,0) crystal axes and sum, we find 


8 8 AE 
oun er. ser ee: (7) 








DEFORMATION POTENTIAL 


The normal conductivity without strain is also found 
by transforming the o;,’s to the crystal axes and 
summing. This conductivity is isotropic and is given by 


o= (8/3) tr[o;]. (8) 
Using (7) and (8) along with (3) in Eq. (2) we obtain” 


mMaykT trLo; | 
4. (9) 


0102 


The value of EZ; which we calculate from the elasto- 
resistance data will depend upon the degree of anisot- 
ropy of oy. 

We will now calculate the conductivity of n-type Ge. 
We shall consider deformation potential scattering by 
both shears and dilation produced by acoustical modes. 
In our theory there will occur two parameters, FE; and 
E\-. E3 is defined by Eq. (3a) and £;, is the shift in 
the bottom of the conduction band for unit dilation. 
We may calculate £; from Eq. (9) using Smith’s 
elastoresistance data once we know the anisotropy of 
the conductivity contribution of a valley. However, as 
we shall see, the anisotropy will depend on the ratio 
of E,. to E;, and E;, is not experimentally known. 
Only Eig, the shift in energy with unit dilation of the 
gap between the valence and conduction bands, has 
been determined," and this is approximately —5.5 ev. 
We shall assume that £;, is of the same sign and order 
of magnitude as Fig, and shall make conductivity calcu- 
lations for several values of £,./E3 corresponding to this 
assumption. For each value of this ratio we will obtain 
different values of E3, and of the total conductivity. 

Our first task will be to calculate the probability for 
transitions between momentum states in the same 
valley. Then we will solve the Boltzmann equation for 
f(p), the electron distribution in an electric field. We 
may then calculate the conducivity contribution of a 
single ellipsoid and the total conductivity. 


TRANSITION PROBABILITY 


For sufficiently long wavelengths, we may treat the 
crystal as an elastic continuum. Imposing periodic 
boundary conditions, we may expand the displacement 
of the continuum as a series of traveling waves: 


R=) unle™gin()+e™*ga*(f)], (10) 


where the sum over the wave number k includes the 
allowed values of small k in the first Brillouin zone. 
Here ux, is a unit polarization vector, and the summa- 
tion over \ includes a longitudinal mode and two trans- 
verse modes for every k value. 

Because the velocity of sound in Ge is not isotropic, 


” This result would be unchanged if there were four valleys 
instead of eight. 

1 W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). See 
references quoted there. 
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there is a certain amount of mixing between the longi- 
tudinal and transverse modes for directions of propaga- 
tion away from the (1,0,0), (1,1,0), and (1,1,1) direc- 
tions. The writer solved the normal modes problem for 
various other directions and found that the direction of 
motion of the predominantly longitudinal mode is 
never more than 8° away from the direction of propa- 
gation and that this deviation is generally much smaller. 
Since it is the square of the wave amplitudes that will 
enter the transition probability, mixing will cause 
errors no greater than a few percent, and consequently 
it will be ignored. 

The acoustical modes can be shown to be formally 
analogous to a group of quantized harmonic oscillators. 
In such a representation the gy,’s have matrix elements 
between phonon states. The only nonvanishing elements 
are” 


<r] 
a aes 


2C rk? 


hon 
bert laa’) =| ist, 
2C wk? 


which correspond to the emission or absorption of a 
phonon respectively. Cy, is the appropriate combination 
of elastic constants entering into the velocity of propa- 
gation of the kAth mode. 

The perturbing potential acting upon the carriers is 
the deformation potential 


V=Eje Dis Cit Es Dies €:3, 


where the first term is the shift in the energy of the 
conduction band edge because of dilation and the 
second term is the shift in the [1,1,1] oriented energy 
minima because of the total shear with respect to the 
(1,0,0) crystal axes. Because we shall wish to work in 
the coordinate system of the [1,1,1] valley, we shall 
transform V to these coordinates. It is easy to show 
that V becomes 


V=Ei- >: €nxt+E3(2e..— €zz— xy) 
The strain tensor is given by 


e=V -dR=i ku e** "gin—e-*™ “*un* ], (13) 
kd 


(n+ tlonln)=| 


(11) 


(12) 


(12a) 


so that the deformation potential becomes 


V=i > Fy(6)RLe™*gn—e*® “9 n* J, (14) 
kA 


where 
F\=E,-+£;(3 cos*8—1), 
F.,=3E; cos@ sin8 cosy, 
F3=3E; cos@ sin@ siny. 
2 See, for instance, W. Heitler, The Quantum Theory of Radi- 


ation (Oxford University Press, Oxford, 1944), second edition, p. 
59. 


(15) 





534 WILLIAM 
Here 8 is the angle between k and the z axis of the 
valley, and y is the angle between ux: and the plane 
determined by the [0,0,1] and [1,1,1] directions. The 
terms for \=2,3 corresponding to the transverse modes 
have, as they should, no dilation effects. 

Let us now calculate the matrix elements for transi- 
tions between momentum states in the same valley, 


ee) 


(wact, 9 1V in, 9) 2S aa 
kh 2C xk? 


U 


x f exp|i(*—* tk) 1] (16) 
1 


unit 
volume 
The integral vanishes unless p’— p= -+t-7k, in which case 
it is one. 

At temperatures for which thermal scattering is 
dominant and impurity scattering can be neglected, the 
energy of the scattering phonon is small compared to 
either the kinetic energy of an electron or kT. We can 
therefore make the following approximations. First, we 
can neglect any changes in the energy of an electron 
which occur in the scattering process and shall consider 
the electrons to be scattered on a surface of constant 
energy. Secondly, we can set 


ees s ee Le ee fad 


hon = DRT, (17) 
exp(hw/kT)—1 
thereby considering the modes to be classically excited. 
The probability per unit time for transitions between 
momentum states becomes 


kT 
L Fe—a(E'(p')—E(p)). (18) 


2r 
7» +d 


W(p,p’)= 
h 


Because the Cy,’s are rather complicated functions of 
the direction of propagation, average values for the 
longitudinal modes and for the transverse modes were 
used. Cy represents the simple unweighted average of 
the three sets of elastic constant entering into the 
velocities of longitudinal sound waves propagating in 
the [1,0,0], [1,1,0], and [1,1,1] directions, and Cr is a 
similar average of the six sets of elastic constants 
entering into the velocities of transverse waves propa- 
gating in these same directions. The C,,’s do not differ 
from their averages by more than 20%, so that only a 
slight error is likely to be introduced by this simplifica- 
tion. Values of the elastic constants of Ge are given by 
Bond, Mason, McSkimin, Olsen, and Teal.” 

Substituting for the F,’s and using sin?8=1—cos’6, 
we obtain W(p,p’) as a series of even powers of cos@, 


18 Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 176 
(1950). 
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3 2a kT 
W (p,p’ a —— ——{ (E1.— E3)?+6[ (E1c— Es) Es 
h Cr, 


+$(C1/Cr)E;*] cos*B 


+9E3?(1—Cz/Cr) cos'#}5(E’—E). (19) 


SOLUTION OF BOLTZMANN EQUATION 


Let us now calculate /;(p)=/(p)—/fo(p) from the 
Boltzmann equation 


U 


of dp 
Bae oe W ( ’ F i(p’)— fi opepes 
ER f (P,P’)Lfi(p’) — fap) ] inh 


0 
= —¢6°¥—, 
dE 


(20) 


where & is the electric field, v the velocity, and E the 
energy. Because of the complicated nature of W(p,p’), 
which depends upon both p and p’, a solution for /; of 
the form fi=er&-vdfo/dE, corresponding to the 
existence of a relaxation time, does not exist. We can 
see, however, that for an electric field along any of the 
axes of the valley, the electron distribution will be 
deformed in the direction of the field. For example, if 
&=6, the distribution would deform symmetrically 
with respect to the z axis and f; would be of the form 
fi=er28,0,0 fo/0E. Here 72 may be a function of 8, the 
angle between p and the z axis, but cannot be a function 
of the angle of rotation around the z axis because of the 
symmetry of the valley. Again, if €&= &,, 


fi= €71620,0 f,/dE, 


where 7; is in general a function of @. For an arbitrary 
electric field, the distribution function will be of the 
form 


fi=e&-r-vdfo/dE, (21) 


where 7 is a tensor given by 


e 2 - 0 
r=10 7 O}. 
0 0 T2 


Let us first consider the case for which &= 6, and 
substitute the corresponding f/f; into the Boltzmann 
equation. After canceling out the common factors we 
obtain 

pix [WoW ILra(p)P.— 12090. 


dp’ 


. Can 
(2xh)® Sa, 


To facilitate the integration over d*p’, we shall next 
make a change of variables which project the ellipsoids 
of constant energy onto spheres. This transformation is 
(23) 


p=a?-P, v=m—a}-P, 
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a 0 0 
m 
ewer = 0 Qa 0 
m* 


LO... Os: (em 
Also 


a1 cos?p’ 
cos?8 = — ’ 
ae 1+ (a1/a2— 1) cos?3" 

cos?8’ = (P,— P,')2/ (P— P’)?. 


Our transformed integral equation is 





where 


dP’ 
P,= ‘ W(P,P’)r2(P)P,— 12(P’)P,’}_—_———. 
Urs Pe ohm *(deta)) 


A similar equation containing 7; and P, can be obtained 
from the case in which &= &,. 

The transformed tensor 7 will be dependent upon the 
direction of P through the polar angle 6(P). Since 
W (P,P’) is symmetric about the equatorial plane of the 
energy surfaces, r must also be symmetric. Therefore, 
we may expand the elements of 7 in series of even 
Legendre polynomials of cosé. A trial solution for r 
equivalent to the first two terms of each series and of 
the form 


T= to(AotAi cos’6), 


was then attempted. 

The integrals over the surface of constant energy 
may be performed exactly. These integrals will be 
functions of the parameters A; and B;. The two integral 
equations can now be expressed as 


P,=AogotAgi, P,= Boot Bihy, (25) 


where the g,’s and h,’s are functions of 0(P) and were 
tabulated for 11 values of 6(P) between 0° and 180°. 
By trial and error the A,’s and B,’s were adjusted until 
the closest simultaneous fit of the equation was achieved. 
Using this method, the integral equation (20) was satis- 
fied to within a few percent over the full range of 6(P). 

Three solutions of the Boltzmann equation were made 
for three values of the ratio F,,/E;. 7 is therefore given 
by (21) and (24), where 


mh‘C , (deta)! 
To= 
* m(2mEVRTE? 


and where the constants entering into 7; and re are 
given in Table I along with the accuracy with which it 


T2= 70(Bo+B, cos’@), (24) 


(26) 


TaBLE I. Solutions of the Boltzmann equation for the param- 
eters in elements of the tensor r [Eqs. (21) and (24)]; and the 
accuracy to within which the Boltzmann equation was satisfied 
by these solutions. 








Ex/Es Ao 


0.226 
0.220 
0.190 
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TABLE II. Directional dependence of o;, E; and E;, (in ev), and 
w and wa (in cm?*/v sec). 








Eic/Es QT: T: BE; Ec 


—0.5 2.86 0.256 5.48 
—1 2.91 0.380 5.84 
—1.5 2.62 0.515 6.52 


pT? 


—2.74 3.48X10? 
—5.84 3.18107 
—9.78 2.37107 


u(300°K) pwa(300°K) 


6700 115000 
6100 25400 
4550 9 400 











was possible to satisfy Eq. (20). 


RESULTS FOR MOBILITY 


Knowing f,, we shall calculate the conductivity con- 
tribution of a single valley. The contribution to the 
total current is 


‘ f @p 
jor 8=—ef v P 
'(Qmh)? 


(27) 


where f; is given by (21). Making the change of vari- 
ables (23), we obtain 


GP 
if calmecens, _ PP. 7(P) f,———_—_, 
mekT (2h)? (deta)! 
2 (2x) nieh'C 1 (deta)! 
.; 


o,>=- 


3 mR(RT)E? 


a 
r=|0 YT, Of, 


On Gy 2s 





and where 
T,=a;(Ao+#A1), T2=a2(Bo+3B):. 


We can see that the conductivity contribution of a 
single valley has a directional dependence which 
depends upon both the tensor form of the effective 
mass and also upon the directional dependence of fi, 
which in turn reflects the highly anisotropic scattering 
probability. 

The total conductivity is isotropic, as is the mobility, 
which is given by 

2 (2) 'eh*C (deta)! 
= <4 tr], 
3 m2(kT ZR? 


u=17.5X10'T-*"E; tr[T ] cm?/v sec, 





(30) 


where £; is in electron volts. 

Knowing the directional dependence of the conduc- 
tivity contribution of a single valley, we may go back 
to the elastoresistance theory and calculate E;. Using 
E; we may then calculate uw. These quantities are 
presented in Table II, again for the three values of 
E,/E;. For the purposes of comparison, we have also 
listed ua, the mobility which would arise if only dila- 
tional scattering were present. We have used the same 
values of E;, to calculate ug as were used in calculating 
the corresponding values of yu. From Table II we can 
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see that, except for very large values of E,., scattering 
by shears is the dominant mechanism. 

The accuracy of these results depends on the ap- 
proximations used in the calculations. The combined 
error for ignoring the mixing of the various modes of 
propagation, and for using average velocities of propa- 
gation for the longitudinal and transverse modes, 
should not exceed 5%. Another maximum error of about 
5% could arise from our neglect of any strain induced 
changes of the mobility in the elastoresistance theory. 
The errors involved in ignoring the energy of the scatter- 
ing phonon and in considering the long-wavelength 
acoustical modes to be classically excited should be 
negligible. Also, the writer estimates that the error in- 
curred in the solution of the Boltzmann equation would 
not affect the values of the mobility by more than 5%. 
Therefore, we should expect the calculated values of the 
mobility to be accurate within 15%. It is also worth 
mentioning, that if the effective mass data of Dressel- 
haus, Kip, and Kittel’ were used, instead of that given 
by Dexter, Zeiger, and Lax,‘ the calculated values of the 
mobility would be smaller by approximately 10 to 15%. 


DISCUSSION OF RESULTS 


The theoretical temperature dependence of the lattice 
scattering mobility for intravalley scattering is T—*’. 
This differs slightly from the experimental temperature 
dependence" in n-type Ge of T7—'-®*, which is known to 
hold between 80 and 300°K. Also, the experimental 
value of the mobility at 300°K is 3800 cm/volt sec, and 
this value is somewhat lower than the calculated values 
which range between 4550 and 6700 cm?/v sec. 

We may reduce the calculated values of » by approxi- 
mately 12% to correspond to what we would have 
calculated if we had used the more recent effective mass 
data of Dresselhaus, Kip, and Kittel.? One now finds 
that the calculated value of uw at 300°K for E;./E; 
=—1.5 is 4000 cm?/v sec, in good agreement with 
experiment. For this case £;, is approximately — 10 ev, 
a value almost twice that of E,;¢g. However, we have 
not obtained the correct temperature dependence of 
the mobility, and in order to do this we shall have to 
invoke. some other mechanism, which will further 
reduce the mobility at 300°K, for this case, to sig- 
nificantly less than the experimental values. It is 
therefore not likely that — EZ, is as large as 10 ev. 

A higher temperature dependence of the lattice 
scattering mobility than 7-* can be obtained in 
several ways. First, if there were a bending over of the 


“4 F. Morin, Phys. Rev. 93, 62 (1953). 
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energy surfaces away from the energy minima, we would 
obtain a higher dependence.'* The reason for this is as 
follows: The bending over of the energy surfaces cor- 
responds to an increasing effective mass away from the 
energy minima. At higher temperatures, the electron 
distribution is more spread out around the energy 
minima and therefore on the average has a higher 
effective mass than at lower temperatures. Since the 
lattice scattering mobility is inversely proportional to 
the 5/2 power of the effective mass, it will show an 
increased temperature dependence. 

Another possible mechanism sufficient to give a 
higher temperature dependence is scattering by high- 
energy phonons, that is intervalley or optical-mode 
scattering. Herring® has shown how such scattering 
would modify the ordinary magnitude and temperature 
dependence of the mobility for various phonon tem- 
peratures and strengths of this additional scattering. 
Measurements of Keyes'* show that the intervalley 
scattering is small at room temperatures. Therefore, 
one might also expect the optical modes to contribute 
only slightly to the total scattering. However, it is only 
necessary that the intervalley and optical mode scat- 
tering be approximately 25% of the total scattering at 
300°K in order to explain the observed temperature 
dependence. In this case, one must assume a high- 
energy phonon temperature of approximately 300°K, 
but this is entirely possible since the Debye temperature 
of Ge is 290°K.!" 

If either high-energy phonon scattering or a “tem- 
perature-dependent” effective mass were responsible for 
the 7—!- temperature dependence of the mobility in 
Ge, we would expect the mobility at 300°K to be 
reduced by at least 25% from the theoretical lattice 
scattering values. If in addition we reduce the calculated 
mobility values to correspond to the most recent 
effective mass data,’ we obtain 4 = 4400 and 4000 cm?/v 
sec for the cases in which E,./E;=—0.5 and —1 
respectively. Either value is in good agreement with 
experiment. In view of the small dependence of u on 
E,., it is not possible to say which value of E,, is more 
nearly correct. 
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Neutron diffraction data have been obtained at 4.2°K and 298°K for both a-Mn and 8-Mn. The pattern 
of moment alignment in the antiferromagnetic state of a-Mn is deduced. Dependent on interatomic distance, 
both parallel and antiparallel spin couplings are present. Also, for one kind of atom no moment alignment 
occurs. The magnitudes of the individual moments appear to exceed considerably one Bohr magneton. No 
coherent magnetic scattering is detectable for 8-Mn at 4.2°K. The effect of atomic separation and of atomic 


arrangement on magnetic structure is discussed. 





I. a-MANGANESE 


Introduction 


N recent neutron diffraction studies Shull and 
Wilkinson! have shown a-Mn to be antiferromag- 
netic with a Néel temperature of 100°K. The antiferro- 
magnetic structure gives rise to several new reflections 
for odd 4+k+1, in addition to the nuclear peaks of the 
body-centered atomic arrangement, suggesting that 
spins of opposite sign are associated with atoms related 
by the body-centering. The relative intensities of the 
“magnetic” reflections, however, are such as to exclude a 
structure with this alignment of spins and with the same 
moment on each manganese atom. No solution of the 
magnetic structure was given by Shull and Wilkinson. 
In view of our interest in the manganese structures 
and since we have the means of obtaining neutron 
diffraction patterns with higher resolution, we have 
re-examined a-Mn at 4.2°K, 47°K, and 298°K. From 
this information we have been able to deduce several 
significant features of the antiferromagnetic structure 
of a-Mn. We were encouraged to undertake this in- 
vestigation because of a detailed knowledge of the 
atomic arrangement in a-Mn. Mr. R. Waterstrat of our 
Laboratory was in great measure responsible for this 
knowledge. 


Sample Preparation 


The material used in this investigation was pure 
electrolytic manganese. It was deoxidized in dry 
hydrogen at 1100°C for 24 hours, and then allowed to 
cool slowly in the furnace to 625°C. At 625°C, the 
hydrogen was flushed from the furnace with purified 
argon and the sample was cooled to room temperature 
in a stream of cold argon. The sample was then crushed 
in a hardened steel rod mill, which had been flushed 
with nitrogen to prevent oxidation of the fine particles. 
The final particle size was 200 mesh. 

X-ray diffraction photographs showed only the a-Mn 
pattern. In particular, no pattern of manganese oxides 

* The neutron diffraction work was performed at the Brook- 
haven National Laboratory Reactor, Upton, New York. 


1C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 100 
(1953). 


or of 6-Mn could be detected. The ao of the 58-atom 
cubic unit cell was found to be 8.91 A. 


Neutron Diffraction Results 


The neutron diffraction data were obtained with 
neutrons of 1.02 A wavelength, monochromatized by 
reflection from a lead single crystal and collimated by 
Soller slits, using a BF; proportional counter as detector. 
For the room temperature patterns the fine powder was 
contained in a flat-cell with glass walls, of dimensions 
3 in. X 2$ in. X4 in. The low-temperature patterns were 
obtained with a double-jacketed vacuum cryostat 
similar to that described by Erickson.? The sample then 
was contained in an aluminum cylinder, 4 in. long and 

} in. inner diameter. 

The diffracted intensity was recorded at successive 
angular positions, always for a fixed number of incident 
neutrons. Integrated intensities were obtained by 
measuring the areas of the “peaks” in the intensity 
versus angle plots. The room temperature values were 
put on an absolute basis by reference to the intensities 
for a nickel standard, but such a procedure could not be 
followed for the low-temperature data. Here it was 
assumed that the nuclear structure factors were the 
same as at room temperature and these were made to 
set the proper scale for the:magnetic intensities. 


ALPHA MANGANESE 
298°K 


INTENSITY 


NEUTRON 
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Fic. 1. Neutron diffraction patterns of a-Mn. 


2R. A. Erick on, dissertation, Agricultural and Mechanical 
College of Texas, 1952 (unpublished). 
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The diffraction patterns at 298°K and 4.2°K are 
given in Fig. 1. In addition, patterns were obtained also 
at 47°K. These are similar to those at 4.2°K except that 
the magnetic intensities are weaker and the peaks are 
not as sharp. The low-temperature traces contain two 
Al peaks from the cryostat. Our diffraction data are in 
agreement with those of Shull and Wilkinson insofar as 
comparison can be made with the trace reproduced in 
their article for conditions of lower resolution. It is 
especially satisfying to cbtain the general agreement for 
the magnetic pattern of the two different specimens as 
an indication that it is a reproducible characteristic of 
a-Mn. 

The calculated intensities at room temperature (flat- 
cell container) were made by means of the expression, 


p’ 
Prr= 7 put secé 
p 


)nuaPaa 


sin?20 


where P.:=integrated power, K=constant instru- 
mental factor evaluated by reference to the Ni standard, 
p’=apparent density of powder, p=density of solid, 
e~#t see?—absorption factor, j,=multiplicity, and 
F ,,.= structure factor for the (Akl) reflection. 

The intensities at low temperatures, where a cylin- 
drical sample was used, were computed from 

Pim=K’ Fre nev. 

sin6 sin26 
Absorption was found to vary by less than 2 percent 
over the entire range of study and was taken as constant. 
The value of K’ was established by comparing the ob- 
served values to the calculated ones for the nuclear 
reflections. For the magnetic peaks, 


|Fiaa|*(mag)=$|Z petri teetevetvo | 


where p, the magnetic scattering amplitude, is given 
by p=+0.539 SfmagX10-" cm, the sign depending on 
the atomic site. S is the total spin quantum number and 
fmag is the magnetic scattering factor. 


Nuclear Structure 


An attempt was made to ascertain whether the 
parameters of Bradley and Thewlis® were in need of 
revision. From their work, there are four crystallo- 
graphically independent sets of atoms in the space 
group I 43m—T¢ as follows: 

I 2(a), 

II 8(c) x=0.317, 
III 24(g) x=0.356, 
IV 24(g) x=0.089, y=0.278. 

Despite the limited number of reflections in the 
neutron diffraction pattern, the inherently greater 


3A. J. Bradley and J. Thewlis, Proc. Roy. Soc. (London) A115, 
456 (1927) 


y=0.042, 
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TABLE I. a-Mn neutron intensities 298°K. 








Ai+k4+2R hkl 


110 
200 
211 
220 
310 
222 
321 
400 
it 
411 
420 
332 
422 
(510 





510 
521 
440 <5 








* Absolute intensities from comparison with Ni standard. 
> Intensities normalized on (330, 411). 
® Includes 4/2 contributions of high-order reflections, 


accuracy of the neutron intensities may allow a more 
rigorous test of the structure than an x-ray powder 
diagram. The room temperature intensities, which 
could be placed on an absolute basis, were examined 
critically for this purpose. The result of the investiga- 
tion was only to confirm the parameters of Bradley and 
Thewlis, at least for the room temperature structure 
(Table I). The intensity agreement in Table I may not 
seem to be of the best and a brief discussion may be in 
order. Special concern was given to the observance of 
higher intensity for both (222) and (321) than would 
be calculated. In turn, detailed consideration was given 
to the possibilities that the discrepancies were due 
either to impurities or to a change in the structural 
parameters. 

Neither of these possibilities, however, could be 
established although a portion of the (222) intensity 
could be due to MnO. In particular, any parameter 
changes which were in the direction of improving the 
intensity comparison for (222) and (321) caused large 
departures from agreement for the strong reflections. 
It was then recognized that the discrepancy for these 
two reflections could be well accounted for by the 
occurrence of A/2 peaks of higher index reflections, 
namely those for which h+-k+/= 48 (occurring at same 
position as 222) and for h+k+/=54 (occurring close 
to 321 position). All of these high-index reflections have 
very large structure factors and a 1 percent presence of 
4/2 would suffice to give the observed intensities. It 
then seemed that the Bradley and Thewlis parameters 
were quite good (to +0.003) and no improvement on 
them could be made in considering the room tempera- 
ture data. 

On the other hand, the observed nuclear intensities 
at the low temperatures (Table II) were not in as good 
agreement with the values calculated with the Bradley 
and Thewlis parameters and it was found possible to 
improve the agreement by adjusting the parameters of 
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atom IV. It would be difficult, however, to argue that 
such a change is really called for. The main concern with 
the nuclear structure here is in establishing a proper 
scaling of the magnetic intensities. In that respect, 
there would be less than 10 percent change on the 
magnetic intensities whether the nuclear intensity 
values used were those calculated from the Bradley and 
Thewlis parameters or those corresponding to a set of 
parameters giving better agreement for the nuclear 
intensities. Furthermore, the largest peak, for A+k+/ 
= 18, is quite insensitive to possible parameter varia- 
tions and more weighting was given it in deducing the 
scale factor. Accordingly, all calculated intensities 
reported are with the literature parameter values of 
a-Mn. 


Magnetic Structure 


In attempting to account for the magnetic intensities 
on the basis of an antiferromagnetic arrangement, it 
becomes evident that it is not possible that the same 
moment is to be associated with each atom of the unit 
cell. In the first instance, in order to obtain as much 
intensity as is observed for reflections with h+k+/ odd, 
it is necessary to have the conditions predominate that 
(a) atoms related by the body-centering have their 
spins antiparallel and (b) that atoms in crystallog- 


TABLE IT. a-Mn neutron intensities at 4.2 and 47°K. 








Nuclear reflections 
4.2°K 
Tobs 


<3 








Magnetic reflections 


Tobs 


1 100 <3 
3 111 22 
5 210 46 
{ 

9 (p21 20 

1 311 20 

13 320 5 

oe 

19 aan . 
21 421 4 











® Includes \/2 contributions of high-order reflections. 
b Obscured by aluminum peak. 

¢ A—1.54 wp for I, II, III. 

4 B—2.50 wa for I and II, 0.85 wa for III. 


TABLE III. Magnetic intensities for a-Mn, 
assuming equal moment on every atom. 








hkl Tobs A B 


100 ’ 30 

111 

210 

300) 

221 / 

311 5 

320 d 3 0.1 
410) 

322) a 4 
331 0.3 0.1 
421 6 8 1 





~Ie & <7 


0.3 
5 


The spin alignment for the four kinds of atoms in the asymmetric 
unit is as follows: 


oo 
oe 
— 
ae 


QA DSSOws 
33 PS OP O - 
<<< 3 > ~>>R> 
<< 3< Pe >> = 








* Obscured by aluminum peak. 


raphically equivalent positions (without the body- 
centering condition) have their spins parallel. If these 
conditions apply completely, then there are eight 
different ways of arranging up and down spins on the 
four independent groups of atoms. Table III gives the 
calculated intensities for these eight models, and it can 
be seen that there is violent disagreement with the 
observed intensities for each case. It does not appear 
possible to improve the situation by variations of any 
of the models. Accordingly, it is necessary to consider 
models with unequal spins for different atoms. 

A second major point about the magnetic intensities 
is that they are not compatible with the results of the 
paramagnetic diffuse scattering analysis of Shull and 
Wilkinson.' From their studies above the Néel tempera- 
ture, they obtained a differential cross section of 0.060 
X 10-* cm*/sterradian atom from which a value of the 
moment was determined by the Halpern-Johnson rela- 
tion*: 


da =0.194X 10-“4S(S+1)cm?. 


The value deduced for S is 0.25 and hence a magnetic 
moment of 0.5 Bohr magneton per Mn atom. This 
value has subsequently been generally quoted for the 
moment of an atom in a-Mn. Shull and Wilkinson sug- 
gest the possibility that this number is an average value 
and that there may be a fraction (4/10) of the atoms 
with 1 wp and the rest (6/10) with no moment. Still 
other methods of distributing unequal moments may 
be made, but it is clear that any set of numbers deduced 
from the paramagnetic scattering analysis will not be 
able to account for the amount of coherent scattering 
actually observed below the Néel temperature. For 


40, Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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example, the intensity of the largest magnetic peak 
(210) is 46 units after proper scaling, but the maximum 
value subject to the paramagnetic analysis would be 
only 10. The disparity is actually greater when one 
considers models which give reasonable relative mag- 
netic intensity agreement. The discrepancy may be 
better appreciated from a consideration of the number of 
Bohr magnetons per unit cell. For 58 atoms with 0.5 
Bohr magneton each there are then 29 ws/unit cell. If 
40 percent of the atoms have 1 yz, the rest no moment, 
there would be 23.2 wz/unit cell. More unequal weight- 
ings would further reduce the number per unit cell. On 
the other hand for any reasonable fit of intensities, we 
have found it necessary to consider models with at 
least 50 ws/unit cell. The apparent dilemma would 
appear to exist in the information reported by Shull and 
Wilkinson.° 

An extensive trial and error exploration of models 
did not lead to a unique solution but allowed two 
general conclusions to be reached; (1) no successful fit 
of intensities could be made if any appreciable moment 
was associated with atom IV, (2) all acceptable models 
involve equal moments on atoms I and II and further- 





| 
| 
| 
| 





Fic. 2. The coordination of neighboring atoms about each of the 
four kinds of atoms in a-Mn, with a designation of the moment 
alignment. The coordination figures about I and II are similar to 
those about the large atom, A, in the Laves-type phases, A By». 
The coordination about atom IV produces a distorted icosahedron. 


5 A private communication from C. G. Shull and M. K. Wilkin- 
son suggests a possible solution to this dilemma. A recent theo- 
retical treatment of neutron scattering by G. T. Trammel (un- 
published) indicates that the observed difference in diffuse 
scattering between high and low temperatures should be propor- 
tional to S*? rather than S(S+1) as in the Halpern and Johnson‘ 
relation. With the S* dependence and either model A or B of 
Table II one would calculate a value of 0.067 barn/steradian in 
excellent agreement with the value of 0.060 barn/steradian 
measured by Shull and Wilkinson. If this interpretation is correct, 
then the proposal of a statistical distribution of the moments of 
atom III would have to be abandoned. 
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TaBLeE IV. Space group J 43m—T#. 








(000) + (444) + 


1(a)4 (a) 
4(c)f 4(c)} 
12(g)} 12(g)? 


no moment alignment 





eS 000 

II8(c)x=0.317 
I1124(g)x=0.356, y=0.042 
IV 24(g)x=0.089, y=0.278 








more correspond physically to the situation of predom- 
inantly antiparallel spin alignment of nearest neigh- 
bors. Conclusion (1) may be appreciated by considering 
the structure factor contributions of the four different 
kinds of atoms to the unobserved (100) peak. These are 
A,;=1.827, An=—2.987, Anr= —1.980, Ary= 11.100, 
with Fyoo= my Ay hay AntmnAmtmvAty, where 
represents the number of unpaired spins. Conservatively 
F \o could not exceed 2 intensity units in magnitude and 
fail to be detected. The resulting restrictions on the 
choice of values of m are such as to give violent disa- 
greement in the intensity comparison if my is made at 
all appreciable. The only reasonable models found were 
those for which my was made zero. 

It is not possible nor desirable to reproduce the cal- 
culations for the numerous models that have been tested. 
Instead, we include in Table II the intensities for the 
two best models in one of which the same moment 
(1.54 wz) is associated with each atom except IV. All 
acceptable models have the common feature of equal 
moments on atoms I and II and a two-parameter prob- 
lem could be formulated as follows: 


Pint /P?= (Ar+Anu—*xAin)*+ (Bit Bu—*xBy)’, 


where p is the moment of I and II and z is the fraction 
of that moment to be associated with III. The value of x 
was determined first from the best relative fit of in- 
tensities and p was evaluated as the number placing the 
intensities on the proper scale. 

The arrangement of spins for the acceptable models 
can be described, in terms of the standard designation 
for the crystal structure, as follows in Table IV. 

The magnetic form factor® of Mn*+ was used for all 
calculations. Other form factors in the literature were 
found to be less satisfactory. 


Discussion of the Magnetic Structure 


With regard to the main findings of our investigation 
—the pattern of spin alignment and the absence of a 
moment on atom IV—we believe these to be reasonable 
and understandable on the basis of the geometrical 
arrangement of atoms in the a-Mn structure. 

It is too difficult to depict the arrangement of spins by 
means of a unit cell diagram but an adequate repre- 
sentation may be made with coordination figures of 
nearest neighbors for each kind of atom. We wish to 
discuss the scheme of spin laignment by reference to 
such figures which are reproduced in Figs. 2 and 3. 


* Shull, Strauser, and Wollan, Phys. Rev. 83, 335 (1951). 
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Fic. 3. Schematic 
representation of the 
moment alignment in 
the antiferromagnetic 
structure of a-Mn. 


Atom I (at the origin or body-center of the unit cell) is 
seen to have its spin antiparallel to four spins (atoms IT) 
surrounding it in the form of a regular tetrahedron and 
at a distance of 2.82 A. In turn, the spin of atom II is 
antiparallel to 4 spins at the corners of a distorted 
tetrahedron, made up of atom I (at 2.82 A) and three 
atoms of type III with a separation of 2.49 A. In 
addition there are three atoms of type III with parallel 
spin surrounding a type II atom, but at a distance of 
2.96 A. Finally, a type III atom has an addition to its 
two neighbors of type II (one at 2.49 A and one at 
2.96 A), six other type III atoms (all at a distance of 
2.67 A), four of which are antiparallel and two of which 
are parallel. The scheme of the magnetic structure is 
given completely by the two schematic diagrams of 
Fig. 3. The full antiferromagnetic structure can be con- 
structed by focussing attention on atoms I and II, and 
specifying their moment orientations as well as those of 
atom III in the manner depicted. 

Except for the coordination about atom III, it would 
be true that antiparallel spin alignment is favored un- 
less the interatomic separation is considerably larger 
than normal. This is in keeping with the generally 
recognized behavior of the exchange energy with 
distance and a survey of Mn alloys indicates that for 
Mn the change of sign of the exchange energy occurs at a 
distance of about 2.85 A.’ We wish to point out that the 
apparent lack of consistency in considering the sur- 
roundings of atom III would be removed by the 
interpretation that not all such atoms locally are lined 
up, but only a fraction of them are aligned in a statis- 
tical manner from one unit cell to another. More specifi- 
cally, the tetrahedral surroundings about atom I can 
be approximated in two ways for atom IT; (a) by atom I 
with the three atoms of type III (antiparallel) at 2.49 A, 
or (b) by atom I with the three atoms of type III 


7R. Forrer, Ann. phys. (12) 7, 605 (1952). 
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(parallel) at 2.96 A. It may be that locally about a 
specific atom II, one or the other tetrahedral spin 
configuration may be assumed, but not both. On the 
average, however, each atom of type III is then lined 
up for $ of the unit cells. The magnitude of the moment 
deduced from our structural analysis would then be 
only 3 of the actual value of this atom type. 

The absence of oriented spins on atoms IV does not 
appear strange on the geometrical basis. Considering 
the groupings of these atoms only, it is not possible to 
orient their spins in a consistent manner unless they 
were all parallel, a situation which would not seem 
likely because of the shortness of the distances (2.24 to 
2.37 A). An alternative explanation may be made on 
the basis of these abnormally short distances, since it 
may be anticipated that at sufficiently small separations 
because of the large Fermi energies attendant with a net 
moment, there will be no net moment.‘ 

Unfortunately, the exact values of the moments 
cannot be specified. In accord with our interpretation, 
however, the following two assignments of moments 
may be made for the two models that give best intensity 
agreement: 

I 1.54 up I 2.50 us 
4 II 1.54 ws a II 2.50 us 
III 3.08 ue IIT 1.70 us 


Despite this ambiguity it is clear that there are in- 
dividual moments considerably larger than 0.5 uz and 
that the number of Bohr magnetons per unit cell is 
substantially greater than that indicated by the 
paramagnetic diffuse analysis. There seems to be no 
hope¥of specifying the individual moments exactly 
without single-crystal experiments, a prospect which is 
not very bright at present because of the lack of such 
crystals. 


8 This was pointed out to us by Dr. C. P. Bean of our Laboratory. 
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It is, of course, not possible to specify the spin 
directions from the powder data. For a cubic or pseudo- 
cubic structure the averaging of intensities for planes of 
the same form would give the same result for any choice 
of direction. 

II. $-MANGANESE 


Introduction 


In view of the complexity of the crystal structure of 
a-Mn and the consequent difficulties in determining 
its antiferromagnetic structure, it seemed worthwhile to 
us to investigate the possibliity of magnetic structures 
in the simpler 6-Mn modification. No pertinent mag- 
netic measurements for 8-Mn could be found in the 
literature and it was decided to obtain the neutron 
diffraction pattern at 4.2°K, the lowest temperature 
readily obtainable by us. It was ascertained by direct 
measurement at high magnetic fields’ that 8-Mn is not 
ferromagnetic (within 0.2 Bohr magneton) at this 
temperature and hence only antiferromagnetic struc- 
tures were contemplated. Also, a room temperature 
diffraction pattern of the specimen was recorded. 


Experimental 


The starting material was pure electrolytic man- 
ganese. This material was melted under one atmosphere 
of argon and cast in a copper mold. The ingot was heated 
in hydrogen at 850°C for one hour and then quenched 
in cold water. An x-ray diffraction pattern of the 
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#” G. D. Preston, Phil. Mag. 5, 1198 (1928). 
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quenched ingot showed no lines other than those of 
B-Mn; however, peaks due to oxides of manganese were 
observed in the neutron diffraction patterns obtained 
at a later time. The sample was crushed to 200 mesh in 
a hardened steel rod mill to provide suitable powder for 
neutron diffraction work. 

The neutron diffraction measurements were made in 
a manner similar to that used for a-Mn. The room tem- 
perature data were obtained with the powder in a flat 
cell but a cylindrical sample container was used in the 
low-temperature cryostat for the measurements at 
4.2°K. The intensities reported are not on an absolute 
basis, but are on an arbitrary scale and normalized on 
the large peak for the combined reflections (300) and 
(221). 

The diffraction patterns are shown in Fig. 4, and the 
integrated intensities are given in Table V. At 4.2°K, 
the counting times were considerably longer and these 
data should be more reliable than those at room tem- 
perature. 


Discussion 
The structure of 8-Mn is given as follows": 


Cubic, ao>=6.30 A, 
Space group P4,32—O,;, 
z= 20, 

8 atoms (I) at 8(c), 
12 atoms (II) at 12(d), 


x=0.061, 
x=0.206. 


a" th 
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\ amt bh: TT T 
28-30 32 34-36-3840 42-44 46-4850 52 84 56 58 GO 


20 
Fic. 4. Neutron diffraction patterns of 8-Mn. 


® These measurements were made by Dr. C. P. Bean and Dr. I. Jacobs of our Laboratory. 
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TABLE V. Neutron diffraction intensities of 8-manganese. 








Antiferro- 
magnetic 
model 
magnetic 
intensity 
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321 


400 
322 
410 
330 
411 
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10 


-_ 





® Includes MnO and MnO:>. 





No departure from this structure could be determined 
from the neutron diffraction intensities, although these 
are insufficient in number and accuracy for percise 
parameter evaluation. All calculated intensities were 
made with the parameters given above. 

The comparison of the patterns at the two tempera- 
tures indicates little, if any, change due to temperature. 
In particular, no evidence for an antiferromagnetic 
structure at 4.2°K is readily discernible. Since the 
magnitude of magnetic intensity might be quite small if 
moments of the order of 1 ws were involved, it is 
necessary to consider the experimental situation 
quantitatively in relation to the effects expected from 
possible models. For this reason, the portion of the 
pattern up to 30°(2@) was scanned several times with 
longer counting periods than usual. These data allow a 
conservative estimate of 3 intensity units as the 
maximum intensity that would fail to be detected for 
the first four reflections, as indicated in Table V. 

There are numerous models if it is assumed that each 
atom has the same moment and if the balancing of 
opposite moments is done with no regard for physical 
reasonableness but only in accord with crystallog- 
raphic symmetry. In general, these models call for a 
significantly large intensity for at least one of the first 
four unobserved reflections if the value of the individual 
moment is 1 Bohr magneton. The model most favorable 
in this respect was one for which the intensity of (111) 
was 11 units (if 1 ug per atom is assumed). Comparing 
this number to the value of 3 which is not to be exceeded 
we would conclude that the individual moment could 
not exceed 0.5 Bohr magneton. None of these models, 
however, appear to have physical significance in that 
there is no correlation of kind of atom or distance with 
the pattern of moment alignment. The difficulty arises 
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from the nature of the arrangement of atoms IT. As 
with atoms IV of the a-Mn structure, it is not possible 
to assign opposite moments in a physically consistent 
manner to the atoms of type II (6-Mn). Consequently, 
it would not be surprising if no rigid pattern of moment 
alignment occurred here. 

On the other hand, the spatial arrangement of atoms 
I is such as to conform readily to an antiferromagnetic 
structure involving these atoms only. Each atom I has 
three neighbors of the same kind at 2.37 A, with no 
bond between any pair of these neighbors. It is possible 
then, to assign opposing moments to each of the three 
neighbors of any atom I. This assignment would 
correspond to the following crystallographic description : 


LUX 2—yx, #—x, ?- 

4+2, $—2,2 i—z, i+z, t+ 

2, 4+-2, $—: 4-+-2, 4—2, §-+-2 

4—x, %, 4+ $+4,4+4,4-—x 
with x=0.061. 


The calculated intensities for this model with a moment 
of 1 ws are given in the last column of Table V. The 
magnitudes of these intensities are small and hence it is 
not possible to exclude such a model with a small value 
of the moment. Thus, with (111) calculated to be 7 
units and with the condition it should not be greater 
than 3, it can be deduced that for this model the 
individual moment cannot be larger than /(3/7) or 
0.66 uz. Since there is no evidence of a-Mn, or for other 
Mn alloys, that moments less than 1 ws occur, this 
result may be interpreted as an indication of absence of 
moment alignment on atoms I also. While the geometry 
is favorable for the antiferromagnetic arrangement 
considered here, the shortness of the distances (2.37 A) 
may exclude the presence of a net moment. All coupled 
spins in a-Mn are at distances larger than 2.37 A. 

It would be possible to test whether 8-Mn is para- 
magnetic at 4.2°K and whether the paramagnetism is 
the same as at room temperature by a study of the 
diffuse scattering. Unfortunately, our data are not 
suitable for any quantitative assessment of the diffuse 
scattering. It does appear, however, that there is no 
significant decrease in background in lowering the 
temperature from 298°K to 4.2°K, and that this back- 
ground may be largely the result of paramagnetic 
scattering. Susceptibility measurements at liquid helium 
temperatures would also be helpful in deciding on the 
magnetic state of 8-Mn. 


‘CONCLUSION 


This study of the two highly complex structures 
emphasizes the importance of two factors in determin- 
ing the magnetic structure: (1) the effect of interatomic 
spacing on the exchange interaction, and hence the 
mode of spin alignment; (2) the geometry of the atomic 
arrangement. With regard to the first factor, it appears 
that for very small separations of Mn atoms (< 2.37 A) 
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there is no tendency for spin coupling, that for inter- 
mediate ranges of distances (2.49 to 2.82 A) the coupling 
is antiparallel and for the long distances (> 2.96 A) 
parallel spin coupling occurs. If a group of atoms occurs 
in a spatial arrangement such that no physically con- 
sistent assignment of moments can be made, it seems 
that no moment alignment among these atoms will 
occur. Not only the antiferromagnetic structure of 
a-Mn but the absence of a magnetic structure for 
B-Mn are understandable on the basis of these state- 
ments. 

While it is not possible to specify exactly the mag- 
nitude of the moments of the respective atoms in 
a-Mn, it is established that they are well above the 
value of 0.5 ws that is given in the literature. 


S. KASPER AND B. W. ROBERTS 


No significant deviation from the accepted crystal 
structure descriptions of both a- and 8-Mn could be 
detected in the neutron diffraction results. 
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Galvanomagnetic Effects in Bismuth* 


B. ABELEs AND S. METBOOM 
Department of Applied Mathematics, The Weizmann Institute of Science, Rehovot, Israel 


(Received August 15, 1955) 


Conductivity, Hall effect, and magnetoresistance in single crystals of pure and tin-doped bismuth have 
been measured as functions of temperature between 80 and 300°K and as functions of magnetic field up to 
2000 oersted. A simple many-valley model for the band structure of bismuth is proposed, and explicit ex- 
pressions for the galvanomagnetic effects are derived. Numerical values are obtained for the number 
of conduction electrons and holes, their mobilities, and the overlap of valence and conduction bands. 


I. INTRODUCTION 


HE galvanomagnetic effects in single crystals of 
bismuth have been studied extensively.’-* An 
attempt to explain the observed facts in terms of band 
structure has been made by Jones.’ This author cal- 
culated the galvanomagnetic effects on the assumption 
that the band structure of bismuth can be approximated 
by a simple model. However, the model adopted by 
Jones leads to results which are partially at variance 
with experiment. For instance, the longitudinal mag- 
netoresistance in the direction of any of the crystallo- 
graphic axes is calculated to be zero, while experi- 
mentally the longitudinal effect is of the same order of 
magnitude as the transverse effect. The theory is also 
unable to explain the pronounced anisotropy of the 
transverse effects at strong magnetic fields. In this paper 
we will show that a somewhat different model leads to 
much better agreement between calculated and experi- 
mental values. 

* Part of a dissertation submitted by B. Abeles to the Hebrew 
University, Jerusalem, in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

1P. Kapitza, Proc. Roy. Soc. (London) A119, 358 (1928). 

20. Steirstadt, Z. Physik 95, 355 (1935). 

3 de Haas, Blom, and Schubnikov, Physica 2, 907 (1935). 

4A.N. Gerritzen and W. J. de Haas, Physica 8, 802 (1940). 

5 Gerritzen, de Haas, and van der Star, Physica 9, 241 (1942). 


sy, Tanabe, Science Repts. Insts. Tohoku Univ. A2, 341 (1950). 
7H. Jones, Proc. Roy. Soc. (London) A155, 653 (1936). 


Measurements of galvanomagnetic effects in different 
crystallographic directions in weak magnetic fields and 
at temperatures between 80 and 300°K have been car- 
ried out, as the data available in the literature were con- 
sidered to be insufficient for a satisfactory test of the 
theory. We have also measured the galvanomagnetic 
effects in tin-doped bismuth. Thomson*® has reported 
that small additions of tin to bismuth act in many 
ways analogously to the addition of acceptor elements 
to semiconductors, and it should thus be possible to 
obtain from these measurements more direct informa- 
tion as to the relative contributions of the valence and 
the conduction bands to the conductivity. 


Il. EXPERIMENTAL 


Single crystals of bismuth were prepared from spec- 
troscopically pure bismuth, supplied by Johnson and 
Mathey, specified to be better than 99.996% pure. The 
method used in growing the single cry stals follows 
closely one of the techniques described by Kapitza.’ 
The single crystals obtained had the shape of rods with 
nearly circular cross section of diameter between 1 and 
2 mm. Rods of any specified crystallographic direction 


8 N. Thomson, Proc. Roy. Soc. (London) A155, 111 (1936). 

®N. Thomson, Proc. Roy. Soc. (London) A164, 24 (1938). 

1 An adaptation of the “plate furnace” method described in 
reference 1 was used. 
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Fic. 1. Hall field as a function of magnetic field strength at 
80°K. The points indicate experimental values; the curves were 
calculated from Eq. (12), using the values of the parameters given 
in Table II. The directions of the current I, the magnetic field H, 
and the observed component of the electric field E are given in the 
figure. (3) denotes the trigonal axis, (1) a binary axis and (2) 
indicates the direction perpendicular to (1) and (3). 


could be obtained by the use of seeds.' The crystallo- 
graphic directions of the rods were determined with the 
help of the principal cleavage plane. It was found that 
the cleaving was done best while the crystal was im- 
mersed in-liquid nitrogen. At low temperatures the 
crystal is brittle and cleaves without any deformation. 

Crystals of three orientations were grown: with the 
rod axis parallel to the trigonal axis, with the rod axis 
parallel to a binary axis and with the rod axis perpen- 
dicular to the trigonal axis and one of the binary axes. 
Absence of twinning was checked by etching the rods 
in a saturated aqueous solution of KI to which some 
iodine was added. 

By the same procedure, a number of bismuth rods 
containing small additions of tin were prepared (up to 
0.2 weight percent). The tin content was obtained by 
spectroscopic analysis of the samples after completion 
of the electrical measurements. This procedure was 
necessary, because appreciable segregation of tin takes 
place during crystallization. 

Samples of about 8 mm length were cut from the 
single crystal rods. Current leads were soldered to the 
ends of the sample. Silver potential leads (of diameter 
0.05 mm) were welded to the sample by condensor 
discharge.! The dimensions of the rod and the distance 
between the potential probes were determined with a 
travelling microscope. 

The resistance and Hall effect were measured on a 
number of samples as functions of the magnetic field 
up to about 2000 oersted, and as functions of tempera- 
ture between liquid nitrogen temperature and room 
temperature. An ac method similar to the one described 
by Donoghue and Earthy" was used. It was found 
advantageous to modify the apparatus described in 
reference 11, by the addition of a phase detector.” 


1 J. J. Donoghue and W. P. Earthy, Rev. Sci. Instr. 22, 513 


(1951). 
12 N. A. Schuster, Rev. Sci. Instr. 22, 254 (1951). 
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This made it possible to dispense with the phase shifter 
and filter used in the original method. 

In Figs. 1, 2, and 3 results for the Hall field R and the 
magnetoresistance Q at 80°K are given as functions of 
magnetic field."* The measurements were carried out on 
a number of differently oriented crystals and for various 
directions of the magnetic field. The direction of the 
current I, the direction of the magnetic field H and the 
direction of the measured component of the electric 
field E are indicated in the figures. Similar curves for 
300°K show no appreciable saturation at 2000 oersted. 

In Table I are given the values for the specific con- 
ductivity, the Hall coefficient, and the magnetoresis- 
tance coefficient at 80°K and 300°K. The coefficients 
were obtained by graphical extrapolation of the meas- 
ured values to zero magnetic field. In this table those 
coefficients which should be equal because of crystal 
symmetry™:!® have been taken together. In fact, the 
measured values for these coefficients coincided within 
the experimental accuracy, and the values given in the 
table are averages. 

The samples containing additions of tin show a 
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Fic. 2. Magnetoresistance as a function of magnetic field 
strength at 80°K. The curves have been calculated from Eq. (13). 
Other details as for Fig. 1. 
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3 We will use the term magnetoresistance for the quantity 
Q= (px—po)/po, where py is the resistance of the sample in mag- 
netic field H and po the resistance in zero magnetic field. The term 
magnetoresistance coefficient will be used for the quantity 
q=lim(Q/H?) as H-0. Similarly, we will denote by Hall field 
the quantity R, which is related to the Hall coefficient r by: 

=lim(R/H) as H-0. 
4D. Shoenberg, Proc. Cambridge Phil. Soc. 31, 265 (1935). 
16D). Shoenberg, Proc. Cambridge Phil. Soc. 31, 271 (1935). 
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Fic. 3. Magnetoresistance as a function of magnetic field 
strength at 80°K. The curves have been calculated from Eq. (13). 
Other details as for Fig. 1. 


peculiar dependence of resistance and galvanomagnetic 
coefficients on temperature. Some of the measurements 
are given in Figs. 4, 5, and 6. Similar results were ob- 
tained by Thomson.** A discussion of this behavior will 
be given in Sec. IV.B. 


Ill. THEORY 


The physical properties of bismuth indicate that in 
this metal there is a small overlap of the conduction 
band and valence band’.'* and that electrical conduc- 


TABLE I. Comparison of measured and calculated conductivity 
and weak magnetic field galvanomagnetic coefficients. \;, denotes 
the conductivity tensor, r;x(/) the Hall coefficient and gix(/) the 
magnetoresistance coefficient. The index 7 indicates the observed 
component of the electric field, & the direction of the current and / 
the direction of the magnetic field. (3) denotes the trigonal axis, 
(1) a binary axis, and (2) is perpendicular to (1) and (3). The 
calculated values were obtained from Eqs. (14) for the values of 
the parameters of Table IT. All quantities in cgs units. 








80°K 
calc. 


300°K 
calc. 


300°K 
exp. 


0.75 2.7 
Aas X10716 0.60 2.4 

—r3i(2), riz(2), —re3(1>, ra2(1) X10” —1.5 —9.2 
—ri2(3), r21(3) X10” : .05 0.66 

qii(1), g@22(2) K108 . .78 280 

qii(2), g22(1) K108 4 3 400 
qui (3), @22(3) X108 f 27 90 
4 3 320 
1 0 





Aut, A2e X10716 0.76 


qa3(1), g33(2) X108 


@33(3) X10* 30 








® The sample was accidentally destroyed before this measurement could 
be taken. The value quoted is taken from Thomson and is for 90°K. 


16 H. Jones, Proc. Roy. Soc. (London) A147, 396 (1934). 
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tivity is due to a small number of electrons at the 
bottom of the conduction band and an equal number of 
holes at the top of the valence band. The galvano- 
magnetic effects are thus determined by the detailed 
structure of the bottom of the conduction band and of 
the top of the valence band. In the absence of theoretical 
calculations of the band structure of bismuth, the follow- 
ing model will be assumed: 

(1) The energy extrema of interest are nondegenerate. 
We can then use the usual approximation for the energy 
& as a function of crystal momentum P 


6=+[(P1°/2m,)+ (P2?/2m2)+ (P3?/2ms) }. (1) 


(2) According to assumption 1, the energy surfaces 
near an extremum are sets of ellipsoids. A number of 
these sets must be arranged in momentum space in 
accordance with the rhombohedral symmetry of the 
bismuth crystal. The two simplest cases which fulfill 
this requirement are: 

(a) One set of ellipsoids of revolution with the axis of 
revolution parallel to the trigonal axis of the crystal. 

(b) Three sets of ellipsoids, each set having one of its 
axes parallel to the trigonal axis and another axis 
parallel to a binary axis. (One set transforms into 
another by rotation of 120° about the trigonal axis.) 
Case (a) will be adopted for the valence band and case 
(b) for the conduction band. 

(3) The relaxation time of the electrons and of the 
holes is independent of energy. This assumption is a fair 


approximation at low temperatures where the statistics 
is nearly degenerate. It will also be used at higher 
temperatures, because of lack of more specific informa- 
tion on the dependence of relaxation time on P. 

It appears that other reasonable assumptions for the 
relaxation time will not change the essential results of 
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Fic. 4. Measured specific resistance of tin-doped bismuth as a 
function of temperature. The tin content in weight percent is 
indicated in the figure. The solid lines give the resistance in the 
direction of the trigonal axis, the dashed lines the resistance in a 
direction perpendicular to the trigonal axis. 
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Fic. 5. Measured Hall coefficient of tin-doped bismuth as a 


function of temperature. The tin content in weight percent is 
indicated in the figure. Current parallel to trigonal axis. 
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the theory. This can be understood from the fact that 
the large galvanomagnetic effects in bismuth are a 
result of the presence of more than one carrier, while the 
dependence of the relaxation time on P gives only a 
minor contribution. 

(4) In the relaxation processes only transitions be- 
tween states belonging to the same extremum take 
place. With this assumption, each extremum can be 
treated independently, the total current being given as 
the sum of the contributions from each extremum. 

The only difference between the above model and the 
one treated by Jones is the adoption of case (b) instead 
of case (a) for the conduction band. It should be noted 
that a model for the conduction band essentially equiva- 
lent to case (b) has been assumed by Shoenberg"’ in a 
theoretical interpretation of the de Haas-van Alphen 
effect in bismuth. 

The calculation of the galvanomagnetic effects for the 
above model can be carried out in a way similar to the 
one given for germanium in a previous paper.'* How- 
ever, the assumption that the relaxation time is inde- 
pendent of P allows considerable simplification. For this 
case, the following equation can be derived for the 
current density contribution i of one extremum”: 


is= > oi E+ (1/enc)ixH),, (2) 


17 TD). Shoenberg, Proc. Roy. Soc. (London) A170, 341 (1939). 

18 B, Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

1 See A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition, p. 225. Substitution of 
Eq. (8.551.1) into (8.551.4), followed by partial integration, gives 
the desired result. 
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where E is the electric field, H the magnetic field, e the 
charge of the electron (to be taken negative in the case 
of electrons and positive in the case of holes), ¢ the 
velocity of light, m the number of carriers near the energy 
extremum per unit volume of the crystal. The compo- 
nents of the tensor o,,, referred to the principal axes are 
given by 
R= (enr/m,)bix.= ene ix, (3) 
where 7 is the relaxation time and 6,, the Kronecker 
symbol. u; can be regarded as the mobility of the charge 
carrier in the 7 direction. Since these mobilities refer to 
charge carriers belonging to one extremum, we will refer 
to them as “partial mobilities.” 
Solving Eq. (2) for i, one obtains 
i= DiesieEr, (4) 
where s;, are the expressions 
$11=Gui[1+ (uous ?/c*)], 
S12= Guo (s/c) + (usHH2/c*) J, 
six(H)=s.s(—H), (5) 
G=en{1+[ (usd ?+umil? 
+uimeH 3) Cd ae 
The other components of s; are obtained by cyclic 
permutation of the indices. The set s,, can be inter- 
preted as a tensor characterising the conductivity con- 


tribution of one extremum. The expressions (5) are the 
components of this tensor referred to a coordinate 
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tin-doped bismuth as a function of temperature. Details as in 
Fig. 5. 





300 








548 


system along the principal axes of the energy ellipsoids. 
We next have to sum the current contributions of all 
the extrema. In order to carry out this summation, we 
first have to refer the tensors s;, belonging to the differ- 
ent extrema to a common coordinate system. We shall 
use a right-handed orthogonal coordinate system such 
that the 1-axis is along a binary axis of the crystal and 
the 3-axis along the trigonal axis. This coordinate 
system is along the principal axes of the energy ellip- 
soids describing the top of the valence band [case (a) ] 
and along the principal axis of one of the three sets of 
ellipsoids describing the bottom of the conduction band 
[case (b) ]. For these extrema the components of s,, are 
given directly by Eq. (5). For the other two conduction 
band extrema, we have to apply the following trans- 
formation to s;x: 


—-1 +VvV3 0 


F+v3 -1 O 
0 Ox 2 


me 
Ayt=3 


(6) 








This transformation expresses rotations of +120° about 
the 3-axis. Calculating 


Seer =D Ay'A k*Siky (7) 
i,k 
and substituting in sj 
H,=— (1/2)Hv¥ (v3/2) He, 
H.=+ (V3/2)Hy— (1/2)He, (8) 


H;=Hy, 


we obtain 


Syv = gli t3y2t (Aum sHr*/c)), 
Sore = g[ Suit wet (4ummusH2’*/c)], 
Sxx=4g[ust (uiuousHs*/c)], 
Sve = gl + V3 (ui— we) + (4usmeH s/c) 
+ (4uswousH 1H» /c*) ], 
523° = (gus ‘C)L (Burts) Ay V3 (ui we) Ae 
+ (4u.meH»Hs-/c)], 
Sav = (gus/c)L (uit3p2) He F V3 (ui— me) Ay 
+ (Aue Hy/c) ], 
g= (en/4){1+ (1/42) [us(3urt+m2) A? 
+s (uit32)H2*+4u wos” 
+ 2V3y3(ui— we) Hy Jj}. 


(9) 


We can now sum the current contributions of the 
four extrema. The result has the form 


I; = zz pS skLey 


(10) 
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where I is the total current density and S,;, is the sum 
of the following terms: expression (5) for the holes 
(with e positive), expression (5) for the electrons of one 
of the conduction band minima (with e negative) and 
expression (9), once with the upper and once with the 
lower sign for the other two conduction band minima. 

In the usual experimental arrangement for measuring 
the galvanomagnetic effects, the current density I and 
magnetic field H are given, and the component of E ina 
specified direction is measured. The galvanomagnetic 
e{fects are thus not given directly by the coefficients in 
Eq. (10), but rather by the coefficients in 


Ex=UiRule. (11) 


Although the calculation of Ri, (H) is straightforward, 
the expressions obtained are rather cumbersome for the 
general case. We will give here explicit equations only 
for the cases where H is along either the 1-axis (binary 
axis), the 2-axis, or the 3-axis (trigonal axis). In order to 
differentiate between these cases, we will write R;(/) 
where / denotes the direction of the magnetic field. For 
these cases we obtain 


Riux() =Tik (DAL1+ax% (DH? [1 +b (H+. ()H*}", 


i~kA~lAi (12) 
Qu(l) =e Ree (N—-1= ¢a(DA*1+de()) A?) 
XOitenMM+fua(At}, i=k. (13) 


Equations (12) and (13) give the Hall field and mag- 
netoresistance respectively. Below are given the ex- 
pressions for r,,(/) and q,(/) for arbitary N and P. 
(V =3n is the total number of electrons and P the total 
number of holes per unit volume.) The expressions for 
the other coefficients in (12) and (13) are cumbersome 
for the general case (V# P) and we shall give them only 
for N=P. 

Aur= (€/2)LN (ui tue) +2P 1], 

A33= e[ Nust+ Pyvs], 
r12(3) = —r21(3) = (e/cA11?) (Nuape— Pv), 
793(1)= —r32(1)=131(2) = —113(2) 

ad (e/2cArAs3) LN (ui tue) us— 2P vis |, 
gu(1) = (eN/87A11)us(ui— M2)”, 
gir(2) = (eNus/8c7A11A33) [Asa (ui— we)” 

+ 2ePvs(urtmet2vs)" ], 

qur(3) = (2N/4c*Aax?){ Nuwe(ui— m2)? 

+2Poif (uit-ue) (umet vr) +4ymeri }}, 
gss(1)= (€/2c*ArAs3) NV Pvi(uit-ue) (ust 3)’, 
gs3(3) — 0, 


(14) 
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Mal Mists (ui t+-3py2) — v13(3u1+u2) | 





431(2) = a43(2) = 


2c*[ us (uit+me) ie 2r¥2 | 


412(3) = wime/c, 


Mava(uit Met 201)[ 1 (3u1+u2) +1 (ui +32) | 


dy,(2) = 





C{u3(ui—us)?+ va[ 8r1(uitwet v1) +3ur+ Quiet 32? |} 


wueaviLr1 (uit me) + 2urme } (uit me+ 271) 





dy;(3)= 


C7{ wipe (ui — me)? + 29i[ ame (uit me) +4 merit v?(u1+m2) J} 


d33(2) = wists (ui t+3u2)/2c*(uit+ue), 


bsi(2) = b13(2) =e11(1) = e11(2) = e33(2) = ws[per (ui t+3pu2) + 71(3pitue) |/2c2(uituet+2r1), 
bi2(3) - €11(3) = [ry (uitpe)+2u we P/c? (uit pet 21)’, 


dys(1)=cu (2) = fu(D) =0; 


the remaining coefficients are obtained by interchanging 
the indices 1 and 2. 

In the above equations y1, w2, and y; are the “partial 
mobilities” of the electrons as defined in Eq. (3), 
v1(= v2) and v3 are the mobilities of the holes, and \,, is 
the conductivity tensor. 

It should be noted that in Eq. (12), lim[ Ryu (1)/H] 
=r;(l) as H-0, so that 7,,(/) is in fact the Hall coeffi- 
cient. Similarly ¢;(/) is the magnetoresistance coeffi- 
cient. 


IV. COMPARISON WITH EXPERIMENT 
A. Pure Bismuth 


Equations (12) and (13) express the galvanomagnetic 
effects as functions of H in terms of the “partial 
mobilities” u1, ue, ws and v1(= v2), v3 and the number of 
electrons and holes N=P. We will consider these 
quantities as temperature-dependent parameters. It is 
reasonable to assume that the dependence of the 
effective masses on temperature can be neglected. The 
temperature dependence of the mobilities will then be 
due entirely to the relaxation time [Eq. (3)] and the 
ratios u1:u2:u3 and v1(=v2):v3 will be independent of 
temperature. The parameters subject to this restriction 
have been determined at 80°K and 300°K, so as to ob- 
tain the best fit of the experimental [Table I] and 
theoretical [Eqs. (14) ] values of the conductivities and 
the weak magnetic field coefficients. The values of the 
parameters so obtained are given in Table II. From a 
comparison of the calculated and the experimental 
values in Table I, it will be seen that a reasonable fit 
can be obtained. 

The same values of the parameters have been used to 
calculate the dependence of the galvanomagnetic effects 
on the magnetic field strength [Eqs. (12) and (13)]. 
Comparison between calculated and experimental 
values are given in Figs. 1, 2, and 3. 

It should be noted that the determination of the 
parameters from’,the weak magnetic field coefficients, 
as described above, leaves the possibility of interchange 





of the values of 1 and ye. This is seen immediately from 
Eqs. (14), which are symmetrical in yw; and po A 
positive assignment can however be made from the 
strong field results. In Figs. 1, 2, and 3 interchange of 
directions 1 and 2 leads to interchange of the theoretical 
curves and to disagreement between theory and experi- 
ment. 


B. Tin-Doped Bismuth 


Some of the results for tin-doped bismuth crystals are 
given in Figs. 4, 5, and 6. The main features of these 
curves follow naturally from the proposed model, if we 
make the additional assumption that the tin impurities 
introduce acceptor levels near the top of the valence 
band. Consideration of such an energy scheme will 
show that at intermediate temperatures (&7 of order of 
magnitude of the band overlap) the introduction of 
acceptor levels will cause a reduction in the number of 
electrons and an increase in the number of holes. At 
low temperatures and at high temperatures the effect 
of the acceptor levels is small. 

In the proposed model the mobility of the electrons in 
the direction of the trigonal axis (us) is much larger than 
the mobility of the holes (v3), (see Table IT). Accord- 
ingly the resistivity in this direction is very sensitive to 
the number of conduction electrons. This explains the 
pronounced maxima in the curves of Fig. 4. On the 
other hand, in the direction perpendicular to the trigonal 


TABLE II. Values of the parameters used in the calculations. 
N=P is the number of electrons or holes per unit volume; m1, ue, 
ps the electron mobilities and »;(=¥v2), v3 the hole mobilities in di- 
rections corresponding to the principal axes of the energy ellipsoids 
All quantities in cgs units. 
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axis, the electron mobility (ui+2)/2 and the hole 
mobility (v1) are of the same magnitude and a pro- 
nounced maximum cannot be expected. It will be seen 
that this agrees with the observed facts. The fact that in 
the intermediate temperature range the number of 
electrons is decreased by the addition of tin, while the 
number of holes is increased, also gives a qualitative 
explanation of the change in sign of the Hall effect as 
illustrated in Fig. 5, and of the inflection in the magneto- 
resistance curves, given in Fig. 6. The behavior of the 
curves at the lower temperature is of course also deter- 
mined by impurity scattering. 

We have not succeeded in placing the above qualita- 
tive arguments on a quantitative basis. In order to 
carry through such an analysis, measurements are re- 
quired on two differently oriented samples for each 
impurity content. In practice it has proved impractical 
to obtain two samples with nearly equal impurity con- 
centrations, the allowed variation being very small be- 
cause of the high sensitivity of the effects to changes in 
impurity concentration. 


V. DISCUSSION 


A quantity of interest is the amount of overlap (A) of 
the valence and conduction bands. Although the above 
analysis gives a value for the number of electrons and 
holes (V=P), calculation of A would also require 
knowledge of the density of states, i.e., absolute values 
for the effective masses. Alternatively, it can be shown 
that, if the temperature dependence of the overlap is 
neglected, knowledge of NV at two different tempera- 
tures and of the ratio (8) of the density of states in the 
conduction band and the valence band suffices to deter- 
mine A. Using tables of the Fermi-Dirac functions” and 
the values of V = P given in Table II, we have calculated 
A for different assumed values of 8. The results are 
given in Fig. 7. It will be seen from this figure that A is 


% J. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
237, 67 (1939). 
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rather insensitive for variations of 8, and even though 
the actual value of 8 is not known, an estimate of A 
=0.012 ev seems reasonable. 

The most convincing evidence as to the validity of 
the proposed model is the ability of the theory to 
predict the dependence of the galvanomagnetic effects 
on magnetic field correctly, see Figs. 1, 2, and 3. It 
should be emphasized that the values of all six param- 
eters used in calculating the theoretical curves have 
been obtained from the weak magnetic field coefficients 
only the assignment of yu, and ue being left open (see 
Sec. IV.A). 

At very strong magnetic fields the theory as given 
here is no longer satisfactory. This theory predicts for 
the case N=P a Hall effect proportional to H and a 
transverse magnetoresistance proportional to H? as 
H-o [in Eqs. (12) and (13), cu(J)=fu(l)=0 if 
N=P). On the other hand, the theory predicts longi- 
tudinal magnetoresistance which does saturate [in 
Eq. (13), dix()=fie()=0]. Measurements of Kapitza 
up to 300 kilo-oersteds show that the longitudinal 
magnetoresistance saturates, and in fact the above 
theory reproduces the curves given by Kapitza' and 
those by Stierstadt? quite well. On the other hand 
the transverse effects are found to increase linearly with 
H at high magnetic fields! in contrast with the theory. 
This behavior, which seems to be typical for other 
metals as well,! remains unexplained. Measurements of 
the Hall effect at strong magnetic fields and low 
temperatures*® show a complicated and irreproducible 
behavior, and no definite conclusions can be drawn from 
them. 

From an interpretation of the de Haas-van Alphen 
effect in bismuth, Shoenberg”’ has arrived at a model for 
the conduction band similar to the one proposed here. 
Shoenberg does not take the contribution of the valence 
band into account. The ratios of the effective masses of 
the conduction band ellipsoids calculated by Shoenberg 
are 0.063: 106:1 while we obtain 0.60: 24:1. 

The model proposed here is the simplest one giving 
reasonable agreement with experiment. A model in 
which the valence band is described by three ellipsoids 
and the conduction band by one ellipsoid is incapable of 
explaining the observed facts. Obviously more com- 
plicated models involving more parameters, such as a 
three-ellipsoid model both for the valence and con- 
duction band or a three-ellipsoid model in which the 
ellipsoids are rotated about the binary axis, are possible. 
At this stage it does not seem fruitful to speculate about 
such refinements. 
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The abnormally long jump distance \ which characterizes the ionic conduction of glasses as a function of 
electric field, ¢=o exp(—qdE/kT), and the fact that for tantalum oxide this distance changes by a factor 
of two at a critical field are explained in terms of a model in which ionic conduction is a two-stage process 
involving the creation and motion of interstitial metallic ions. Below a critical field both the number of 
interstitial ions and their mobility are rapidly varying functions of the field and the jump distance decreases 
discontinuously as the field increases. Above the critical field the number of interstitials depends much less 
strongly or not at all on the field, the field acts only to increase the ionic mobility, and the jump distance is 
of the order of the interatomic spacing. It is suggested that in tantalum oxide electrostatic repulsion between 
tantalum ions may provide the principle barrier to ionic motion. 





HEN subjected to very high electric fields during 

anodic oxidation, tantalum oxide exhibits ionic 

conduction that depends upon field through a relation- 
ship of the form 


i= jo expl—(Q—qhE)/kT}], (1) 


where j is the current, j» and Q are constants, g is the 
charge on the moving ion, E is the electric field, \ is a 
distance of the order of a few angstrom units, & is 
Boltzmann’s constant, and T is the absolute tempera- 
ture.’ Verwey” has related this expression for ionic 
conductivity to a diagram of the type sketched in Fig. 1 
which shows the potential energy of an ion as it moves 
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Fic. 1. Potential energy of an ion moving through an ionic 
solid under the influence of a strong electric field. 


through an ionic solid under the influence of an applied 
electric field. The idea is that an ion at a potential en- 
ergy minimum has negligible chance of jumping to the 
left in opposition to the applied field, and that it jumps 
to the right with frequency 


v expl— (Q—gAE)/kT], 


where the zero-field activation energy Q has been re- 
duced by the amount gAZ£, which is the work done on the 
ion as it moves to the top of a potential-energy peak. 
Assuming the number of ions capable of carrying cur- 
rent to be independent of field, the ionic current in the 


1D—. A. Vermilyea, J. Electrochem. Soc. 102, 655 (1955). 
2E. J. W. Verwey, Physica 2, 1059 (1935). 


solid is proportional to this frequency, leading to 
Eq. (1). 

For tantalum oxide! and for glass*-‘ it is observed that 
the value of \ required to fit experimental observations 
of ionic conductivity often is at least double the value 
that would be expected from atomic dimensions. For 
tantalum oxide, the required value of \ changes by a 
factor of two at a field of about 610° volts/cm, as 
shown in Fig. 2. 

It is evident that the simple theory based on the 
potential energy picture of Fig. 1 needs extension. We 
propose to alter it by showing that the number of charge 
carriers changes rapidly with field at large fields. Our 
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Fic. 2. Activation energy versus electric field for ionic 
conduction in anodic Ta,O; films. 


°H. H. Poole, Phil. Mag. 42, 488 (1921). 
*R. J. Maurer, J. Chem. Phys. 9, 579 (1941). 
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Fic. 3. Potential energy of an ion as it moves away from its 
equilibrium position into successive interstitial positions. 


treatment is similar to that of Onsager,’ who discussed 
the field-enhanced dissociation of weak electrolytes, 
but is simpler because of the relatively small number of 
potential energy minima available to ions in a solid. 

For concreteness, we consider an ionic crystal or glass 
in which the current is carried by interstitial metal ions. 
The potential energy plot for separating such an ion 
from its equilibrium position in the crystal or glass is 
sketched in Fig. 3 for zero field. 

Because of the electrostatic interaction of the ion and 
the ion vacancy it leaves behind, the potential energy of 
an ion in the lattice is modified from that sketched in 
Fig. 1. At and beyond a distance \1+): from the equilib- 
rium position, the potential energy sketched in Fig. 1 is 
everywhere reduced by about q’/kr, where r is the sepa- 
ration of the ion and vacancy and & is the dielectric 
constant. Closer than a distance \;+Az to the equilib- 
rium position the ion and vacancy overlap, the macro- 
scopic dielectric constant has less validity, and 
the g/kr energy reduction does not hold even 
approximately. 

Application of a large field shifts the configuration 
sketched in Fig. 3 to that shown in Fig. 4, and a still 
higher field shifts it to that sketched in Fig. 5. The 
activation energy for the production of interstitial ions 
in Fig. 4 is Q2—(Ar+A2+A)E, corresponding to the 
height of the second potential barrier. At higher fields 
it shifts to Q:—gA1£, corresponding to the height of the 
first potential barrier. It is this discontinuous shift of 
activation barrier with field that leads to the effects 
under discussion. 

The number of free ions can be calculated by equating 
their rates of formation and annihilation. Because the 
fields are so high, two simplifying approximations can 
be made: 

1. No ions jump against the field, except perhaps 
back over the first potential barrier in Fig. 4. It can be 
shown that negligible error is introduced by neglecting 
these jumps against the field. 

2. The capture cross section of an ion vacancy for 
interstitial ions is independent of field at high fields, and 
is of atomic size. 


~ 61, Onsager, J. Chem. Phys. 2, 599 (1934). 


AND VERMILYEA 


With these simplifications, the rate at which intersti- 
tial ions are generated is 


dn,/dt=(N—n)v exp[—(Qi— gE) /kT], — (2) 


where N is the equilibrium number of ion positions, n is 
the number of interstitial ions, » is a frequency, Q; is Qi 
or Qe, and A; is A; when Q; is Qi, Ait+A2+A when Q; is 
Q». The rate at which they are annihilated is 


dn_/dt= (n?/N)v exp[ — (Q—qhE)/kT]. (3) 
Equating these values 


n/N=(1—n/N)! 
Xexp[—(Qi—Q—qasE+qnE)/2kT]. (4) 


Because, in general, \;~) it follows that m is a function 
of the field EZ. 
Setting (1—n/N)!~1, the ratio n/N becomes 


n/N ~exp{ —[Q2—Q—q(Ait+A2)E]/2kT} 
for fields smaller than (Q2—(Q1)/g(A2+A), and 

n/N ~exp{—[Qi1—Q—g(Mi—A) E]/2kT} 
for fields larger than (Q2—(Q1)/g(A2+A)). 

The ion flux per unit area is 
j=2dvn exp[ — (Q—gdE)/kT]. 

At (high) fields less than E=(Q2—Q,)/q(A2+A), this 
expression becomes 
j=2wN 

Xexp{—[0+Q2—g(itArt2a)EV/2kT}, (6a) 


and at fields greater than E=(Q2—Q:)/q(A2+A) it 
becomes 


j=2wN exp{(—[0+Qi—gArtA)EV/2kT}. (6b) 


These two expressions for j show that if \1=Ag, the rate 
of change of activation energy with field is halved at the 
field E= (Q2—Q:1)/q(A2+A). 


(Sa) 


(Sb) 


COMPARISON WITH EXPERIMENT 


The value of g(Ai+A)/2 taken from the high-field 
slope of the experimental curve of activation energy 


Qp-q(h)+ dg +E 
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Fic. 4. The effect of a moderately nor | electric field on the 


potential energy shown in Fig. 3. 





IONIC CONDUCTIVITY OF TaO 


versus field in Fig. 2 is g(A1+A)/2= 11.8 in units of e- A, 
which, for a charge of 5e, gives 


Ai tA=4.72 A. (7a) 
The low-field slope is double the high-field slope, giving 
g(Ai+A2+ 2d) = 23.4eA, so that 


3 (Ar+A2) +A = 4.68 A. (7b) 
Equations (7a) and (7b) show that \y;=Az. The zero- 
field intercepts of the two straight line portions of Fig. 2 
give 

Q0+01= 2.94 ev, 


(8) 
0+0.=4.34 ev. 

The calculated value of the pre-exponential factor 
2AvN is 5.610, assuming v>=5X10" sec, whereas 
the experimental value drops from about 1.710" at a 
field of 4X 10° volts/cm to about 0.1710?" at fields of 
6X 10° volts/cm and above. Although variation of the 
pre-exponential factor with field is not explained by our 
treatment, the degree of agreement between experiment 
and theory is satisfactory in view of the uncertainty in 
v and in the interstitial-vacancy capture cross section, 
which was assumed constant and of single atomic size in 
deriving Eq. (4). 

Two possible activation barriers to the motion of a 
tantalum ion will be discussed. First, oxygen ions may 
provide the activation barrier, tantalum ions squeezing 
between them from one octahedral position to another. 
In this event the values of Ax, As, and XQ all are a/2, 
where a is the diameter of an oxygen ion. With a~2.9 A, 
the oxygen ion barrier gives \;+A~ 2.9 A and 3 (Ai+A2) 
+)=2.9 A, both of which are much smaller than the 
experimental value of 4.7 A. 

Another possibility is that the activation barrier is 
provided by the electrostatic repulsions of other 
tantalum ions. Considering tantalum ions to be situated 
on a hypothetical close-packed lattice in a tantalum 
oxide glass of composition Ta.O;, the distance between 
neighboring tantalum ions will be b=a(5/2)'=3.9 A. 
The activation distance for one of these ions to move 
to an interstitial position in the tantalum ion lattice is 
about i= (3)!b~3.2 A. The corresponding value of 
Ae is A2=A1/2~1.6 A, and the activation distance for 
subsequent interstitial diffusion is about \=b/2~1.9 A. 
These values give Ay +A~5.1 A and $(Ai+A2) +A=4.3 A 
in better agreement with the experimental value of 
4.7 A. The calculated ratio of low-field slope to high- 
field slope of the activation energy with field is only 
2(4.3)/5.1=1.7, instead of 2.0 as observed, but in view 
of the degree of approximation in estimating Ai, \2, and 
i, discrepancies of this magnitude are not out of line. 

The order of magnitude of the activation energy Q 
for the motion of an interstitial ion far from its origin 
was estimated very approximately as follows. It was 
assumed that the tantalum ions were arranged on a 
simple cubic array in a uniform sea of negative elec- 
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Fic. 5. The effect of a very strong electric field on the 
potential energy shown in Fig. 3. 


tricity in a medium of the macroscopic dielectric con- 
stant. The electrostatic interaction energy between the 
interstitial tantalum ion and the lattice ions was cal- 
culated for an equilibrium position and at the saddle 
point between positions. The activation energy thus 
obtained was 1.0 ev. Estimates were also made of the 
activation energies Q; and Q» assuming that the tan- 
talum ions were close packed and that each was sur- 
rounded by a spherically symmetric negative charge 
produced by 2.5 nearest-neighbor oxygen ions. This 
calculation gave 2.5 ev for Q; and 4.3 ev for Q2. While 
these values are to be regarded as very approximate, 
they do show that the assumption is reasonable that 
electrostatic interaction between tantalum ions provides 
the activation barrier. 

For the conduction of sodium ions in glasses at tem- 
peratures in the vicinity of room temperature, experi- 
mental values for \ [Eq. (1) ] range from about 15 to 
60 A.*-4 The fields required to produce appreciable ionic 
motion were of the order of 10° volts/cm. Because of the 
smaller field and the smaller ionic charge the highest 
activation barrier for creation of a free sodium ion in a 
glass would be several atom distances from the ion, and 
hence a very large experimental value for \ is to be 
expected. 

In view of the facts that Eqs. (6a) and (6b) for the 
current density fit the experimental observations in 
Fig. 2 when reasonable values of the parameters are 
employed, and that the correct absolute value of the 
current density also is obtained, we conclude that the 
conductivity. mechanism we have proposed, with tan- 
talum ions moving through the field of electrostatic 
repulsions provided by other tantalum ions, is 
reasonable. 

To summarize this mechanism of conduction in tan- 
talum oxide: 

1. Current is carried by tantalum ions that form in 
the interior of the oxide, and that are “interstitial” with 
respect to a hypothetical tantalum ion lattice embedded 
in the tantalum oxide glass. 

2. At fields below about 6X 10° volts/cm, the activa- 
tion energy for the formation of interstitial ions varies 
rapidly with field, because the activation barrier lies 
far from the origin of the ion. The field variation of the 
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recombination of interstitial ions and vacancies is less 
pronounced, leading to a concentration of interstitial 
ions that increases rapidly with field. 

3. Above a field of about 6X 10° volts/cm, the posi- 
tion of the activation barrier for interstitial ion forma- 
tion moves discontinuously to a position near the origin 
of the ion, and the field dependencies of the activation 
energies for creation and recombination become more 
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nearly equal, so that the concentration of interstitial 
ions becomes less dependent upon field. 

4. The influence of an electric field on the activation 
energy for ionic conductivity is twice as great at fields 
below 6X 10® volts/cm as above, because at low fields 
both the number of charge carriers and their mobility is 
increasing with field, whereas above 6X 10° volts/cm it 
is primarily their mobility that continues to increase. 
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Angular Dependence of the Characteristic Energy Loss of Electrons 
Passing Through Metal Foils* 
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The Bohm-Pines electron plasma theory is employed to give a theoretical interpretation of some experi- 
mental results of Marton et al. on the scattering of 20-kev electrons by a thin gold foil. General criteria are 
presented which can in principle select in any given case between the alternative mechanisms of collective 
excitation or one-electron excitation. For the general case of collective excitation the scattering law is 
derived and used in a numerical analysis of the experimental data. Agreement with the Bohm-Pines theory 


is satisfactory. 


I. INTRODUCTION 


HE Franck-Hertz phenomenon in gases has long 
provided a tool, along with optical spectroscopy, 
for investigating the electronic energy level structure in 
gaseous atoms and molecules. The corresponding phe- 
nomenon in solids, because of technical difficulties, has 
been exploited more slowly. Rudberg! seems to be the 
first to have noticed that electrons of a few hundred 
volts, when reflected from solid samples of the noble 
metals, preferentially lose amounts of energy charac- 
teristic of the target metal. In each of these metals 
Rudberg found two characteristic energy losses, which 
we for short call “eigenlosses,” all less than ten volts. 
Rudberg and Slater? interpreted these eigenlosses as 
one-electron interband transitions in which electrons 
occupying the filled d-band were excited to the top of 
the s—p band, thereby absorbing energy from and 
inelastically scattering the incident electrons. The dis- 
creteness of the loss spectrum arises from the “‘double- 
humped” character of the density of states curve for 
the filled d-band. There can be little doubt of the 
correctness of this interpretation, for it not only rests 
on some quite basic features of the band theory, but is 
also supported by the close correlation between the 
eigenlosses of Rudberg and the optical absorption peaks 
determined independently by Minor, and Meier.’ For 
example, the absorption of gold in the blue, which 
* Research supported by the Office of Naval Research. 
1E. Rudberg, Phys. Rev. 50, 138 (1936). 
2 E. Rudberg and J. C. Slater, Phys. Rev. 50, 150 (1936). 


3R. S. Minor, Ann. Physik 10, 581 (1903), and W. Meier, Ann. 
Physik 31, 1017 (1910). 


causes its reddish color, has a maximum at 3700 A, 
corresponding to a quantum energy of 3.36 ev. This 
agrees well with Rudberg’s 3-volt eigenloss. Since the 
optical absorption is also due to the same mechanism 
of excitation of the d-band electrons, this agreement is 
necessary. In general, the hypothesis that a given 
eigenloss is a one-electron interband transition can be 
tested by examining the optical absorption data. If there 
is no absorption for light of quantum energy equal to 
the eigenloss, the interband hypothesis must be rejected 
in the specific case at hand. 

Unfortunately, the optical absorption data are not 
very complete and it is not possible in practice to apply 
this test in very many cases. As already mentioned, 
Rudberg’s low-energy eigenlosses for the noble metals 
pass the test. On the other hand, many eigenlosses dis- 
covered since Rudberg’s early experiments do not 
satisfy this criterion. For example, there are no optical 
absorptions corresponding to the eigenlosses found by 
Marton and Leder‘ for the alkali metals. In such cases 
the one-electron hypothesis must be abandoned in 
favor of a collective excitation involving the totality 
of the electrons in the metal. Collective phenomena lie 
outside the scope of the usual one-electron theory of 
metals, but are included from the start in the Bohm- 
Pines® plasma theory of the free-electron gas. Modifi- 
cations to take into account the interaction of the 
conduction electrons with the more tightly bound 


‘L. Marton and Lewis B. Leder, Phys. Rev. 94, 203 (1954). 


5D. Bohm and D. Pines, Bo Rev. 92, 609 (1953), and David 
Pines, Phys. Rev. 92, 626 (1953) 








ENERGY LOSS OF ELECTRONS 


electrons and with the positive ion lattice have been 
established by Wolff* and Hubbard.’ 

Multiple scattering is an inherent complication in 
the reflection-type inelastic scattering experiments of 
Rudberg. Therefore transmission-type experiments are 
preferable and easier to interpret theoretically, pro- 
vided the incident electrons are fast enough and the 
samples are thin enough that the relative intensity of 
the singly scattered component of the emerging inelastic 
beam is large compared to that of the multiply scattered 
component. Using electrons of a few kev energy and 
metal foils of a few hundred angstrom units thickness, 
Ruthemann® discovered prominent eigenlosses in the 
energy range of 10 to 30 volts for several metals. Since 
Ruthemann’s discovery, experimental data have been 
rapidly accumulated by many investigators.’ Many of 
the prominent (i.e., high intensity) eigenlosses of con- 
siderable energy have been successfully interpreted by 
the Bohm-Pines free-electron theory. The most familiar 
cases are the 14.7-ev loss in aluminum and the 18.9-ev 
loss in beryllium. Other cases seem to require the 
effective-mass modification of the Bohm-Pines theory 
mentioned above. There has been considerable con- 
troversy on the question of whether Bohm-Pines theory 
or one-electron theory is the correct explanation of the 
eigenlosses in metals. We advocate here the view that 
in general in every metal there will be one collective 


eigenloss of relatively large energy and intensity, and, 
in addition, from none to several one-electron eigen- 
losses of generally smaller energy and intensity. Thus, 
both mechanisms can operate in the same metal. 
Corresponding to the comparison of one-electron eigen- 
losses with optical absorption peaks there is also a test 
for the collective eigenlosses. They must agree with the 


quantum energy of the cut-off radiation . . . , i.e., the 
lowest frequency electromagnetic radiation transmitted 
by the metal. This criterion is discussed more fully in 
Sec. II. 

Recently information has been obtained on the 
angular dependence of the eigenlosses. Watanabe" has 
investigated the dependence of the loss energy as a 
function of scattering angle, and has found good 
agreement in aluminum and beryllium with the Bohm- 
Pines dispersion law for the plasma oscillations.® Other 
measurements by Leonhard!! and by Marton, Simpson, 
and McCraw” have been especially suited for a study 
of the intensity of the eigenlosses in various metals. 
The principal purpose of this paper is to give a theo- 
retical interpretation of these latter experimental re- 


6 P. Wolff, Phys. Rev. 92, 18 (1953). 

7 J. Hubbard, Proc. Phys. Soc. (London) A67, 1058 (1954). 

8G. Ruthemann, Ann. Physik 6, 2, 113 (1948). 

®See reference 4 and also the forthcoming review: Marton, 
Leder, and Mendlowitz, Advances in Electronics and Electron 
Physics (Academic Press, Inc., New York, 1954), Vol. 6. 

© H. Watanabe, J. Phys. Soc. Japan 10, 321 (1955), and private 
communication. 

1 F, Leonhard, Z. Naturforsch. 9a, 727 (1954), and 9a, 1019 
(1954). 

12 Marton, Simpson, and McCraw, Phys. Rev. 99, 495 (1955). 
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sults. Because of the completeness of the experimental 
data for gold, we shall concentrate on the 24-ev eigenloss 
in this metal. This latter eigenloss was already indicated 
by the results of Rudberg! and shows up especially 
clearly in the transmission experiments. Because of its 
large energy, this eigenloss probably lies well above the 
main electromagnetic absorptions, and therefore is un- 
likely to be a result of one-electron interband transi- 
tions. This is, of course, by no means well established, 
since the optical data do not extend below wavelengths 
of 2000 A, or above quantum energies of about six 
electron volts. In any case, our present work rests on 
the assumption that this eigenloss is not due to one- 
electron jumps, but rather to a Bohm-Pines collective 
excitation of the electron plasma. If this assumption is 
incorrect, a detailed analysis of the band transitions 
would have to be made, similar to the work of Rudberg 
and Slater on the lower energy eigenlosses. 

Since the angular dependences of the matrix elements 
for collective excitation and interband one-electron 
excitation happen to agree in first approximation, it is 
likely that the intensity angular defendence predicted 
on the basis of one-electron theory will not differ greatly 
from that found here.” For this reason the intensity 
angular dependence should not be relied upon to dis- 
tinguish between the two alternative mechanisms. The 
choice should be based on other criteria, such as the 
optical absorption test and optical transmission test 
discussed here and in Sec. II, the angular dependence 
of the magnitude of the eigenloss energy mentioned 
above, independent information on the band structure, 
etc. In the present work, having made our choice, we 
wish to show merely that the observed angular de- 
pendence is not inconsistent with it (viz., the hypothesis 
of plasma excitation). 

In Part II, as well as discussing a general criterion for 
collective excitation, we derive, on the basis of Bohm- 
Pines theory, the intensity angular dependence of the 
inelastically scattered electrons. This is supplemented 
by a study in Part III of the one-electron transitions 
which occur for collision distances shorter than the 
Bohm-Pines screening length. Unfortunately these con- 
sequences of the Bohm-Pines theory cannot be com- 
pared directly with experiment because of elastic 
scattering by the positive-ion lattice. This complication 
is treated in general in Part IV, where also the results 
of numerical calculation are presented, and satisfactory 
agreement with experiment is exhibited in Fig. 3. 


II. BOHM-PINES THEORY 


The original unmodified theory of Bohm and Pines® 
applies only to a free electron gas. In a real metal it is 
necessary to include not only the effective mass cor- 


138 The author is greatly indebted to Dr. U. Fano for bringing 
this fact to his attention, by pointing out that the statement of 
the author [Phys. Rev. 99, 647(A) (1955)] concerning the 
difference between plasma excitation and atomic excitation is 
incorrect. 
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rection mentioned above,*’ but also to take into 
account the virtual one-electron band transitions which 
can take place. A quantum-mechanical treatment of 
this problem has been given by Adams" but it will be 
sufficient to adopt here a semiclassical approach, de- 
veloped by Mott.'*:'© We represent the virtual transi- 
tions by oscillators of natural frequency w; and strength 
f; per atom. Let the displacement of the ith type 
oscillators, averaged over a region large compared to 
the interatomic spacing, be y,;(x), where x locates the 
region. Similarly, let the average electric field strength 
in the neighborhood of x be E(x). Then the oscillator 
displacements satisfy the equations of motion 


d*y; 
de +w? yi= --B. (1) 


Similarly, the average displacement, y(x), of the con- 
duction electrons satisfies the equation 


ay € 


de m* 


where 1/m* is the reciprocal of the effective mass 
averaged over the Fermi sea. Now it is easily seen that 
the average charge density resulting from the displace- 
ments of the oscillator and conduction electrons is 
ne(zV-y+ >; f:V-y;), and Poisson’s equation therefore 
reads 


4anzeV-y+4ane>d: fiV-yi=V-E, (3) 


where m is the atomic density and z is the number of 
conduction electrons per atom. Taking the divergence 
of Eqs. (1) and (2) gives a set of simultaneous homo- 
geneous linear equations in the unknowns V-E, V-y, 
and V-y;. Elimination of the latter leads to an ordinary 
homogeneous differential equation for V- E alone, whose 
solutions are harmonic oscillations in time, at the 
frequencies w given by the roots of the equation 


=0. (4) 


nze> 1 ne* fi 


1+44| a 
my i 


Oscillator damping may be expected to so smear out 
the singularities of the second term of the bracketed 
expression in Eq. (4) that, instead of many roots, there 
will be only one. This value of w we identify with the 
single strong collective eigenloss identified unambigu- 
ously in most metals. In case the w, are all small relative 


m* —w?* —w*+w;? 


4 E. N. Adams, Phys. Rev. 98, 947 (1955). 
18N. F. Mott, Proceedings of the Tenth Solvay Congress, 
Brussels, Belgium (1954). 

16 We are much indebted to Professor David Pines for bringing 
this approach to our attention. For more complete discussion of 
the frequency of plasma oscillations in solids, see D. Pines, 
Proceedings of the Tenth Solvay Congress, Brussels, Belgium 
(1954) and a review article by D. Pines which is to appear in 
Advances in Solid State Physics (Academic Press, Inc., New York, 
1955), Vol. 1. 
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to w, the sum rule reduces (4) to 


4rne’t m _ Anns'e? 
1— [+5 fi}-1- 2 =0, 


wm wm 


or to w= (4rnz'e?/m)!, where 2’ is the total number of 
electrons per atom. The quantity (42nz’e?/m)! is the 
free electron plasma frequency calculated on the basis 
of an electron density of nz’, and denoting it by w,’, we 
have w=w,’. This result follows immediately in this 
special case when one neglects the binding and treats 
all the electrons as free. Actually, in gold all except the 
6s and Sd electrons are tightly bound by several 
Rydbergs or more, and only the eleven electrons per 
atom in these two bands are available for participation 
in the collective oscillations. Thus we can consider w,’, 
calculated with z’=11, as an upper limit for the value 
of w. On the other hand, in case the w; are all very 
large relative to w, the second term in the bracket 
of (4) may be neglected, yielding w= (m/m*)'w,, where 

= (4rnze*/m)! is the free electron plasma frequency 
calculated on the basis of the density of conduction 
electrons alone. Consequently, the two limiting cases 
give us the inequalities 


(wp'/wp)?= 11> (w/wy)?>m/m*. 


Now, taking the experimental data for gold, we find 
(w/w,)?=6.9. Since it is unlikely for m/m* to be this 
large, the inequalities are satisfied. We conclude that 
gold represents a case intermediate between the two 
extreme cases discussed, and that in addition to being 
modified by interaction with the lattice, the plasma 
frequency is “pushed up” to some extent by the optical 
absorptions below it. This is an effect which has already 
been discovered by Wolff® in his investigations on 
shifts in the plasma frequency. 

Although a quantitative solution of (4) is handi- 
capped by insufficient theoretical and empirical know]l- 
edge of the energy bands, and is not in general! feasible, 
there does exist an independent determination of the 
root w. The bracketed term in (4) is identical with the 
polarizability of the metal, and the left-hand member 
itself expresses the dielectric constant of the metal as a 
function of frequency.'” As w is decreased from a very 
large value, the dielectric constant eventually becomes 
negative and the metal becomes perfectly reflecting. 
Thus the root of Eq. (4) is simply the cut-off minimum 
frequency for transmission of electromagnetic radiation 
through the metal. This furnishes the test already men- 
tioned above which the hypothesis of collective exci- 
tation must satisfy: The eigenloss must correspond to 
the independently determined electromagnetic cut-off 
frequency. 

Unfortunately, the electromagnetic data are, also for 
this test, too scarce for a systematic check of all the 
supposed collective eigenlosses. Only for the alkali 


17 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), Chap. XVII. 











ENERGY LOSS OF 


TABLE I. Eigenlosses and cut-off quantum energies 
of the alkali metals. 








Cutoff 
wavelength 
Metal (in A) 


Li 1550 
Na 2100 
K 3150 
R6 3400 
Cs 3800 


Cutoff 
energy 
(in ev) 


8.02 
5.91 
3.94 
3.65 
3.27 


Eigenloss 
(in ev) 


9.5+1.0 


5.4+0.4 
3.80.2 


(in ev) 
8.13 
5.95 


4.38 
3.97 











metals does a detailed comparison seem to be possible 
at the present time. Table I has been constructed from 
data of reference 4 and from page 641 of reference 17. 
The Bohm-Pines free electron plasma energies, iw,, are 
included for comparison. Bearing in mind that the 
influences both of the backing and of the oxide coatings 
on the measurements of the alkali metal eigenlosses are 
not completely determined, we may regard the agree- 
ment between the cut-off energies and the eigenlosses, 
where the latter have been measured, as satisfactory. 
The cut-off frequency in aluminum evidently has never 
been measured, but the metal is known to be perfectly 
reflecting far into the ultraviolet. On the basis of the 
sharp eigenloss at 14.7 ev, we can predict that aluminum 
will show an abrupt decrease in its reflectivity at 845 A. 
The electromagnetic properties of the other metals 
seem to be even less well known. If the absorptions 
should extend up to the plasma frequency, as is prob- 
ably the case in gold, the transition from imperfect 
reflection to imperfect transmission can be expected to 
occur more gradually, corresponding to the greater 
breadth of the eigenloss. A verification of these features 
in aluminum and gold, as well as in other metals, 
would substantiate the hypothesis of collective excita- 
tion in each case individually. 

After these general remarks on the Bohm-Pines 
theory, we now study the phenomenon of plasma 
excitation by a fast incident electron. Our treatment 
differs from that of Pines,!® in that we use first-order 
time-dependent perturbation theory. Taking the Hamil- 
tonian for the metal plus incident electron as H+ p*/2m 
+H int, where H is the Hamiltonian for the metal alone 
and p is the momentum of the incident electron, we 
apply first-order perturbation theory to the interaction 
term Hin=—eg(x). Here ¢(x) is the electrostatic 
potential set up by the ions and electrons of the metal, 
evaluated at the position of the incident electron. The 
potential is determined from Poisson’s equation, V?¢(x) 
=4rep(x), where —ep(x) is the charge density in the 
metal. Expanding p(x) in the Fourier series p(x) 
=)ox pre *** gives 


Pe 
(x)= —4re | —e~®*, 
k k? 


This makes possible the separation of Hin=H’+H” 


18 See reference 5, p. 633. 
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into the long-range part, 


Px 
H! =4ne? De®, 


k<ke k? 


and the short-range part, 


Px 
H" =4nre? ¥) —e~*:*, 


k>ke k? 


hk, is the Bohm-Pines cut-off momentum. We leave the 
short-range part to the next section and concentrate for 
the present on the long-range interaction. For k<k,, 
the electron density Fourier coefficients are, in terms of 
the coordinates x; of the electrons participating in the 
plasma oscillations, py= V~'}> ; e*-**= p, +-ip,, where 
px’ = V-"S"; cos(k-x;), px = V-"D; sin(k-x,), and V 
is the volume of quantization. Here we are neglecting 
the contributions to p, from the lattice vibrations. 

Now, according to the discussion at the beginning of 
this section, the px, oscillate harmonically, for small k. 
Although this is rigorously true only in the limit of 
infinitesimally small k, Bohm and Pines® have shown 
for the free-electron gas that the harmonic behavior 
exists approximately for all k<k,. We assume here that 
this is true also in the more general case, and do not 
expect any appreciable error to arise from this approxi- 
mation. The harmonic oscillator matrix elements of 
px, which are needed for the perturbation calculation, 
can be found most easily from those for px“ and py‘. 
In general, the matrix element, between the ground 
state and first excited state, of a real variable which 
oscillates harmonically is (AE/2K)*, where AE=hw, 
the energy of excitation, or simply the eigenloss, and K 
is the spring constant of the oscillator. The latter is 
easily determined from the total electrostatic potential 
energy in the metal, which is, aside from constant self- 
energy terms, 


1 f (x) —ep(x) 


1 
4.4re? > —px f e~*®-*9(x)d5x 
k 2 


2 


1 
=4.4re®V _ =4}-87e?V . pa eto). 


k k? ks>0 


Therefore the spring constant for the oscillators be- 
longing to px“ and py is K=8re?V/k?, and the matrix 
element for excitation of these oscillators out of their 
ground states is k(AE/16re?V)!. From this result, it 
readily follows that the square of the matrix element 
of H’ for the excitation of a plasma quantum of mo- 
mentum #k, accompanied by recoil scattering of the 
incident electron, is 


| Hy! |?=2me®AE/VR?. (5) 
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In calculating the density of states, the kinetic energy 
of the fast incident electron predominates and the 
variation of the plasma energy with state may be 
neglected. Thus one finds 


p(E)= Vmpd0Q/I, (6) 


where p is the momentum of the incident electron 
and dQjis the differential solid angle into which it is 
scattered. From (5) and (6), and first-order perturbation 
theory, the rate of inelastic scattering is 


d 
x [P= (7) 


a i m 2d (hk)? 


Multiplication of Eq. (7) by the transit time for passage 
through a foil of thickness / gives for the probability of 
scattering into dQ the expression éd(1/A), where d(1/d) 
= (dQ/2ray)[mAE/(hk)*] is the differential inverse 
mean free path. With the help of Fig. 1, which illus- 
trates the restrictions imposed by energy-momentum 
conservation for small angles of scattering, one finds 


(hk)*= (Ap)?+-p'0°= p'L (Ap/p)*-+0"]= p2(0x"-+ 6%), 


where @ is the angle of scattering and 0g=Ap/p 
=AE/2E. Thus, 


dQ Oz 
aan)-(—)/ ). (8) 
2rd 67?+6? 


Since the long-range scattering vanishes for 6>hk./p 
=6.2>>0z, the total inverse mean free path is 1/A 
= (0z/a0) In(6.2/0z). Hence the mean free path itself is 


2apE 


hk, (2E\ 4) 
rey 
AEX\ m 


—p=V2mE 





(9) 


— |p-tk|= V2m (E=2) 





Fic. 1. Energy-momentum conservation for inelastic electron 
scattering from excitation of plasma quantum of momentum #k 
and energy 
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Equation (9) provides a check on our Eq. (8), and 
agrees, for the free-electron case of AE=h(4rne?/m)}, 
with Pines’® equation (49), which was derived by an-’ 
other method. Equation (9) extends Pines’ formula to 
cases more general than that of the free-electron gas. 


Ill. ONE-ELECTRON THEORY 


In addition to the long-range collective contribution 
to the inelastic electron scattering, there is also a short- 
range one-electron contribution. To avoid the complica- 
tions of the band structure of real metals, we limit 
ourselves to the idealized model of the free-electron gas. 
Our purpose is (1) to give a qualitative treatment of 
the short-wavelength cutoff, and (2) to demonstrate 
that treating the long-range interaction also by one- 
electron theory, instead of by Bohm-Pines theory, 
gives erroneous results in disagreement with experiment. 

The short-range interaction of V individual electrons 
with the incident electron is described by 


HI” Are? 1 


V keke R? 5 


eik-(xi-2), (10) 


Now the operator >); e*** converts the Slater de- 
terminant representing the unperturbed Fermi sea into 
Nov(k/ko) Slater determinants, where 


k 3k k? 
OD 
RoJ 4ko 12k,? 
is 3/4 times the volume of the shaded portion of the 
unit sphere shown in Fig. 2, and ko is the Fermi wave 
number. These Vv(k/ko) Slater determinants form an 
orthonormal set and represent excited states of the 


electron gas. Therefore the sum of the squared matrix 
elements associated with an incident electron recoil of 
—hk is 
e*ky* 
| Ay” = t(b/ ke) 
states 3V 


16e*h*k» A BE 
= acme (0/@oz), 
3Vp? 


(11) 


where we have substituted V/V=h,'/3?, and have 
introduced the parameter 0)¢=hko/p and the angle of 
scattering 0=hk/p. A calculation similar to that of the 
preceding section yields for the short-range differential 
inverse mean free path: 


(12) 


1 4 ‘Ry Ro 8 on? 
a( ) =— 5, 10/808) d0. 
Mas 3x? E 


It is interesting to compare this result with that of 
Sec. II for the long-range collective interaction. For 
6/O0r<1, v(0/0ox)=3(0/Aoz). Hence the short-range 
scattering varies as the inverse cube, while the long- 
range scattering varies only as the inverse square of the 
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angle. Consequently the curves representing these two 
scattering intensities as a function of angle will inter- 
sect one another. At large angles the short-range curve 
correctly determines the intensity of inelastic scattering, 
while at small angles the intensity of scattering is 
determined by the long-range curve. Therefore the 
intersection of the two curves gives roughly the cutoff 
in wave number which separates the collective from 
the one-electron phenomena. To determine this cutoff, 
we put 6=0.2, where 


6.8 /B02=k-/ko=B8, 
and equate (12) to (8). Solving for 8, we obtain 
B= (4koao/) (Ry/AE). (13) 
Substituting the free-electron gas values of 
kodo=1.917/r, AE= (46.9/r,}) ev, 
where r,= (3V /4rNa,*)}, we find 
B=0.706\/r,. 


and 


(14) 


It is interesting to note that (14) gives a cut-off ratio 
about twice that calculated by Pines,® who determines 8 
by minimizing the expectation value of the total Hamil- 
tonian. The apparent discrepancy here disappears when 
it is realized that we have not strictly determined the 
cutoff for collective oscillation, but rather an effective 
culoff for Eq. (8). Even for wavelengths somewhat too 
short for collective oscillations to be sustained there 
may still be sufficient correlation among the electrons 
to yield (8). As still shorter wavelengths are considered, 
these correlations should gradually fade out, the more- 
or-less sharp eigenloss should become smeared out over 
a wide energy interval, and finally the scattering should 
be described correctly by the one-electron formula (12). 
The exact nature of this transition remains a subject 
for future investigation. For the time being, we satisfy 
ourselves with the following admittedly crude approxi- 
mation: (1) For @<6.z, (12) holds without modification ; 
(2) for angles larger than 6.2, there is no eigenloss 
scattering. The actual value of the cutoff, as we shall 
see, can be deduced from the experimental results. 
In any case, our discussion of the angular dependence 
will be independent of it, since we shall be dealing 
mainly with angles smaller than the cut-off angle. 

To conclude this section, we wish to demonstrate 
that treating the long-range interaction by one-electron 
theory instead of by Bohm-Pines theory would result 
in disagreement with experiment, in several respects. 
Here we assume that our conclusions, based on the 
free-electron gas, because of their qualitative nature, 
will carry over to the case of a real metal. 

First of all, the most obvious shortcoming of the one- 
electron theory is that it does not yield the eigenlosses, 
but instead a smeared-out distribution in energy be- 
tween zero and (h?/2m) (k?+-2kko), for inelastic scatter- 
ing at angle 0=%k/p. In addition to this difficulty is 
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Fic. 2. Fraction of the Fermi sea susceptible 
to one-electron excitation. 


the insufficiency in the amount of energy lost in the 
scattering process. Even at the relatively large angle of 
300” the maximum energy loss is only five-fourths the 
Fermi energy, which is still generally smaller than the 
eigenloss. At smaller angles, which account for the 
bulk of the scattering, the energy loss predicted on the 
one-electron theory is very much smaller than that 
experimentally observed. 

Aside from the magnitude of the energy loss, the 
total intensity of inelastic scattering on the basis of 
one-electron theory alone is an additional indication of 
inadequacy of the latter theory. Integrating (12) over 
all angles @>0.2=(0or, one easily finds for the total 
inverse mean free path: 


1 2k Ry si B 1 
Ba (Te 
Mer. @ E \B 12 2 


This expression clearly diverges when the cutoff is 
allowed to pass to zero. This divergence can be directly 
traced to a too-large expectation value of the operator 
|px|?, resulting from appreciable probability in the 
ground state for excessively large values of this operator. 
Now it is just these large values which would unduly 
raise the potential energy and which do not actually 
occur in the true many-electron ground state of the 
system. The long-range positional correlations which 
prevent the electrons from assuming configurations 
corresponding to large density fluctuations are ignored 
by the free electron theory. By taking the correlations 
into account, the Bohm-Pines theory more correctly 
describes both the stationary states and the scattering 
properties of the electron gas. 

Since the divergence in the inelastic scattering in- 
tensity predicted on the basis of the one-electron theory 
arises from very strong scattering at very small angles 
with very small loss in energy, it might be claimed that 
the mean free path is not measurable and that the 
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stopping power is a more appropriate description of the 
scattering. We therefore turn for the moment to the 
calculation of the stopping power of a free electron gas 
for fast electrons. In every collision in which an electron 
of momentum 7k; is excited above the Fermi sea by 
the transfer of momentum vk, the energy (h?/2m) 
X (k®+2k-k;) is absorbed from the incident electron. 
By summing over all &,’s susceptible of excitation 
(see Fig. 2) we find that the energy loss per unit path 
length resulting from scattering into the solid angle dQ 
is given simply by multiplying the short-range differ- 
ential inverse mean free path of Eq. (12) by the average 
energy of excitation ?k*/2mv(k/ko). Thus the differ- 
ential short-range stopping power is 


AF6xz dQ 
= —, (15) 
2rdo sin*6 


s.r. 


where, in place of the approximation #k= p0, we have 
used the exact relation #k=p sin@, correct for large 
angles as well as smal]. The expressions k,’/3x?=n, 
4rh*ne?/m=(AE)*, and AE/2E=6, have also been 
employed in arriving at (15). It is interesting to note 
that dS,., exactly equals dS;,,,.=AEd(1/d) for angles 
6>>0z. Because of this circumstance the total stopping 
power of the Fermi gas is insensitive to the choice in the 
value of the cutoff used for the calculation. Integrating 
(15) over all 6.2<@< 2/2, we find for the total short- 
range stopping power: 


AE6z p72 d0 AEOz 
S..°.= - f —= In (cot@,n/2) 
6, 


ao cE sind ao 


AF6x 2 
~ in( —~). 
ao bez 


Adding this to the long-range contribution, 


AF6r bez 
Pn gee in ), 
do Ox 
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Fic. 3. Plot of scattered intensity vs angle for 20-kev electrons 
passing through thin gold foil [single crystal, (002) direction]. 


RICHARD A. 


FERRELL 


the total stopping power is 


S=Si2.+Ss2.= 


ao 


AF6x 2 
= in(—). 
ao Ox 


Since the arguments of the logarithms are both pro- 
portional to ./E, the long- and short-range contribu- 
tions will be practically equal in all cases of relatively 
high energy (compared to AE). 

Now if we were to use only the one-electron theory 
without the Bohm-Pines theory to supplement it, we 
would be forced to allow 6.x to go to zero in (16), thus 
obtaining an infinite stopping power—in manifest dis- 
agreement with experiment.'® Because of this and the 
other reasons listed above, there seems to be no alter- 
native to the Bohm-Pines theory for small-angle 
intraband transitions. The foregoing discussion does 
not, however, apply to interband transitions, and such 
excitations undoubtedly account for many of the eigen- 
losses observed in metals. We assume, however, that 
for the 24-ev eigenloss in gold this is not the case and 
proceed in the next section to compare Eq. (8) with 
the angular distribution found by Marton, Simpson, 
and McCraw. 


(17) 


IV. COMPARISON WITH EXPERIMENT 


The experimental results of Marton, Simpson, and 
McCraw are shown on Fig. 3. The heavy dashed line 
represents one-tenth the intensity of the no-loss elastic 
scattering, while the heavy solid line shows the angular 
dependence of the 24-ev eigenloss inelastic scattering. 
This latter angular dependence fits an inverse square 
curve (i.e., 6-*), for angles greater than about seven 
milliradians. (The inverse square falloff extends to 
about twelve milliradians, at which point the distribu- 
tion is affected by wide-angle screened-Coulomb atomic 
scattering due to lattice impurities and irregularities. 
By dealing mainly with smaller angles we are able to 
ignore this additional complication in the present work.) 
The inverse square behavior is predicted by Eq. (8) 
and its appearance at the larger angles encourages one 
to attempt to account for the course of the entire 
eigenloss curve on the basis of this formula. The devia- 
tion of the observed eigenloss distribution at smaller 
angles can immediately be attributed to the spread in 
the no-loss beam, in turn due to elastic scattering by the 
lattice waves. Without further modification, Eq. (8) 
describes only the case of a precisely collimated no- 
loss beam. 

To describe the physically more realistic case, let us 
choose coordinates so that the front surface of the metal 

1%” For other discussions of the stopping power of the conduc- 
tivity electrons see: H. A. Kramers, Physica 13, 401 (1947); Aage 


Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 24, 19 
(1948) ; and David Pines, Phys. Rev. 92, 626 (1953). 
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foil, exposed to the normally incident fast electron 
beam, lies in the x—y plane, with z=0. The back 
surface is then specified by z=/, where / is the thickness. 
(See Sec. II for notation.) At any depth 0<z</ within 
the metal, let 7(@,2) and J(6,z) represent the no-loss 
and eigenloss distributions, respectively, where 6 is a 
two-dimensional vector lying in the «—y plane. Its 
components, 8, and @,, are the projections of the unit 
propagation vector, and its magnitude is simply @, the 
angle of scattering. Making the further definitions, 
A=net mean free path for all inelastic processes, 
f(®)=d(1/A)/dQ, eigenloss scattering coefficient, and 
g(0)=corresponding elastic scattering coefficient, we 
can write the following equations”: 


1 
ff @ee(0—01(0'2)—1002), (18) 
A 
dJ (0,2) 1 
; == f a¥g(0-0) 10,2) J (02) 
Z A 


+ f eu j(o-0)71(0'2) (19) 


Here we regard g(@) as having a negative Dirac delta 
function-like behavior at 6=0, such that /d?6g(6)=0. 
Introducing the Green’s function G(@,z) as the solution 
of Eq. (18) with the boundary condition 


G(0,z) | 0= 5 (8), 
we find 


1(0,z) =1,G(0,2) 


and 
1o2=1 f an’ f aw” 
0 


x f aoc o—o", 2-2) 0" —0)G(0'2, (21) 


i= f I(6,0)d0 


is the total incident no-loss intensity. We have assumed 
the incident beam to be precisely collimated, which 
corresponds closely to the actual experimental setup. 
Although Eqs. (20) and (21) give a complete de- 
scription of the no-loss and eigenloss at every point in 
the metal they can be compared with experiment only 
at z=1, where the beams emerge from the back surface 
of the foil and are subject to measurement. Before 
specializing (20) and (21) to z=/, however, let us first 


where 


In restricting our attention to the intensities, we neglect any 
coherence of the lattice or plasma waves which could lead to 
constructive or destructive interference between waves excited at 
different points in the metal. Because of the shortness of the 
phonon mean free path at room temperature and the smallness 
of the plasma group velocity this can be expected to be a good 
approximation. 
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note that it is possible greatly to simplify (21) by 
reducing the double convolution to a single convolution. 


This can be seen by eliminating 6” in terms of the 
variable Y= — 0”+0+0’. Then 


[ f eoreoe(o—0", 2-29 900" 0602) 


= f eeso- w) f eea(y—er, 22602. 
From the nature of the Green’s function, 
J d?0'G(t— 0’, z—2’)G(0',2’) =G(t,2). 
Therefore, using (20), (21) reduces to 
J (0,z)=2 f d?6’ f (6—0’)7 (0’,z). (22) 


We now put z=1, represent the outcoming distributions 
by simply 7(@) and J(@), and substitute for f(@—6’). 
Taking advantage of the symmetry of the no-loss 
distribution about 6’=0 in order carry out the integra- 
tion around circles of radius 6’, we obtain 


6’1 (0’)d0’ 
aise (23 


OM 
10=K f —— > 
0 [(6’2—02+0"")?+400 x? }! 


Here K=(@z/ao, 04 is such that for @’>6y, 1(6’) is 
essentially zero, and the equation holds only for 
6<0.2—O.. It should be noted that (23) predicts an 
inverse square behavior, regardless of the particular 
form of the no-loss curve, provided @ is large compared 
to 04. In this case, the denominator can be replaced 
by 6? and taken in front of the integral sign, resulting in 


J (0) = KIo/2r6*, (24) 


where Jp= fo™ 2761 (0)d@ is the total no-loss intensity 
emerging from the foil. 

Corresponding to (21), there is an equation for J(@) 
itself in terms of the Green’s function G(6,t). Although 
in principle it is possible to calculate this Green’s 
function from the basic theory of lattice vibrations, we 
do not do so here. Instead, we take /(6) as given by the 
experimental data. Proceeding, therefore, to calculate 
the eigenloss distribution from Eq. (23), we need to 
know the value of the numerical parameter K, which 
depends on the thickness of the target foil. The latter 
can be estimated independently from the evaporation 
method used to prepare the foil. It is difficult in this 
way, however, to obtain a value for the thickness which 
can be relied upon to better than a factor of two. 
Therefore, although the experimenters have assigned 
the nominal thickness of 100 A to the gold foil upon 
which the present analysis is based, we prefer here to 
determine ¢ by normalizing the total eigenloss intensity 
calculated on the basis of J (6) so that it agrees with the 
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total measured eigenloss intensity. More precisely, 
we carry out the normalization for the quantity 
Jn = So" 2x6] (6)d8, where 6y is chosen small enough 
that (23) remains valid, but sufficiently large com- 
pared to 6y that simplifying approximations can be 
employed. Under these conditions it is easily estab- 
lished that 
ta Jw 


~ Ipin(Ow/Ox) 


In the experiment carried out by Marton and co- 
workers, 20-kev electrons were employed. Therefore 
6g= AE/2E=0.6 milliradian. Concerning the choice of 
6y, we are confronted by the fact that the value of 6.2 
is not known. As long, however, as we remain in the 
inverse square region we can be confident that we have 
not violated the condition 6y<@.2—6m, which is essen- 
tial to the validity of (23) and, hence, (24). The actual 
value chosen was 6y= 11.64 milliradians, corresponding 
to In(@yv/@z)= 2.96. Numerical integration of the two 
experimental curves separately then yields K=0.0911, 
corresponding to a thickness of 80.2 A. Equation (23) 
can now be numerically integrated for various values 
of 6. The results are presented by the thin line in 
Fig. 3. 

Although the theoretical eigenloss curve of Fig. 3 
successfully portrays the general trend of the experi- 
mental curve as it drops smoothly from relatively high 
values at small angles to a long weak tail at larger 
angles, there are two significant discrepancies between 
the theoretical and experimental curves. First, the 
theoretical intensity at small angles falls short by a 
considerable amount of accounting for the observed 
intensity. Second, the theoretical tail is somewhat 
stronger than the observed. A natural explanation of 
the first discrepancy, which is perhaps the more striking 
one, results when one realizes that it is just at these 
small angles that the intensity of the no-loss beam is 
very high. (See Fig. 3.) In this type of experiment it is 
technically very difficult to measure with extreme 
precision both angle and energy simultaneously. To 
achieve high angular resolution Marton and co-workers 
were forced to sacrifice energy resolution to the extent 
that at angles less than 4 milliradians the eigenloss 
beam was swamped by the intense no-loss beam, and 
could not be resolved. An examination of the cartograph 
for the case “100 A Au single crystal (002 direction)’’*! 
suggests that the no-loss beam may make as much as 
a 10% “contamination” contribution to the “eigenloss” 
intensity. 

If this contamination effect is accepted, it is no longer 
possible to normalize J(@) to integrated intensity. The 
value of K must be determined rather by comparing 
the inverse square tails of the calculated and observed 
eigenloss intensities at large angles, where J(@) vanishes 
and there is no contamination. Fitting the two curves 


% Figure 2 of reference 12. 
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over the interval seven to twelve milliradians yields 
K=0.0619, corresponding to a thickness of 54.5 A. The 
theoretical intensity at zero angle on the basis of this 
value of K is lowered to 440, compared to an experi- 
mental value of 1000 for J(0) and 5400 for 7(0) in the 
same units. Therefore 560, or more than half of the 
“eigenloss” intensity at zero angle, must come from 
the no-loss beam. This corresponds to a “contamination 
coefficient” of 560/5400=0.1034, or about ten percent. 
Now using the same value of contamination coefficient 
for all angles, one adds 0.1034 J(@) to J(@), evaluated 
from (23) with K=0.0619, and compares the sum with 
the observed “eigenloss” intensity. The results are 
shown in the form of several points plotted on Fig. 3. 
The procedure is such as to give automatically exact 
agreement between theoretical and experiment values 
for very small and very large angles. Intermediate 
angles do, however, provide a test, and the good agree- 
ment in this range seems to substantiate this inter- 
pretation of the data. 

We conclude this section with a brief numerical 
treatment of the short-wavelength cutoff, a discussion 
of which has already been given in Sec. III. From that 
discussion we should expect zero eigenloss intensity for 
angles 6>64’=6.2+6m. This fact should thus provide a 
means of estimating 6.2. The actual value of 6.2 could 
easily be obtained by integrating the eigenloss intensity, 
obtaining numerically the quantity 


6m’ 
Jo= f 26] (0)d8. 
0 


Since it is easily established that Jo= (t/A)Jo, one could 
solve for 
ao 


A=, 
Oz In(6.2/6x) 


From this expression 6,.¢ would then be easily obtained 
and from @-z, in turn, the Bohm-Pines cut-off param- 
eters, k, and £. 

Unfortunately, the experimental eigenloss curve does 
not drop to zero for any value of @, and the procedure 
outlined above cannot be carried through. As mentioned 
above, the inverse square falloff is appreciably aug- 
mented, at angles greater than twelve milliradians, by 
wide-angle atomic scattering. At still greater angles 
another contributor is the one-electron short-range 
scattering dealt with in Sec. III. Because of the finite 
resolving power of the detector, this one-electron scat- 
tering can contribute to the “eigenloss” intensity 
despite its diffuseness in energy. This effect could, in 
principle, be eliminated by using a detector sharply 
adjusted to the eigenloss. In practice, however, it may 
be difficult to obtain the necessary extreme energy 
resolution. The one-electron scattering is no doubt the 
principal contributor in the present case at angles well 
above the inverse square region, and prevents a unique 
determination of the cutoff from the present data. If we 
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nevertheless arbitrarily set @4’=26y and assume that 
there is no long-range scattering at angles greater than 
this, we find Jo/Jo>=0.214, where the contamination 
from J has been subtracted from Jo. With the previous 
value for the thickness, = 54.5 A, this yields \= 255 A, 
or 0.2= 19.1 milliradians. Since 6.~=hkc/p by definition, 
we find k,=0.733ac-'. For the free electron gas it is 
generally convenient to compare k, with the Fermi 
momentum, ko. In the case of gold, however, the elec- 
trons are far from free and the definition of ko is 
ambiguous. If we take it as defined by ko=1.917(r,a0)~', 
where r, is determined by its free-electron formula 
(see Sec. III), we find r,=3.05, and ko=0.629a¢"', 
assuming one electron per atom. Including the d-elec- 
trons to give a total of eleven electrons per gold atom 
yields r,= 1.371, ko=1.398ag-'. The ratios 8=k,/Ro cal- 
culated with these values of k&) and 6=1.165 and 
8=0.525, in order of magnitude agreement with the 
values 8= 1.232 and 8=0.826 calculated from Eq. (14) 
of Sec. III. Because of the complications caused by the 
short-range scattering and the effects of binding, the 
numerical results in this paragraph should not be 
regarded seriously. They have been obtained only to 
illustrate the method which can be followed in a more 
ideal case. 
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V. SUMMARY 


The above work shows that the experimental angular 
dependence of the 24-ev characteristic energy loss in 
gold is consistent with a simple Bohm-Pines approach, 
provided that a correction is made for finite energy 
resolution. It may be that the theory of band excitation 
could yield similar agreement; however, this could be 
established only on the basis of a detailed energy band 
calculation. In any case, there are general criteria 
based on optical data, which are able in principle to 
decide, for any given characteristic energy loss, between 
the two alternative mechanisms. Furthermore, there are 
certain phenomena, such as the slowing down of elec- 
trons, to which both mechanisms for the excitation of 
the electrons of the metal contribute. In the analysis 
of these phenomena a collective treatment is indis- 
pensable. 
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Infrared Absorption of Indium Antimonide* 
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Chicago Midway Laboratories, The University of Chicago, Chicago, Illinois 


(Received September 12, 1955) 


Infrared absorption in InSb near the absorption edge has been interpreted as the superposition of two in- 
direct transitions requiring phonons of 100° and 30°, the former transition involving the smaller electronic 
energy gap. The first transition is consistent with a band scheme having electrons at the center of the zone 
and holes either at the corner of the zone or about halfway along the [1,1,1] line. The other transition may 
indicate a second hole with an energy gap about 0.025 ev larger than that of the first. 


HE theory of indirect transitions between valence 

and conduction bands proposed by Bardeen, 
Blatt, and Hall' and applied to germanium and silicon 
by Macfarlane and Roberts? and Fan, Shepard, and 
Spitzer,’ has been applied to the infrared absorption of 
indium antimonide. Measurements of the absorption 


* Research supported by the United States Air Force through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

¢ Permanent address, Department of Physics, University of 
Miami, Coral Gables, Florida. 
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coefficient of indium antimonide** (shown in Fig. 1) 
reveal that close to the absorption edge, the absorption 
coefficient, K, conforms reasonably well to the following 
formula: 


A 
K=— Lhe Bet be) (ho— Ey— BO), (1) 


where £, is the minimum separation between the va- 
lence and conduction bands (not vertical) and &@ is the 
energy of a phonon emitted or absorbed in the transition 
(k is the Boltzmann constant). Analysis of the measure- 
ments yields a value for @ of approximately 100° and 
4A. Goldberg (private communication). 
5G. C. Macfarlane (private communication to S. W. Kurnick). 


We are indebted to Dr. Macfarlane for furnishing his unpublished 
data. 
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gives a curve for the variation of energy gap with 
temperature. (See Fig. 2.) 

Cyclotron resonance experiments on indium anti- 
monide show that the energy surfaces for electrons are 
at the center of the Brillouin zone.* The nonzero value 
of 6 obtained here is then evidence that the maxima of 
the valence band are not at the center of the zone. This 
is consistent with indications of other experiments.’ 

The symmetry properties of the energy bands of 
crystals of the zincblende structure have been discussed 
by Parmenter and by Dresselhaus." After including the 
effects of spin-orbit coupling, Dresselhaus proposes that 
the maxima of the valence band may occur at the center 
of the Brillouin zone, at the corner point W (1 3 0), along 
the 111 axis (A), or at a general point in the zone. In 
order to interpret the value of @ in terms of these 
possibilities, we have investigated the theory of the 
lattice vibrations of crystals of the zincblende structure. 

The theory for InSb is expected to be similar to that 
for the diamond lattice,” as heteropolar and mass 
difference effects should be small. Including arbitrary 
first neighbor forces and central second neighbor forces 
introduces three atomic force constants into the theory. 
We have determined these on the basis of recent 
measurements of the elastic constants,!* and of the 
optical-mode frequency at k=0."* We find that the 
value of @ is consistent with location of the valence 
band maximum at the point W, or at a distance approxi- 
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Fic. 1. Dependence of absorption constant on photon energy at 
300°K. The solid curve is the theoretical prediction for two in- 
direct transitions. The dotted curves give the result for each 
transition. Experimental points are indicated as crosses. Agree- 
ment is also obtained with measurements at lower temperatures. 
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Fic. 2. Dependence of energy gap on temperature. The crosses 


indicate results of Macfarlane’s measurements; the circle repre- 
sents a measurement in this laboratory. 


mately half way along the 111 axis (or many general 
points). A choice between these possibilities is in prin- 
ciple possible on the basis of cyclotron resonance or 
magnetoresistance experiments. 

At an energy some 0.025 or 0.03 ev above the ab- 
sorption edge, there is observed in all the measurements 
we have studied a rapid rise in the absorption coeffi- 
cient. (See Fig. 1.) In order to determine whether this 
rapid rise could be ascribed to the onset of direct 
transitions near the center of the Brillouin zone, a 
calculation of the energy dependence of the absorption 
coefficient due to direct transitions was made on the 
basis of a detailed model of the band structure near 
k=0 suggested by Dresselhaus.’ The result is that 
except for a region of perhaps 0.001 ev at the onset of 
direct absorption, the absorption coefficient should have 
the form 

K=B(hw— Ep)!, (2) 


where £p is the minimum vertical energy gap, proposed 
by Dexter'® for energy bands of standard form. This 
square root energy dependence is not consistent with the 
measurements. It appears, however, that the absorption 
curves can be fitted well by assuming the existence of a 
second set of indirect transitions with energy depend- 
ence of the form (1) and a @ of about 30°. Part of the 
increased intensity of these transitions can be explained 
by the factor e/7—1 in the denominator of (1) which 
represents the fact that there are roughly three times as 
many 30° phonons as 100° phonons at 300°K. The 
existence of a second maximum in the valence band per- 
haps 0.025 ev below the principal one would imply the 
existence of a second type of hole at not too low 
temperatures. 

We are especially indebted to Dr. G. C. Mcfarlane 
for his data, on which this work depends. We are also 
indebted to Dr. S. W. Kurnick for measurements of the 
elastic constants and to Dr. A. Goldberg for infrared 
measurements. 
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Photoinduced Hall Effect in MgO 
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The signs of the charge carriers in MgO produced by light in the various absorption bands resulting from 
excess magnesium and oxygen were studied directly by the photoinduced Hall effect. The mobility of a hole 


was found to be about 2 cm?/volt sec. 


EBER! observed three broad absorption bands 
a [2500 A], B [3490 A] and y [5250 A] with 
excess magnesium and two ultraviolet bands I [2850 A ] 
and II [2160 A] with excess oxygen in MgO crystals. 
Furthermore, Stevenson? reported two bands A [6900 A ] 
and B [12 400 A] due to excess oxygen. On the other 
hand Day* observed photoconductivity in the a, 8, y, 
and B-bands in neutron-irradiated crystals. Moreover, 
he found that the charge carriers produced by light in 
the 8 band are holes, so that electrons are transferred 
from the valence band to a localized state above it. 
However, we‘ ascertained previously from the measure- 
ments of the thermoelectric force that charge carriers 
resulting from excess magnesium are electrons. There- 
fore it is of interest to obtain directly the signs of charge 
carriers released by light of various bands from the 
measurements of the photoinduced Hall effect. 

Single crystals supplied by the Norton Company were 
colored with magnesium and oxygen, coloring conditions 
and induced absorption bands being described else- 
where.‘ The experimental apparatus used has the 
high input impedance preamplifier developed by Mac- 
Donald.‘ Light sources for the various absorption bands 
were obtained by combination of an incandescent 
tungsten lamp, high- and low-pressure mercury dis- 
charge tubes with suitable filters (Fig. 1). But we could 
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Fic. 1. Absorption curves of the filters used to produce the light 
sources for the various absorption bands (a, A, etc.) by combining 
them with an incandescent lamp and mercury discharge tubes. 
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not obtain sources of suitably intense light to study a 
photoinduced Hall effect for the ultraviolet bands I 
and II. 

It was found that specimens colored with excess 
magnesium have photoelectric responses in the a, 8, y, 
and B-bands. The photocurrent obtained from B-band 
was not found in oxygen-doped samples, so that the 
B band was concluded to be due to excess magnesium, 
contrary to Stevenson’s experiments. These photo- 
currents were found to be carried by holes. These 
results are not essentially different from Day’s conclu- 
sions. However, some questions remain to be answered 
before his model for the mechanism of photoconduc- 
tivities is confirmed. For example, the width of the 
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Fic. 2. Hall mobility vs applied frequency. 


forbidden band is certainly greater than 7.3 ev,® which 
in turn has the consequence that the localized levels 
lie a few ev below the conduction band. Such deep levels 
must be theoretically interpreted.’ It would be necessary 
to account for a possibility of electron capture for 
neutrality of charge on coloration with magnesium. 
In oxygen-colored specimens it was decided also that 
photocurrents induced by light in the A-band were 
carried by holes. 

The difference of signs of charge carriers between 
Hall effect, photoconductivity, and thermoelectric force 


 6P.D. Johnson, Phys. Rev. 94, 845 (1954). 

7 Note added in proof.—We calculated theoretically the energy 
levels for the various electronic models by Kubo’s continuum 
theory, in which the ionic displacement is taken into account self- 
consistently, and obtained too small values to explain Day’s 
model. See R. Kubo, J. Phys. Soc. Japan 3, 254 (1948); 4, 322 
(1949). 
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is unexplained. Further investigations of the sign of the 
charge carriers at different temperatures should be 
carried out. 

In order te avoid the effect of space charge, the 
frequency of the applied electric field was varied from 
30 cps to 700 cps. Hall mobilities obtained at various 
frequencies are shown in Fig. 2. We obtained about 
2 cm?/volt sec as Hall mobility of a hole from the higher 
frequency values. Such a small mobility seems to be 
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reasonable in ionic crystals, but seems to be too small 
to interpret Day’s experiments. We know, in Fig. 4 of 
his paper,’ that the holes produced by light in the 8 band 
have a “Schubweg” of about 10? cm under the applied 
field of 3.8X10* volt/cm. By using hole mobility of 
2 cm?/volt sec, the lifetime of holes is calculated to be 
about 10~* second. This lifetime seems to be too large, 
because there are so many defects in the neutron- 
irradiated specimens to shorten the lifetime 
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Infrared Absorption in n-Type Germanium* 


H. Y. Fan, W. Spitzer, AnD R. J. Cotirnst 
Purdue University, Lafayette, Indiana 
(Received August 22, 1955) 


Theory of absorption by free carriers is given taking into account the effects of scattering by impurities 
and by lattice vibrations. Experimental results are reported for m-type germanium samples of various 
carrier and impurity concentrations. The measurements were made in the temperature range between 
78°K and 450°K, covering a wavelength region from 5 to 38 microns. At the high-temperature end, the 
absorption is proportional to the carrier concentration, lattice scattering being the dominant effect. At 78°K, 
the absorption per unit carrier concentration consists of a constant part and a part proportional to the 
impurity concentration. The absorption increases with wavelength more rapidly at the low temperature. 
The frequency and temperature dependences of absorption in the various samples are in good agreement 
with the theory. Quantitative agreement can be obtained by using an effective mass m*=0.1m. 


INTRODUCTION 


BSORPTION of light in germanium falls sharply 

when the photon energy becomes smaller than 
the energy gap of the material, which corresponds to 
about 1.8 microns at room temperature. The relatively 
weak absorption at longer wavelengths varies with the 
conductivity of the specimen and seems to depend on 
the concentration of the conduction carriers.' In 
p-type germanium, the spectral absorption curve shows 
band structures,’ and it has been shown that the absorp- 
tion is associated with electron transitions between 
overlapping energy bands in the valence band.* In 
n-type germanium, however, the absorption increases 
smoothly with increasing wavelength.'?* It seems 
that, instead of interband transitions, the absorption 
is a free electron effect, i.e., in the absorption process 
the excited electron remains in the same energy band. 
Free electrons do not give absorption because of the 
difficulty of satisfying both the conservation of energy 
and the conservation of momentum. These conditions 


* Work supported by U. S. Signal Corps Contract. 
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can be fulfilled through the electron interaction with the 
crystal lattice. The absorption depends on the electron- 
lattice collision frequency, which also determines the 
conduction properties of the crystal. 

In the following, we shall first discuss the theory of 
absorption which was only briefly outlined in a previous 
publication.! Experimental results obtained over a 
wide wavelength region on different samples and at 
different temperatures will then be presented. The 
results will be correlated with the electrical properties 
of the samples and compared with the theory. 


THEORY 


The absorption coefficient is related to the conduc- 
tivity by 
a=4ra/cn, (1) 


where m is the refractive index. The relationship 
between the conductivity and the absorption probabil- 
ity for a photon, P,, is 


o=(€/4r)P,, (2) 


e being the dielectric constant. Theoretically, either P, 
or directly o is calculated. 

The effect of conduction electrons in crystals was 
treated quantum mechanically by Kronig.® However, 
the electron-lattice interaction was taken into account 
in the same way as in the classical theory of Drude, by 


5 R. de L. Kronig, Proc. Roy. Soc. (London) A133, 245 (1931). 








INFRARED ABSORPTION 


introducing a damping factor corresponding to a 
broadening of the resonance frequency wo=0 of free 
electrons. The expression obtained for the conductivity 
is the same as in the classical theory : 


ne 1/7 


eR CCE IE (3) 
m* w+ (1/7)? 
where m, is the electron concentration and 1/7 is the 
electron-lattice collision frequency. Only the effective 
mass m* appears instead of the free electron mass. 
The factor (1/7) is estimated from dc conductivity by 
putting w=0. Usually (1/7) is much smaller than w in 
the infrared region: 
nee 1 1 
o=— —=a9—. (4) 


m* tu* ru? 


The introduction of a constant damping factor for 
different transition processes of all electrons cannot be 
a satisfactory approximation. If fw is much smaller 
than the thermal energy of the electrons, the electron- 
lattice collision frequency can be taken as a function 
of the initial electron energy only, and we can average 
(1/7)/[w*+(1/7r)?] over the equilibrium distribution 
of electron energy. With this improvement, the expres- 
sion should give good results at low frequencies. 
However, 7w in the infrared region is comparable or 
larger than the average electron energy, kT, in semi- 
conductors. It is therefore necessary to treat more 
properly the electron-lattice interaction. The interaction 
arises from disturbances in the periodic potential field 
of the crystal due to lattice vibrations and impurities 
or defects in the lattice. 


Lattice Vibration 


The effect of lattice vibration can be treated by the 
second-order time dependent perturbation method.® 
Photon absorption is accompanied by the absorption 
or emission of a phonon. The probability of an absorp- 
tion process is given by the usual expression 


Qa | HoH is|* 


a—) | —————>7, (S) 
h i (E;—Ey)* 


where subscripts 0, i, f refer to the initial, intermediate, 
and final states, respectively. p is the number of final 
states per unit energy range. Of the two matrix elements 
of perturbation, Ho; and H;;, one is for the radiation 
field and the other is for the lattice vibration. To get 
the absorption probability for a photon, the radiation 
field will be normalized for one photon in the crystal. 
Consider the electrons as free in the unperturbed state, 
with an effective mass m*. For the perturbation by the 
radiation field, the matrix element connecting two 
states is not zero, only when the two states have 


6 This treatment is due to H. Frdéhlich as pointed out in ref- 
erence 1. 
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approximately the same wave-number vector k for 


the electron. 
1 ch? 2x} 


1 =a poe 


k vk), 
Tolman) tose — 


where V is the volume of the crystal and p, is the 
direction of polarization. The perturbation by the 
lattice vibration has nonvanishing matrix elements 
only for two states differing in k by +q. 


a \! h 3 (nq)! 
H-i(—) i( ) ca] (7) 
v] *\ 2M (n_+1)! 


where @ is the volume of a primitive cell, M is the 
reduced mass of atoms in a cell, and C is a parameter 
which may be taken as a constant. g, mq, and wg are, 
respectively, the wave number, quantum number and 
frequency of the phonon. (m,)* applies for phonon 
absorption and (”,+1)! applies for phonon emission. 
In an absorption process, the photon absorption 
may be either preceded or followed by the phonon 
interaction. With photon absorption first, we have 


k;=ko, k;=ko¥q, 
E;— Ey= —h . 


(8) 


With phonon interaction first, we have 


k:=k,, k;=ky)¥q, 


hh? 
E,;— Egx=— (hk 2— ke?) hw. (9) 
2m* 


The upper alternate sign in these expressions corre- 
sponds to phonon emission whereas the lower sign 
corresponds to phonon absorption. There are thus four 
different absorption processes. 

The energy of the final state is 


h? he 
E;= Ey t+——(k?— ke?) thw,y—hw = Ey +—? 
2m* 2m* 


+ 2kog cos(Ko,q)+thwy—hw. (10) 


Each final state corresponds to a definite q. The number 
of q’s in a volume dQ, in q space is VdQ,/(27)*, therefore 
the number of final states per unit energy range is 


V dQ, V_  @¢sinddgdédy 
dE; " 


p= = 
(2x)' dE; (2m) 


The quantum number », in the matrix element of 
phonon interaction is given by 


ng=[exp(hw,/kT)—1}". (12) 


The effect of optical modes is small in determining the 
carrier mobility but their effect on absorption is not 
necessarily small,’ since the condition is not the same 


1 J. Bardeen, Phys. Rev. 79, 216 (1950). 
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as in the interaction with electrons of thermal energy. 
However, the following consideration shows that the 
effect of optical modes is unimportant. The energy of 
optical phonons is about 0.0421 ev or k(489°K), as 
estimated from the frequency, 340 cm-, of the strongest 
lattice absorption band. It has also been estimated to 
be &(520°K). Thus below 500°K, absorption with 
phonon absorption is small, since m, is small. Further- 
more, such a process will change with temperature 
much more rapidly than the observed absorption. On 
the other hand, absorption with phonon emission can- 
not take place if the sum of the photon energy and the 
thermal energy of the electron is less than the phonon 
energy. Thus, at 100°K, the effect of the optical phonons 
should become negligible at wavelengths > 40 microns. 
Measurements made at long wavelengths do not show 
such behavior. On the basis of these considerations, we 
shall calculate only the effect of acoustical phonons. 
The phonon energy fw,=hsg, s being the velocity of 
sound waves. The range of g is limited by the condition 
(10). It can be readily shown that #sqg<kT for the 
conditions of our experiments, 7>78°K and A>5 
microns. We can therefore use the approximation 
nN g=kT/hw, and neglect the factor 1 in (n,+1). 

The probability of absorption for a photon due to a 
single electron is obtained by adding the probabilities, 
P’s, of the four types of processes and integrating over 
dg and dg in the expression (11) of p. The result is 
averaged over the electrons and multiplied by the 
number of electrons, giving the total absorption 
probability for a photon 


16 QeC2(2m*)! kT 
P = «. — 


a 


8 
27 Ms? (hw)! 


x((142=)(14=)), (13) 


The product of the last two brackets is averaged over 
the equilibrium energy distribution of the electrons. 
The dc conductivity is given by 


ne ne3/x hiMs? 
n= Tt = (14) 


m* m* V2 (m*kT) iC 


when the scattering of electrons is determined by the 
lattice vibration. Introducing oy in (13) and using the 
relation (2), we get a conductivity due to lattice 
interaction 


4 1 (tw?) Ex Ex\} 
o1=— —ow-(=) ((1+2-)(14=) ). (15) 
O/e rw? \ RT hw he 


This expression is to be compared with (3) of the 
semiclassical theory. For tw>kT, the quantity to be 
averaged_is approximately equal to one, and we get a 
w-* dependence instead of w~ relation given by the 
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older theory. Also the temperature dependence is 
given by (r°7) instead of 7’. 


Impurities 


Imputities and lattice defects acting as scattering 
centers for free electrons can give rise to absorption. 
The scattering is strong if the centers are electrically 
charged and we shall be interested mainly in the effect 
of ionized imputities. The scattering centers will 
therefore be treated approximately as fixed point 
charges in a medium with the dielectric constant of the 
crystal. The problem can be treated in the same way as 
for the previous case, using the second-order perturba- 
tion method. To evaluate the matrix elements for the 
perturbation Hamiltonian it is necessary to take into 
account the screening of the charged center by the 
conduction electrons though the result is not sensitive 
to the expression of the screening effect. For classical 
distribution of conduction electrons, we may use for 
the perturbing potential 


Ze 


V,=— exp(—r/lp), 
er 


(16) 


where /p is the characteristic length in the Debye- 
Hiickel theory of electrolytes. Using plane waves for 
the electrons, we get the matrix element 


4re* 1 1 
Akko ania pe eae Oe ee eee 


Ve |ki—ke|2+(1/Ip)? 


Since the photon absorption involves negligible change 
in the wave vector of the electron, we have k,= ky 
and k,=k,. The energy conservation gives 
h? i? 
—kP=ha+——kPhotkT. 
2m* 2m* 


(17) 


(18) 


Therefore 


1 2m 
|ko—k;,|? RO Ae ae (19) 
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For tiw>0.02 ev (A<62 microns), |k2—k,|?>3 x10" 
cm~*, On the other hand, 


(1/lp)?=4re’n,./ekT. (20) 


For T>80°K and N<10 cm*, (1/Ip)?<1.6X10" 
cm™~. We shall therefore neglect (1//p)? in (17). For 
the range of our experiments, this approximation 
should give small errors. Carrying through the calcula- 
tions, we get 

Nine —(*)> 1 


= < } m* (tus) 


(f2)(o)) 


where JN; is the concentration of charged centers. 
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The absorption can also be calculated as first-order 
perturbation if the wave functions of the electrons in 
the field of the scattering center were obtained. The 
absorption is essentially the inverse process of brems- 
strahlung which has been treated in this way by 
Sommerfeld using unscreened Coulomb potential.’ 
The matrix element of the dipole moment, averaged 
over the directions of the electron wave vector relative 
to the radiation field, is given by 


é ZPyt 7 #! 
(Mo?) w=— adny(—) (—) 
V € 2m* 


hot ky +ko 
x— — Inf — ) (22) 

(hw)4 Roky ky ko 
The probability for a photon to be absorbed by a 
conduction electron of wave vector ko in the potential 
field of one scattering center can be readily calculated 
by using this expression. Multiplying by the number 


of scattering centers and integrating over the number 
of conduction electrons, we get 


Nan. 167? Ze 2 eh 1 1 kr+ko 
P=— —(—) — ( Inf -- =)), (23) 
€ 3 € m* (hw)? Ro k;—ko 


in which the wave numbers of the electron before and 
after the absorption is related by 


(h?/2m*)kP = (h?/2m*) keh. 


For electron obeying classical distribution, 


1 ky+kho 
(— in —— ~)) =2h(2arm*kT)-3 
ko ky—ko 


Xexp(hw/2kT)Ko(hw/2kT), (24) 


where Ko is the modified Bessel function of order zero. 
This result reduces to the previous expression (21) if 
ww is much larger than Exo, the thermal energy of the 
electrons. The effect of charged scattering centers gives 
an absorption with stronger frequency dependence, 
approximately w*-*, as compared to the effect of lattice 
vibration. On the other hand, the absorption should be 
rather insensitive to the temperature. 

Recently, the same result was obtained by Wolfe.° 
An expression was derived for screened Coulomb 
potential of the type (16), which is in the form of an 
integral which is difficult to evaluate. The result reduces 
to (23) if the screening is neglected. 


EXPERIMENTAL 


A number of specimens of different carrier concentra- 
tions were used. The transmission measurements were 
made in a wavelength region from 5 to 30 microns 


8 A. Sommerfeld, Ann. Physik 11, 257 (1931). 
*R. Wolfe, Proc. Phys. Soc. (London) A67, 74 (1954). 
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TaBLE I. A list of samples used in the optical measurements. 
The first column gives the Hall coefficient (R, cm*/coulomb) at 
294°K ; the second column gives the resistivity (p, ohm cm) at 
294°K; the third column gives the carrier concentrations (n., 
cm™*); the fourth column gives the impurity concentration 
(Ni, cm™*) for those samples used for optical measurements at 
low temperature (78°K). 


Column No. 1 2 3 

Sample No. Row K p29 K n.(10!7) 
0.0045 
0.0057 
0.0061 
0.0063 
0.010 
0.022 
0.015 
0.022 
0.026 
0.050 
0.065 
0.06 
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using a double-pass Perkin Elmer monochromator. 
The samples used were single crystals with polished 
surfaces. Complete measurements were made at three 
temperatures: 450°K, 293°K, and 78°K. 

Table I presents a list of the samples used with the 
data obtained from electrical measurements. The room 
temperature carrier concentrations, ,, in column 3 
were determined from the measured values of resistivity 
and Hall coefficient using the method of Johnson and 
Lark-Horovitz."° In the determination of ,, the room 
temperature lattice scattering mobility was assumed 
to be 3800 cm? volt~! sec~. In each sample, the con- 
centration is the same at the three temperatures. At 
450°K, the intrinsic electron concentration (7X10'® 
cm‘) is considerably smaller than the lowest value of 
n, at room temperature as given in Table I. At 78°K, 


5 xi* 


=293°K 
= Sample 3 | 


= Sample tt 10 








D(wave number) cm! 


Fic. 1. Ratio of absorption coefficient to carrier concentration 
as a function of wave number. 


10 V. Johnson and K. Lark-Horovitz, Phys. Rev. 82, 977 (1951). 
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T=450°K 

x=Sample # 4 (c=100) 
e=Somple # 8 (c=1.02) 
4= Sample # |! (c=100) 


c(a/n,) cm? 








D (wave number) cm! 


Fic. 2. Ratio of absorption coefficient to carrier concentration as a 
function of wave number. The curve is calculated theoretically. 


samples 1 to 5 are degenerate or nearly degenerate, 
and the Hall coefficient and resistivity of samples 6 to 
12 give essentially the same values of », (within 10%) 
as obtained at room temperature. The values of 
impurity concentration, N;, given in the last column 
were estimated from the impurity scattering mobility 
by using the Brooks-Herring formula." The impurity 
scattering mobility was obtained from the carrier 
concentration, resistivity, and lattice scattering 
mobility. 

In Fig. 1 are shown the results of the room tempera- 
ture optical measurements on a pair of samples of 
different carrier concentrations. The ratio of the 
absorption coefficient to carrier concentration, a/n., is 
given as a function of wave number 7. Sample 1 appears 
to have a slightly steeper spectral dependence than 
does sample 10. This difference is characteristic of all 
samples measured; that is, samples of higher carrier 
concentration exhibit a steeper spectral dependence. 

At 450°K, the spectral dependence is the same for 
all samples measured. This is illustrated in Fig. 2 
where the measured points are shown for three samples 
of widely different carrier concentrations. The values 
of a/n, for each sample have been multiplied by a 
constant, C, which is adjusted to bring the three 
samples to coincidence. The points from a common 
curve showing the absorption has the same frequency 
dependence in these samples, approximately propor- 


4 Discussed by P. P. Debye and E. M. Conwell, Phys. Rev. 
93, 693 (1954). 


tional to #-*. This is true for all samples at this tempera- 
ture. The values of the constant C are nearly the same 
for all three samples. The upper curve in Fig. 4 shows 
Ina at #= 1000 cm™ plotted against Inn, for the different 
samples. The points lie closely to a straight line of 
slope 1 showing that a is proportional to m,. In the case 
of samples 10 and 11, which have the smallest electron 
carrier concentrations, the absorption by holes is no 
longer negligible. In these two cases, it was necessary 
to subtract the absorption by holes from the total carrier 
absorption to obtain that due to the electrons. The 
hole absorption was determined from measurements of 
p-type germanium at the same temperature. 

At 78°K, the dependence of a on 7 is again the same 
for all samples measured as indicated in Fig. 3. However, 
a increases more rapidly with \ than at the high 
temperature, approximately proportional to #*. The 
values of the adjusting constant C indicate a lack of 
proportionality between a and m, for different samples. 
The lower part of Fig. 4 shows the points of Ina at 
y=1000 cm™ plotted against m, for the different 
samples. A straight line of slope 1 cannot be drawn 
through these points. It will be noted that two points, 
those belonging to samples 6 and 12, have a much 
higher absorption than would be indicated by the rest 
of the samples. This pair of samples were doped with 
compensating impurities. The relatively high absorption 
of this pair of samples is an indication that the impurity 
content, as well as the carrier concentration, plays a 
role in determining the absorption. 

From Figs. 1, 2, and 3, it is seen that absorption 
decreases with temperature. However, at sufficiently 
small wave numbers the absorption at 78°K becomes 
even larger than at room temperature (see Fig. 5). 
The wave number at which the absorption is equal for 
these temperatures decreases with decreasing N.. 


a 


T=78°K 
*Sample # |(c=10) 
xSample # 8(c=/,9) 
Sample # li(c=4.4) 








(wave number) cm-! 


Fic. 3. Ratio of absorption coefficient to carrier concentration 
as a function of wave number. The solid curve is calculated for 
sample No. 1. The dashed curve is calculated for sample No. 11. 
(Note: In sample #8, “(C=1.9)” should read ““(C=2.5),” and in 
sample # 11, ‘““(C=4.4)” should read “(C=3.1).”] 
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Fic. 4. Absorption coefficient at #= 1000 cm™ for various 
samples as a function of carrier concentration. 


DISCUSSION 


The theoretical expressions (15) and (23) can be 
written as 


m\? 

a/ne=({— } L(v,T) for lattice scattering, (25) 

* fo] 
m 


and 


} 
m 
a/n.=N(—) I(%,T) for impurity scattering, 
* 

m 


where L(%,T) and I(%,T) are functions of temperature 
ard wave number. The solid curves in Fig. 6 show 
L(%,T) as a function of 7 for the three temperatures 
used in the absorption measurements. The factor oj9/r? 
in (15) is equal to ,¢8/m*yu;. The function L is cal- 
culated using u:= (4.9X107/T"-*) cm? volt sec". 
It is seen that the a/n, for lattice scattering decreases 
and has a less steep spectral dependence as the tempera- 
ture is decreased. The dashed curve in Fig. 6 is a similar 
graph for J(¥,T). The values calculated for 450°K 
and 78°K fall approximately on a common curve, 
showing the absorption to be insensitive to the tempera- 
ture. 

Due to the increasing absorption for lattice scattering 
with increasing temperature, this absorption mechanism 
should prevail at elevated temperatures. Indeed, the 
experimental results at 450°K are consistent with 
the expected behavior of absorption with lattice 
scattering, as indicated by the proportionality between 
a and m, and the same frequency dependence shown by 


2 E, J. Morin, Phys. Rev. 93, 62 (1954). 
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samples of different carrier concentrations. The curve 
in Fig. 2 is calculated using m*=0.10m. It shows 
reasonable agreement with the experimental points. 

At low temperatures, the a/n, for imputiry scattering 
would be expected to be important because of the 
reduced absorption for lattice scattering. We would 
then expect a/n, to vary among the samples depending 
upon the impurity concentration. The experimental 
results obtained at 78°K actually show such variation. 
Figure 7 is a graph of the experimental values of 
a/n, at ¥=1000 cm™ as a function of NV;. The approx- 
imate relation indicated is 


a/ne=A+BN,= (0.17X 10-*+1.3X 10-**N,,) cm*. (27) 


The term independent of NV; may be identified with the 
effect of lattice scattering while the term proportional 
to N,; should correspond to the effect of impurity 
scattering. The value of the constant term would be 
given by (25) if m*=0.11m is used, whereas the value 
of the coefficient of NV; would be given by (26) if m* 
=0.083mp is used. Using these values of A and B, curves 
can be calculated for all the samples. The solid curve in 
Fig. 3 is calculated for sample 1 of high impurity 
concentration and the dashed curve is calculated for 
sample 11 with small V;. The curves are plotted using 
the same scale factors C as used in plotting the experi- 
mental points of the two samples. In sample 1, the 
effect of impurity scattering is large. The solid curve for 
this sample agrees very well with the experimental 
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Fic. 5. Absorption coefficient as a function of wave number for a 
sample at two different temperatures. 
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points, indicating the correctness of J(%) at this 
temperature. The dashed curve seems to be too flat, 
indicating that perhaps the theoretical formula for the 
effect of lattice scattering does not give sufficiently 
strong frequency dependence. 

The best fit to the experimental results for room 
temperature is obtained by using m*=0.10m in both 
(25) and (26). Comparison between the calculated 
curves and the experimental points can be seen in 
Fig. 1 for two samples with high and low impurity 
concentrations. The agreement is good in both cases. 
The fact that at 78°K, the best fit is obtained with a 
somewhat lower value of m* in (26) indicates that the 
theory may slightly underestimate the effect of impurity 
scattering at the low temperature. This interpretation 
is in line with the behavior shown in Fig. 5; according 
to the theory the absorption at the lower temperature 
should approach the absorption for the higher tempera- 
ture but not exceed it. 

On the whole, the theory is in reasonably good 
agreement with the observed absorption as a function 
of # and T for samples of different carrier and impurity 
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Fic. 6. The solid curves are theoretical functions L(,7) for 
absorption with lattice scattering plotted against # for three 
temperatures. The dashed curve gives the function J(%,T) for 
absorption with impurity scattering; the curve applies for all 
three temperatures. 
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Fic. 7. Ratio of absorption coefficient to carrier concentration 
as a function impurity concentration. 


concentrations. The effective mass needed to give the 
magnitude of absorption is about 0.1m. This value is 
close to the conductivity effective mass, 0.12m, accord- 
ing to the results of cyclotron resonance measurements 
made near the liquid helium temperature.” However, 
some microwave transmission measurements give 
larger values for the conductivity effective mass in the 
range of temperature covered by these absorption 
measurements." The theoretical calculations are made 
assuming for simplification spherical surfaces of constant 
energy. For closer quantitative comparison with 
experiment, calculations should be made for the more 
complicated case of ellipsoidal surfaces of constant 
energy found in germanium. 

There are eight minima or valleys at the bottom of 
the conduction band in germanium and electrons in 
each valley may be scattered into other valleys as well 
as into other states in the same valley. For the absorp- 
tion with lattice scattering, the effect of intervalley 
scattering is roughly taken into account in (15) through 
the use of (13), since the relaxation time 7 should 
include this effect. A more rigorous treatment requires 
information regarding the interaction H“ for inter- 
valley and intravalley scatterings. Although the 
expression (23) or (21) for the absorption with impurity 
scattering does not include the effect of intervalley 
scattering, the effect should be small due to the fact 
that |k2—k;,| is large in (17). 


8 Lax, Teiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954). 

4 T, S. Benedict and W. Shockley, Phys. Rev. 89, 1152 (1953) ; 
F. D’Altroy and H. Y. Fan, Phys. Rev. 98, 1561 (A) (1955). 
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A niobium powder method has been used to display the arrangement of normal and superconducting 
domains in the intermediate state of a superconductor. Patterns have been observed on samples of tin, 
indium, lead, vanadium, and tantalum, and have been studied in some detail for tin. It has been found 
possible to produce patterns which are plane parallel lamina in a flat plate. From their spacing the surface 
energy at a superconducting-normal interface was evaluated. For tin, the surface energy parameter, A, is of 
the order of 3X 10-5 cm. Both the magnitude of A and its variation with temperature are consistent with 
theories of its origin advanced by Ginsburg and Landau, Bardeen, and Lewis. Similar results were obtained 
for indium and lead, but hard superconductors like tantalum, and especially vanadium, give coarser patterns, 


indicating a very much larger surface energy. 





I. INTRODUCTION 


HEN a superconducting metal is cooled below its 
transition temperature (e.g., 3.7°K for tin), its 
electrical resistance vanishes. Small magnetic fields are 
excluded from the body of the sample in this super- 
conducting state. If, however, a sufficiently large 
magnetic field is applied, superconductivity is de- 
stroyed. Then the electrical resistance of the sample 
reappears, and magnetic flux penetrates it. The value 
of the critical field varies ordinarily from zero at the 
transition temperature to a few hundred oersteds at 
O°K. 

The transition in a magnetic field occurs abruptly 
only if the effective field is constant at all parts of the 
surface of the sample. In practice, an abrupt transition 
requires that the sample be a long rod or wire with its 
axis parallel to the field direction. For any other shape 
or orientation of sample, the effective field will reach 
the critical value at some places while the applied field 
is still somewhat lower. 

Consider, for instance, the short cylinder shown in 
cross section in Fig. 1. At very low fields all the lines 
of force go around the outside of the sample as in Fig. 
1(A). The greatest flux concentration is at the corners, 
ie., the circumference of the ends, and penetration 
begins there when the local field reaches the critical 
value. This leads to a situation like Fig. 1(B), where 
the edges of the sample are normal and have flux passing 
through them while the central region remains super- 
conducting. 

This condition is, however, not stable. For stability, 
the local field would have just the critical value on the 
boundary, and be somewhat larger in the normal region. 
But in a configuration like that of Fig. 1(B), the largest 
fields must occur right on the boundary, while farther 
from the center they must be smaller. This follows from 
Maxwell’s equations, because the field lines are concave 
inward.! 

What must happen is that the sample breaks into a 
number of regions, some of which are normal and con- 


& 1 See, for instance, D. Shoenberg, Superconductivity (Cambridge 
University Press, Cambridge, 1952), pp. 24-25. 


tain flux while others are superconducting and exclude 
flux. The smaller these domains, the less will be the 
field energy, so that field energy tends to make the 
domains small. But every time domain size is decreased 
by the formation of new domains, there is an increase 
in the area of surface between normal and supercon- 
ducting regions. Thus a finite surface energy limits the 
smallness of the domains and, in combination with the 
field, determines domain size and configuration. Con- 
versely, in favorable situations, the surface energy can 
be deduced if the domain pattern is known. 

The intermediate state of a superconductor is, then, 
composed of some mixture of superconducting and 
normal regions.” The size, shape, and arrangement of 
these domains have for the most part been inferred 
from indirect evidence such as the shape of magneti- 
zation curves. The only direct investigation was that 
of Meshkovsky and Shalnikov,*-* who used a bismuth 
microprobe to map the distribution of magnetic field 
in the equatorial plane gap between tin hemispheres 
and on the surface of a sphere. In both places domains 
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Fic. 1. Flux distribution around a short cylinder. (A) Low field, 
no penetration; (B) larger field, penetration at edges; (C) inter- 
mediate state with field passing through normal regions. 


2 See D. Shoenberg, reference 1, Chap. IV. 

3A. G. Meshkovsky, J. Exptl. Theoret. Phys. (U.S.S.R.) 19, 
54 (1949). 

4A. G. Meshkovsky and A. I. Shalnikov, J. Phys. U.S.S.R. 11, 
1 (1947). 

5 A. G. Meshkovsky and A. I. Shalnikov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 17, 851 (1947). 
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of macroscopic size were observed, indicating that not 
much branching took place along the field direction. 
This technique is clear and direct, but extremely 
laborious, so that only a very few maps were obtained. 
It was not possible to explore a wide range of samples, 
temperatures, and fields. 

In the present investigation, a magnetic powder has 
been used to display the structure of normal and super- 
conducting domains on the surface of various samples.® 
The powder is spread on the surface of the specimen. 
When a magnetic field is applied to produce the inter- 
mediate state, the powder is disturbed at normal regions 
which contain field. In this way the entire field pattern 
is observed at once. It is therefore practical to study 
the distribution of normal and superconducting domains 
in a variety of materials and shapes under different 
temperature and field conditions. 

As will be seen below, in some circumstances the 
domain patterns are fairly simple. From these the 
surface energy at the boundary between the normal 
and superconducting phases can be determined in a 
direct manner. 


Il. EXPERIMENTAL TECHNIQUE 


The first candidate for use as a magnetic powder is 
obviously a ferromagnetic material such as iron or 
permalloy. While such materials can provide useful 
information, they have serious objections. There are 
large local fields around individual grains, which might 
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Fic. 2. Apparatus for observing intermediate state 
domain patterns. 
* Schawlow, Matthias, Lewis, and Devlin, Phys. Rev. 95, 1344 
(1954). 
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disturb the distribution of superconducting domains. 
Moreover, the large forces between the particles cause 
them to form chains and other patterns even in a fairly 
simple field, as around a bar magnet. 

We have therefore used a diamagnetic powder in 
these experiments. A diamagnetic powder is expelled 
from normal regions of the surface, through which flux 
passes. It remains in the superconducting regions. Thus 
as one looks at the sample, its shiny surface shows up 
the normal regions, while powder covering the super- 
conducting areas leaves them relatively dark. 

Probably the only materials with sufficiently strong 
diamagnetism are the superconductors themselves. In 
the superconducting state, they are perfectly dia- 
magnetic, having essentially zero permeability. We 
have therefore used niobium powder, as this material 
has a transition temperature of around 8.5°K and a 
critical field of several thousand oersteds at 0°K. Thus 
at all temperatures and fields needed for most soft 
superconductors, the niobium powder remains perfectly 
diamagnetic. 

For high resolution the powder should be as fine as 
possible, but very fine powder shows some tendency for 
the grains to stick together and form clumps. In most 
of this work 200-mesh niobium powder was used. The 
grains had dimensions of the order of 0.06 mm, although 
they were by no means spherical. This powder was fine 
enough so that the grain sizes were negligible in com- 
parison with the dimensions of most of the patterns 
observed. The grains were also a negligible fraction of 
the thickness of most of the samples. 

As compared with a ferromagnetic material, the 
niobium powder has a lower susceptibility, with con- 
sequently reduced stray fields and interparticle forces. 
It is possible to make the niobium particles form chains 
of force along magnetic field lines, but it is quite 
difficult. Ordinarily the particles respond quite inde- 
pendently to the field. The diamagnetic powder has a 
further characteristic advantage, in that its equilibrium 
position is in regions of zero field, where it is subjected 
to no force. It therefore should cause negligible dis- 
turbance of the superconductor on which it is spread. 


Apparatus 


The experiments were performed in a cryostat which 
was largely designed by E. Corenzwit. The helium 
Dewar has an inside diameter of 2 inches, so that 
samples up to this size can be accommodated. Immersed 
in the liquid nitrogen in the outer Dewar, there is a 
solenoid which gives a vertical field of about 80 oersteds 
per ampere. A field up to 3000 oersteds is obtainable. 
This field is uniform within about 2% over a radius of 
2 cm from the axis of the solenoid. 

On the top of the cryostat there is a cover plate of 
transparent plastic. Through an O-ring seal in the cover 
plate passes a thin-walled }-in. metal tube which carries 
the specimen platform at its lower end (Fig. 2). The 
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sample is attached lightly to this platform (usually by 
rubber cement). It carries around it a nonsupercon- 
ducting retaining wall to confine the magnetic powder 
to the specimen area. 

Usually a thin layer of powder is spread over the 
surface of the specimen before putting the top onto the 
cryostat. If the powder is not uniformly distributed, it 
is sometimes possible to spread it magnetically. This is 
accomplished by warming the specimen above its 
transition temperature and applying a field of several 
hundred oersteds. Then the powder grains become 
polarized by the field and repel each other, so that they 
spread over the available area. This operation is helped 
by lowering the solenoid (which is arranged so that it 
can be moved vertically). Then the sample is near the 
top of the coil, and the diamagnetic powder is in a 
region of field which decreases upward. The powder 
experiences some upward force which aids in over- 
coming friction, so that it can move over the surface. 

After spreading, the field is removed and the system 
is cooled to the working temperature. If this is below 
the helium \ temperature, the sample can be observed 
clearly and photographed under steady conditions. 
Above the A temperature, bubbling has to be dis- 
couraged by momentarily applying an overpressure of 
helium gas to permit observation. The overpressure 
must not be left on for a long time, or the temperature 
will rise by an uncertain amount. 

On the transparent cryostat top, a right-angle prism 
reflects light from the specimen to a telescope. The 
eyepiece of this telescope gives a virtual image which is 
focussed by the camera lens. Most of the photographs 
were taken with a Speed Graphic camera, using a 
Polaroid back. 


III. EXPERIMENTS ON STRUCTURE 


(1) Tin Disk (Short Cylinders with Field 
Parallel to Axis) 


The first sample investigated was a disk or short 
cylinder of polycrystalline tin, 2 cm in diameter and 1.4 
cm thick. This is a sort of flat-faced approximation to 
the sphere investigated by Meshkovsky and Shalnikov, 
and corresponds to the cylinder described in the intro- 
duction. From etch patterns, the grain size in this 
sample was of the order of 1 mm. 

Figure 3 shows the surface of this cylinder when a 
field of 0.45 H, is applied. The dark niobium powder, 
which had originally covered the entire surface of the 
shiny disk, has moved in around the circumference. 
Magnetic field has penetrated the edges of the disk, 
and we have the unstable configuration of Fig. 1(b). 
Thus if the disk is now tapped, powder moves freely 
in the inner region, but will not move out near the edge. 

As the field is increased, it breaks into the disk in 
irregular regions, as shown in Fig. 4. Bare regions, 
which are normal and contain flux, are surrounded by 
darker superconducting regions on which the powder 
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remains. With a further increase, the pattern becomes 
more regular (see Fig. 5), and the superconducting 
domains are generally radial with a fairly regular 
spacing. The relative simplicity and regularity of this 
pattern indicates that it should be possible to obtain 
surface energies quantitatively from domain patterns. 

Above the criticai magnetic field, the disk is once 
more covered nearly uniformly by the powder (Fig. 6). 
Its general appearance is brighter, however, as now the 
nonspherical grains of powder orient themselves along 
the field direction. Thus the fraction of the disk area 
covered by powder is less than in zero field, and so more 
light is reflected. In some cases, also, several grains may 
form short chains along the field direction, further 
reducing the covered area. 

When the field is switched off, a radial pattern 
appears which develops over an interval of a half- 
minute or so (Fig. 7). Its formation is marked by 
sudden movements of powder grains in one part of the 
disk, followed later by movement somewhere else. It 
appears that flux escapes first from the edge of the disk, 
leaving a superconducting ring around the periphery. 
The flux remaining in the interior breaks out from 
different places at different times. The escape process 
seems to be quite different from that postulated by 
Faber and Pippard’ for a long single-crystal cylinder, 
where all the flux is thought to escape through one gap. 

Unlike all the other patterns shown, that of Fig. 7 
is not stable, but represents the effect of transient 
events during the escape period. That is, if the disk is 
agitated by tapping, some of the bare spaces are cov- 
ered by powder. Since this cylinder was polycrystalline 
and possibly also because it was short,® a little of the 
flux remained in it even when the applied field was 
removed (Fig. 8). 

Radial patterns resembling those of Fig. 7 were ob- 
tained with lead powder in the gap between two tin 
hemispheres by Meshkovsky and Shalnikov.‘ In their 
arrangement, the magnetic field and the top hemisphere 
had to be removed before the pattern could be observed. 
Thus it was not possible for them to use powder to 
examine the domain pattern at a particular field. They 
could observe only the transient escape pattern, al- 
though the distinction does not seem to have been 
made between this and the bismuth microprobe pat- 
terns. 


(2) Long Bar 


Flux and resistance measurements on wires in a 
transverse magnetic field® have shown that resistance 
begins to reappear when flux begins to penetrate the 
wire. It was therefore postulated that, for a wire in a 
transverse field, the domains are also transverse so as 
to leave no longitudinal superconducting paths. 

7 T. E. Faber and A. B. Pippard in Progress in Low Temperature 
Physics (North-Holland Publishing Company, Amsterdam, 1955), 
Vol. 1, . 159. 


8 D. Shoenberg, reference 1, p. 35. 
® D. Shoenberg, reference 1, p. 111. 
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Fic. 3. Niobium powder pattern on the surface of a short tin 
cylinder. 7=1.82°K, H=0.45 H,. Flux has penetrated the edge 
of the sample, displacing the niobium powder and exposing the 
bright tin surface. 


Fic. 4. Powder pattern on a short tin cylinder. 
T=1.83°K, H/H,.=0.67. 


As an approximation to a long wire, powder patterns 
were observed on a tin rod whose length, 45 mm, was 
much greater than its diameter, 9 mm. As seen in Fig. 
9, the pattern consists of transverse domains. Thus we 
have direct confirmation of the domain structure prev- 
iously inferred from resistance measurements. The 
central longitudinal line represents the junction of 
penetration regions originating at the two edges. 

It was feared at first that patterns could not be 
observed on other than flat surfaces, because the powder 
would slide off. However, when a superconducting rod 
with its axis horizontal is subjected to a vertical field, 
the rod’s demagnetization produces a larger field at the 
edge than on top of the rod. Thus the diamagnetic 
powder experiences a small force toward the center of 
the rod’s upper surface which opposes gravity. 


IV. FLAT PLATE: MEASUREMENT OF 
SURFACE ENERGY 


To evaluate the surface energy, one needs a quantita- 
tive relation between it and domain size. For a par- 
ticular sample geometry and magnetic field strength, 


Fic. 5. Powder pattern on a short tin cylinder. 
T=1.83°K, H/H.=0.72. 


Fic. 6. Powder pattern on a short tin cylinder with field 
greater than critical. 7=1.83°K, H/H.=1.06. 


the domain size is determined by balancing magnetic 
field energy against surface energy. The smaller the 
domains, the less distorted is the magnetic field, and 
the less its energy. But if the domains are small, the 
interfacial surface area between normal and super- 
conducting regions is large. 

The field energy is difficult to calculate for even the 
simplest configurations. The domain shape determines 
the demagnetizing factors and through them the field 
energy. Even the rounding of the domains near the 
surface is important for this calculation. Landau” has 
shown how this can be done if the domains are straight, 
parallel laminas in an infinite flat plate. Lifshitz and 
Sharvin™ have calculated numerical values for the 
spacing, for all values of field between 0 and H,. They 
show that 

a= (dA/®)', (1) 


where a is the spacing between domains, d is the thick- 
ness of the plate, A is the surface energy parameter, 
L. Landau, Physik. Z. Sowjetunion 11, 129 (1937). 


u E. M. Lifshitz and Yu. V. Sharvin, Doklady Akad. Nauk 
S.S.S.R. 79, 783 (1951). 





INTERMEDIATE STATE 


TABLE I. @=n*dA, where n is the number of domains per 
centimeter, d is the plate thickness, and A is the surface energy 
parameter (from Lifshitz and Sharvin"). 








H/He ? + 


0 0.0000 0.0182 
0.0055 0.0128 
0.0136 0.0065 
0.0195 0.0020 
0.0224 0.0000 
0.0221 








® is a function of H/H, calculated numerically and 
tabulated in Table I. The surface energy, in ergs per 
cm’, is A-8rH,*. Thus, A has the dimensions of length 
and is measured in cm or angstroms. 

We can approximate to the geometry of this model 
by using a plate whose thickness is much less than its 
length and width. To help ensure that the domains be 
parallel straight lines, the plate should also have a width 
less than its length. 

# These conditions were realized experimentally with 
plates 3 in. wide, 12 in. long, and } in. thick. When such 
a plate was placed in a field normal to its surface, the 


Fic. 7. Powder pattern on a short tin cylinder. T= 1.83°K; field 
reduced to zero from above critical. This is the unstable pattern 
produced as flux escapes. 


Fic. 8. Powder pattern on a short tin cylinder. Same conditions 
as Fig. 7, except that disk has been tapped to overcome friction. 
This pattern shows flux trapped by the polycrystalline cylinder. 


IN SUPERCONDUCTORS 
field first broke in at the edges, as with the disk. When 
the applied field was increased beyond about $ H,, the 
flux broke into the central section of the plate, forming 
the expected laminar pattern (Fig. 10). 

Under these circumstances, the intermediate state 
does consist of parallel, nearly straight domains. 

According to Eq. (1), n?, the square of the number 
of domains per cm, should be proportional to @, and so 
should decrease as H approaches H,. This dependence 
of domain spacing on field is confirmed by the experi- 
ments both qualitatively and quantitatively. Figure 11 
shows the results of several series of measurements on 
polycrystalline tin samples at temperatures near 
1.85°K. The solid curve is drawn from Eq. (1) assuming 
a value of A=3150 A. It is to be noted that there is 
only one adjustable parameter, and the goodness of the 
fit obtained is very satisfactory. 

From the dotted curves in Fig. 11 it is evident that 
a change of 10% in the value assumed for A would give 
a markedly poorer fit. One might be justified in as- 
cribing an error of +10% to the value of A derived in 
this way. However, the patterns are not ideally perfect 
parallel straight lines, so that there is still some sub- 


Fic. 9. Transverse domains on a tin rod. 1.77°K, H/H,.=0.72. 


Fic. 10. Powder pattern on a flat tin plate showing laminar 
domains. T7=1.93°K, H/H.=0.82. 
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Fic. 11. (Number of domains per cm*) as a function of H/H, 
for flat tin plates 0.32 cm thick. 7=1.86°K. 


jective element in counting the number of domains per 
cm. It therefore seems best to assume for the present 
an error of +10% in n, with a resulting error of +20% 
in A. 

Some observations were made on plates of different 
thicknesses. The thickness cannot be increased much 
without increasing the other dimensions if the sample 
is to approximate a thin plate. Since the inner diameter 
of the cryostat is only 5 cm, it is not possible to increase 
the size of the sample much. Samples as thin as 7 in. 
were tested, and it was confirmed that the domain 
spacing was less than for the $-in. plate. However, the 
pattern spacing was now comparable with the limit of 
resolution imposed by the size of the powder grains. 
Thus the } in. thickness was used for all quantitative 
work, 

Figure 12 shows the surface energy of tin at various 
temperatures as determined in this way. The solid 
curve is calculated by Lewis” taking into account the 
kinetic energy arising from localizing electron wave 
functions at the boundary." Agreement is good, 
particularly at the higher temperatures. Thus surface 
energy measurements are consistent with the assump- 
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Fic. 12. Surface energy parameter for a superconducting-normal 
interface in tin as a function of temperature. The solid curve was 
given by the theory of H. W. Lewis. 


12H. W. Lewis (to be published). 

8V. L. Ginsburg and L. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 21, 979 (1950). 

4 J. Bardeen, Phys. Rev. 94, 554 (1954). 


tion that this localization is the real source of the surface 
energy. At lower temperatures (7<T,), the measured 
surface energy is somewhat less than that calculated. 
This discrepancy may be cause by an energy gap be- 
tween the superelectron levels and the nearest available 
states into which they can be excited. The observed 
values of A are not very different from those determined 
from phase boundary propagation velocity by Faber.'* 


Surface Energy of Vanadium 


Domain patterns were also observed on samples of 
vanadium, which is a typical hard superconductor. The 
theory of surface energy, which applies fairly well to 
tin, indicates that AH.A~ a constant.'* It might be 
expected that vanadium, having a higher value of 
critical field, would have a lower surface energy param- 
eter than tin. Instead of this, the experiments show that 
vandium has a surface energy very much larger than 
that of tin. 

Figure 13 shows typical powder patterns on a 0.24 
cm thick sample of polycrystalline ductile vanadium. 
The material used was 99.7% pure vanadium (im- 
purities 0.07% carbon, 0.12% oxygen, 0.003% hy- 
drogen, and 0.09% nitrogen), and was quite ductile 
and machineable. 

In a tin sample of this thickness, only a little pene- 
tration at the edges occurred before the break-through 
into a lamina pattern began. In vanadium, as seen in 
Fig. 13(a), the field penetration at the edges goes almost 
to the center before anything approaching transverse 
domains appears. However, when the field is raised 
slowly, large domains appear very abruptly, as in Fig. 
13(b). Each of the indentations of Fig. 13(b) appeared 
practically instantaneously, with a very small increase 
in field. 

It is apparent from these observations, that the 
domains in vanadium are considerably larger than in 
tin for the same sample thickness. The domain size is 
reduced in thinner samples, but even in a foil 0.0025 
cm thick (Fig. 14) it is still much larger than in the 
original tin plate. Equation (1) is not really applicable 
here, as the domains of Fig. 14 are by no means narrow 
in comparison with the plate thickness. Rough esti- 
mates of the normal-superconducting surface energy in 
vanadium from these patterns show that it is at least a 
thousand times greater than in tin. 

Such a large surface energy is entirely outside the 
range of values which might come from localizing 
electron wave functions in the way considered by 
Ginsberg and Landau, Bardeen and Lewis. There is, 
as yet, no explanation for this additional source of 
surface energy. However, a very large surface energy 
would explain much of the characteristic behavior of 
hard superconductors. 


16 T. E. Faber, Proc. Roy. Soc. (London) A233, 174 (1954). 
16 J, Bardeen, Eqs. (4.22) and (4.23). 
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Domain Patterns and Surface Energy of 
Other Materials 


A few preliminary observations have been made on 
samples of indium, lead, niobium, and tantalum. It is 
found that the surface energy in indium is comparable 
with that of tin and in lead is somewhat less. Tantalum 
and niobium also have a much larger surface energy 
than these soft superconductors. 

All of the specimens described in this paper were 
polycrystalline. They had, therefore, plenty of nuclei 
for the formation of superconducting domains. Thus the 


(b) 


Fic. 13. Powder patterns of the intermediate state in vanadium. 
(a) 0.24 cm thick, 0.95 cm wide, 4.44 cm long, 7=2.15°K, H/H. 
=(0.61; (b) same sample as (a), T=2.15°K, H/H,=0.81. 


IN SUPERCONDUCTORS 


Fic. 14. Powder pattern of the intermediate state in vanadium. 
Sample 0.0025 cm thick, other dimensions similar to those of 
Fig. 13, T=1.80°K, H/H.=0.45. 


number of domains was not limited by the lack of 
nuclei. Some preliminary studies of single tin crystals 
have been made. Patterns resembling those on poly- 
crystalline tin have been observed, but other compli- 
cations due to anisotropy in the normal resistance were 
found. Further studies using oriented single crystals 
are in progress. 


V. CONCLUSIONS 


The magnetic powder method has shown the arrange- 
ment of normal and superconducting domains in various 
samples. The method can also be used for quantitative 
measurements of surface energy. Further investigations 
of surface energy in various materials are in progress 
and conclusions must be only qualitative at this stage. 
It is evident, however, that the Ginsburg-Landau- 


Bardeen-Lewis extension of the phenomenological 
theory to take into account electronic wave function 
localization, is at least qualitatively correct for soft 
superconductors. For the hard superconductors, there 
must be some different, and much larger, source of 
surface energy. 
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Hall measurements have been made on oriented single crystals of n-type germanium confirming the 
variations of the Hall coefficient with the direction and magnitude of the magnetic field, and with the direc- 
tion of the current, which are predicted by theories based on the eight-ellipsoid model. Although other 
assumptions must be made to secure exact agreement, these measurements, when made under suitable 
conditions, can be explained by a theory assuming an energy-independent scattering time r. This type of 
measurement may be useful in determining symmetry properties of the energy surfaces near a band edge in 


other semiconductors. 





I. INTRODUCTION 


HEORETICAL calculations'?* based on the 
eight-ellipsoid model for the conduction band of 
germanium indicate that the Hall coefficient varies with 
the orientation and magnitude of the magnetic field and 
with the orientation of the current. These variations 
depend on both the scattering mechanism and the 
structure of the conduction band near the edge of the 
energy gap. Since the eight-ellipsoid model for n-type 
germanium has been well established by cyclotron 
resonance measurements,‘ differences between theoreti- 
cal calculations and experimental results may be 
attributed to the assumption made concerning the 
scattering mechanism. 

In this paper it is shown that calculations using an 
energy-independent mean free time, 7, yield results 
which agree reasonably well with experimental data 
taken at 77°K on n-type germanium.’ The samples 
measured had an impurity concentration of about 1.6 
X10" cm~ so that the holes did not contribute signifi- 
cantly to the current at this temperature—a necessary 
restriction since the theories are derived on the basis of 
a single type of carrier. 


Il. THEORY AND CALCULATIONS 


The norma] Hall coefficient can be defined as 


Ru=E- (JXB)/(JXB)?, (1) 


where E is the total electric field in the crystal, J is the 
current density, and B is the magnetic field. By substi- 
tuting pJ for E in this definition, the Hall coefficient can 


* The research in this document was supported jointly by the 
Army, Navy, and Air Force under contract with the Massachu- 
setts Institute of Technology. 

t+ On educational leave from the Diamond Ordnance Fuze 
Laboratories, Washington, D. C. 

1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

2M. Shibuya, Phys. Rev. 95, 1385 (1954). 

3 L. Gold and L. Roth (to be published). 

‘Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954); Lax, Zeiger, and Dexter, Physica 20, 818 (1954); 
Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

5 Note added in proof.—This mean free time is not intended to 
represent a physical process but rather is used as a mathematical 
convenience which is valid over a range of experimental conditions 
where the total scattering time is not a strong function of the 
energy. 


be expressed in terms of elements of the resistivity 
tensor, p.° Assuming that the surfaces of constant 
energy are also surfaces of constant mean free time, and 
that Boltzmann statistics apply, the elements of this 
tensor can be expressed in terms of integrals’ of the 
following type: 


~ rele—*/*T de 
I,= f smintpsamcenecmet, (2) 
0 1+w*?? 


where n=1, 2, or 3; 7 is the mean free time; & is the 
Boltzmann constant; 7 is the absolute temperature; ¢ is 
the energy; and w is a function of the magnetic field B 
and of K, the ratio of the longitudinal mass m, to the 
transverse mass m;. 

The assumption of an energy-independent mean 
free path® leads directly to the results of Abeles and 
Meiboom! or Shibuya? and the assumption of an energy- 
independent mean free time leads to results identical 
with those obtained by Gold and Roth.’ For an energy- 
independent mean free time the integrals, and therefore 
the Hall coefficient, may be calculated as a function of a 
variable: b=b,=eBr/m,c, where e is the electronic 
charge and c is the velocity of light. Since the Hall 
coefficient depends only slightly on the value of the 
mass ratio, K, comparisons with experimental data can 
be made merely by expanding or compressing the } 
scale. The situation for an energy independent mean 
free path is generally more complicated and the calcula- 
tions must be made separately for each value of the Hall 
mobility.* This, together with the fact that the calcula- 


® Such as those described in reference 2. 

7 These integrals may be derived in the manner described in 
reference 1 if the explicit energy dependence of 7 is omitted. The 
integrals J;, J2, and /; are equivalent to the expressions a, 8, and y, 
respectively, as defined in Eqs. (4.5)—(4.7) of reference 1. The 
conductivity tensor S;, may be described in the general case if, in 
Eqs. (4.11) and (4.12) of reference 1, u=2!e?m,/32°h'm,}, v= e/mic, 
a—1,, B12, y—I3, and the expression w for each family of 
ellipsoids is given by a w;. Equations (4.13) remain unchanged. 
The procedure for determining the coefficients for specified direc- 
tions is outlined immediately following these equations in refer- 
ence 1. 

8 In the case of ellipsoidal energy surfaces this assumption gives 
a scattering time r=/e~+, where the mean free path, /, is isotropic 
and independent of energy. If / is not isotropic, the mass ratio, K, 
also includes a factor due to the anisotropy of / (compare reference 
1). The Hall mobility, 4 = Roos, is usually used as the parameter 
for this assumption instead of the mean free path, 
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tions are numerically much more complex, makes com- 
parison with experimental data difficult. However, in 
the case where B is in a (100) direction and J is perpen- 
dicular to B, the integrals and the Hall coefficient may 
be calculated as a function of a variable: 


el /K+2\? 1 2 (2K+1) 
s--—(—) B 
3K 


—————_—f = — ——__—__—_—__ HB. 
(kT)! (®)E3K(K+2))" 


Since the variation with K is very slight, comparisons 
with experimental data can be made in the same fashion 
as for the energy independent mean free time case. 

As has been noted elsewhere?’ the Hall coefficient for 
an infinite magnetic field, R,, is equal to (Nec)-!, where 
N is the total electron concentration, irrespective of the 
orientation of B or J, the mass ratio, and the mean free 
time. Therefore, it is convenient to normalize the Hall 
coefficient to its limit for B= 0. 

Calculations of the Hall coefficient as a function of b, 
or b; for a number of cases are plotted in Fig. 1. Curves 1 
to 4 are for the case where B is along a cubic axis and J is 
perpendicular to the axis. Curves 1 and 2 were calcu- 
lated from Rio", Eq. (4.14), of Abeles and Meiboom! 
(6,=€ in their notation) for K=17.4 and K=19, re- 
spectively. (The latter value of K is that obtained from 
cyclotron resonance measurements‘ at 4.2°K.) Curves 3 
and 4 were calculated from the equation” 


Ry 3K(K+2) m 
R,  (2K+1)? 142°" 


where m=1+(K+2)8?/3K and s=(K+2)/(2K+1), 
for K=16.9 and K=19, respectively. Curves 5 and 6, 
for which B is in a (110) direction and J is in a (100) or 
(110) direction, were calculated from the equation 


Ry 3K(K+2) [2m—1+ b*][1— (xb?/2z)] 
R,  (2K+1)? m[1—}ab 2%? — ach! 402°] 


where x=n(K—1)/m(2K+1), mn=2(K—1)/3K, 
g=(2K+1)/3K*, and 2m—1+ qb'=m?—jnb', for 
K=16.9 and K=19, respectively. Curve 7, for which 
both B and J are along the same cubic axis, was calcu- 
lated from the equation 


Ry 3K(K+2) m[1+y0?+26?(z—1)/z] 


Re (2K+1)® — (1-4+-yb%)(1-+220*) 


where y= 3/(2K+1), for K=19. Although this last case 
cannot be measured experimentally since the Hall 


voltage is zero, the group of curves 4, 6, and 7 gives an 
idea of the variation of the Hall coefficient as the 


°C. Herring, Bell System Tech. J. 34, 237 (1955). 

10 Equations (3), (4), (5), (7), and (8) may be calculated from the 
integrals, Eq. (2), in the manner described in reference 7 assuming 
that r is energy-independent, or they may be calculated by the 
method of reference ‘if The authors are indebted to Dr. Gold for 
the ie of curves 3 and 5 of Fig. 1 [Phys. Rev. 99, 596 
(1955) ]. 
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Fic. 1. Hall coefficient vs 6. The abscissa for curves 1 and 2 is }; 
(energy-independent mean free path) and for the remainder of the 
curves is b, (energy-independent mean free time). For curves 1 to 
4, B is along a cubic axis and J | B; for curves 5 and 6, Bis along a 
(110) axis and J is along a (100) or (110) axis; for curve 7, J and B 
are along the same cubic axis. For curves 3 and 5, K=16.9; for 
curve 1, K=17.4; and for curves 2, 4, 6, and 7, K=19. 


magnetic field B is rotated in a plane perpendicular to 
the cubic axis along which the Hall field is measured 
and including the cubic axis along which the current 
flows. 

The Hall coefficient for zero field, Ro, is also inde- 
pendent of the orientation of B and J. Assuming that 
the mean free time depends on energy as r= Ae’, where A 
is independent of energy, it can be shown that 


Ryo 3K(K+2) (S/2+2y)P (5/2) 
— = - =F(K)G(y). (6) 
R, (2K+1)! — 1*(5/2+y) 


It is seen that Ro is quite insensitive to the mass ratio 
for moderately large values (K210)." The expression 
G(y), shown in Fig. 2, indicates the dependence of Ry on 
the scattering mechanism. 

Calculations of the Hall coefficient as a function of 8, 
the angle between the current and the magnetic field, 
can be made if the mean free time is assumed to be 
energy independent. For B in the (001) plane the Hall 
coefficient for J in the [100] direction is given by" 





Ru 3K m?— bb? N (b1,b2) 
R, 2K+1 D 





’ (7) 
and the Hall coefficient for J in the [110] direction is 
given by 

Ry 3K _ = m?—n’?b,2b.? B2N (b1,b2)—B1N (b2,b1) 

R. 2K+1 m (82—81)D 
"The expression F(K) is shown in Fig. 1, reference 1. 
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Fic. 2. G(y) vs y showing the variation of the zero-field Hall 
coefficient, Ro, with the energy dependence of r, assuming r= e’. 
The curve gives an idea of the dependence of Rp on the scattering 
mechanism. 


In these equations: m, n, x, y, and z are as defined above; 
N (b:,bj)= (w+-y)b?(s—xb?)+ (2— xb?) (1+yb/) ; 

D={ (1+-yb?)(14-2°b*) +-2b488"[ (w+ 2y) (14+ 226”) 

— 22(z—2)—-xb? ]+-22°b98'824(x+ 2y)} ; 


b:= 061, b2=bB2, and 8; and B: are the direction cosines 
of B with respect to the [100] and [010] axes respec- 
tively. Curves for a number of cases are plotted in Fig. 3. 
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Fic. 3. Hall coefficient vs angle 6 calculated from Eqs. (7) and (8) 
for various values of 6, and for K=19. For b,=0 and b= © the 
coefficient is independent of the orientation of the current as well as 
the orientation of the field. The abscissa gives values of @ for both 
directions of current for which calculations were made. Cardinal 
directions of B are also given. 
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Ill. EXPERIMENTAL TECHNIQUES 


The Hall coefficient is determined experimentally by 
measuring the Hall voltage for the four conditions ob- 
tained by reversing separately the current and the 
magnetic field, averaging these measured voltages to 
eliminate even functions of J and B, and putting this 
averaged voltage, Vg, in the formula 


Ry= Vnt/IB sind, (9) 


where J is the current, is the thickness of the sample in 
a direction perpendicular to both the current and the 
Hall field, and @ is the angle between the current and the 
magnetic field. The reason for this procedure is that the 
even functions of J and B are unwanted as they arise in 
general from thermal effects and from the 7R drop 
between the Hall leads.” However, for orientations 
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Fic. 4. Hall coefficient vs b, calculated for a less highly symmetric 
orientation showing the changes with reversal in magnetic field. 
The “average” curve is obtained by eliminating that part of the 
Hall voltage which is an even function of B, thus retaining only the 
antisymmetric part of the resistivity tensor. The calculations are 
due to L. Gold (unpublished). 


which are not highly symmetric, there are true contribu- 
tions to the Hall voltage, as it is defined here, arising 
from symmetric parts of the resistivity tensor which are 
even functions of B. Since the definition of the Hall 
coefficient given above considers the total transverse 
voltage as the Hall voltage, it is necessary to eliminate 
the even, or symmetric, terms from the theoretical 
calculations when making comparison with experimental] 
data for the less highly symmetric orientations."* A 
theoretical calculation for such a case is shown in Fig. 4. 

The measurements were made on oriented samples 
cut from a single crystal of antimony doped germanium. 
The samples were rectangular parallelepipeds about 20 
mm long, 4 to 8 mm wide and 2 mm thick. The surfaces 
were sandblasted and leads were attached with Cerroseal 


% Except for the Ettinghausen effect; see, for example, O. 
Lindberg, Proc. Inst. Radio Engrs. 40, 1414 (1952). 

3 Herring (reference 9) considers the Hall coefficient as being 
derived solely from the antisymmetric parts of the resistivity 
tensor. This definition emphasizes the coefficient and avoids any 
difficulty in comparing with data averaged as above. The definition 
in this paper considers the transverse (Hall) voltage as funda- 
mental rather than the coefficient. 
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solder. The current contacts completely covered the 
ends of the sample. Potential contacts, about 0.5 mm in 
diameter, were soldered to both sides of the sample 
about 7 mm from each end providing two simultaneous 
measurements of the Hall voltage. The current always 
flowed along the long axis which was either a (100) or a 
(110) crystal axis. The Hall voltage was measured across 
the width of the sample which was always in an (001) 
direction. The sample was mounted on a holder which 
was immersed in a Dewar flask containing liquid nitro- 
gen and could be rotated through 360 degrees. Since the 
sample was in contact with the boiling liquid nitrogen 
thermal effects were negligible. The temperature of the 
boiling liquid was monitored by means of copper- 
constantan thermocouple and was constant to within 
asc. 

Uniform magnetic fieids up to 20 000 gauss were pro- 
vided by a Varian 12-in. electromagnet and were 
measured with a nuclear resonance magnetometer. All 
potentials were measured with a Rubicon Type B 
potentiometer. The sample current, which remained 
essentially constant during a sequence of measurements, 
was determined at regular intervals by measuring the 
potential drop across a series resistor. The Hall voltage 
was found to be proportional to the current over the 
range observed, which included currents from 0.1 to 5 
milliamperes. Distortion effects due to shorting of the 
sample ends by the conducting solder were shown to be 
negligible by repeating some of the measurements after 
the sample had been cut in half along the long axis. 


IV. EXPERIMENTAL RESULTS 


A. Hall Coefficient Versus Field Strength 


Measurements of the Hall coefficient as a function of 
magnetic field were made at 77°K for a number of 
orientations. The high symmetry orientations, which 
are most convenient to measure, can be grouped into a 
number of classes. Several typical curves are shown in 
Fig. 5 together with the theoretical curves calculated 
using an energy independent mean free time. The 
horizontal scales of these curves are fitted so that the 
abscissas of the minimas of the experimental curves B 
and theoretical curve 6 in Fig. 1 coincide. Thus an 
effective value for r can be calculated. For the samples 
measured, r~2.4X10-” sec. It can be seen that the 
theoretical curves have the same shape as the experi- 
mental even though there are quantitative differences. 
If the experimental results are extrapolated, the value of 
the Hall coefficient at B=0 thus obtained can be fitted 
by putting y~—0.24 in Eq. (6). Computations using 
this value of y have not been carried out for finite fields 
due to their numerical complexity and the quantitative 
inadequacy of the simple power law assumption. It is 
not possible to fit the extrapolated curves at B=0 by 
varying only K. The value of R, is determined by 


4 R. F. Wick, J. Appl. Phys. 25, 741 (1954). 
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Fic. 5. Hall coefficient vs magnetic field. The experimental 
results are grouped into the two classes: (A) where B is in an (001) 
direction and J is in the {001} plane and (B) where B is in a (110) 
direction and J is in a (100) or (110) direction. The solid curves are 
the theoretical curves 4 and 6 of Fig. 1 with r=2.4X10-® sec, 
b,=5X10B. 


plotting the Hall coefficient as a function of 1/B? and 
extrapolating linearly to the value of B= © as shown in 
Fig. 6. For curves from this crystal which could not be 
extrapolated in this fashion, the extrapolation was made 
to B=0 and the ratio Ro/R,, as found from curve A in 
Fig. 5 was assumed to be correct. 


B. Hall Voltage Versus Angle 6 


The Hall voltage was measured as a function of the 
angle @ between J and B. The current direction and field 
strength were held constant and B remained in the {001} 
plane. The results for B= 2000 gauss are shown in Fig. 7, 
and the results for B= 10 000 gauss are shown in Fig. 8 
together with theoretical curves calculated using the 








R,, (cm /coulomb) € 
6 
> 








B® (gauss?) 

Fic. 6. Hall coefficient vs 1/B*. The 1.3% difference between 
these two measurements which were taken simultaneously at 
different points on the same sample indicates the limit of the 
absolute accuracy of these measurements. This difference may be 
due to differences in impurity concentration and/or to slight 
variations in the dimensions of the sample. When B=~, 
Ru= (Nec). 
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Fic. 7. Hall voltage vs angle @ for B= 2000 gauss. The points are 
experimental and the solid curves were calculated assuming an 
energy-independent r with b,=1, K=19. Cardinal directions of B 
are shown for each case. 


value of r determined above. The curves are presented 
with the ordinate Ry sin@/R,, (proportional to the Hall 
voltage) rather than Ry/R,, because of the uncertainty 
in the value of @ which is known only to about a degree. 
The zero for the @ scale was placed at the point where 
the Hall voltage was zero. The measurements are 
sufficiently accurate to show that the agreement is not 
exact but it can be seen that the general features of the 
curves are in excellent agreement. 


Vv. CONCLUSIONS 


It has been shown that the experimental results can be 
explained by a theory based on an energy-independent 
mean free time, 7, which thus becomes a parameter by 
which it is possible to relate experimental results to 
theoretical calculations over a reasonably wide range of 
experimental conditions where the energy dependence of 
the scattering time is not very strong. This results in a 
qualitative separation of the properties due to the 
scattering mechanism and those due to the band struc- 
ture of the material which suggests that it is possible to 
apply this type of measurement to determine the 
symmetry properties of the band structure near the 
band edges on materials for which the more direct 
cyclotron resonance measurements are not now possible. 
The method described here is restricted to materials 
whose band structures can be represented by “simple”’ 
or “simple many-valley” models for the energy sur- 
faces! and may not be applicable to materials with 


6 As defined by Herring (reference 9). 
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Fic. 8. Hall voltage vs angle @ for B= 10 000 gauss. The points 
are experimental and the solid curves were calculated assuming an 
energy iy poe open 7 with b,=5, K =19. Cardinal directions of B 

own for each 


degenerate energy surfaces such as p-type germanium 
and p-type silicon. 

Since the measurements described above are relatively 
insensitive to the value of the mass ratio, K, the 
information obtained from them is not really complete. 
However, if the restrictions of Eq. (2) apply, the 
infinite-field limit of the longitudinal magnetoresistance 
coefficient is a function only of K.’ For any arrangement 
of the valleys in the simple many-valley model there 
will be an optimum direction in which the limiting value 
of this magnetoresistance coefficient will depend most 
strongly on K. Coupling this measurement with the 
Hall measurements will therefore yield the complete 
solution provided that the assumptions made are ade- 
quate. Experiments are now in progress to determine the 
validity of these assumptions and will be reported in the 
near future. 
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The Bethe-Weiss theory of ferromagnetism is extended and 
applied to systems containing two nonequivalent sets of sites, 
designated by A and B, for the magnetic atoms. Each B atom has 
mq nearest A neighbors and each A atom has m» nearest B neighbors. 
In the theoretical development, the following restrictions are 
imposed: the spin per atom is } and only nearest neighbor A —B 
interactions are considered (a=8=0, in Néel’s notation). The 
A—B interaction J may be either positive or negative, however, 
so that the sublattice magnetizations below the Curie temperature 
may be either parallel or antiparallel, respectively. Expressions 
are derived for the Curie temperature and for the susceptibility 
above the Curie temperature. If the two sublattices are made 
equivalent, our results for positive J reduce to Weiss’ equations 
for the ferromagnetic case and our results for negative J reduce to 
Li’s equations for the antiferromagnetic case. 


A table of values of the ratio kT./|J| as computed by the Néel, 
Ising-Bethe, and Bethe-Weiss theories is given for various values 
of mq and m». For a given magnitude of J, the Bethe-Weiss Curie 
temperature for negative J is always greater than that for positive 
J. An empirical formula which approximates the Bethe-Weiss 
criterion for the existence of a ferrimagnetic transition is nam» 
>5(na+ms)/2. 

The Néel and Bethe-Weiss susceptibilities are calculated and 
compared for a ferrimagnet with nz=4, m»=8. The two general 
expressions for the susceptibility are found to agree quantitatively 
at extremely high temperatures. It is shown that for a ferrimagnet 
with J<0 the sublattice magnetizations in an external field 
become antiparallel not at the Curie temperature but considerably 
above. 





I. INTRODUCTION 


RYSTALS that become spontaneously magnetized 
at low temperatures are usually divided into three 
classes: ferromagnetic, antiferromagnetic, and ferri- 
magnetic. At present, there are no universally accepted 
criteria for defining these three classes; however, one 
basis for classification is the division of the lattice of 
magnetic atoms into interpenetrating sublattices sug- 
gested by the chemical and crystallographic properties 
of the material. The principal points to be noted about 
this division are whether the sublattices are equivalent 
or nonequivalent, and whether the spontaneous mag- 
netizations of individual sublattices are parallel or anti- 
parallel to each other. In Table I, these ideas are illus- 
trated for a system containing two sublattices. 

In this paper, we shall discuss some of the magnetic 
properties of materials containing two nonequivalent 
sublattices. It turns out to be natural and convenient to 
carry out the calculations for parallel and antiparallel 
magnetizations simultaneously. In order to avoid an 
awkward terminology, we shall refer to systems with 
two nonequivalent sublattices as ferrimagnetic, re- 
gardless of the relative orientations of the sublattice 
magnetizations. Thus we are using the term ferri- 
magnetic in a sense which is more inclusive than the 
usual one. 

The principal theoretical treatment of ferrimagnetism 
is Néel’s molecular field theory.' In his 1948 paper, 
Néel deduced the various kinds of spontaneous mag- 
netization-temperature curves that might occur and 
showed that the reciprocal susceptibility-temperature 
curve above the Curie temperature should have a 
hyperbolic form. He also pointed out that the ferrite 
compounds, which had been developed as commercial 


* Present address : Office of Naval Research, Box 39, Navy 100, 
Fleet Post Office, New York, New York. 
1L., Néel, Ann. phys. 3, 137 (1948). 


magnetic materials by Snoek? and his co-workers at 
Eindhoven, were ferrimagnetic. The great amount of 
research devoted to ferrimagnetism since that time has 
been in part due to the intrinsic properties of such 
materials and in part to the commercial importance of 
the ferrites. In general, the Néel theory has been strik- 
ingly successful in predicting the qualitative features of 
the magnetic properties of the ferrites, especially con- 
sidering the simplicity of the theory and the detailed 
nature of its predictions. 

It seems likely that future improvements in the 
theory of ferrimagnetism will come from replacing the 
molecular field theory by more exact methods, rather 
than from refining Néel’s model. Kaplan* and Vonsovski 
and Seidov‘ have used the spin-wave theory to treat the 
low temperature properties of ferrimagnets. We propose 
to discuss their high-temperature properties, partic- 
ularly the location of the Curie temperature and the 
susceptibility above the Curie temperature. The method 
used is a generalization of the Weiss theory of ferro- 
magnetism,® which is in turn an extension of Bethe’s 


TABLE I. System with two sublattices. 








Sublattices 
nonequivalent 


Sublattices 
equivalent 





Sublattice 
magnetizations 
parallel 


—— Ferro? 
Ferri? 
Sublattice 
magnetizations 
antiparallel 


Antiferro Ferri 








2J. L. Snoek, New Developments in Ferromagnetic Materials 
(Elsevier Publishing Company, Inc., New York, 1947). 


3H. Kaplan, Phys. Rev. 86, 121 (1952). 

*S. V. Vonsovski and Iu. M. Seidov, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 3, 319 (1954). 

5 P. R. Weiss, Phys. Rev. 74, 1493 (1948). 
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method of solving the problem of ordering in alloys.* 
Li’ has previously applied the Weiss method to anti- 
ferromagnetism. Since the two kinds of ferrimagnetism 
reduce to ferro- and antiferromagnetism when the 
sublattices become equivalent, a useful check on our 
results is that they should reduce to the Weiss-Li results 
when the sublattices become equivalent. 

In Part II of this paper, Weiss’ theory and its results 
are reviewed; Part III shows how the theory can be 
generalized to systems containing nonequivalent sub- 
lattices. Appendix A gives, for comparison, some analo- 
gous formulas and results obtained by applying the 
Bethe method to the Ising model of a ferrimagnet. In 
Parts IV and V, the generalized Weiss theory is used to 
calculate Curie temperatures and susceptibilities of 
specific ferrimagnetic systems. The results are com- 
pared with the Néel theory predictions for the same 
system. 


II. WEISS THEORY 


In this section we briefly review the Weiss theory’ and 
some of its principal results. The notation and develop- 
ment have both been slightly changed, but we believe 
that the changes simplify the discussion of problems 
involving two or more sublattices. 

In the Weiss theory, attention is focused on a partic- 
ular cluster of atoms in the crystal. This cluster consists 
of a central atom (whose choice is arbitrary) and its 
shell of m nearest neighbors. The Hamiltonian for the 
cluster is assumed to have the form 


= — 2JSo-Si—g8SoeHo— gBS12H 1. (1) 


Here J is the exchange interaction, Sp and S; are the 
spin operators for the central atom and the combined 
first shell, respectively. Ho is the external applied field; 
H; is an effective field which acts on the shell atoms and 
includes the effect of the interaction with atoms outside 
the cluster as well as the external field. Both Hy and A; 
are taken to be in the z-direction. We have assumed that 
there are no interactions within the first shell. 

The eigenvalues of 3C depend on m, the magnetic 
quantum number of the cluster; S,, the total spin of the 
first shell; and S, the total spin of the cluster. We shall 
consider only cases where the spin per atom is }; thus S, 
for given S,, has only two possible values, S:+4. In the 
following discussion, it will be convenient to designate 
these two values by the symbols +. The eigenvalues of 
K are then 


W (4e,Si,m) =4J[1— 2s F[ (251-41)? 
—4m(hy—ho)+ (Ai—ho)?}*], (2) 


where ho,1= g8Ho.1/J. The occurrence of the square root 
makes numerical calculations of the partition function 
and thermodynamic functions very tedious. Conse- 
quently, Weiss expresses the eigenvalues by a series ex- 


6H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935). 
7¥Y.-Y. Li, Phys. Rev. 84, 721 (1951). 
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pansion in terms of k= h,— ho. The use of this expansion 
means that the theory is valid only in regions where 
A<<1, i.e., at the Curie temperature and higher tempera- 
tures. We have 


1 (Simm) =J| mio 5 aul Sindh] (3) 
i=] 


with ¢,=—S;, e-=S,+1. The first four w;(+,5;,m) 
are: 
wi= —m(1+mR-), 


W2= F (1/4R)(1—4m?R-), 
w3= F (m/2R*)(1—4m*R~), 
w= + (1/16R*) (1—24m?R+ 80m'R-), 


with R= 2S,+1. 
The notation for the succeeding sections can be much 
simplified if we define an operator S$, by 


(4a) 
(4b) 
(4c) 
(4d) 


n/2 
Snf(,Si,m,j) = ZZ w(n,S1) Zo. e7 itt 


Si=0 
Sit} 


p f(+,m,S,,j), (S) 


m=—(Si+4) 


where j=J/kT and 
n! 


(3n+5S,)!(4n—S))! 

n! 

— , Six<dn (6) 
3n+S$\+1) !(4n—S\— 1)! 





w(n,S1) = 





w(n,3n)=1. 


Then the partition function P(j,4o,4) may be written 


P\”) (j,ho,h) = Sn exp (min ¥ wi(+ Sumh') | (7) 


i=1 


Since we are considering only the case where | ho.1|<1, 
we may expand the exponential and keep only the first 
few terms. Thus 


P™ (j,ho,h) = Sn } Prr(m,w;,j)ho*h', (8a) 
k+l 

where the summation is taken over all pairs (k,/) con- 
sistent with k,ij=0, 1, 2, --- and k+/=0, 2, 4, ---. 
Terms which contain odd powers of m can be omitted 
since they vanish in the summation over m. We give 
below the functions p,: which are needed to compute 
the Curie temperature, the susceptibility, and the 
specific heat discontinuity at the Curie temperature. 


poo= 1, (9a) 
poo=}mj, (9b) 
pu=—mw,7", (9c) 
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(9d) 
(9e) 
(9f) 


por= —Wejtpur'y, 

Pis= — mw;37’+mwyw2j?— jmw;*;', 

Pos= — Wa + (wiws thw?) 7? — Fwrwej?+witj4/24. 
Finally, we let 


SnPur(m,wi,j) = Par (7), (10) 


so that 
Pt) (j,h0,/) = > B ri 1"" ) (j)ho*h'. 


k+l 


' (8b) 


Some formulas useful in calculations involving the 
Py (j) are given in Appendix B. 

We are now ready to discuss the thermodynamic 
properties of the material. The average magnetic 
moments per atom for the central site and for a shell site 
are given by 


0 InP 9 InP 
m= (g8/nj)——. 
Oho Oh, 


tio = (8/7) (11a,b) 


(In the future, the superscript (m) will be omitted except 
when it is necessary to distinguish two functions.) 
Combining Eqs. (8) to (11) and keeping only terms of 
first order in the fields, we find 
Mo= gB(jPoo)[ (Pu— 2Po2)h+ (2P20— Pirho], 
m= g8(nj Poo) 2Poxhk+Pisho }. 


Since the central atom and any one of the shell atoms 
are equivalent, we must have 


(12a) 
(12b) 


Mo= my, (13) 


or 
[n(Pii— 2Po2) — 2P oe Jk=(n(Pu—2P20)+P iu lho. (14) 


This consistency condition also determines the internal 
field h by giving a relation between h, ho, and 7. 

A principal point of interest is whether or not there is 
a Curie temperature, i.e., a temperature below which 
h+0 when fo=0. By setting 4o=0 in (14) we see that 
there is a solution 4=0 for all temperatures but that 
need not vanish if 


n(P3,:—2Po2) = 2P 02. (15) 


This condition determines the Curie temperature, if any. 

The susceptibility above the Curie temperature may 
also be obtained by considering only terms linear in ho 
and h if we are not interested in saturation effects. 
Perhaps the simplest expression for x is 


JIx= Ng8mi1/ho= Ng’ 2(njPoo)!(Piurt+2Po2h/ho), 


where N is the number of atoms per unit volume. The 
ratio h/ho is found from Eq. (14). 
The energy is given by 


(16) 


(17) 


4 Px’ (J), 
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where the factor $ corrects for counting interactions 
twice. Here P,;'(7) is defined by 
Pri’ (7) = Sal Oper/Oj— exper]. 


III. APPLICATION TO FERRIMAGNETISM 


(18) 


We now wish to extend the methods described in the 
previous section to systems containing two nonequiva- 
lent sublattices of magnetic atoms. For simplicity, we 
consider the special case where all the magnetic atoms 
are identical (with spin }) but where there are two kinds 
of crystallographic sites on which the atoms are located. 
Let the kinds of sites be designated by A and B and let 
a unit volume of material contain \N A sites and uN B 
sites (where A-+y4=1). For such a system we must con- 
sider two types of clusters. One type consists of a central 
A atom and its shell of m», B neighbors; the other type 
consists of a central B atom and its shell of »,A 
neighbors. (Note that An,=ym, so that » and yw are 
determined when , and ny are given.) 

In Néel’s treatment of ferrimagnetism, he introduces 
three phenomenonological interactions, Jas, Jaa, and 
Jv». In order to avoid complicating our problem with 
interactions within the shells, we shall restrict ourselves 
to the case where Jaa=Jm=0 (a=8=0, in Néel’s 
notation). This restriction does not eliminate any basic 
ferrimagnetic properties of the model as long as A¥u, 
and it greatly simplifies the calculations involved. The 
eigenvalues for the two types of clusters are then given 
by (2) with Ja,=J and with h/; replaced by /;° and h,°, 
respectively. Also, there will be two summation 
operators $, and $8, and two partition functions P*(j, 
ho,hy) and P*(j,ho,4a). In each case the superscripts and 
subscripts a and 6 refer to the kinds of sites in the shell. 

The average magnetic moments for central and shell 
atoms in A and B sites are given by 


_OlnP? 
mo? = (g8/7)- ; (19a) 
Oho 
0 InP? 
m= (g8/nvj) , (19b) 
Oh,® 


9 InP? 
Mo = (g8/7) , 


(19c) 
ho 


0 InP? 
m°= (g8/naj) 


(19d 
dh, ) 


There are two consistency conditions corresponding to 
(13), ie., the average magnetic moments of all A atoms 
must be the same and the average magnetic moments of 
all B atoms must be the same. 


Mo?= M1", 
Mot = mM". 


(20a) 
(20b) 
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: If only first powers in the h’s are retained, the condi- 
tions are 
—2Po0°Po2*ha+mMaPoo*(P11°— 2Po2")hy 
=[mePoo*(Pir’— 2P 20°) + Poo’ Pi1° |ho, 
npPoo°( P11°— 2Po2*)ha— 2Po0*P o2*hy 
=[msPoo?(Pir*— 2P 20°) + Poo* Pir Vo. 
The Curie temperature is determined by the condition 


that the determinant of the coefficients of kg and hp in 
(21) must vanish. 


NaNy(P11*— 2Po2*) (Pr°— 2P 2") = 4Po2*Po2”. 


(21a) 


(21b) 


(22) 


In general, numerical methods must be used to find 
the values of 7 which satisfy (22). The results of actual 
calculations indicate that solutions will normally occur 
in pairs. The members of a given pair have opposite 
signs but approximately the same magnitudes. (If more 
than one pair of solutions occur for a particular equation 
the pair of lowest magnitude should be chosen, in order 
to avoid the anti-Curie points mentioned by Anderson.®) 
By resubstituting in (21) we find that h, and /» have 
the same sign when the solution j, is positive (i.e., 
J>0O) and opposite signs when j, is negative. These 
results, of course, merely confirm our intuitive ideas 
that the spontaneous magnetizations of the sublattices 
should be parallel or antiparallel according to whether 
J is positive or negative. The result that the Curie 
temperatures for parallel and antiparallel orientation 
are not exactly equal is characteristic of the Bethe- 
Weiss method. 

If the sublattices are equivalent (~.=m»), the condi- 
tion for the Curie temperature reduces to 


n (Pu- 2P 2) _ +2Proe. (23) 


It can be readily shown that the plus and minus signs 
give Weiss’ condition for the ferromagnetic Curie 
temperature and Li’s condition for the antiferromag- 
netic Curie temperature, respectively. 

The susceptibility above the Curie temperature is 
given by a formula analogous to (16). 


(Jx/kC) =4j- (nat me) 7 (Poo) Pr*+ 2Po2%hta/ho | 


+ (Poo’)“[Pir°+2Po2%hs/ho]}. (24) 


Here C is the Curie constant, Ng*6?/4k. The ratios 
ha/ho and h,/ho are obtained by solving Eqs. (21). 

In the same way, the energy is given by a straight- 
forward generalization of (17). The formula is not given 
explicitly since no use is made of it in this paper. We 
note that the energy and susceptibility formulas are 
valid for both positive and negative 7, and that they 
reduce to the corresponding Weiss-Li relations if the 
sublattices are equivalent. 


IV. CURIE TEMPERATURES 


The first questions to be resolved in studying a 
particular system are whether or not a transition occurs, 


8 P. W. Anderson, Phys. Rev. 80, 922 (1950). 
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and, if so, where the Curie temperature is located. As 
might be expected, the Néel, Ising-Bethe, and Bethe- 
Weiss methods give different criteria for the occurrence 
of a ferrimagnetic transition. For the Néel theory, the 
formal condition is simply man,>0, and for the Ising- 
Bethe theory, it is man»>ma+m, (see Appendix A). 
Because of the algebraic complexity of Eq. (22), we 
have not been able to derive any comparable simple 
condition for the Bethe-Weiss method. However, nu- 
merical calculations have been carried out for various 
values of 4 and ms; the results can be seen in Table II. 
An empirical relationship which approximates the 
Bethe-Weiss criterion for a transition is mn,> (5/2) 
(natn). 

The numbers in Table II give the ratio kT./|J| as 
determined by the three methods. The two principal 
features of the table are that the ratio diminishes as we 
go from the molecular field theory to the more exact 
theories and that the Bethe-Weiss Curie temperature 
for negative J is slightly greater than that for positive 
J. These results are in agreement with and extend Li’s 
comparison of the ferromagnetic and antiferromagnetic 
cases.” 

It should be kept in mind that the results obtained 
here are valid only when there are no interactions within 
the first shell. Thus, as an example, the figures quoted 


TABLE II. Values of k7./|J| for ferrimagnets. The four entries 
in each position represent, respectively, the values obtained by the 
Néel method, the Ising-Bethe method, the Bethe-Weiss method 
with J<0, and the Bethe-Weiss method with J>0. So=}. No 
first shell interactions. 
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* Dashes mean no transition occurs. 
» Results were obtained graphically, and values of k7-/|J| >4 may be in 
error as much as 1%. 
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for nz=m,=12 do not properly apply to the face- 
centered cubic lattice. Actually many, and perhaps 
most, of the pairs (4,2) for which Curie temperatures 
are given in Fig. 2 cannot be associated with any real 
crystals. These extra values are given merely as an aid 
in seeing how the Curie temperature depends on nm, 
and mp». 


V. SUSCEPTIBILITY ABOVE THE CURIE 
TEMPERATURE 


The Néel expression for the susceptibility is, in our 
notation, 


Jx 1+ any(natm)-Y¥ 
7 ae (25) 
kC 1—jn mj 





while the Bethe-Weiss expression was given in Eq. (24). 
Of the two formulas, the Bethe-Weiss result is pre- 
sumably more nearly correct. However, since both 
theories are expected to become more reliable with 
increasing temperature, it is of interest to compare Eq. 
(25) with a high-temperature approximation of Eq. 
(24). If the Bethe-Weiss expression is expanded about 
the point 7=0 with the aid of Appendix B and only the 








Fic. 1. Schematic dia- 
gram of body-centered 
ferrimagnet. 


lowest terms are kept, the exact Néel formula is ob- 
tained. Thus, at very high temperatures, the two 
theories are in quantitative, as well as qualitative, 
agreement. 

For lower temperatures, it is not easy to make an 
analytical comparison of the two formulas, so we shall 
instead show their results for a specific system. In 
looking for a suitable system, the ferrites naturally 
come to mind first. However, the numerical computa- 
tions, which are lengthy in any case, are especially 
tedious for the spinel structure because of the relatively 
large number of nearest neighbors (”.=6, m)=12). 
Consequently, we have preferred to discuss a simpler 
structure which is based on the body-centered cubic 
lattice. We begin with a body-centered cubic lattice, 
divide it into the usual two sublattices, and then 
remove half the atoms on one sublattice as shown in 
Fig. 1. This structure, which will be called a “body- 
centered ferrimagnet,” is characterized by n.=4, 
n= 8. There are no actual materials known in which 
the lattice of magnetic atoms has such an arrangement. 
However, the properties of the body-centered ferri- 
magnet are still of interest since it should exhibit all of 
the distinguishing characteristics of ferrimagnetism and 














Fic. 2. Reduced reciprocal susceptibility vs reduced temperature 
for the body-centered ferrimagnet. J >0. The Néel curve is actually 
a section of a hyperbola, (25), although the curvature is too small 
to show on this scale. 


since we can use it for a quantitative comparison of the 
Néel and Bethe-Weiss predictions. 

Figures 2 and 3 show the reduced reciprocal suscep- 
tibility for the body-centered ferrimagnet for positive 
and negative J. The curves marked Néel and B-W are 
calculated from Eqs. (25) and (24), respectively. The 
approach of the two curves at high temperatures can be 
clearly seen. On the other hand, there is still a difference 
of several percent in magnitude at a temperature of 
T=4T,. 

In the temperature region where many of the experi- 
mental measurements of susceptibility are made, i.e., 
at two or three times the Curie temperature, the slopes 
of the B-W and Néel curves differ appreciably. Now 
the Néel theory predicts that at high temperatures the 
slope of the 1/x-T curve should be 1/C; many of the 
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Fic. 3. Reduced reciprocal susceptibility »s reduced temperature 
for the body-centered ferrimagnet. J <0. 
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Fic. 4. Sublattice magnetizations for the body-centered ferri- 
magnet in an external magnetic field (J<0). Although the mag- 
netizations are given in arbitrary units, their relative magnitudes 
are significant. 


experimental results on ferrimagnetic materials show 
considerable deviation from this prediction. Our com- 
parison of the Néel and B-W theories suggests that the 
1/C value for the slope should not be expected until 
temperatures very high compared to 7, are attained and 
that most experimental measurements reported have 
been made at much lower temperatures. Moreover, 
values of C determined from the slopes at lower tempera- 
tures will be too high. It should be pointed out, how- 
ever, that other factors may also contribute to the 
discrepancy between the measured and theoretical 
values of C. One is lack of knowledge of the actual 
value C because of uncertainties about the orbital 
contributions to the magnetic moment. Another possi- 
bility is that J may vary with temperature.’® 

Figure 4 shows how the individual sublattice mag- 
netizations of the body-centered ferrimagnet with J <0 
vary with temperature when an external field is applied. 
(They are, of course, zero for T>T. when Ho=0.) 
Though this behavior has a very simple interpretation, 
it has apparently not been previously noted or ex- 
plained. According to the Néel model, the explanation is 
as follows. At very high temperatures, both M, and 
M, are parallel to Ho. However, the molecular field 
acting on each sublattice tends to turn it antiparallel 
to Ho. As the temperature is decreased the molecular 
field acting on the A sublattice becomes larger in 
magnitude than Ho. Then M, reverses direction and 
remains antiparallel to Hy) and M;, to and through the 
Curie temperature. The Bethe-Weiss explanation gives 
essentially the same physical picture but with em- 
phasis on the short-range order. The change in sign of 
M, apparently occurs near the knee of the 1/x-T curve. 

This result was obtained for a specific ferrimagnetic 
system. However, one can show by Néel theory calcula- 


°L Néel, J. phys. radium 12, 238 (1951). 


tions that it is quite general and that such an effect 
should occur in any ferrimagnetic system with J <0. 
There seems to be no reason to believe that calculations 
based on the Bethe-Weiss theory, although tedious, 
would not show the same thing. Thus, in a ferrimagnet 
with negative A-B interactions, the sublattice magneti- 
zations in the presence of an external field become 
antiparallel not at the Curie temperature but con- 
siderably above.” This behavior is to be contrasted 
with that of an antiferromagnet where the change from 
parallel to antiparallel orientation occurs at the Curie 
temperature. 
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APPENDIX A. ISING-BETHE METHOD 


For convenience we refer to the method described 
herein as the Ising-Bethe Method, because it utilizes 
the Ising Hamiltonian and the Bethe method of solu- 
tion." However, the principal contributions to the 
magnetic problem were made by Peierls,” Firgau,” 
Weiss,’ and Ziman.“ 

The Hamiltonian for a cluster is assumed to be 


KH! = — 2 SoS 12— gBSo2H o— g8S12H 0. (Al) 
If we set 
xo=exp(—}jho); xi=exp(—3jii); y=exp(3j). (A2) 


the partition function can be shown to be® 


1 x 24 2 n x art] n 
P(sosus)=—| +f ° (A3) 


Xol XY xy 


In the application to ferrimagnetism, we proceed as 
in the Bethe-Weiss method by considering both types of 
clusters, defining two partition functions, and com- 
puting the average magnetic moments of center and 
shell atoms. The consistency conditions analogous to 
Eqs. (21) are 


[nay'— 2(me— 2)y¥+ a tatme(1 —)hy 


Na(1—y")hat+[mey'— 2(ns— 2)y?+- me jhe 
=2(1+y*)ho. 


The Curie temperature is defined by 
je=In{1+2[1+ (14+2)*}27}, 


(A4) 


(AS) 
where 


(A6) 


In the Néel theory, the ratio of the “reversal”? temperature 
to the Curie temperature is (m/na)}. 

"JT. Syozi and H. Nakano, Progr. Theoret. Phys. (Japan) 13, 
69 (1955), have given exact solutions for some two-dimensional 
Ising ferrimagnets. 

2 R. Peierls, Proc. Cambridge Phil. Soc. 32, 477 (1936). 

%3U. Firgau, Ann. Physik 40, 295 (1941). 

4 J. M. Ziman, Proc. Phys. Soc. (London) 64, 1108 (1951). 


Z2>=NgNb— Na Nd. 











BETHE-WEISS METHOD 


The Curie temperatures for parallel and antiparallel 
orientation are the same. 
The susceptibility above the Curie temperature is 
given by 
Jx/ke= j (nate) {na(1— (1+9")*(na— (ta— 2) ¥ 
+nay")ha/ho)+-no(1— (14-9)? (me— (no— 2)? 
+nvy')ho/ho)}. 


APPENDIX B. SUMMATION FORMULAS 
Let 


(A7) 


Sit} 


S'f(m)=Yicei* > 


m=—(Si+4) 


f(m). 
Then 
8’(1) = 2e-*"[sinhx+R coshz ], 
8’ (+1) =2e-"LR sinhx-+coshz ], 
8’ (m*) =} Re" 3R sinhx+ (R?+2) coshzx ], 
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101, 


8’ (sm?) = $Re~?"((R?+-2) sinhx+3R cosh« ], (BS) 
8’ (m*) = Re~#(15R? sinhx 
+ (3R'+20R?—8) coshx']/120, 
8! (+m) = Re~"[(3R*+ 20R?—8) sinhx 
+15R* coshx |/120, 


(B6) 


(B7) 


where x= Rj/2. These formuals are especially useful in 
computing numerical values of P,:‘(j) for both 
positive and negative values of /. 

To obtain approximate expressions for the P,:‘” (/) 
which are valid in the region | 7|<«1, we need 


n/2 
z. w(n,S;)R= Pca 


S\=0 


(B8) 


n/2 
> w(n,S,)R?= (3n+1)2". 


S\=0 


(B9) 
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L X-Ray Energies of Np, Pu, and Am 


GrorcE L. Rocosa* AND WILLIAM F. PEED 
Oak Ridge National Laboratory,t Oak Ridge, Tennessee 


(Received September 19, 1955) 


Five Np, eight Pu, and five Am L x-ray transitions have been observed in conventional x-ray fluorescence 
from 200-mg amounts of Np’, Pu®®, and Am*! using a Cauchois type curved crystal transmission spec- 
trometer. The energies of these transitions have been determined, with reference to Ka; lines of the elements 
from Rb through 47Ag, to an accuracy of 3 to 8 ev. Disagreement with previous measurements by Barton, 
Robinson, and Perlman; Jaffe, Passell, Browne, and Perlman; and Day has been found while excellent 
agreement with the Pu measurements of Cauchois, Manescu, and Le Berquier was obtained. 


I. INTRODUCTION 


HE electromagnetic spectra (gamma rays and 

x-rays) of transuranium nuclides have been 
previously investigated using bent crystal spectrometers 
of moderate resolution. In these studies, the x-rays 
resulted from either internal conversion of gamma rays 
which accompanied alpha decay or by fluorescence from 
the gamma rays. Barton, Robinson, and Perlman,! in 
this manner, first observed Np and Pu L x-rays. The 
L x-rays of Np resulted from the radioactive decay of 
Am” and those of Pu from the decay of Cm™. Jaffe, 
Passell, Browne, and Perlman* and Day’ recently re- 


* Permanent address: Department of Physics, Florida State 
University, Tallahassee, Florida. 

f This work was performed in the Stable Isotope Research and 
Production Division of the Oak Ridge National Laboratory 
operated by Union Carbide Nuclear Company, a Division of 
Union Carbide and Carbon Corporation, for the U. S. Atomic 
Energy Commission. 

1 Barton, Robinson, and Perlman, Phys. Rev. 81, 208 (1951). 
aoasy” Passell, Browne, and Perlman, Phys. Rev. 97, 142 

1955). 

3 Paul P. Day, Phys. Rev. 97, 689 (1955). 


investigated the electromagnetic spectrum of Am™ and 
recorded many L lines of Np and Am. In another study, 
Cauchois, Manescu, and Le Berquier,‘ using con- 
ventional x-ray fluorescence, have examined the radi- 
ation from 10 mg of Pu with a curved crystal spec- 
trometer of high resolution and have observed four 
Pu L lines. 

We have recorded five Np L x-ray lines, eight Pu L 
lines, and five Am L lines, all observed in conventional 
x-ray fluorescence from approximately 200 mg of each 
element. The energies of these transuranium x-rays 
have been precisely determined and our results disagree 
with those of Barton et al., Jaffe et al., and Day. How- 
ever, our Pu results are in excellent agreement with 
those of Cauchois et al. We also find that the extra- 
polated values of Hill, Church, and Mihelich® are in 
better agreement with our measurements than the 
previous determinations. 


( 4 Cauchois, Manescu, and Le Berquier, Compt. rend. 25, 1782 
1954). 
5 Hill, Church, and Mihelich, Rev. Sci. Instr. 23, 523 (1952). 
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Fic. 1. Pu LZ x-ray transitions. 


Il. EXPERIMENTAL 


Approximately 200 mg of each of the isotopes Np*’, 
Pu**, and Am™! were prepared in the oxide form. Each 
of these compounds was then hand-loaded into specially 
constructed brass holders. All of the hazardous handling 
was carried out in glove boxes. In order to permit ex- 
citation of the sample and to minimize loss of fluorescent 
radiation, the sample holder contained a Be window of 
1-in. dimater and 0.031-in. thickness. The Be window 
together with a silastic O-ring seal assured confinement 
of the compound. 

This holder was inserted into the sample holder of a 
General Electric SPG x-ray fluorescence unit. The 
transuranium compounds were irradiated using a 
tungsten target x-ray tube operating at 40 kv dc and 
20 ma with both voltage and tube current regulated. 
The fluorescent radiation emerged through a converging 
collimator and was analyzed with a 5.73-in. Cauchois 
type curved crystal transmission spectrometer employ- 
ing the (331) planes of mica and a detector slit of 0.01° 
resolving width. The dispersion of the instrument, over 
the range used, was close to 0.25xu/0.01°. Wavelength 
positions on the goniometer were determined using the 
Kay lines of the elements ranging from 37Rb through 
«7Ag. The Ka; wavelengths reported by Inglestam® were 
used as standards. Neighboring Ka; lines were recorded 
before and after each transuranium x-ray measurement. 
Intensities were measured using a two-atmosphere Kr- 
filled proportional counter and linear amplifier. In order 
to discriminate against radiation different in energy 
from that under investigation, pulses were fed through 
a single-channel differential pulse-height analyzer and 
then to a present time scaler. 


6 E. Inglestam, Nova Acta Reg. Soc. Sci. Upsaliensis 4, No. 5 
(1936). 


The x-ray lines were recorded by manual setting of 
the goniometer in steps of 0.005° through the center part 
of the line and 0.01° at the sides. Counts were accumu- 
lated for a one-minute time interval. Numerous runs 
were taken for each line and then the average number 
of counts at each setting was determined. 

At an energy of 14 kev, the energy dispersion of the 
instrument is close to 4 ev/0.01° while at 22 kev the 
dispersion is close to 10 ev/0.01°. The uncertainty 
resulting from line peak determinations and goniometer 
error is less than 0.008° in the measurement of the 
stronger transuranium lines. The accuracy of our 
method has been checked in measuring numerous x-ray 
lines, including U L lines, and comparing with the values 
reported in the tables of Cauchois and Hulubei.’ 


Ill, RESULTS 
Neptunium 


Five lines of the Np L x-ray spectrum were recorded. 
Energy values were obtained using the conversion 
factor \,E=12372.2 xu kev, given by DuMond and 
Cohen.* Table I lists these values along with the meas- 


TaBLE I. Np L x-ray energies in kev. 








Extra- 
polated 


13.76 
13.95 
16.84 
17.74 
20.77 


Experimental 
energy (kev) 


13.758-0.004 
13.940+-0.003 
16.833+0.005 
17.745+0.005 
20.781+0.007 


Line Jaffe et al. 


13.79-+0.04 
13.98+0.04 
16.89+0.02 
17.78+0.01 
20.82+0.02 


Day 


13.776+0.003 
13.961+0.003 
16.857+0.006 
17.764+0.003 
20.7960.005 











7Y. Cauchois and H. Hulubei, Constantes Selectionnées, Lon- 
gueurs D’Onde des Emissions X et des Discontinuites d’ Absorption 
X (Hermann and Company, Paris, 1947). 
( 8 J. W. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 691 
1953). 











L X-RAY ENERGIES OF Np, 


urements of Jaffe et al. and Day, and the extrapolated 
values of Hill e¢ al. Our values are lower by about 40 
ev than those of Jaffe et al. and about 20 ev lower than 
those of Day. Comparison of the extrapolated values 
with our values shows good agreement for all lines. The 
extrapolated values were calculated with a slightly 
different conversion factor but this difference is not 
significant. 

The resolution of our spectrometer was much higher 
than that used by Jaffe et al. and Day. All the trans- 
uranium x-ray lines which we report were completely 
resolved. The Np L spectrum was similar to that of 
Pu and the Pu L spectrum is shown in Figs. 1 and 2. 


Plutonium 


Eight lines of the Pu Z x-ray spectrum were recorded 
and their energies are listed in Table II. Cauchois et al. 


2500 


Pu La2 
0.100" aS a, 
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Fic. 2. Pu La x-ray transitions illustrating the high 
resolution of the spectrometer. 


have previously observed four of these lines. We have 
converted their wavelength values to energies and list 
them in Table II. These values evidently are pre- 
liminary ones and an accuracy has not been assigned. 
They report that their final work, however, will give 
results to within 2 ev. Comparison of these two sets of 
values shows excellent agreement on all four lines. The 
values by Barton et al. also shown in Table II, are high 
except for L@s5 which is a weak line. The extrapolated 
values again compare favorably with our measurements. 
The Pu L lines are shown in Figs. 1 and 2. The relative 
intensities of the lines are not significant because of the 
effects of crystal absorption, detector efficiency, and 
adjustment of pulse height selection. The Pu sample 
contained some U as an impurity and the U Lf, line 
is seen on the side of Pu Ls. 


Americium 


Five Am L lines were measured and the results are 
given in Table III along with those of Jaffe et al. and 


Pu, AND Am 


TABLE II. Pu L x-ray energies in kev. 








Extra- 
polated 


14.08 
14.28 
17.24 
17.54 


Experimental 
energy (kev) 


ae 14.083+-0.004 
a 14.278+0.003 
Be 17.252+0.005 
Bs 17.551+0.005 
Bs 17.946+0.005 
Bi 18.290+0.006 
Bs 18.535+0.008 
v1 21.410+0.008 


Cauchois et al. Barton et al. 


14.085 
14.273 
17.256 


Line 





14.1440.01 
14.31+0.01 
17.28-+0.02 


17.91+0.02 


18.288 18.35+0.02 18.27 
18.54 


21.46+0.04 





TABLE III. Am L x-ray energies in kev. 








Experimental 
energy (kev) 


a2 14.407+0.004 
a 14.614+0.003 
Bo 17.672+0.005 
Bi 18.845+0.005 
71 22.056+0.008 


Day 


14.416+0.030 
14.629+-0.003 


Line Jaffe et al. polated 


14.41 
14.62 
17.66 
18.83 
22.04 





14.66+0.03 


18.76+0.04 18.871+0.005 


22.076+0.018 








Day. In all cases, the Am x-rays resulted from fluores- 
cence. Our values for Am, as they were for Np, are 
lower than those of Day. The better agreement of the 
LB, and Ly, extrapolated values with our measurements 
is seen. The Am spectrum was similar to that shown 
for Pu. 

The Am used in our experiment contained Y as an 
impurity and a weak Y Kaz line was recorded. The 
measured energy of the Y Kaz line agreed well within 
the uncertainty of 4 ev with the value calculated from 
the tables of Cauchois and Hulubei. 


IV. CONCLUSION 


L x-ray transitions of Np, Pu, and Am have been 
measured by crystal diffraction using conventional 
x-ray fluorescence. The x-ray energies were determined 
with an accuracy of 3 to 8 ev. Previous measurements 
of the energies of transuranium x-rays resulting from 
radioactive decay and gamma-ray fluorescence differ. 
We do not believe that the energies of transuranium 
x-rays are dependent on the manner of production to the 
extent of the energy differences reported. 
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Numerical Values for Hydrogen Fine Structure* 


Joun M. Harriman 
Department of Physics, Stanford University, Stanford, California 
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Bethe’s “average excitation potentials” for states 1s through 4 of hydrogen are calculated numerically. 
These lead to values of the mo 2Sy—mo *P; level shifts in hydrogen for #9=3 and 4 of $q(3) =314.690+0.047 
Mc/sec and $q(4) =132.9980.020 Mc/sec, which are 1.44 Mc/sec and 0.85 Mc/sec larger than previous 
estimates. For mp=2, a value of $q(2)=1057.21+0.16 Mc/sec is obtained, which is in close agreement 
with previous calculation. In conjunction with this work, the oscillator strengths f(molo,nl) are obtained 


for no= 
is derived. 


1, 2, 3, and 4; n<50; and all values of /y and /. A generalization of the Wigner-Kirkwood sum rule 





HE “average excitation potentials” of the 2s and 
2p levels of hydrogen were calculated several 
years ago by Bethe, Brown, and Stehn.! All spectro- 
scopic investigations of higher states* have been based 
on the assumption that these potentials are nearly 
independent of the principal quantum number mo. The 
present paper extends the calculations from 1s through 
the 4p level in order to determine the exact values of 
the average excitation energies in anticipation of 
microwave measurements now being made by Sanders 
and Lamb which will yield to a high degree of accuracy 
the level shift for mo=3. 
The formula! for the energy shift of a hydrogen level 
Nolo, with fixed Coulomb field and Z=1, is for s states 
2Ryn me 
AE(n.0)=— (in 
ne 34 ko(no0) 





Ea 
ind+-—-), (1) 
© 3 


and for states +0 


8 a®Ry. 
AE(nolo) =— (in 


no? 3a 


Ryn 3 Ci; 
‘ 2 ), (2) 
ko( nolo) 8 W+1 


where 


Cy=1/(lo+1) for j=lt+1/2, 


Cy=—1/lb 1/2, (2a) 


for j= ly- 


a is the fine structure constant; Ry,, is the Rydberg 
energy for infinite nuclear mass; and m is the electronic 
mass. 

Bethe’s average excitation energy ko may be evalu- 
ated from the expression! 


In[ ko(olo)/Ryx. ]= x (3ne*/16) f(nolonl)v* In| v|, (3) 


with the energy change in Rydberg units: 
v(n,no) -_ (En— Eo)/Ryw- (4) 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950). 

2 See, for example, H. Kuhn and G. W. Series, Proc. Roy. Soc. 
(London) A202, 127 (1950). 


The oscillator strength is given by® 
[max(I,lo)/(2lo+1) ](Ro")*»/3a?, 
f(nolo,nl) = for l=h+1, 


0, otherwise; 


where 
Ry"*= f R (nolo) R(nl)r'dr, 
0 


and a is the first Bohr radius. 
We define 


&(Nolo,nl) = (308/16) f(nolo,nl) 
so that (3) becomes 
In[ ko(nolo)/Ry0J= don g(nolo,2) In| v(,20) |. 
The values of g(molo,m) are then given by 
g(1s,n) = (16/n*v:*)y(n,1), 
g(2s,n) = (16/n'v9*) (n?—1)y(n,2), 
g(2p,n) = (4/9n5v28)[8(n?— 1)-+n*v2 fy (n,2), 
g(3s,n) = (16/729n°v5°) (n?— 1) (7n?— 27)*y(n,3), 
g(3p,n) = (128/2187n7y35)[18(n?—1) (n?—4) 
+ (n?— 3) }y(n,3), 
g(3d,m) = (256/18 225n7v5°) (n?—1)[6(n?—4) 
+n’v3 }y(n,3), 
1) (23n*— 288n? 
+768)*y(n,4), 


(n,no), 


(9a) 
(9b) 
(9c) 
(9d) 


(9e) 


(9f) 


g(4s,m) = (1/36 864n"8y,") (n?— 
(9g) 
g(4p,n) = (1/2 949 120n"»,") 

[512 (n?—1) (n?—4) (9n?— 


+ (57n*—608n?+1280)?}y(n,4), (9h) 


yno= »(n,no), (93) 


i ¥(n,no) =[(n—mo)/(n+-no) P”. (9}) 


3H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, Part 1, pp. 434-443. 


where 


594 











NUMERICAL VALUES FOR H FINE STRUCTURE 


For large n (>50), the values are taken as 
g(1s,n) =0.293050n-*+-0.195n-5, 
g(2s,n) =0.343514n-*-+-0.114n-5, 
g(2p,n) =0.314887n-*+- 1.338n-5, 
g(3s,n) =0.390182n-*+-0.110n-5, 
g(3p,n) =0.403453n-*+- 1.594n-$, 
g(3d,n) =0.280293n-*+-3.636n-5, 
g(4s,n) =0.433493n-*+-0.267n-5, (10g) 
g(4p,n) =0.458086n-*+- 1.829n-5. (10h) 


For transitions to the continuum, the quasi-principal 
quantum number » is defined by 


E,=+Ry,/n’, (11) 


and the summation over » is replaced by an integration 
over dy. The oscillator strength for transitions into an 
interval dy of the continuous spectrum df/dy is then 
given by (5) with the discrete-discrete matrix element 
(6) replaced by the discrete-continuum matrix element 
which Stobbe‘ calls C(v). Then 


dg(1s)/dv=8v;K (n,1), 
dg(2s)/dv=2v2*(4+3vs)K (n,2), 
dg(2p)/dv= (2/3)vs*(3+2v2)K(n,2), 


dg(3s)/dv = (8/81) v3*(81-+96v3-!+ 208y5-2/9 
+128y;-*/81)K(n,3), 


dg(3p)/dv= (64/729) vs-* (27+ 26v37 
+28v3-*/9)K (n,3), 
dg(3d)/dv= (128/32 805) v3-*(45+46y37! 
+48y3-*/9)K (n,3), (12f) 
dg(4s)/dv= (1/36) vq-?(288-+414y4-!+- 1594? 2444 
+ 234*/16+ 15y4-5/512)K (,4), (12g) 
dg (4p)/dv= (1/960) v4-*(2400+ 280074 + 66304 
+47 74+ 33v4¢4/32)K (n,4), 


(10a) 
(10b) 
(10c) 
(10d) 
(10e) 
(10f) 


(12a) 
(12b) 
(12c) 


(12d) 


(12e) 


(12h) 
where 
K (n,no) = exp[_—4n arc cot(n/mo) ]/(1—e**"). 


The well-known f-sum rule’ states that 


x I (nolo,nl) =, 


(12i) 


(13) 

Also, one has a generalization derived by Vinti® 
& 8 (nolo,nl) =6(1o,0). (14) 
nl 


These sums, together with the corresponding partial 
sum rules given in the Appendix, were calculated along 


4M. Stobbe, Ann. Physik 7, 661 (1930). 
5 J. P. Vinti, Phys. Rev. 41, 432 (1932). 
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with those of (8) to provide a check on the accuracy 
of the calculations. 
For the integration, we used the variable x= n/mo, 


y= (1+1/22)/ne. (15) 


In order to make efficient use of the calculator, the 
numerical integration was performed only for 0.02<x 
<5.0; power series expansion of the integrands for x 
outside of this region permitted analytical integration 
to a prescribed accuracy of 5 parts in 10°. The expres- 
sions we actually integrated numerically were of the 
form J K (x,no)x~*v:' Inv,dx for the appropriate values 
of ¢, with and without the logarithmic term. The 
Newton-Cotes quadrature formula® 


zs 8 
f ydx= (8h/28 350). axy: 


— (2368/467 775)h4y% (16) 
was used, in which the error over a given range of x is 
proportional to the tenth power of the interval 4 and 
to the tenth derivative of y evaluated somewhere 
within the range. The numerical integration was done 
with the intervals 


h=0.01125 for 0.02<x<0.2, 
h=0.05 for 0.2 <x<1, 
h=0.25 for 1 <x#x<5. 


In order to obtain an estimate of the error, the inte- 
gration was then repeated with twice the interval 
h’= 2h. The error, taken as one part in (2—1) of the 
algebraic difference of the second integration minus 
the first, was subtracted from the original result to give 
the final value of the numerical integration. 

The card-programmed calculator (CPC) was set up’ 
to use a floating decimal arithmetic based on an eight- 
digit, seven-decimal number times an appropriate 
power of 10, the permissible powers being between 
+49, For the numerical integration only, the last digit 
was automatically rounded. In extended calculations, 
there are unavoidable losses of significance resulting 
from the addition of two similar numbers with opposite 
sign. This is particularly bad if there is no rounding. 
In this case when the CPC calculates (1—8/9), for 
example, it adds +1.0000000 and —0.8888888 (having 
scaled the smaller number to the larger exponent) to 
obtain 0.1111112, which is correct to but six figures; 
and virtually all of the significance may be lost in such 
a calculation as (12 345 678—0.87654322)—12 345 677 
which yields an answer of 1.0000000 (with rounding, 
the answer of zero is one place better); whereas, if 


6 go=ag3=989; a,;=a7=5888; a2=ags=—928; a3=a5= 10496; 
a4= — 4540. See, for example, W. E. Milne, Numerical Calculus 
(Princeton University Press, Princeton, 1949), p. 124. 

7 M. Wagner, Stanford Computation Center, Stanford 
University Technical Report No. 1, 1954 (unpublished); and 
J. O. Carter and J. G. Herriot, Stanford Computation Center, 
Stanford University Technical Report No. 2, 1954 (unpublished). 
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TaBLe I. Summation results and average excitation energies. 
The sum rules 2 f=1, for the oscillator strength f, 2 g=6(Io,0), 
for g= (3no*/16)v*f, are used as indicators of the accuracy of the 
calculations for 2 g Inv. 








=f Ze 


al 


z g Inv =1n(ko/Rye) 





Discrete 0.56500414 
Continuum 0.43500066 
Total 1.00000480 
ko/ Ryo 


Discrete 
Continuum 
Total 
ko/Re 


Discrete 
Continuum 
Total 
ko/Rye 


0.06765781 
0.93234304 
1,00000085 


—0.0144949 
2.9986436 
2.984149 

19.76967 


—0.0464679 
2.8582659 
2.811798 

16.6398 


—0.0329799 
2.8006791 
2.767699 

15.9214 


0.64890758 
0.35109318 
1.00000076 


0.02643361 
0.97356933 
1.00000294 


0.70947420 
0.29052585 
1.00000005 


0.01132089 
0.98868168 
1.00000257 


Discrete 0.75029035 
Continuum 0.24970952 
Total 0.99999987 
ko/Ry¥e 


Discrete 
Continuum 


0.00382507 
0.99617705 
1.00000212 


—0.0198043 
2.7696633 
2.749859 

15.6404 


—0.030646255 
0.0006 29887 
—0.03001637 +0.00000001 
0.97042964 +0.00000001 


—0.009753547 

—0.028434969 

—0.03818852 +0.00000001 
0.96253147 +0.00000001 


0.006 267802 
—0.048221808 
—0.0419540 +0.0000003 
0.9589139 +0.0000003 


0.018752995 
—0,023985130 
—0.0052321 +0.0000002 
0.9947815 +0.0000002 


+0.000006 
+0.0001 


0.80925452 —0.081384055 
0.19074843 0.081 383626 
Total 1.00000295 —0.000000429 
ko/RY¥a 


Discrete 
Continuum 
Total 
ko/R¥a 


0.78603312 
0.21396913 
1,.00000225 


—0.10103671 
0.10103671 
0.00000000 


Discrete 0.79168395 
Continuum 0.20831693 
Total 1.00000088 
ko/Rye 


Discrete 
Continuum 
Total 
ko/Rv« 


—0.10949294 
0.10949345 
0.0000005 1 


0.90415898 
0.09584262 
1.00000160 


—0.018593206 
0.018593067 
—0.0000001 39 








the order of subtractions is reversed, the resulting 
0.12345680 is correct’to six figures. 

Since the terms in the discrete contribution fall off 
rapidly with increasing m, we recalculated by desk 
machine all of the terms for »<10 in order to reduce 
the error by at least a factor of 10. This revealed that, 
in some cases, the CPC results were correct only through 
five digits and were in error by as much as three parts 
in 10°. On this basis we considered the recalculated 
discrete contribution to have a probable error of three 
parts in 10’. The individual values of f obtained in the 
course of our calculations, as well as those for levels 4d 
and 4f, were tabulated for each value of /.2 The sums 
of f, which we calculated for each value of / and com- 
pared with (36), and the sums of g for each / value, 
which we calculated for m»=2 and compared with (47), 
were useful in promoting the assumption that the re- 
maining discrepancy in the f-sum or g-sum for any level 
Nolo was a fairly systematic error in the continuum con- 
tribution, for the ratios of error to continuum contribu- 


§ Copies of a supplementary table of f-values for mo.<4 and all 
values of J) and / which we obtained to nine decimals for n<10 
and to five significant figures for »>10 has been deposited as 
Document number 4705 with the American Documentation 
Institute Auxiliary Publications Project, Photoduplication Ser- 
vice, Library of Congress, Washington 25, D. C. A copy may be 
secured by citing the Document number and by remitting $1.25 
for photoprints, or $1.25 for 35-mm microfilm. Advance 
payment is required. Make checks or money orders payable to: 
Chief, Photoduplication Service, Library of Congress. 
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tion were about equal in the sums for the two corre- 
sponding values of /. 

The three sums over both m and /, the f-sum, g-sum, 
and g Iny-sum, are given in Table I. The g-sum is used 
as the measure of accuracy of the calculations. The 
error in the g-sum is presumed to be entirely contained 
in the continuum contribution and is attributed to 
the intrinsic loss of significance discussed above. The 
correction to the numerical integration formula (16) 
for the g-sum ranges in value from +0.00000016 for the 
1s level to —0.00000008 for 3d and does not appreci- 
ably affect the error. The positive probable error in 
In(o/Ry..) is derived from the error in the g-sum in 
accordance with the proportion of continuum contri- 
butions. 

One can now evaluate the level shift formulas (1) 
and (2). For the fine structure constant, we use the 
value® 


1/a=137.0377+€., |€a|<0.0016, (17) 


to obtain 


In(mc?/ Ry.) =1n(2/a*) = 10.53366+2a€q. (18) 


Taking a similar expression for the velocity of light 
c= 299 792.9+-e. km/sec, |e-|<0.8km/sec, (19) 
we obtain in frequency units 


(a®/3x) Ry.nc= 135.638924—3¢€.+0.00045¢, 
+0.000015 Mc/sec, (20) 


the last uncertainty coming from that of the Rydberg 
constant. 

The electromagnetic level shifts for a fixed Coulomb 
potential are given in Table II. The probable errors 
shown for the S-level shifts are taken from the uncer- 
tainty in our calculations for the average excitation 
potentials. Any change in the velocity of light in km/sec 
is given by ¢-, and any change in 1/a is given directly 
by €a. 

In order to obtain a final theoretical value for the 
level shift Su(mo) = AE(mo *Sy—mo?P), which is meas- 
ured experimentally, we must correct for our use of a 
fixed Coulomb field and other approximations. Some 
of these corrections have been calculated and are sum- 
marized in a paper by Salpeter" for the case mo=2. 
The corrections to the mo=2 level shift in hydrogen 
whose values have been calculated include (6.20+0.10) 
Mc/sec for all fourth-order corrections, (— 1.175-+0.08) 
Mc/sec for the effect of the nuclear mass, (0.025 
+0.005) Mc/sec for the effect of the electron-nucleon 
interaction, and an uncertainty (+0.08) Mc/sec from 
the error in the reduced mass correction factor for the 
contribution from the electron’s anomalous magnetic 
moment. Although the mp dependence of some of these 
corrections is 1/m*, for others it has not been calcu- 

®J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 


25, 691 (1953). 
0 EF, E. Salpeter, Phys. Rev. 89, 92 (1953). 








NUMERICAL VALUES FOR 


H FINE STRUCTURE 


TABLE II. Level shifts for fixed Coulomb field. 








Parentheses in Eq. (1) 


Level shift in Mc/sec 





7.489696 + 2a€a+0.000003 
7.662047 + 2a€q-+0.000009 
7.706146 +-2aég+0.000008 
7.723986 +-2a€g+0.000006 


8127.154—164€q+0.027€-+0.904 

1039.2718—21€¢+0.0035¢.+6.0014 
309.7047 — 7.6€+0.0011€.+-0.0004 
130.9591 —2.6€4+0.00045¢.+0.0002 





Parentheses in Eq. (2) 


Level shift in Mc/sec 





2P; — 0,09498363 +0.00000001 
2P; 0.09251637+-0.00000001 
3Py —0.0868115=-0.0000001 
3Py 0.1006885=-0.0000001 
4Py — 0.0830460-+-0.0000003 
4P, 0.1044540+-0.0000003 
3D; —0.0322679+0.0000002 
3D; 0.030232 1-+0,0000002 


— 12.883477 +-0.3€q—0.000043 «.-0.000002 
12.548821—0.3¢€a+0.000042€-+0.000002 
— 3.488894 +-0.08€4—0.000013€-+-0.000005 
4.046601 —0.09e,+0.000014«,+0.000005 
— 1.408034 +-0.03€4—0.000005¢€-+0.000006 
1.771004—0.04€,+0.000005€.+0.000006 
— 1.29682 +-0.03€4—0.0000045€,+0.00001 
1.21501—0.03€4+0.0000043 e,+-0,00001 








lated." As the latter corrections are small, we assume 
a 1/n¢* law for these as well. 

The calculated values for the level shifts Sy(mo) are 
given in Table III. For the 2s level, our value for 
In(ko/Ryw) of 2.8118 is in good agreement with the 
Bethe, Brown, and Stehn value of 2.8121 and represents 
an increase in the level shift of 0.04 Mc/sec. The 
theoretical value for $_(2) is still about one-half Mc/sec 
below the experimental value of (1057.77+0.10) Mc/ 
sec. It may be seen from Table II that if the average 
excitation energies were independent of mo, as assumed 
heretofore, the 3s and 4s level shifts based on the 2s 
shift would be 307.932 Mc/sec and 129.909 Mc/sec for 
a fixed Coulomb field. These are 1.77 Mc/sec and 1.05 
Mc/sec below our results, and making allowance for 
negative shifts of 3P; and 4Pj, the estimates for $4(3) 
and $—(4) would be too small by 1.44 Mc/sec and 
0.85 Mc/sec. 

The author wishes to thank Professor Willis E. 
Lamb, Jr., for suggesting this problem and for his 
interest and advice during its execution. The author 
would also like to acknowledge the assistance of the 
staff of the Stanford Computation Center and particu- 
larly the advice of Professor John G. Herriot on pro- 
gramming for the Stanford I. B. M. Card-Programmed 
Calculator. 


TaBLE III. Final results for the (mo *Sy— mo ?P4) level shifts. 








Eqs. (1) and (2) 


1052.155— 22€,+0.0035¢,+0.002 
Corrections 5 


5.05+0.15 
$u(2) in Mc/sec 1057.21+0.16 


Eqs. (1) and (2) 
Corrections 


$xu(3) in Mc/sec 


Eqs. (1) and (2) 
Corrections 


$x (4) in Mc/sec 


313.1936—7.7€¢+-0.0011¢€-+0.0004 
1.496+0.045 


314.690+0.047 


132.3672 —2.7€a+0.00045€.+0.0002 
0.6310.019 


132.998+-0.020 








uF, E. Salpeter (private communication). 
12 Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953). 


APPENDIX. GENERALIZED SUM RULES 


In order to use as many sum rules as possible to check 
our calculations, we derive the rule for >>» g(#olo, mlo1) 
by means of projection operators. As an illustration of 
the method, we calculate the rule for }>, f(molo, mlo+1) 
which has been found by other means.” 

With the notation 


(21) 


Bno= fv (nlm) By (nolomo)dr,4 


v(n,no) = (En— Eo)/Ry 03 (22) 
and making use of the angular momentum operator, 
Lan =1(l+1)h’, (23) 
we introduce projection operators, 
O+=[h-?L?—1o(lo—1) ]/ (4042), 
O-=[ (lo+1) (lo+2)—h7L* )/ (44042), 
with the properties 
7 1 if J=1+1 oe 0 if J=1y+1 
0 if J=h—1, 1 if /=h—1, 


Qoot =1o/ (2lo+1), Qo = (lo+1)/(2lo+1). 


(24a) 
(24b) 


(25a) 


(25b) 
From the commutation relation 

Lr i,pj]=ih6;;, 
it can be shown that 


L?= (rX p)’=rp’— (r- p)(r- p)+ih(r-p), 


(26) 


(27) 


and 
r-(L?,p |= 2ihL?+ 2h? (r- p). 


It follows that 


(r-Q+p)oo= (r- p) ool Qoo#1/(2lo+1) ] 
= th Lo?/ (2lo+ 1) . 


13 E, Wigner, Physik. Z. 32, 450 (1931); and J. G. Kirkwood, 
Physik. Z. 33, 521 (1932). 


(28) 


(29) 
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Since, for an operator F not explicitly time dependent, 
PF o= (—i/h)(F,H )no=i(Rye/h)v(n,n0)F no, (30) 

we can write 
(31a) 
(31b) 


Pno= tp (Ry../h)v(n,no)t no, 
Pon= —p(Ry-/h)*?(n,no)ton- 
Combining Eqs. (22), (26), and (31a) gives 


(r- p)oo= > ron: Pno= — (p-8)oo= 31h/2. 


nlm 


(32) 


The oscillator strength 


J (nolonl) = (24/3%) (Ryo/%) 2m v(m,no) | Fon|? 


can be written 


f(nolo,nl) _ La(—- 2i/3h)ton° Pano, 


and by making use of (25a), we can form the sum 


(33) 


(34) 


24 
i I (nolo, nlp+1)= } (—=)on-2utPa 
n nim z 
2% 
= cae 


(35) 


which may be evaluated from Eqs. (23), (25b), (29), 
and (32), to give 


Lia f (nolo, nlo+-1) 
= + (y+ 11) (2lo+142)/[6(2lo+1))]. 


Similarly, from Eqs. (31) and (33), we can write 
¥*(n,no) f (nolo,nl) = (2i/3uh) (h/R.)? Lim Pon Pno, 
and form the g-sum using Eq. (7), 
Lin 8 (nolo, nlo 1) = (in®/8uh) (h/Ry..)*(p-Q*p)oo. (38) 
Using (R,,/%)?=e?/162°ma'*, we obtain 
Din g (Molo, mle 1) = (ia*ng?/2he*) (p-Q+p) oo. 


(36) 


(37) 


(39) 
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Since for a spherically symmetric potential energy 
V(r) 
p= —VV=—(1/r) (dV /dr)r, (40) 
and 
dV a 
(-p)w=ih(——) =-Hin(w'V)o, (41) 
dr or 00 


we find from Eq. (29)'the expression 


(p : Q*p)o0 ana Hin(O*V oat 


1 
er 


1dV\ h-*Lo¢? 
in (- —) , (42) 
r dr 00 2hy+1 
which, when substituted into Eq. (39), gives 
ang lo+3+3 
(¥7V)o0 
2e? L2(24)+1) 
LCM) D 
2b+1 \r drJ oo 
For a Coulomb field, V= —Ze?/r, it has been shown 
that® 
dV do 
(VV )oo= —2 | Yo*— —adr 
dr or 
AYR for 
0, for 


DX g(nolo, nly 1)= 


l=0 


(44) 
140, 
and that! : 


(Ze?/1*) = 2e°Z*/[a*no'lo(lo+1)(2Zlo+1)]. (45) 
Hence, from (43) the desired sum rule becomes for />=0: 


Lin g(no0,n1)=Z", (46) 
and for 4)+0: 


din g (Molo, nloz 1) =+Z4/(2lo+1)?. 
4 See reference 3, p. 286. 


(47) 
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Rotational lines of severai linear molecules have been measured with high precision in the region of 0.8- 
to 2.0-mm wavelength. The energy source for this region is a silicon crystal multiplier driven by a centimeter- 
wave klystron. A silicon crystal was also used as the detector. An evacuated bolometer detector was de- 
veloped for the 3-mm wave region and was used to detect rotational lines down to 2.0 mm. Although its 
sensitivity is lower than that of the crystal detector, the bolometer will be useful for absolute power meas- 


urements in the shorter millimeter region. 





INTRODUCTION 


ARLY in 1954 we reported! extension of the micro- 
wave (radio) region down to a wavelength of 0.77 
mm (389000 Mc/sec). Between 0.77 mm and 1.0 mm 
several transitions of OCS were measured to seven 
significant figures with a frequency standard monitored 
by the 5-Mc/sec frequency of station WWV. During 
the same year Genzel and Eckhardt,’ at Frankfort, 
Germany, extended infrared (optical) measurements of 
spectral frequencies up to wavelengths of 0.99 mm, 
where a rotational transition of H,S was measured to 
2 figures with a heat source and grating. Thus in 1954, 
optical and radio measurements of spectral lines actually 
met and overlapped for the first time, although as early 
as 1923 energy from an impractical spark gap oscillator 
was detected in this last spectral gap by Nichols and 
Tear.’ 

No further extension of the upper frequency bounds 
of the radio measurements is made in the present work. 
Instead, extensions of the submillimeter wave measure- 
ments to several other substances are made. The present 
measurements provide secondary frequency standards 
for optical spectroscopists at many points in the over- 
lapping 0.77-1.0 mm region. They also allow accurate 
evaluation of the centrifugal stretching constants of a 
number of simple linear molecules, and thus indirectly 
they provide secondary standard markers all over the 
infrared region. 

Measurements of /-type doubling to very high J 
values are made on some of the molecules in excited 
bending-vibrational modes. These measurements pro- 
vide a test of the theory of interaction between rotation 
and vibration. 

A bolometer has been constructed for the shorter 
millimeter wave region and extensive comparisons with 
crystal detection made. Effects of crystal biasing on the 
detector and multiplier crystals have been studied. 


* This research was supported by The United States Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. 

t Present address: Bell Telephone Laboratory, Holmdel Radio 
Laboratory, Red Bank, New Jersey. 

1C, A. Burrus and W. Gordy, Phys. Rev. 93, 897 (1954). 

2L. Genzel and W. Eckhardt, Z. Physik 139, 592 (1954). 

3 E. F. Nichols and J. D. Tear, Phys. Rev. 21, 587 (1923). 


EXPERIMENTAL METHODS 


The crystal multiplier and detector components are 
essentially those described by King and Gordy.* The 
principal change from the previous description is that 
the detector for the measurements below 1.5 mm is 
constructed from a smaller wave guide (inside dimen- 
sions 0.045 X0.022 in.) to cut out the noise and confusion 
of the lower harmonics. The crystal size was also further 
reduced approximately in proportion to the reduction 
in wave-guide dimensions. The waveguide cell used in 
the present work was only 10 cm in length, and was 
made of G-band guide (inside dimensions 0.075 0.034 
in.). The cell volume was therefore only 0.17 cc. 

It was found that crystal biasing could be used to 
facilitate tuning of the multiplier assembly. Approxi- 
mately 3 to 5 volts dc was applied to the “cat whisker” 
probe with the positive pole to the whisker. The OCS 
or other lines employed for tuning the assembly were 
used to find the optimum bias voltage. Care must be 
exercised to prevent burning the whisker point by 


Fic. 1. Cathode-ray tracing of the J=7-8 transition of OCS at 
3.08-mm wavelength as obtained with a bolometer detector. 


sen C. King and W. Gordy, Phys. Rev. 90, 319 (1953); 93, 407 
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Cas 


Fic. 2. Cathode-ray tracing of the J=23->24 transition of 
CEFCN at 1.05-mm wavelength obtained with a crystal detector 
and the 12th harmonic power of a 2K33 klystron. 


overbiasing. A gain in signal-to-noise of absorption 
lines as much as 2 was sometimes obtained with crystal 
biasing. Nevertheless, it is not certain that any gain 
would be realized by biasing a perfectly tuned system. 

A bolometer detector was constructed for the 3-mm 
wave region. Its sensitivity was found to be below that 
obtainable with the crystal detector. Nevertheless, its 
sensitivity is adequate for power measurements. Figure 


TABLE I. HCN and DCN. 








Tube Transi- 
tion 


J-J+1 


Calculated 
frequency 
vo(Mc/sec)> 


Wave- 
length 
(mm) 


Measured 
frequency 
vo(Mc/sec)* 


har- 
Molecule monic 





88 631.62 
177 261.07 
265 886.19 


3.38 
1.69 
1.13 


HCN 4 0-1 
8 1-2 


11 2-3 


88 631.62+0.20 
177 260.99+0.40 
265 886.18+0.55 


4.14 
2.07 
138 
1.04 


0-1 
1—2 
9 2-3 
12 3-4 


72 414.61+0.15 
144 827.86+0.30 
217 238.40+0.45 
286 644.67+0.60 


72 414.61 
144 827.84 
217 238.32 
289 644.67 








* Corrected for electric quadrupole effects. 
> Calculated with the Bo and Dy given in Table VIII, and with (eQg)Nv 
= —4,.73 Mc/sec. 


1 shows an oscilloscope trace of the 3-mm wave line 
of OCS obtained with the bolometer detector. Other 
OCS lines down to 2 mm were detected with the same 
bolometer using a phase-lock-in amplifier and an auto- 
matic recorder. An increase of about 2 in the signal-to- 
noise ratio was obtained by evacuation of the bolometer. 

The method of construction of the 3-mm bolometer 
was suggested by K-band bolometer mounts available 
commercially from Polytechnic Research and Develop- 
ment Company. Wollaston wire, 0.00005 inch in di- 
ameter, was mounted on a mica wafer across a hole of 
about 0.035 inch diameter (the small dimension of the 
G-band wave guide employed), and the ends of the wire 
were secured in place on opposite sides of the wafer 


Spins ea 42/ 


Fic. 3. Recorder tracing 
7) of the J = 41-42 transition 

—ff—- --: - of Br®CN at 0.87-mm 
: i : wavelength obtained with 
a crystal detector and 14th 
harmonic of a 2K33 kly- 
stron. 
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TaBLe II. N20. 








Tube 
har- 
monic 


Transi- 
tion 
J—J+1 


Measured 
frequency 
(Mc/sec) 


Calculated 
frequency* 
(Mc/sec) 





3-4 
435 
5-6 
6-7 
7-8 
8-9 
9-10 
10-11 
11-12 


100 491.74+0.20 
125 613.7320.25 
150 735.130.30 
175 855.7220.35 
200 975.260.40 
226 093.81-+0.45 
251 211.330.50 
276 327.50+0.55 
301 442.38+.0.60 


100 491.74 
125 613.71 
150 735.04 
175 855.59 
200 975.25 
226 093.88 
251 211.34 
276 327.53 
301 442.30 








* Frequencies calculated with the Bo and Dy given in Table VIII. 


with Du Pont silver conductive coating No. 4810. After 
the etching of the Wollaston wire, the mica wafer was 
fitted between two short lengths of G-band wave guide, 
held in a suitable Lucite mount, in such a way that each 
piece of wave guide provided one electrical contact to 
the bolometer, as in the Polytechnic Research K-band 
unit. A thin mica window over one end of the assembled 
detector provided a vacuum seal at the end connected 
to the absorption cell; at the opposite end, a movable 
shorting plunger mounted with a linear O-ring seal was 
used for impedance matching and vacuum seal. During 
use, the sealed unit was evacuated to a pressure of 10-* 
to 10 mm of mercury. 

A conventional bolometer amplifier with a bias 
current of about 3 ma was used following the bolometer 
detector, with its output fed directly into an oscilloscope 
for direct viewing or a narrow band lock-in amplifier for 
recording. 

Figure 2 shows a cathode ray trace of CICN rotational 
line in the 1-mm region obtained with the silicon crystal 
detector followed by an ordinary P amplifier. Figure 3 
shows a recording of a submillimeter CICN line obtained 
with the same multiplier and detector and a phase 
lock-in detector and amplifier. Repeller modulation at 
2000 cps was employed. These figures indicate the type 
of performance which can be expected from a well 
tuned system employing K-band klystrons for exciting 


TABLE ITI. Cl*®CN, 








Tube Wave- 
length 


(mm) 


Calculated 
frequency 
vo(Mc/sec)> 


Measured 
frequency 
vo(Mc/sec)* 


Transi- 
tion 
J—J+1 





7-8 

9-10 
11-12 
13-14 
15-16 
17-18 
19-20 
21-22 
23-24 
25-26 
27-28 


95 529.862-0.20 
119 409.82+0.25 
143 288.45-+0.30 
167 165.150.35 
191 039,440.40 
214 911.20+0.45 
238 780.22+0.50 
262 645.82+0.55 
286 507.95+-0.60 
310 365.900.65 
334 219.5 +1.5 


95 529.89 
119 409.97 
143 288.45 
167 165.02 
191 039.34 
214 911.13 
238 780.02 
262 645.73 
286 507.93 
310 366.29 
334 220.5 








* Corrected for electric quadrupole effects. 
> Calculated with the Bo and Dy given in Table VIII. 
© Measured on recorder. 











MILLIMETER AND SUBMILLIMETER WAVE SPECTROSCOPY 


the multiplier. Actually, lines at 0.9 mm have been seen 
on the cathode-ray oscilloscope and measured with the 
video-type spectrometer, but this wavelength appears 
to be near the limit for video detection with K-band 
harmonics just as 0.77 mm appears to be near the limit 
of detection with K-band harmonics and the automatic 
recording method. Although several molecules have now 
been measured in the submillimeter region, measure- 
ments below 1 mm are still difficult and can be achieved 
only with optimum tuning conditions and the better 
2K33 klystrons. Measurements near or above 1 mm 
are entirely practical now, and indeed numerous studies 


TABLE IV. CB’CN. 








Calculated 
frequency 
vo(Mc/sec)> 


Transi- Measured 
tion frequency 
J—J+1 vo(Mc/sec)* 


93 552.59+0.20 
116 938.45+0.25 
140,322.75+0.30 
163 705.31+0.35 
187 085.58+0.40 
210 463.24-+0.45 
233 838.30+0.50 
257 210.28+0.55 
280 578.92+0.60 
303 943.87+0.65 


monic 





7-8 

9-10 
11-12 
13-14 
15-16 
17-18 
19-20 
21-22 
23-24 
25-26 


93 552.60 
116 938.43 
140 322.72 
163 705.15 
187 085.43 
210 463.24 
233 838.26 
257 210.20 
280 578.75 
303 943.59 


OP me mm Nw | 
SSURSSERSE|E 


TABLE VI. Br®!CN. 








Tube Transi- 
har- tion 
monic J—-J+1 


11-12 
1415 
17-18 
20-21 
23-24 
26-27 
29-30 
32-33 
35-36 
38-39 
41-42 


Wave- 
length 
(mm) 


3.05 
2.44 
2.03 
1.74 
1.53 
1.36 
1.22 
1.11 
1.02 
0.94 
0.87 


Calculated 
frequency 
vo(Mc/sec)> 


98 317.37 
122 892.47 
147 464.76 
172 033.65 
196 598.58 
221 159.01 
245 714.35 
270 264.04 
294 807.52 
319 344.2 
343 873.6 


Measured 
frequency 
vo(Mc/sec)* 


98 317.37+0.20 
122 892.50+0.25 
147 464.71+0.30 
172 033.53+0.35 
196 598.50+0.40 
221 158.86+0.45 
245 714.32-0.50 
270 263.95+0.55 
294 807.52+0.60 
319 345.52+1.0 
343 873.0 +1.5 











* Corrected for electric quadrupole effeets. 
> Calculated with Bo and Dy given in Table VIII. 
¢ Measured on recorder. 


species the measurements extended into the submilli- 
meter range. Table VIII gives the molecular rotational 
constants derived from these with the formula, 


vo= 2Bo(J+1)—4Ds(J+1)*. (1) 
TABLE VII. OCSe. 








Tube Wave- 
length 
(mm) 


Calculated 
frequency* 
(Mc/sec) 


Transi- Measured 
ha tion frequency 
Molecule monic J—~J+1 (Mc/sec) 








* Corrected for electric quadrupole effects. 
> Calculated with the Bo and Dy given in Table VIII. 


TABLE V. Br?CN. 








Calculated 
frequency 
vo(Mc/sec)> 


Transi- Measured 
tion frequency 
J—aJ+1 vo(Mc/sec)* 


11-12 98 879.19+0.20 
14515 123 594.7340.25 
17-18 148 307.36+0.30 
20-21 173 016.45+0.35 
23-24 =. 1197 721.69 + 0.40 
2627 =. 222 422.34+.0.45 
29-30 =. 247 117.750.50 
32-933 =. 271 807.59+0.55 
35-36 296 490.86+0.60 
13° 38-939 321 167.1 +0.65 
14° 4142 345 837.0 +1.0 





98 879.19 
123 594.69 
148 307.33 
173 016.52 
197 721.71 
222 422.30 
247 117.74 
271 807.46 
296 490.86 
321 167.39 
345 836.47 








® Corrected for electric quadrupole effects. 
> Calculated with the Bo and Dy given in Table VIII. 
© Measured on recorder. 


have already been made‘ in the 1- to 2-mm region. 
Although the amount of power obtainable at 1.0 mm 
is certainly only a fraction of a microwatt, the intense 
absorption of molecules in the shorter millimeter region 
makes high power there unnecessary for practical 
spectroscopy. 


MOLECULAR ROTATIONAL CONSTANTS 


Tables I to VII give the frequencies of the various 
molecules which have been measured. For five of the 


5C. A Burrus and W. Gordy, Phys. Rev. 92, 1437 (1953); 93, 
419 (1954); Burrus, Jache, and Gordy, Phys. Rev. 95, 706 (1954); 
Blevins, Jache, and Gordy, Phys. Rev. 97, 684 (1955); Burrus, 
Gordy, Benjamin, and Livingston, Phys. Rev. 97, 1661 (1955). 


OCSe”* 11-12 97 637.78+0.20 
14-15 122 043.902.0.25 
17-18 146 447.90+0.30 
20-21 170 849.06+0.35 
23-24 195 247.17+0.40 
26-27 219 641.79+.0.45 
29-30 244 032.33+0.50 


11-12 97 321.07+0.20 
14-15 121 647.98+0.25 
17-18 145 972.74+0.30 
20-21 170 294.80+0.35 
23-24 194 613.75+0.40 
26-27 218 929.21+0.45 


11-12 97 013.24+0.20 
14-15 121 263.28+0.25 
17-18 145 511.08+0.30 
20-21 169 756.27+0.35 
23-24 193 998.34+0.40 
26-27 218 236.97+0.45 
29-30 242 471.47+0.50 
32-33 266 701.930.55 


11-12 96418.95+0.20 
14-15 120 520.40+0.25 
17-18 144 619.81+0.30 
20-21 168 716.41+0.35 
23-24 192 810.17+0.40 
26-27 216 900.38+0.45 
29-30 240 986.62+0.50 
32-33 265 068.60+0.55 
35-36 289 145.50+0.60 
38-39 313 217.57+0.65 


11-12 95 852.94+0.20 
14-15 119 812.89-+0.25 
17-18 143 770.82+0.30 
20-21 167 726.08+0.35 
23-24 191 678.34+0.40 
26-27 215 627.18+0.45 
29-430 239 572.08+0.50 
32-33 263 512.90+0.55 


97 637.78 
122 043.90 
146 447.80 
170 849.04 
195 247.17 
219 641.75 
244 032.34 


97 321.06 
121 648.00 
145 972.73 
170 294.81 
194 613.78 
218 929.21 


97 013.23 
121 263.25 
145 511.07 
169 756.26 
193 998.38 
218 236.99 
242 471.65 
266 701.93 


96 418.95 
120 520.43 
144 619.75 
168.716.46 
192 810.13 
216 900.34 
240 986.63 
265 068.60 
289 145.78 
313 217.76 


95 852.95 
119 812.96 
143 770.81 
167 726.09 
191 678.36 
215 627.18 
239 572.13 
263 512.78 


3.07 
2.46 


4 
5 
6 
7 
8 
9 
0 
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® Calculated with the Bo and Dy given in Table VIII. 
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TaBLe VIII. Spectral constants. 


BURRUS AND W. GORDY 


TaBLE IX. L-type doublets. 











Molecule 


HCN 
DCN 


N;0 

CCN 
CF’CN 
Br®CN 
Br'CN 
OCSe”* 
OCSe” 
OCSe’® 
OCSe™ 
OCSe® 


Bo (Mc/sec) 


44 315.99, 
36 207.42 
12 561.63, 
5970.83, 
5847.24; 
4120.22; 
4096.80 


4068.43, 
4055.24; 
4042.41; 
4017.64, 
3994.06, 


Ds (Mc/sec) 


9.049 10% 
5.733X 10? 
5.359X 10-3 
1.66; 10° 
1.60; 10-* 
8.84,X 10~* 
8.716 10 
6.84. 10 
6.834 10 
6.77;X10- 
6.695 10-* 
6.640X 10-3 











For some, corrections for nuclear quadrupole effects 
were necessary as indicated imthe tables. Approximate 
values of the stretching constants, D,;, have been ob- 
tained for most of these molecules from earlier measure- 
ments on lower J transitions. Only the 0—1 transitions 
of HCN and DCN have been previously measured. 
Because of the increase of the centrifugal stretching 
with rate of rotation, the centrifugal stretching term, 
4D;(J+1)’, becomes large and Dy; can be accurately 
measured in the 1-mm region. In the present work, 
transitions up to J=41—+42 were measured for Br®CN 
and Br®'CN. Here the deviations caused by the cen- 
trifugal stretching term of Eq. (1) amount to 250 
Mc/sec. No deviation from Eq. (1) was detected in the 
present work. Extension to still higher J, or more 
accurate measurement, is required to detect higher order 
centrifugal stretching effects. 

Table IX lists the frequencies which are measured 
for l-type doublets of molecules in the first excited 
degenerate bending vibrational mode. According to 
Nielsen’s theory,® the splitting of rotational levels by 
the interaction between vibration and rotation are 
given by 


AE=hgJ (J+1). (2) 
For J—J+1 transitions the doublet separation is 
Av=2q(J+1), (3) 


where g is the /-type doubling constant measured in 
frequency units. If higher order effects not included in 
Eq. (2) are neglected, Av/[2(J+1)] should have the 
same value for different rotational states. It was found 
to be constant within the limits of experimental error 
for the transitions measured (up to J=29- 30) for 
Br®CN. A slight deviation in g with increasing J has 


*H. H. Nielsen, Revs. Modern Phys. 23, 90 (1951). 


Tube 
har- 
monic 


Transi- Measured frequencies* A 
tion (Mc/sec) —— 
J—aJ+1i lower 2(J +1) 


7-8 95 731.52 

9-10 119 662.15 
11-12 143 591.01 
13-14 167 517.88 
15-16 191 442.66 
17-18 215 364.77 
19-20 239 283.85 


7-8 93 751.28 
9-10 117 186.54 
11-12 140 620.55 
13-14 164 052.55 
15-16 187 482.50 
1718 215 769.51 


99 108.45 
99 109.06 
99 110.12 
99 110.75 
A a 123 881.78 
123 882.90 

6 148 652.01 
148 652.83 

7 173 418.77 
8 198 181.25 
9 222 939.11 
10 247 691.48 


Br™ CN 4> 98 545.65 
98 546.18 
98 547.08 
98 547.63 

123 178.33 

123 179.40 

147 807.77 

147 808.49 

172 434.07 

197 055.84 

221 673.17 


96 546.60 
120 679.98 
144 811.06 
168 939.60 
193 065.08 
217 186.90 


100 531.65 
125 663.69 
150 794.98 


Molecule 


CI*CN 


upper 


95 850.88 
119 811.35 
143 770.23 
167 726.78 
191 681.13 
215 633.04 
239 582.25 


93 865.98 
117 329.90 
140 792.59 
164 253.26 
187 711.52 
216 027.44 





BRS 


rt 
= 
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CF'CN 


COnsane. COOOnNaunS 
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Br®CN 


_ 
La 


11-12 


173 583.26 
198 368.79 
222 150.44 
247 925.95 


98 638.49 
98 639.01 
98 639.95 
98 640.42 
123 294.38 
123 295.31 
147 947.11 
147 947.85 
172 596.70 
197 241.70 
221 881.84 


96 622.76 
120 775.11 
144 925.26 
169 072.81 
193 217.26 
217 358.18 


100 721.58 
125 900.99 
151 079.83 


wm 
s 


14-15 
17-18 


20-21 
23-24 
26-27 


11-12 
1415 
17-18 
20-21 
23-24 
26-27 


3-4 
445 
5-6 


3.172 


23.74; 
23.730 
23.73 


nan CONAN won > 








® Measured frequencies not corrected for electric quadrupole effects in 
CICN and BrCN. 

> Listed components due to electric quadrupole effects sufficiently re- 
solved at these frequencies to be measured. 


been found’ for HCN, where the /-type doubling is so 
large that direct transitions between the /-doublets 
(with no change in J) are observable in the centimeter 
wave region. 


7J. F. Westerkamp, Phys. Rev. 93, 716 (1954). 
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Diffusion of Metastable Mercury Molecules 


A. O. McCousrey Anp C. G. MATLAND 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received September 19, 1955) 


The band radiation observed in the afterglow of mercury vapor 
has previously been interpreted in terms of metastable diatomic 
mercury molecules Hg2(80,-). To account for an anomalous 
density dependence of the diffusion loss observed for these mole- 
cules, it was found necessary to assume that the molecules are 
almost totally reflected at the glass wall boundaries. In the present 
measurements taken with both glass and molybdenum boundaries, 
under more careful conditions, the anomalous behavior was shown 
to be spurious; the data obtained are consistent with the hypoth- 
esis that the Hg2(O0.-) molecules are completely destroyed upon 
diffusion to the boundaries. 

The experimental method is that used in the previous work, in 


which Hg2(*0,-) molecules are created as a consequence of the 
absorption of 2537 A resonance radiation. The time variation of 
the concentration of molecules is obtained during the afterglow by 
measuring the intensity of band radiation. The vapor temperature 
is held constant at 200°C. The product of the diffusion coefficient 
and mercury vapor density obtained from this work is ND 
=63X107'* (atoms/cc) cm*/sec. These experiments, which in- 
clude two different geometries and which extend over a wider 
density range than heretofore, have also yielded a more accurate 
value for the three-body collision induced radiation rate, Cy =29 
X10-* (atom/cc)~ sec™!, and for the spontaneous radiation 
rate B= 36 sec". 





I. INTRODUCTION 


HE band fluorescence of mercury vapor in the 

visible and near ultraviolet parts of the spectrum 
has been interpreted in terms of the spontaneous decay 
and collisional destruction of excited diatomic mole- 
cules.! As described in I, this fluorescence may be excited 
indirectly by the 2537 A atomic resonance line. A few 
of the Hg(6*P;) atoms excited as a result of the ab- 
sorption of the resonance radiation are converted in 
collisions of the second kind to metastable Hg(6*Po) 
atoms. Some of these metastable atoms are converted 
to metastable diatomic molecules, Hg2(*O,-), in a 
three-body collision process. The metastable molecules 
decay within the volume of the absorption cell by two 
modes, i.e., by spontaneous radiation to the ground 
state, giving rise to the near ultraviolet band, or by 
another three-body collision process leading, perhaps 
through additional steps, to the emission of the visible 
band. The experiments described in I permitted the 
evaluation of the diffusion coefficient, spontaneous 
radiation rate, and the three-body collision destruction 
rate for the metastable molecules. An anomaly in the 
density dependence of the diffusion loss was inter- 
preted in terms of an almost total reflection of the 
metastable molecules from the glass walls of the floures- 
cence tube. The experiments described in the present 
paper were undertaken to investigate this circumstance 
in detail. In addition to demonstrating that the prev- 
iously observed anomalous density dependence is of 
spurious origin, this work has extended the observations 
over a greater range of vapor densities and has resulted 
in more accurate values for the diffusion coefficient, 
spontaneous radiation rate, and three-body collision 
destruction rate for the molecules. 


Il. EXPERIMENTAL METHOD 
The experimental method, described in detail in I, 
is reviewed briefly here. A schematic diagram of the 


1A, O. McCoubrey, Phys. Rev. 93, 1249 (1954), hereinafter 
referred to as I. 


apparatus for the experiment is shown in Fig. 1. 
Radiation from a mercury discharge source, interrupted 
by a rotating shutter, is incident on a silica glass tube 
containing mercury vapor. The decaying intensity of 
the afterglow is measured by a_ photomultiplier. 
Because the intensity is very low, a time-sampling 
technique is employed to obtain an average decay 
curve. At a given time after the shutter has cut off the 
incident light, the photomultiplier is sensitized for a 
small portion of an afterglow cycle; furthermore, it is 
sensitized at the same time for many successive decay 
cycles. In this way an average value of the intensity at 
a given time in the afterglow is obtained. The time at 
which the photomultiplier is sensitized is controlled 
by a variable-delay gate generator and a photoelectric 
trigger. A furnace surrounding the fluorescence tube 
independently controls the mercury vapor pressure 
and vapor temperature. Optical filters are used to 
resolve the fluorescent bands. 

During the course of a decay measurement, it_is 
required that the source intensity, the vapor pressure 
and temperature, and the photomultiplier gain remain 
constant. For the present experiments, these conditions 
have been greatly improved through the use of a tem- 
perature regulator’ to hold furnace temperature con- 
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Fic. 1. Schematic diagram of the apparatus. 


2 P. R. Malmberg and C. G. Matland, Westinghouse Research 
Report 60-94439-8-R2 (unpublished). 
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B 
Fic. 2. Fluorescence tube geometry. R=2.34 cm and L=25 cm 


are the same for all tubes. (A) All glass, (B) molybdenum wall, 
(C) pillbox, (S) =1.92 cm. 


A Cc 


stant within +0.03°C, and regulated power supplies 
for the source and time sampling equipment. 

The large furnace described in I was also used for the 
present work. Fluorescence tubes with dimensions are 
shown in Fig. 2. The stacked pillbox construction shown 
was devised to maintain the optical speed of the system. 
The metal parts used in the tubes were made of molyb- 
denum. It may be of interest to report that tubes 
prepared with nickel parts gave unsatisfactory per- 
formance. Molecular destruction rates were higher than 
expected and erratic in tubes which were intended to be 
identical. Apparently the use of nickel results in con- 
tamination of the vapor even when the tubes are baked 
and evacuated with utmost care.* 


Ill. RESULTS 


In Figure 3 is shown a typical decay measurement. 
In I, the initial structure of the decay was associated 
with the conversion of metastable atoms, Hg(6*Po5) to 
molecules. The final slope, characterized here by the 
time constant, 7,4 was identified with the concentration 
of metastable molecules, Hg2(*O,-). It is the time 
constant 7 which is of interest in the present paper. 

In Fig. 4, the log of the reciprocals of measured values 
of r are plotted against the log of the mercury vapor 
density for the three tubes used, the vapor temperature 
being held constant at 200°C. 


8 Tube preparation is described in I. 
4 This time constant is the 72 of I. 


IV. DISCUSSION 


Late in the afterglow the population of metastable 
atoms, Hg(*Po), has decayed to a negligible level and 
there is no longer a production of Hg2(*O,-) molecules. 
The concentration of diatomic molecules is then gov- 
erned by the three loss processes, diffusion, spontaneous 
radiation, and three-body collision destruction. The 
rate of decay is given by 


0M /dT=DyuV?M—BM—CyN°M, (1) 


where M is the density of Hg2(*O.-) molecules, Dy is 
their diffusion coefficient, B is the spontaneous radiation 
rate, Cy is the three-body collision destruction rate, 
and N is the mercury vapor density. Solutions of this 
equation are treated in detail in I. Of interest here is 
the time dependence of solutions which vanish at the 
enclosure boundaries corresponding to complete de- 
struction of the molecules at the walls. For the funda- 
mental mode of decay, 


M (t)= Mo exp(—t/r), (2) 
where 
1/r= (Dy /A?)+B+CyN?. (3) 


The quantity A is the characteristic diffusion length 
for the enclosure and is given by 


(1/A?) = (2.41/R)?+ (x/L)*, (4) 
where R is the radius and L is the length of the en- 


closure. The exponential decay of fluorescence intensity 
is demonstrated in Fig. 2. A good fit of a straight line 
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Fic. 3. The measured time dependence of the relative intensity 
in the afterglow of Hg: fluorescence. 








DIFFUSION 


to the data over a large range of intensity is taken as 
evidence that the fundamental decay mode pre- 
dominates. 

The solid lines in Fig. 4 represent the best fit of Eq. 
(3) to the data. At high vapor densities the N- 
dependent third term in (3) predominates and log(1/r) 
tends toward a straight line of slope two. At low vapor 
densities the diffusion term, which is inversely pro- 
portional to vapor density, predominates and log(1/r) 
tends toward a line of slope minus one. This behavior 
is clearly demonstrated in Fig. 4. In the figure are given 
the values of Dy, B, and Cy required to achieve the 
fit to the data taken with the tubes having 1/A?= 1.10 
cm~. The quantities Dy and Cy were evaluated in the 
low- and high-density regions respectively, while the 
value of B was obtained from the data around the 
minimum where its influence is greatest. The resolution 
of the experiment was such that a reflection coefficient 
of twenty percent could be detected. 

By rearranging Eq. (3) to the form 


NA*(r— B)=NDu+Cua°N’, (5) 


the curves corresponding to the two diffusion geometries 
may be combined into a single curve. 





-— 











Fic. 4. The density dependence of the relative intensity in the 
afterglow of Hge fluorescence for a vapor temperature of 200°C: 
@ all glass tube; A molybdenum-walled tube; O pillbox, glass 
and molybdenum. For the solid curves VDy=63X 10~* (atoms/ 
cc) cm*/sec, B=36 sec, and C=29X10-* (atoms/cc)~ sec”. 
For the case of 1/A?=3.7 cm~, it is felt that the disagreement be- 
tween the curve and the data at low densities is due to a 5 percent 
uncertainty in A. 
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Fic. 5. Summary of the Hg2(°0,,-) destruction data 
for three fluorescence tubes. 


Since Dy is inversely dependent upon N, the first 
term on the right of Eq. (5) is constant and predomi- 
nates at low vapor densities. The second term, on the 
other hand, varies as V* and dominates at high densities. 
This behavior is cearly evident in the graph of Fig. 5 
on which the data for all three tubes are plotted. 


Vv. CONCLUSIONS 


The experimental work presented in the present paper 
demonstrates that metastable mercury molecules, 
Hg:(O,-), are destroyed upon diffusing to metal or 
glass walls. 

The improved and more extensive data obtained in 
this work have resulted in more accurate values for the 
diffusion coefficient, spontaneous radiation rate, and 
three-body collision destruction of the metastable 
molecules, Hg2(*O,-). These are respectively NDy 
=63X10-'* (atoms/cc) cm?/sec, B=36 sec, and 
Cu=29X 10-* (atoms/cc)* sec. 

Investigations into the temperature dependence® of 
the various molecular destruction processes are in 
progress and publication of further results is planned 
for the near future. 
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Interpretation of Spectra of Atoms and Molecules in Solid Nitrogen Condensed at 4.2°Kt 
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The emission spectra observed from solids condensed at 4.2°K from an electric discharge through nitrogen 
are explained by assuming that large numbers of nitrogen atoms are deposited in the process. Approximate 
calculations of the interactions of the atoms with the surrounding solid show that the observed shifts, split- 
tings, and changes of half-life of some atomic lines have the proper direction and magnitude. Analysis of a 
new band system provides evidence for the formation of nitrogen molecules from atoms in the solid and 
provides information about a new electronic state of Nz which may be the °Z,* state. On this basis a lower 
limit of 9.632 ev can be given to the heat of dissociation of nitrogen. 





1. INTRODUCTION 


ECENTLY, techniques have been developed to 
condense short-lived species at low temperatures 
into solids.'~* Underlying all such attempts is the hope 
that unstable species have a long enough life at low 
enough temperatures to make extensive studies possible. 
Condensation, if successful, also promises to make 
possible the accumulation of appreciable quantities of 
active species. The solids which have been produced 
in this manner have often exhibited unusual properties 
which generally have been ascribed to the presence of 
some active species. 

Once it can be shown beyond reasonable doubt that 
such solids contain active species in appreciable con- 
centrations, and if means are found to study their 
properties quantitatively, a number of developments 
may be expected in the study of discharge and after- 
glow phenomena, chemical kinetics, and in this new 
area of solid state physics and chemistry. 

We have been able to interpret, in some detail, the 
experiments of Broida and Pellam* on the phosphores- 
cence of nitrogen condensed from an electric discharge 
and report the result in this paper. We show how these 
results can be understood if it is assumed that large 
numbers of nitrogen atoms in various excited states are 
deposited along with nitrogen molecules from the 
electric discharge. In fact, many of the spectroscopic 
resultst can be explained as the radiation emitted by 
nitrogen atoms after deposition, and by the subsequent 
formation of nitrogen molecules in the solid. 

Our considerations are as yet semiquantitative or 
qualitative on some points because of the complexity 
of the phenomena. However, detailed calculations are 
possible on some of these effects and are in progress. 
Although we cannot yet give a complete discussion of 
the various phenomena encountered, we believe that 


+ This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air ott — Develop- 
ment Command, and by the Office of Naval Rese: 

1 F. O. Rice and M. Freamo, J. Am. Chem. Soc. 73, 3529 (1951); 
75, 548 (1953). 

iP. A. Giguere, J. Chem. Phys. 22, 2085 (1954). 

3H. P. Broida and J. R. Pellam, Phys. Rev. 95, 845 (1954). 

4 A. Bass and H. P. Broida (to be published). 


our point of view opens the possibility of quantitative 
study both experimentally and theoretically. 

Various indirect pieces of evidence make our funda- 
mental hypothesis, i.e., the deposition of large number 
of atoms in the solid, quite plausible. The presence of 
large quantities of atoms in certain electric discharges 
is well established.® The formation of solid ozone by 
condensing the products of a discharge in oxygen has 
recently been reported. Chemical effects take place 
when first nitrogen and then oxygen products are 
deposited and allowed to warm up. We believe, how- 
ever, that the detailed discussion in Sec. 3 gives the 
strongest confirmation of the general hypothesis. 


2. THE EXPERIMENTS 


The experimental setup, the procedure, the quali- 
tative results,* and the observed details of the spectra‘ 
have been reported. Only the essential features of these 
experiments are presented here. Nitrogen gas is passed 
through an electric discharge at low pressure. The 
products of the discharge are pumped through a tube 
whose wall is kept near room temperature to prevent 
premature condensation at intermediate temperatures, 
and are finally collected on a surface kept at the normal 
boiling temperature of helium, about 4.2°K. While the 
discharge is running the condensation products emit a 
blue-green and a yellow-green glow. Occasional brilliant 
blue flashes are observed on the condensed material. 
When the discharge is turned off the yellow-green glow 
disappears immediately, and the blue-green glow con- 
tinues with gradually diminishing intensity for several 
minutes. If, after the blue-green glow has subsided, the 
solid is allowed to warm up to about 35°K a blue flash 
or glow is observed, depending on whether the warmup 
is fast or slow. 

Spectra of the several optical events indicated above 
have been obtained and measured‘ between 2300 A and 
7000 A. The most prominent features (see Fig. 1) are 
listed in Table I and are arranged according to their 
general appearance. Measured wavelengths A, wave 
numbers v, and visual estimates J of relative plate 


5 E.g. L. C. Copeland, Phys. Rev. 36, 1221 (1930). 
*H. P. Broida and J. R. Pellam, J. Chem. Phys. 23, 409 (1955). 
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blackening are given. None of these lines and bands are 
observed in the discharge or in the gas afterglow. 


3. THEORY OF THE PHENOMENA 


The basis of our explanation of the phenomena 
described above is the assumption that appreciable 
numbers of nitrogen atoms in various excited states are 
produced in the electric discharge, that some of these 
atoms radiate on condensation, and that on subsequent 
heating of the condensed phase, atoms form nitrogen 
molecules in excited states which go to lower states by 
radiation. 

We shall take up in succession the main types of 
radiation observed, and show how these can be inter- 
preted. 


A. The a Lines (Sharp, Blue-Green) 


We propose that the a lines are due to radiative 
transitions from the excited metastable state 2p*?D of 
the N atom which is perturbed by the solid, to the 
ground state 2p* 4S of the N atom. 

In the free N atom two levels, 2p*?Ds;2 and ?D4y2, 
lie 19223 and 19231 cm™ respectively’ above the ground 
state 2p*4S3;2. Radiative transitions from these *D 
levels to the ground state are highly forbidden. They 
connect states whose spins differ and which have 
practically no spin-orbit coupling. They cannot be 
electric dipole transitions, hence they are at most 
electric quadrupole plus magnetic dipole transitions. 
These transitions are observed,® however, in the upper 
atmosphere with a half-life of about nine hours. 


TABLE I. The intense lines emitted from the 
condensed solid nitrogen. 








A, A 
(air) 


vy, cm=! 
(vacuum) I 





1. The a lines, blue-green 
19173.1 2 
19151.4 8 
19120.6 10 
19096.9 6 
19077.2 4 


2. The £ lines,® yellow-green 
18016 8 
17801 6 
17672 2 


3. The A bands, blue 
27984.4 
26521.2 
25078.2 
23667.0 
22276.4 
20905.9 
19557.5 
18232.1 
16927.0 
15643.9 


5214.2 
5220.1 
5228.5 
5235.0 
5240.4 


5549 
5616 
5657 


3572.4 
3769.5 
3986.4 
4224.1 
4487.8 
4782.0 
5111.7 
5483.3 
5906.1 
6390.5 
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3986.4A 


Fic. 1. Typical spectrum 
of condensation products. 
Four minute exposure on a 
red sensitive plate [103a F 
Eastman Kodak] with an 
F/4 glass spectrograph. The 
a and 8 lines are overex- 
posed on this plate in order 
to emphasize the weaker A 
bands. 


The small multiplet separation of the *D levels needs 
comment, because it complicates our interpretation. It 
is well known? that the levels 4S, *D, and ?P of the 29° 
configuration have zero spin-orbit coupling in the pure 
Russell-Saunders coupling case. The small split of 
—8 cm™ of the ?D multiplets cannot be ascribed to 
incipient breakdown of LS coupling, because in that 
case the *P level should show a corresponding multiplet 
separation, but this is not observed for nitrogen. 
Recently, Allen, Ufford, and Van Vleck” have studied 
the same effect in O+ which is iso-electronic with N, 
and have found that spin-spin and spin-other-orbit 
interactions can account for the splitting of the 7D 
levels. 

The solid affects the levels of N atoms in a way which 
is formally equivalent to the Stark effect produced by 
crystal fields encountered in the study of the optical 
and magnetic properties of compounds of the transition 
elements.” The major difference in the Ns—N system 
is the fact that the forces acting on the N atoms prob- 
ably arise from the electric quadrupole moments of the 
Nz molecules, and are therefore much weaker and have 








® The widths of these lines are about 100 cm~. 


7 Atomic Energy Levels, U. S. National Bureau of Standards 
Circular No. 467 (U. S. Government Printing Office, Washington 
25, D. C., 1948), Vol. 1. 

8G. Cario and L. H. Reinecke, Abhandlungen d. Braun- 
schweiger Wissenschaft]. Gesellsch. I, 11 (1949). 


®E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), Chap. 


“10 Allen, Ufford, and Van Vleck, Astrophys. J. 109, 42 (1949) 

11 B. Bleaney and K. W. H. Stevens, Repts. Progr. Phys. 16, 108 
(1953). 

12 J. Owen, Proc. Roy. Soc. (London) A277, 183 (1955) 
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much shorter range than do the forces occurring in 
crystals containing ions and electric dipoles. We expect 
therefore any splittings of levels of N atoms by the solid 
nitrogen to be much smaller than the splittings found 
in ionic systems, and the levels and hence the spectral 
lines of N atoms to be much sharper in the Ne» than in 
ionic systems. These splittings are, however, large 
compared to Stark splittings produced by laboratory 
fields. 

The center of gravity of the transitions *7D-—>‘S in the 
free atom occurs at 19225 cm™, while the center of the 
a lines lies at about 19121 cm~, a shift of 104 cm™ to 
the red. The over-all separation of the a lines is 96 cm=, 
which is comparable to the shift. The ground state, 4S, 
will be split by the crystal field much less than one cm. 
The effect arises only in very high approximation and 
it is too small to matter here. Hence all the separation 
of the a lines is due to the splitting of the *D levels. The 
magnitude of this splitting, the number of resulting 
levels, and the ratios of their separations depend on the 
details of the crystal field and of the multiplet separation 
of the free atom. Because of the short range of the forces, 
the field acting on the atoms depends mainly on the 
arrangement of the molecules nearest to the atoms. 
This arrangement is not yet known. In fact it is not 
certain whether the deposited material has the crystal 
structure of Ne corresponding to the depositing tem- 
perature and contains the atoms as lattice defects, or 
whether the material is deposited in an amorphous layer 
whose structure is similar to that of a super-cooled 
liquid. Nor is it known whether the N atoms can occupy 
several distinct types of sites, or whether all sites are 
equivalent. A detailed crystal field calculation which 
takes into account the multiplet splitting of the free 
atom may enable one to limit the range of possibilities 
just described. At present we can give only a semi- 
quantitative discussion. 

The field splitting is evidently larger than the multi- 
plet separation, hence the action of the field on a D 
state gives the main effects. In a field of cubic symmetry 
a D state splits into two levels (in Bethe’s notation") 
I’;°(2) and I’;°(3), in a field of tetragonal symmetry into 
four levels T';'(1), T'3*(1), T4‘(1), and T's‘(2), and in a 
field of rhombic symmetry into five levels which are 
orbital singlets. The numbers in parentheses after the 
term symbols give the orbital degeneracy of each level. 
The N atom has an odd number of electrons and there- 
fore, by Kramers’ theorem, each level retains at least 
the twofold spin degeneracy. 

Five lines are observed. If the multiplet splittings of 
the free atom were zero then five lines would imply 
either one type of site and rhombic symmetry or several 
types of sites and symmetry higher than rhombic. We 
assume for the present one type of site and rhombic 
symmetry as the simpler hypothesis. The multiplet 


8H. Bethe, Ann. Physik 3, 133 (1929). 
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Fic. 2. Calculated energy levels of D state in a rhombic field 
and levels inferred from observed a lines. 


splitting is less than the field splitting, and so we ignore 
the multiplet splitting at present. 
Let the field have the form 


N 
Ved [ax?+by?—(a+b)z7], (1) 


where x, y, and z are the coordinates of the electrons 
on the N atom, a and 8 are constants giving the field 
strength, and the summation extends over all electrons 
of the atom not in closed shells. With the matrix ele- 
ments for V given by Schlapp and Penney,“ the 
perturbed energy levels of the D state are 


Wi= 6d, 
W2,s= + (360+ 48)”, (2) 
Ws alia 3d+ 6e, 


where d and e are proportional to (a+) and (a—b) 
respectively, and to (r’) of the p electrons on the N. 
It was pointed out above that it is possible to infer the 
separation of the upper levels from the observed a 
lines. These observed levels can be fit approximately 
to the predicted levels of Eq. (2). Figure 2 shows the 
theoretical levels as a function of e/d, and the observed 
levels with the values of d and e giving the best visual 
fit. When d=7.3 cm and |e|=2.9 cm™, three of the 
observed levels fit within experimental error with those 
of Eq. (2), while the remaining two levels agree with 
the corresponding predicted levels to within the order 
of magnitude of the multiplet separation of the *D 


™“ R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932). 








SPECTRA OF ATOMS AND 


state of the free atom, which has been ignored in this 
calculation. Hence the relative positions of the observed 
levels can be predicted as well as can be expected from 
this incomplete theory. The values of the parameters 
d and e will no doubt be refined when a more complete 
theory is worked out. 

The shift of the center of gravity of the atomic lines 
cannot be explained by the simple arguments above. 
The simple crystal field theory predicts that the centers 
of gravity of levels belonging to the same configuration 
are not moved relative to each other. A shift of levels 
such as we note has, however, also been found by 
Owen,” in the transition element compounds. The shift 
of the @ lines is toward the red, in the same direction 
as that found by Owen, and is much smaller than his, 
corresponding to the smaller splitting. The qualitative 
reason is probably the deformation of the radial wave 
function of the electrons on the N atom by the crystal 
field, via configuration interaction. This would change 
the Coulomb repulsion of the electrons and thus shift 
the center of the lines. 

The average half-life of the a lines is about 15 seconds. 
According to our hypothesis this is the half-life of the 
*D components in the crystal field, and it is less than 
the free atom value by a factor of 10*. This reduction is 
probably caused by the fluctuating asymmetric fields 
produced by the zero-point vibrations of the neighbors 
in the lattice, similar to the mechanism which makes the 
otherwise forbidden transitions in the transition element 
compounds weakly allowed.'® 

Among the very weak sharp lines coming from the 
solid, one is observed at 3469.6A. This can be identified 
similarly, with the forbidden transition 2p**P—2p* 4S 
which occurs at 3466.5A in the gas with a half-life of 
about one second.® The line from the solid is shifted 
to the red by 25.8 cm. This shift has the same direction 
and similar magnitude to the shift of the *D-—*S tran- 
sition discussed above. The *P level is split by fields of 
rhombic symmetry, but because of the low intensity of 
the line it may appear as a single line. 

To summarize, the a lines, together with the weak 
ultraviolet line mentioned correspond to all transitions 
among the levels of the 2* configuration which fall into 
the spectral region investigated. The effects of the 
crystal on the transitions can be understood qualita- 
tively, though some questions of detail remain un- 
answered. A weak line at 5940 A with a half-life com- 
parable to that of the a lines has not been identified. 


B. The 6 Lines (Diffuse, Yellow-Green) 


These lines are not observed in the discharge or in 
the stream of gas after the discharge, hence the half- 
lives of the upper states involved are probably long 
compared to the transit time from the discharge to the 
solid which is about 10 to 10~* second. Moreover, 
since these intense lines disappear without visible time 


18, Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954). 
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lag when the discharge is turned off, the half-lives are 
certainly less than 10~ second. The gas flow rate and 
the geometry are such that in 10~* second a layer is 
deposited which would be about two molecules thick 
if it were uniform. This means that the 6 lines come 
from species in the surface layer of the solid. We pro- 
pose that these lines come from N atoms on various 
sites in the surface, and that the irregularities of the 
surface produce strong local variations in the crystal 
field and hence make the lines diffuse. 

These lines can be explained in two different ways. 
Either the three 8 lines connect the levels derived from 
three pairs of free atom levels, then each 8 line cor- 
responds to the whole set of a lines; or the three 8 lines 
connect three levels which all come from one pair of 
free atom levels, then the whole set of 8 lines corresponds 
to the set of a lines. The spectrum of N is very rich in 
highly excited levels having suitable energy differences, 
so it is possible to find plausible pairs of atom levels for 
either alternative, and no decision can be made on this 
basis. We believe, however, for the following reason 
that the second alternative is correct, i.e., that the whole 
set of 8 lines belongs to one free atom transition. In 
either of the two alternatives the levels needed to 
explain the transitions involve electrons with large 
principal quantum numbers, n=4 and larger, hence, 
their wave functions are widely spread out and the field 
splittings for these levels larger than for the a lines. 
But only the second alternative agrees with splittings 
much larger than that of the a lines. It is in fact possible 
to make some very rough numerical estimates. The 
field splitting is approximately proportional to the sum 
of (r’) for the electrons, and (r’) for H-like atoms is 
proportional to mn‘. If we assume that the free atom 
transition 2p’5d*D—2p'3p ‘4D gives rise to the 8 lines 
(it has a reasonable energy difference and is somewhat 
forbidden, hence may have a suitable half-life), then 
the field splitting of the 8 lines should be roughly ten 
times that of the a lines. The data in Table I show that 
the observed splitting is about five times that of the 
a lines. 

Other transitions of N atoms could account for lines 
in this spectral region, so that it is not yet possible to 
identify the transitions unambiguously. Nor is it clear 
why, if the above explanation is correct other, analo- 
gous, systems of lines are not observed. 


C. The A Bands (Blue) 


Several systems of bands are observed in the radiation 
emitted from the solid, but they are not found in the 
discharge or in the gas afterglow. The most intense band 
system consists of sharp lines and we call it the A bands. 
The other systems are less intense and some of them 
consist of broad, diffuse regions of emission. It is 
possible to give a fairly complete discussion of the A 
bands which is quite consistent with the other features 
of the observations. 
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The A bands have been observed under high reso- 
lution only with the discharge on. Presumably they 
come from the blue flashes which occur when the dis- 
charge is on. However, they have been observed under 
low resolution, long after the discharge was turned off, 
in the blue glow which appears on heating the condensed 
products. No atoms or molecules are likely to remain in 
excited states for such long times. We propose, there- 
fore, that the A bands arise from transitions connecting 
some molecular state newly formed from ground state 
N atoms, with some lower molecular state. On this basis 
it is possible to make a complete analysis of the A 
bands. 

Four electronic molecular states can arise from two 
identical atoms in *S states. They are X'Z,+ which is 
the ground state of Nx, A*2,* the upper state of the 
Vegard-Kaplan bands, ®2,+, and "2,*+. The *2,+ has 
been postulated by Cario® and others'® to be a weakly 
bound state with large internuclear separation, in order 
to account by a predissociation mechanism for the 
unusually large populations of some vibrational levels 
of B*Il, which have been observed. Our analysis indi- 
cates that the upper state for the A bands is indeed 
weakly bound and has a large internuclear separation 
and it is plausible to identify this upper state with 
Cario’s *Z,+. According to our analysis the lower 
electronic state is A*,*. 

Below about 35°K, Ne molecules in the solid cannot 
rotate, while rotation begins near 35°K.!” Therefore 
one or a very few lines correspond in the solid to each 
band in the gas spectrum. Each strong line of the A 
bands has one or two weak companions on the long- 
wavelength side. 

The equation which fits the ten strong lines of the 
system is 
v= 27961.1+12.10’— (1462.20 — 10.200'+-1.6 

X 10-*0'*+-1.0 10-'v’"*). (3) 


The assigned quantum numbers of each observed 
line are given in Table I. The equation fits the data 
extremely well, the mean absolute deviation between 
observed and calculated values for the ten lines is 
0.5 cm“, no larger than the experimental uncertainty 
in the data. 

The energy of dissociation of the upper state °Z can be 
found from the energy of dissociation of the ground 
state and the energy difference of A*Z and X'Q2, if 
effects of the solid on these quantities are neglected. 
It is 1060 cm™ if the energy of dissociation of Ne in 
the ground state is 78776 cm™ (9.764 ev). The vibra- 
tional frequency constant of the upper state is about 
12.1 cm™, the anharmonicity is of the order of the 
experimental uncertainty. The observed lines are 

16 J. Berkowitz, thesis, Chemistry Department, Harvard Uni- 
versity, 1955 (unpublished). 

1'[. Vegard, Z. Physik 58, 497 (1929); 88, 235 (1934); M. 
Ruhemann, Z. Physik "6, 368 (1932); W. F. ine ue and j. O. 
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Rev. 36, 430 (1930). 
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Fic. 3. Molecular states of Nz coming from atoms in 


ground state. 


v =0v">1,  =1-9r""=1, and v= 2->v=0, and the 
Condon parabola is very flat with an intensity maximum 
for v’’=4. This is consistent with a weakly bound upper 
state, with an internuclear separation much greater 
than that of the lower state. These properties of the 
state are quite similar to those postulated by Cario® for 
the °2,* and therefore we identify tentatively our upper 
state with the ®2,* (Fig. 3). 

The lower state is apparently the A*2,*. The values 
of the constants in Eq. (3) differ somewhat from those 
given by Herzberg'* or Bernard," but agree much better 
with those for A*2,*+ than with those for other states. 
The force constant is increased by about 1% over 
the gas value and the anharmonicity decreased by 
about 20%. We ascribe these changes to the effects of 
the solid. It is known” from Raman spectroscopy that 
the separation between states v’’=1, and v’=0 of the 
electronic ground state of N» in the liquid is not changed 
from the gas value. However, little is known about the 
potential curves of excited states of molecules in solids. 
Repulsion between neighboring molecules increases very 
rapidly with decreasing distance between them. There- 
fore, it is likely that a molecule in an excited electronic 
state (with ro greater than ro of the ground state) will 
be repelled more strongly by its neighbors than in the 
ground state. This will make it more difficult for the 
molecule to vibrate because it is “hemmed in” more, 
and hence the force constant would be expected to be 

18 G. Herzberg, Molecular Spectra and Molecular Structure (D. 
van Nostrand Company, New York, 1953), Vol. 1. 

”R. G. Bernard, Proceedings of Conferences on Auroral 
Physics, Geophysical Research Papers No. 30, 243 (1954). 
*K. W. F. Kohlrausch, Eucken-Wolf Hand und Jahrbuch d. 


Chemischen Physik (Akademische Verlagegesellschaft, Leipzig, 
1943), Vol. 9, p. 68. 
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larger than in the gas and the anharmonicity smaller. 
Both observed changes are in these directions; hence 
we believe they are qualitatively explained. 

The “high” value of 9.764 ev of the heat of dis- 
sociation'*:" of N» is used in our analysis, while the 
“low” value of 7.373 ev is not consistent with the results 
and our explanation. The A bands have been observed 
when the combining atoms were in the ground state, 
hence the upper state of the A bands is formed from 
ground-state atoms. The upper state of the bands is 
about 28 000 cm™ above the A*2,*. The “low” value 
rules out an upper state more than about 10000 cm™ 
above A*z,*. In fact, our interpretation using the 
A*Z,* level as the lower state of the A bands puts a 
lower limit of 9.632 ev on the heat of dissociation, very 
close to the “high’’ value. 

The weak lines which are observed toward the red 
of each strong line have a diffuse appearance. They may 
arise from the levels of hindered rotation of the Nez 
molecules in the A*Z,* state in the solid. Thus the sharp 
intense lines may arise from transitions to the lowest 
level of hindered rotation, a sharp level associated with 
a rocking motion of the molecule. The weak diffuse lines 
may arise from transitions to the upper levels of hindered 
rotation, which may (because of cooperative effects) be 
diffuse. This is offered as a possible interpretation only, 
since the data are not complete enough to allow a 
definite explanation of these weak companion lines. 

To summarize, the analysis of the A bands identifies 
the lower electronic state as A*Z,,*, and gives some new 
quantitative information about the upper state °2,*. 
Only the “high” value for the heat of dissociation of 
N2 is consistent with the analysis presented here. 


4. DISCUSSION 


We have shown how the blue-green spectral emission 
of long persistence, the a@ lines, can be interpreted by 
assuming that the lines arise from transitions from the 
metastable state *D to the ground state ‘S, of nitrogen 
atoms. The semiquantitative treatment of the effects 
of the neighbors in the solid on the transition gives 
results in reasonable agreement with the observations. 
Further detailed calculations are needed to provide a 
complete explanation of the experimental results. 

The analysis of the blue glow, the A bands, as 
electronic-vibrational transitions between states of 
nitrogen molecules gives excellent agreement with 
experiment. The transitions come apparently from a 
weakly bound excited state and go to the well-known 
A*,*. The upper state may be the state °2,*, postulated 


21A, G. Gaydon, Dissociation Energies (Chapman and Hall, 
Ltd., London, 1953). 
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before but previously not observed directly. Our 
analysis provides the heat of dissociation (1060 cm~'), 
the vibrational frequency constant (12.1 cm~), and an 
approximate value of ro (ro~1.5A) for this state. The 
analysis further leads to a lower limit for the heat of 
dissociation of nitrogen of 9.632 ev, which is only 
slightly less than the “high” value of 9.764 ev. 

The tentative explanation of the yellow-green diffuse 
lines, the 6 lines, is quite uncertain. This is partly 
because the lines are so diffuse, hence difficult to assign 
and partly because of the many atomic transitions which 
might contribute to these lines. 

Among the many important problems which remain 
unsolved are the structure of the deposited solid which 
determines the crystal field acting on the atoms, the 
nature of the weak companion lines of the A bands and 
their possible relation to the levels of hindered rotation, 
the mechanism of formation of the upper state of the 
A bands including the question whether atoms diffuse 
through the solid, and finally the rather striking absence 
of any well-developed sequences of the Vegard-Kaplan 
bands. Our analysis indicates that the lower state of the 
A bands is the upper state of the Vegard-Kaplan bands 
and it is not clear why the latter should not be observed. 

It is interesting to note that Vegard” and McClennan 
and Shrum* were the first to observe the a and 8 lines 
some 30 years ago, when they bombarded solid nitrogen 
with electrons and positive ions. It was in these experi- 
ments that Vegard first observed the Vegard-Kaplan 
bands. These authors recognized the general significance 
of their results and Vegard stressed the importance of 
interactions in the solid, but at that time theory was 
not sufficiently developed to allow a detailed inter- 
pretation. McClennan, Ireton, and Thompson™ ob- 
served as many as eight lines in the a group. In the light 
of modern theory and our hypotheses, this implies 
directly that they had atoms in excited states roughly 
equally distributed over at least two significantly 
different types of sites. Because their systems were 
prepared by particle bombardment this is not unlikely. 

A final confirmation of the validity of our hypotheses 
depends on the outcome of more detailed calculations 
on the effects of neighbors on nitrogen atoms and mole- 
cules. However, the over-all agreement of the observed 
effects with those predicted on the basis of our hy- 
potheses gives good indication that the basic argument 
about the existence of appreciable numbers of atoms in 
the solids is sound. 


2. Vegard, Nature 113, 716 (1924); Ann. Physik 79, 377 
(1926). 

%3 J. C. McClennan and C. M. Shrum, Proc. Roy. Soc. (London) 
A106, 138 (1924). 

* McClennan, Ireton, and Thompson, Nature 118, 408 (1926). 
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Hyperfine Structure of the Metastable Hydrogen Atom*{ 


Juercen W. HeBere,} Haskert A. Reicu,§ AND P. Kuscu 
Columbia Radiation Laboratory, Columbia University, New York, New York 
(Received October 7, 1955) 


The hyperfine separation Av(2S) of the metastable 2%5; state has been measured by a new atomic-beam 
magnetic-resonance method. Rf transitions were detected by utilizing a property peculiar to metastable 
hydrogen atoms, namely, that atoms with m;= —} decay much more rapidly in passing through a magnetic 
field of about 575 gauss than do atoms with m;= +4. We found that Av(2S)=177 556.86+0.05 kc/sec. 
From this result and the very accurately known hyperfine separation Av(15) of the ground state, we obtain 
R=Ay(2S)/Av(1S)=} (1.000 034 62.0.000 000 3). The deviation of R from the presently available theo- 
retical value suggests the existence of a higher-order quantum-electrodynamic term. 

A method of velocity selection by electron impact is described. 





INTRODUCTION 


ERETOFORE, all precise determinations of hy- 

perfine separations by the atomic-beam method 
were effected by utilizing the deflection of atoms in 
strongly inhomogeneous fields. This article describes a 
precise determination of the hyperfine separation 
Av(2S) of the 2°S; state (hereafter written simply as 
2S) of the hydrogen atom by a new atomic-beam 
method. Transitions are detected by taking advantage 
of the fact that in a magnetic field certain magnetic 
quantum states decay much faster than others. 

The hyperfine separation Av(1S) of the ground state 
of the hydrogen atom has been measured by two 
different methods.' The theoretical interpretation of 
those results is hindered by the relatively large un- 
certainty of the fine-structure constant a. This same 
difficuity also limits a direct comparison of the observed 
Av(2S) with theory. It is instructive, however, to 
consider the ratio R defined by R=Av(2S)/Av(1S). 
According to the relativistic hfs formulas of Breit* this 
ratio is given by 


Rtveor= 31+ (§)a?+0(a')]. (1) 


The deviation from Rtneor produced by the structure of 
the proton is expected to be too small to be observable, 
but quantum-electrodynamic effects of order a* may 
give rise to an observable deviation. 

A report‘ on our preliminary measurements of 
Av(2S) has been published previously. 


* Work supported jointly by the Signal Corps, the Office of 
Naval Research, and the Air Research and Development Com- 
mand. 
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GENERAL DISCUSSION 
1. Hyperfine Structure of the 2S State 


In the absence of a magnetic field a *S; state is split 
into two levels separated by an energy difference 
AW =hAv. The relation of Av(2S) to other features of 
the structure of the hydrogen atom is shown in Fig. 1. 
In a magnetic field the levels are further split up as 
described by the Breit-Rabi® formula. Most of the 
discussion by Nafe and Nelson’ of the transitions 
between magnetic levels of the ground, 1°S;, state 
applies also to the 2S state of hydrogen. 

The Zeeman splitting of the 2S and 2°, states is 
shown in Fig. 2. The symbols a, 8, a, b, c, d, e, and f 
introduced by Lamb and Retherford (HI, p. 560)§ 
denote the magnetic levels of the fine structure com- 
ponents of the n=2 state. Since we are concerned here 
with the hyperfine structure of the 2S state, we will 
use the additional notation 1, 2, 3, 4 to designate the 
magnetic levels of the hyperfine structure, where 1 and 
2 are a states and 3 and 4 are B states. 

In the presence of weak electrostatic fields, the levels 
1, 2, 3, and 4 are shifted in such a way that Av(2S) 
appears diminished. This de Stark effect is discussed in 
Appendix A. 


2. Metastable Hydrogen Atoms 


Breit and Teller® have estimated that in the absence 
of perturbing fields the mean lifetime of the 2S state 
lies between 0.11 and 0.16 sec. Upon application of an 
electrostatic field the 2P states are mixed into the 2S 
state, and hence the mean life 7, of the 2S state is 
reduced. The theory of this electric quenching is given 
in Appendix IT of HI. Such quenching is also produced 
by the motional electric field E= (v/c) XH experienced 


°G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

7 J. E. Nafe and E. B. Nelson, Phys. Rev.,73, 718 (1948). 

8 The articles on the fine structure of the hydrogen atom are 
referred to as HI, HII, HIII, HIV, HV, and HVI. Those cited in 
the present paper are HI, W. E. Lamb, Jr., and R. C. Retherford, 
Phys. Rev. 79, 549 (1950); HII, W. E. Lamb, Jr., and R. C. 
Retherford, Phys. Rev. 81, 222 (1951); HIII, W. E. Lamb, Jr., 
Phys. Rev. 85, 259 (1952); HVI, Dayhoff, Triebwasser, and 
Lamb, Phys. Rev. 89, 106 (1953). 

* G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 
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Fic. 1. Energy levels of the hydrogen atom. Lamb shift 
$= 1058 Mc/sec. AE=10 968 Mc/sec. 


by atoms traveling through a magnetic field. The decay 
length of a metastable atom is defined by 


A=07,. (2) 


In Fig. 3, the decay lengths of the metastable states a 
and 8 have been plotted against H for atoms traveling 
at a velocity of 510° cm/sec, which is of the order of 
magnitude of the velocities occurring in this experiment. 
The equations from which these curves have been calcu- 
lated are given in Appendix A. For the 8 state A is at a 
minimum of 0.047 cm at 575 gauss, whereas \ for the 
a state is as large as 87 cm. It is to be noted that this 
minimum is associated with the value of H at which the 
B and e levels cross in Fig. 2. 

When a metastable atom impinges upon a metallic 
surface, its excitation energy (~10.2 ev) may be trans- 
ferred to an electron in the metal in such a way that the 
electron escapes into the vacuum. This phenomenon 
has been discussed in Sec. 11 of HI. Since atoms in the 
ground state cannot eject electrons, metastable atoms 
can be detected and distinguished from normal atoms 
by collecting these ejected electrons. 


METHOD 
3. General Description of Method 


Of the various transitions allowed between the states 
1, 2, 3, and 4 several pairs may be used to determine 
Av(2S) ; those lines whose observation leads to a deter- 
mination of Av(2S) in the present work are the 7 line 
(1,4) and the o line (2,4). For low H (i.e., H<hAv/yo) 
their resonant frequencies are given by 


V4 Av+AH+ BH, (3) 
vog= Av+CH’, (4) 
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Fic. 2. Zeeman splitting of the hyperfine structure of the 2S 
state. The dashed lines show the energy levels obtained when hfs 
is ignored. 


where A= 1 399.1 (kc/sec) gauss’, B= 11.092 (kc/sec) 
gauss~*, and C=2B= 22.184 (kc/sec) gauss~*. 

In the computation of B, a value of 177 557 kc/sec 
was assumed for Ap. It is to be noted that v2, is inde- 
pendent of H in the first order, and the choice of lines 
used in the present work was motivated by this fact. 

The long decay length of the 2S state at weak mag- 
netic fields suggests the adoption of an atomic-beam 
method for investigating the hyperfine structure of this 
state. Hydrogen atoms in the ground state are formed 
by dissociating molecular hydrogen and effuse through 
a small hole into vacuum. A beam is formed by those 
atoms that pass through a slit in a nearby bulkhead. 
The atoms are then excited to the metastable state by 
electron impact. Thereupon the beam is polarized, i.e., 
atoms in the final state of the transition being observed 
are quenched selectively. The beam passes next through 
a radio-frequency magnetic field, where transitions to 
the final state are induced. Subsequently the beam is 
subjected to analysis, i.e., the newly formed final-state 
atoms are quenched. The remaining metastable atoms 
pass on to a detector. A decrease of the detector signal, 
as the radio-frequency is varied, indicates a resonance. 
This sequence of processes is illustrated in Fig. 4 and 
will be discussed in detail in subsequent sections. 


4. Dissociation and Excitation 


Various methods have been used to dissociate 
hydrogen for the purpose of forming a beam of hydrogen 
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Fic. 3. Decay length as a function of magnetic field for the 
metastable states a and 6 at a velocity of 5.0X10® cm/sec per- 
pendicular to the magnetic field. 


atoms: (1) Wood’s tube,” (2) microwave discharge," 
(3) thermal dissociation (HI, Sec. 21; HII, Sec. 34). 
We decided to use thermal dissociation because of its 
previous success in the work of Lamb et al. Moreover 
an oven is compact and readily movable within the 
vacuum system, and recombination in an oven poses 
much less of a problem than in a discharge tube. 

The 2S state is most readily excited by electron 
impact. Conceivably the 2.5 state could also be produced 
by exciting the 3P state optically with Lyman 6 
photons; the 2S state would then be populated by 
spontaneous radiative transitions from the 3P state. 
The latter method, however, is troublesome because it 
is difficult to obtain a sufficiently high density of Lyman 
6 photons in the excitation region. 


5. Polarization and Analysis 


Lamb and Retherford (Sec. 16 of HI) have pointed 
out that a beam of metastable atoms becomes polarized 
as it traverses a magnetic field corresponding to the 
Be crossing point; the 8 atoms are strongly quenched 
by the motional electric field, and the excited atoms 
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Fic. 4. Block diagram of apparatus. 


® Rabi, Kellogg, and Zacharias, Phys. Rev. 46, 157 (1934). 
™ Nagle, Julian, and Zacharias, Phys. Rev. 72, 971 (1947). 


that emerge from such a magnetic field are all in the 
a states. This process of polarization does not restrict 
the cross-sectional area of the beam, whereas in the 
usual atomic-beam experiments the cross section of the 
beam must be very small in order that the deflection 
of atoms by inhomogeneous fields may be observed. 
The phenomenon of differential magnetic quenching 
can also be employed to effect analysis; only a atoms 
can traverse an analyzing field of about 575 gauss 
without being totally quenched. From Fig. 3, it appears 
that the strength of the polarizing (or analyzing) field 
is not critical, but that adequate polarization (or 
analysis) occurs over a considerable range of field 
strengths. 

A radio-frequency method has been suggested by 
Lamb,” for achieving polarization and analysis: Let 
fi be a frequency slightly greater than $+}Ap and f2 
somewhat less than $— (5/6) Av (see Fig. 1). By passing 
metastable atoms through an oscillating electric field 
of frequency f; the atoms in the F= 1 state are quenched 
selectively. Alternatively by application of frequency 
fo the F=0 state is quenched selectively. By operating 
the polarizer and analyzer at the same frequency (either 
fi or fz) a decrease in detector signal is observed con- 
sequent to a transition | AF|=1 in the region between 
polarizer and analyzer. On the other hand, if the 
analyzer and polarizer are operated at different fre- 
quencies (the polarizer at f; and the analyzer at fo, or 
vice versa), metastable atoms can reach the detector 
only if they undergo a transition in the region between 
the polarizer and analyzer. 

For the present work magnetic polarization and 
analysis was chosen in preference to Lamb’s rf method, 
because the former is technically simpler, and because 
it is desirable to have a magnetic field of several 
hundred gauss for focusing the electrons in the exciter. 


6. Rf Transitions and Detection 


Ramsey’s method" of separated oscillating fields 
was chosen for inducing the transitions (1,4) and (2,4). 
The line width W of the central peak of the resonance 
pattern is measured at a percentage rf quenching 
ow=43[¢ut+4(G4t+¢2)], where du is the maximum 
percentage quenching and where ¢,4 and ¢z are the 
values of percentage quenching at the adjacent minima 
as illustrated on curve JJ of Fig. 5. (See Sec. 14 for the 
definition of ¢.) For atoms of uniform velocity v, the 
line width is given by W=»/(2L) where L is the distance 
separating the two oscillating fields. If the second oscil- 
lating field leads the first by a phase" angle 6, the central 
peak is shifted to a lower frequency by an amount 
W5/x. The region between the oscillating fields, that 
is traversed by those metastable atoms which later hit 
the detector, will be called the precession region. 


12 W. E. Lamb, Jr. (private communication). 
13 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
“4 N. F. Ramsey and H. B. Silsbee, Phys. Rev. 84, 506 (1951). 
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Fic. 5. Two resonance curves illustrating the definition of the line 
width W and showing the effect of velocity selection upon W. 


Two alternative methods of detection are available: 
(1) collection of electrons ejected from a metal surface 
by metastable atoms; (2) detection of the Lyman a 
photons produced when £ atoms are quenched in the 
analyzer. Method (1) suffers from the disadvantage 
that photons produced in the exciter may also eject 
electrons thus adding a constant background to the 
detector signal. As explained in Sec. 9, an electrostatic 
quencher can be employed to distinguish between meta- 
stable atoms and photons. Hence the photon back- 
ground is undesirable only in so far as fluctuations in the 
photon flux contribute to the noise in the detector signal. 
Despite this disadvantage method (1) was chosen 
because of its previous success.® 


7. Velocity Selection 


In most atomic and molecular beams, the number 
of particles that arrive at the detector in unit time with 
a velocity within the interval dv is proportional to 
v exp[ —Mv?/(2kT) ]dv, where M is the mass of a 
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particle. In the present experiment, however, the ex- 
citation by electron impact effects a velocity selection 
because the impact, which is directed transverse to the 
beam, gives different deflections to atoms of different 
initial velocities. For a given geometry of oven, exciter, 
and detector, only atoms having undergone a certain 
small range of deflections by electron impact will reach 
the detector. Only atoms in a certain range ui velocities 
will fall into this range of deflections. Since the width 
W of the resonance line is proportional to velocity, it 
is possible to adjust W within rather wide limits by 
changing the geometry of the apparatus. A useful 
purpose is served by selecting slow atoms; as the average 
velocity of atoms in the beam is reduced, the line width 
decreases, and it becomes possible to determine the 
frequency of the line center more accurately. 


APPARATUS 
8. General Features 


Most of the essential features of the apparatus are 
depicted in Fig. 6. As in all atomic-beam devices in this 
apparatus, too, the mean free path of atoms in the beam 
must be at least as long as the beam. Accordingly the 
vacuum system is divided into three chambers each of 
which is exhausted separately by a 3-stage fractionating 
diffusion pump. The first chamber contains the dis- 
sociator and is pumped at a measured rate of about 
400 liters/sec. The relatively small amount of hydrogen 
introduced into the other two chambers is pumped back 
into the first chamber. Two liquid-nitrogen traps serve 
to reduce the oil vapor pressure in the exciter chamber 
and in the rf region. 

The dissociator is a tungsten tube heated by electron 
bombardment; it will be described in a paper to be 
submitted for publication in the Review of Scientific 
Instruments. The atoms pass to the exciter E through 
a slit with vertical, independently adjustable jaws J. 

Hydrogen gas was admitted to the dissociator through 
a Nier!® leak from a 35-liter brass ballast tank, in which 
the gas was stored at about 10 psi above atmospheric 
pressure. Instead of a copper’® tube our variable leak 
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drawn to scale. J, movable 
slit jaws; EZ, exciter; P, 
polarizer; Q, electrostatic 
quencher; S, heated elec- 
trostatic shield. The vector 
H indicates the direction of 
the magnetostatic field in 
the precession region. 









































18 Nier, Ney, and Inghram, Rev. Sci. Instr. 18, 191 (1947). 
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Fic. 7. Cross section through the exciter perpendicular to the 
atomic beam. F, tungsten filament, 0.01X0.12X3.8 cm; G, 
molybdenum grid wires, 0.05 mm diam; S, support for grid, 
molybdenum; P, plates for reducing space-charge effects; C, 
electron collector. 


contains a flattened tube of stainless steel. In order to 
remove any residual oxygen which might attack the 
tungsten oven, the gas was passed through a Deoxo 
hydrogen purifier and a liquid-nitrogen trap. 


9. Exciter, Polarizer, and Electrostatic Quencher 


A sectional view of the exciter, which is a modified 
version of the one described in Sec. 35 of HII, is shown 
in Fig. 7. The opening in the support S, which extends 
1.27 cm along the beam direction, is covered by 37 
equally spaced grid wires G which are held only at one 
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| Fic. 8. Rf quencher. The 
| beam passes through two 
apertures 1.90X2.54 cm. 


end to prevent buckling. It is important to make the 
filament long enough so that the temperature is rea- 
sonably uniform along the portion opposite the grid. 
Then the electron current will be uniformly distributed 
along this length of 1.27 cm, and hence quenching of 
metastable atoms by space-charge fields is minimized. 
A substantial increase in the yield of metastable atoms 
was obtained when the filament-grid separation was 
increased from about 0.03 cm to 0.15 cm. An excitation 
voltage of about 13 v dc is applied between the filament 
and the grid, which is grounded. The collector C is 
connected to ground through a microammeter. 

The exciter is located in the gap of a double-yoke 
electromagnet which serves as a polarizer and focuses 
the electrons. The gap of the polarizer is 1.27 cm, and 
the pole-face dimensions are 2.03 1.27 cm. 

As explained in Sec. 6, some means of distinguishing 
between metastable atoms and photons is required. 
For this purpose, the beam is passed between two 
parallel horizontal brass plates which constitute an 
electrostatic quencher (Q in Fig. 6). The plates are 
1.90 cm long along the beam and separated by 0.635 
cm. A potential difference of 20 v dc applied between 
the plates suffices to quench all metastable atoms in the 
beam, but of course photons traverse this electric field 
without being disturbed. 


10. Rf Region 


Two rf quenchers of the design shown in Fig. 8 are 
mounted inside the vacuum envelope separated by a 
distance L=40.6 cm. They have been so designed that 
the electric field is small in the region traversed by the 
beam. Connections to each rf quencher are separately 
brought out through the vacuum envelope and are 
joined rigidly by a coaxial transmission line. Rf power 
is supplied at a feed point at the center of the trans- 
mission line. The phase angle 6 between the two rf 
magnetic fields would be zero, if the Joule losses on each 
side of the feed point were equal. Since the structure is 
symmetric, the losses should be the same on each side. 
Accidental imperfections in the symmetry, however, 
give rise to a small phase angle. A General Radio rf 
voltmeter (type No. 1800-A) monitors the rf voltage 
applied at the feed point. 

It can be seen from Eq. (4) that it is advantageous 
to measure v4 at a low value of H because the de- 
rivative dv2,/dH is proportional to H. Therefore the 
precision with which H must be determined is reduced 
markedly as H is decreased. The magnetic field in the 
precession region is the earth’s field as modified by 
magnetic objects in the vicinity. Since its vertical com- 
ponent is considerably larger than its horizontal com- 
ponent, H can be greatly reduced by canceling the 
vertical component. This is done by passing an ap- 
propriate current through a horizontal rectangular coil 
of dimensions 51 X 168 cm. As shown in Fig. 6, the angle 
between the residual magnetostatic field and Hrs is 








Hfs 


about 30°. Thus it is possible to induce both and 
transitions. 

In order to reduce stray electrostatic fields in the 
precession region, this region has been surrounded by a 
massive shield (S in Fig. 6) of OFHC copper. This 
electrostatic shield can be heated electrically to drive off 
insulating deposits on which charges might accumulate. 


11. Rf Generator and Frequency Measurement 


A 32V-3 amateur transmitter'® is operated in the 
neighborhood of 29.6 Mc/sec. Its output is multiplied 
and amplified as indicated in Fig. 9. By powering the 
transmitter from a Sorensen model 1001 regulator and 
by warming it up for six hours it was possible to achieve 
a frequency stability of one part in twenty million over 
an interval of several minutes. A General Radio inter- 
polation oscillator (type No. 1107-A) was used to com- 
pare the frequency of the transmitter with a suitable 
combination of harmonics and subharmonics of the 


TaBLe I, Typical operating conditions. 








Gas flow 
Pressure in 

first chamber 
Oven bombardment 
Oven temperature 
Excitation voltage 
Excitation current 


0.10 cc/sec STP of molecular 
hydrogen 

3X10- mm of mercury 

216 watts 

~2800°K 

12.8 volts 

400 microamperes 


Detector currents 
Beam intensity 61 cm on galvanometer scale 

5.6X 10-* amperes 

3.5X 105 electrons/sec 


Photon background 20 cm on galvanometer scale 








100-kc frequency standard of the Molecular Beams 
Laboratory. 


12. Analyzer and Detector 


In the initial experimentation an electromagnet was 
used as analyzer. It was found that its current could 
be changed by about 25 percent without altering the 
intensity of the m line (1,4) significantly. This obser- 
vation illustrates our earlier remark (Sec. 5) that the 
strength of the analyzing field is not critical. When 
an analyzer with a larger gap was needed, the per- 
manent magnet shown in Fig. 10 was built and used 
in the final measurements of Av(25). 

The detector is essentially the same as that described 
in HI and HII. The target is made of 0.025-cm molyb- 
denum sheet and presents an area of about 8 cm? to the 
beam. A Penick" circuit amplifies the electron current 
so that it can be measured with a mirror galvanometer. 
The Victoreen VX-41A electrometer and its 2X10" 
ohm input resistor are mounted south of the target 
inside the vacuum. The current sensitivity of the de- 


16 Manufactured by the Collins Radio Company, Cedar Rapids, 


Towa. 
17D—. B. Penick, Rev. Sci. Instr. 6, 115 (1935). 
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Fic. 9. Block diagram of rf generator. 


tector is about 10~'® amp/cm, and the time constant is 


4 sec. 
OBSERVATIONS 


13. The Signal 


In Table I are given typical values of various pa- 
rameters describing the performance of the apparatus. 
The beam intensity is obtained by observing the gal- 
vanometer deflection when the electrostatic quencher 
is turned on. It is a measure of the flux of metastable 
atoms striking the detector target. The background 
photons originate principally in the exciter (Lyman a 
radiation) although some are produced by the dis- 
sociator. The beam of metastable atoms was produced 
reliably, and loss of beam occurred only rarely. No 
poisoning of the exciter, such as was reported in Sec. 
28 of HI and in Sec. 43 of HII, was ever observed. It 
was never necessary to heat the detector in the manner 
described in Appendix X of HVI. In fact our detector 
was not equipped with heaters. 


14. Procedure 


The entire apparatus was turned on to allow all 
heated parts to outgas and stabilize. The electrostatic 
shield was heated until it glowed a dull red; before 
resonance data were taken, the power was turned off. 
Because it is massive and well insulated thermally, the 
shield remained hot for the duration of a run. The 
frequency standard was adjusted with respect to WWV. 

The field-dependent frequency »14 was measured by 
determining two frequencies v, and »% on opposite sides 
of the (1,4) line for which the galvanometer deflection 
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Fic. 11. Experimentally obtained resonance curve for the o 
line (2,4). The numbered points are used to determine va. 


was the same. Then v;4 was taken to be the average of 
Yq and m. 

The frequency v4 was determined by plotting out a 
resonance curve such as the one shown in Fig. 11. The 
effect of the rf magnetic fields is measured by reading 
the galvanometer when the rf voltage is on and when 
it is off. The difference between the two readings is 
called the rf quenching. The percentage quenching ¢ is 
defined by ¢= 100 (rf quenching)/ (beam intensity). 

The percentage quenching is measured at various 
frequencies and a resonance curve is plotted at constant 
rf voltage. To reduce errors possibly caused by drift the 
points labeled 1 to 7 in Fig. 11 were taken in zig-zag 
fashion in the order of the numerals. The center », of 
the line is obtained by combining any three consecutive 
points »—1, m, n+-1 according to the formula 


Ve= 3{rat Vr-atL (bn—Gn-1)/ (n41—Gn-1) ] 
X (vn4i— Yn-1)}. (S) 


The five values of », obtained from a single resonance 
curve are averaged, and a value of va is obtained, as 
illustrated in Table II. (No significant error is intro- 
duced by the assumption contained in Eq. (5) that ¢ 
varies linearly with v between the points n—1 and 
n+1.) Immediately afterwards v1, is redetermined. The 
average of the two values of v4 is substituted together 
with ve in Eqs. (3) and (4). 

The value of Av’ obtained by solving these equations 
is primed to indicate that this result is still uncorrected 


for a phase-shift error (see Sec. 6). Although the rf 
quenchers were designed to be supplied with rf power 
symmetrically, imperfections in this symmetry give 
rise to a phase difference 6 between the two rf magnetic 
fields. The frequency shift produced by 6 is reversed 
by lifting the rf quenching assembly out of the ap- 
paratus, turning it end for end, and reinstalling it. 
This reversal can be accomplished without changing 
any important electrical connections; thus the sign of 
5, and with it the sign of the frequency shift, is changed 
but not its magnitude. Now Ay’ is redetermined. By 
averaging two such values of Ay’ the error arising from 
the phase angle 6 is eliminated. 


15. Results 


At the exploratory stage of this work, resonance data 
were taken with L=20 cm in order to investigate 
velocity selection. First, the dissociator was placed as 
far to the west as was consistent with the detection of 
a usable beam intensity. The resulting resonance curve 
is shown in Fig. 5 (J). The dissociator was then trans- 
lated eastward by 0.8 cm, and another resonance curve 
(II in Fig. 5) was observed. From the line widths it is 
clear that it is possible almost to double the average 
velocity of atoms in the beam simply by changing the 
deflection angle. 

Later Z was increased to 40.6 cm, and Ay(2S) was 
determined by five traversals of the (2,4) resonance. 
The result has been reported® as Av(2S)=177 556.6 
+0.3 kc/sec. Although the statistical uncertainty was 
of the order of 0.05 kc/sec, a larger uncertainty was 
quoted because of unknown errors arising from rf 
Stark effect, dc Stark effect, and phase shift. In fact, 
the rf quenchers then used had a considerable rf 
electric field in the region traversed by the beam, as 
evidence by substantial rf quenching (~20%) at fre- 
quencies far away from resonance. 

In order to explore these errors, two new rf quenchers 
(Fig. 8) and the electrostatic shield were installed. 


TaBLE II. Sample determination of Av’(2S). The values of », were 
obtained from the resonance curve of Fig. 11. 








vu before traversal of the (2,4) resonance=177 784.2 kc/sec 
H=0.1625 gauss va— Av(2S)=0.585 kc/sec 
n—1 ve (kc/sec) 
177 557.422 
0.428 
0.400 


0.389 
0.417 


Average value of », and P.E.=177 557.411-0.005 kc/sec= vx 


n+1 





via after traversal of the (2,4) resonance=177 783.0 kc/sec 
H=0.1615 gauss va— Av(2S)=0.578 ke/sec 


Average v2— Av(2S)=0.582 kc/sec 
Av’ (2S)=177 556.830+0.005 kc/sec 














Hfs 


Resonance data were taken under four different con- 
ditions: 


A (+): without the electrostatic shield, positive phase 

A ( as without the electrostatic shield, negative phase 

BCL): with the electrostatic shield hot, positive phase 

ai): with the electrostatic shield hot, negative phase 
shift. 


The values of Av’(2S) obtained under conditions A are 
displayed in Fig. 12. The average values are 


Av’ (2S) =177 556.875+0.010 kc/sec for A (+), 
Av’ (2S) =177 556.805+0.010 kc/sec for A(—). 


By averaging these two results the phase shift is 
eliminated, and Av(2S)=177 556.840+0.010 kc/sec for 
conditions A. For B(+) we obtained 177 556.885, 
177 556.860, and 177 556.890 kc/sec; and for B(—) 
177 556.820, 177 556.830, and 177 556.830 kc/sec. So 
for conditions B 


Av(2S)=177 556.850+-0.010 kc/sec. 


The line width W in these measurements is about 5.5 
kc/sec, which corresponds to an average velocity of 
4.5 10° cm/sec. In spite of the close agreement of the 
results A and B we use only the latter result in arriving 
at our final quoted result. 


16. Corrections 


Systematic errors may arise from (1) rf Stark effect 
(see Appendix A), (2) de Stark effect, (3) inhomogeneity 
of the magnetostatic field in the precession region, 
(4) overlap of the (1,4) and (2,4) resonances, (5) vari- 
ation of rf magnetic field with frequency, and (6) fre- 
quency standard. 

In order to detect an rf Stark effect, Av(2S) was 
measured under conditions A(+) and A(—) at rf 
voltages of 40, 49, 60, 70, and 80 volts as shown in Fig. 
12. No clear-cut effect is discernible, but the results are 


TABLE III. Corrections and errors. 








Maximum 
ke/sec 
+0.01 
+0.01 


Minimum 
kc/sec 
rf Stark effect 0 
de Stark effect 0 
Inhomogeneity of magnetic field —0.01 
Overlap —0.01 
Frequency standard —0.01 





0 
+0.02 
+0.01 





— 0.03 
—0.01 +0.01 


—0.04 +0.06 
+0.01+0.05 kc/sec 


+0.05 
Statistical error (P.E.) 





Total correction and error 
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Fic. 12. Experimental values of Av’(2S) as a function of rf 
voltage. The vertical lines represent average deviations. The 
squares were measured under condition A(+), while the circles 
were determined under conditions A (—). 


not inconsistent with the occurrence of a small effect 
of the magnitude listed in Table ITI. 

The electrostatic shield was provided to eliminate 
dc Stark effect. In Sec. 15, it appeared that the presence 
of the hot shield did not affect the result significantly. 
Nevertheless an allowance for a possible residual effect 
is made in Table III. 

Field inhomogeneity introduces an error because the 
value of v14 depends upon the mean value of H in the 
precession region, whereas the rms values of H is 
required to obtain Av from the measured value of vo.. 

Overlap from the (1,4) line introduces asymmetry 
into the (2,4) line, and makes ¢4 and ¢g unequal. The 
error has been estimated from the observed differences 
between ¢4 and ¢g. The rf magnetic field was kept 
constant by keeping the rf voltage at the feed point 
constant. Uncontrolled fluctuations of the rf voltage 
introduce only a random error; on the other hand the 
variation of impedance with frequency introduces a 
systematic error, which is, however, negligibly small. 

Poor reception and a possible Doppler shift in trans- 
mission limited the accuracy with which our frequency 
standard could be adjusted to agree with WWV. 


CONCLUSION 
17. Final Result 
From the foregoing, we arrive at the value 


Av(2S) = 177 556.860.05 kc/sec. 


It is instructive to use this result to compute the ratio 
R defined in the introduction. The results of recent 
determinations of Av(1S) are 1 420 405.80-+0.05 kc/sec! 
and 1 420 405.73+-0.05 kc/sec?. Because the difference 
between these two values of Av(1S) does not affect R 
significantly, we use only the result of Kusch? to com- 
pute R and obtain 


Rexp = § (1.000 034 60.000 000 3). 
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18. Discussion 


Fermi'* has derived a theoretical expression for the 
hfs of *S; states: 


Av= (8x/3)[ (22+1)/T Juour¥*(0)/h, (6) 


where W(r) is the nonrelativistic Schrédinger wave 
function. By use of (6) a theoretical value of exactly 
is obtained for R. 

Breit® has calculated relativistic correction factors 
for the hfs of 1S and 2S states from which Eq. (1) was 
derived. With a=1/(137.036520.0012) (HVI), we 
obtain 

Rebeor=}(1+ (5/8)a*]=} (1.000 033 3). 


There remains a discrepancy 
AR= Rexp— Rineor= § (1343) X 10-7. 


It is not reasonable to attribute the discrepancy AR to 
nuclear-structure effects. For small values of r, 


[Wae(r)/Wre(r7) P=3L1—3 (r/a0)*). 


Recent experiments indicate a proton radius of 
1.0X10-" cm. Thus, the effect of nuclear structure 
upon R is only of the order of one part in 10". Kroll” 
has suggested that AR arises from a quantum-electro- 
dynamical effect of order a*, which is being calculated 
by M. Mittleman.” Tentatively, we may write 


where experimentally X =3.4+0.8. 
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APPENDIX A. STARK EFFECT 


A rigorous calculation of the Stark shifts of the 
levels 1, 2, 3, and 4, which are produced by the coupling 
of the 2P states with 2S states through an external 
electrostatic field EZ, would begin with the setting up of 
the complete energy matrix in the H=E=0 repre- 
sentation. Diagonalization of this matrix would be 
more cumbersome than is justified here. 

Our interest is in finding the Stark effect on the value 
of Av(2S) as it is determined in the present work. This 


18 E. Fermi, Z. Physik 60, 320 (1930). 
( # R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
1955). 
*” N. M. Kroll (private communication). 
21 Note added in proof.—It has been suggested that AR may also 
arise in part from a differential proton recoil correction to the hfs. 
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is the same as the change in v24 produced by an electro- 
static field. This quantity 5v2, may be calculated by 
second-order perturbation theory if the electric per- 
turbation eaoE is much less than the magnetic per- 
turbation yoH, that is, if 


E (in volts/cm)<H (gauss). 


Since the 2*P; states are much farther removed from 
2S than the 2*P, states, the Stark shift produced by 
the former is neglected here. Under these conditions it 
can be shown that v4 is changed by an amount 


5veq= — 3(aoe/h)*{ E- (S—5Av/6)— (8+ Av/6)] 
+E (8+ Av/6)— (S+Av/2)-}}, 


where H is assumed to be in the z-direction. If E and 
E, are given in volts/cm, 


5ve4g= — (0.88E°+0.23E,*) kc/sec. (7) 


The presence of EZ, in Eq. (7) expresses the assump- 
tion that the z-direction is the preferred direction. 
It is to be noted, first, that Eq. (7) is not valid for 
H=0, and second, that the Stark effect gives an ap- 
parent value of Av(2S) that is lower than the true 
value. 

A quantitative theory of the rf Stark effect, as it 
might occur in this experiment, is exceedingly compli- 
cated. It is certain, however, that in the presence of rf 
electric fields v4 is decreased, and it is likely, at least 
for weak rf fields, that the rf Stark effect is proportional 
to the square of the rf amplitude. 


APPENDIX B. FORMULA FOR THE DECAY LENGTH 


The curves in Fig. 3 were computed from the formula 
1/A= (3/a)*y(v/c*)a* YS [A/(BP+D*)), (8) 


where a is the fine-structure constant, y=6.26X 10° 
sec is the spontaneous decay rate of the 2P state, 
v is the velocity of the atom, x= (3u0H)/(2AE), and 
D= (3hy)/(8rAE). 


TABLE IV. Values of A; and B; for the states a and 8. The values 
of the y’s and 6, are given by Eqs. (164) to (167) and (201) in 
HIII. 








State ; Ai Bi 





2 Ya— Va 
1+6_ Ye Va 
1—6_ Ya- 


2 Ya— YB 
1—6, Yo— YB 
1+6, Ye— Ve 








The meaning of A; and B; is given in Table IV. 
Equation (8) was derived from Eq. (2) of Sec. 3 and 
Eq. (76) of HII. The variation of matrix elements with 
H has been taken into account, but hfs has been 
neglected. 
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Resonance Transitions in Molecular Beams Experiments. II. Averages 
Over the Velocity Distribution 


HAROLD SALWEN* 
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(Received August 12, 1955) 


General expressions are given for the average, over a v* velocity distribution, of the transition probability 
in a resonance line of an atomic or molecular beams experiment. Explicit expressions are given for multiple 
quantum transitions which are similar to those of Torrey for “allowed” transitions. The case when the 
complete velocity distribution is cut off on either the high- or low-velocity side or both is discussed. 





N an earlier paper,’ we calculated the transition 
probabilities for an idealization of the usual atomic 
or molecular beams experiment. The formulas obtained 
in that paper were applicable to the case when the beam 
consists of particles all of which have the same velocity. 
In the present paper we generalize the expressions to 
the case when the distribution in velocity of the par- 
ticles is of the form: 


dn« ¥ exp(—mv*/2kT dv, (1) 


where the velocities may range from zero to infinity or 
over a portion of that interval. Certain of the present 
results have been obtained by Torrey.? The expressions 
which we obtain involve integrals of the following form: 


K (8,%1,%2) = f x? exp(—2?) sin?(@/2x)dx, (2) 


which are not expressible in closed form in terms of 
elementary functions. However, tables of this function 
are now available.* We here present methods for cai- 
culating the theoretical shapes of resonance lines 
observed in molecular beams experiments. 

In the earlier paper, the transitions were assumed to 
be produced by a rotating magnetic field (taken to be 
in the x,y-plane) in the presence of a constant field 
perpendicular to the plane of rotation. The amplitude 
of the rotating field was assumed to be different from 
zero for a finite “transit time,” during which time the 
amplitude and angular velocity were taken to be 
constant. 


* Now at the University of Syracuse, Syracuse, New York. 

1H. Salwen, Phys. Rev. 99, 1274 (1955). This paper shall be 
referred to as I, and equations shall be noted as (1.24), etc. 

2H. C. Torrey, Phys. Rev. 59, 293 (1941). 

3A brief table of K(8,0,0) has been given by Torrey.? U. E. 
Kruse and N. F. Ramsey [J. Math. Phys. 30, 40 (1951) ] give a 
table of /o*x? exp(—x*) cos(8/x)dx from which K(8,0,« ) can be 
calculated. Extended tables of the functions K (8,0, ), K(8,1,2), 
K(8,0,1), and of certain other functions of 8 and K which are 
useful in calculating the shapes of resonance lines observed in 
atomic and molecular beams experiments have been deposited as 
Document No. 4716 with the American Documentation Institute 
Auxiliary Publications Project, Photoduplication Service, Library 
of Congress, Washington 25, D. C. A copy may be secured by 
citing the Document number and by remitting $2.50 for photo- 
prints or $1.75 for 35-mm microfilm. Advance payment is required. 
Make checks or money orders payable to: Chief, Photoduplication 
Service, Library of Congress. These latter tables are the ones we 
cite below as reference 3. 


Under the above assumptions it was possible to obtain 
[Eq. (I.25)] the following general form for the total 
transition probability from a state of definite J, (where 
J is the total angular momentum): 


P= >» Ay sin*{ (3h) (A—X’)r J. (3) 


A>)’ 


The parameters \ and X’ are eigenvalues of the effective 
Hamiltonian 3’ [Eq. (1.13) ] in the rotating frame of 
reference, and the coefficients A), depend only upon 
the initial stage of the system and upon the eigenstates 
|) and |X’). Thus the only dependence of (3) upon the 
particle velocity is through the transit time, r. 

In the particular case of resonance transition a<+>b 
we obtained the explicit formula (1.85): 


bar? 
Pe sevbtn-ne 
(van* — v)?+-Das? 
Xsin*{a| me—ms|[ (ves*—v)?-+bes®]}'7}. (4) 


where 
ba» = | rotating field amplitude] !™—™! (5) 


and vq* is the corrected resonance frequency.‘ The 
parameters m, and m», are the magnetic quantum 
numbers of the initial and final states. Aside from the 
factor |ma—m,| in the argument of the sin’, Eq. (4) 
above is the same as Torrey’s Eq. (4). 

If we assume that the velocity distribution of the 
particles in the beam is given by Eq. (1), we may 
average the transition probability over the velocity 
distribution. 

For the general case [Eq. (3)] we obtain as the 
average over the entire velocity distribution 


P=2 LA wK[(1/h) (A—N’)L/20], (6) 

where 
K(8)=K(6,0,~), (7) 
vo= (2KT/m)}. (8) 


The quantity is the most probable velocity of a 
Maxwell distribution of particles of mass m at a tem- 
perature T. 


vas" and bg» are given by Eq. (1.104) and (1.105) respectively. 
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In the particular case where Eq. (4) is applicable, the 
average is 


P=2(8,?/6*)K (8), (9) 


where 


Bo= 2r| ma—me| barl/v0, 
B=2x| ma—ms| [(vas*— v)*+ das? 1/00 
= {[(vas*— v)*+ dar®}#/bas} Bo. 


At the resonant frequency, vax*, 8 is equal to Bo so that 
P(vas*) = 2K (Bo) (11) 


gives the peak intensity for the transition. 
Yin certain experiments, the geometry of the system 
eliminates a whole range of velocities. In these cases 
the results are similar to those given above except that 
the integration must be limited to the velocities of those 
particles which actually reach the detector. 

If all particles of velocities less than », or greater 
than v2 have been eliminated, we must replace K (8) by 
4K (8,x1,x%2)/N, where 


(10) 


X1=01/09; X2=V2/, 


(12) 


z2 
v= f x exp(—2*)dx. 
71 


Equations (6) through (11) will then carry over to this 
case. 

In Table I, of reference 3, K(8) and (1/8?)K() are 
given as functions of 8. This table, with the help of 
Eqs. (7) through (11), enables one to calculate the peak 
intensity and the shape of a given line as a function of 
rf amplitude. 

For a resonance transition at a given rf amplitude, 
the intensity varies with the frequency as (1/6?)K(f). 
The half-intensity point, therefore, occurs at B=Aj, 
where (;(8) is defined by 


(1/8;)*K (By) = 3 (1/Bo)*K (Bo). (13) 


Table II of reference 3 lists By and (8;?—{,?) as func- 
tions of Bo. 

Perhaps the easiest way of applying the table is to 
make use of the relation 


(8;?—Bo?)*/Bo= | vy— van" | /dad. (14) 


This ratio approaches unity only for quite large rf 
amplitudes. For somewhat smaller amplitudes it oscil- 
lates about the value 1, while for low rf amplitudes the 
width is relatively independent of the power and is 
governed by the uncertainty principle. 

Table III of reference 3 gives K(8,0,1) and K(8,1,0 ) 
as functions of 8. These functions are useful if the beam 
is restricted entirely to particles with » > or to par- 
ticles with 2 < 09. 
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Table IV of reference 3 is a table of (1/8*)K(6,0,1) and 
(1/6*)K(6,0,1). It was calculated for application to a 
system with 7=1 and a normal Zeeman effect. In this 
case the problem is complicated by the superposition of 
several transitions. In this case Eq. (6) becomes®: 


P\4=Pi., 


| B i‘ 
== 2— 
(v— ¥0)?+82I (y— vo)? +8? 





1 fig 2 
X sin®{ x[ (»—vo)?-+5? }'r + 
sin?{ aL )?+-b? jr} al (o—vo)*8* 


Xsin?{2x[ (»—vo)?-+-57 }'r}, 
er Re 
(vy— v0)?-+B2I (v—v0)?+0? 


(15) 





Po=a{ 


in?{ x[ (v—v9)?-+5? |tr ne 
Xsin*{ x[ (»—v0)?+5"] comer 


X sin*{ 2x[ (v— vo)*-+07 ]tr}, 


vo= gsvoH,/h; b=gsuoH,/h. (16) 


The notation P,,., indicates the total probability for a 
transition from the state with J,=mh to one of the 
other two states. 

The average of Eq. (15) over a velocity distribution 
from 0; to 2 is 


P= P,. 
= (1/N){2(0/8)?K (B,x1,%2)— (Bo/8)*K (8,21,%2) 
+4 (Bo/28)*K (28,71,22)}, 
Po.= (1/N){4(Bo/B)*K (8,%1,%2) — 4 (Bo/B)* 
X K (B,x1,%2)+ 16(80/28)*K (28,x1,x2)}, 


where N, x1, and x2 are defined in Eq. (12) and the 
parameters fo and 8 are defined by equation (10) with 
vo and b substituted for va,* and ba. Table IV may thus 
be used in a simple manner to compute the line shape 
for this case. 

It should be noted that, though (1/6?)K (8) is a mono- 
tonically decreasing function of 8, (1/8?)K(6,0,1) is not. 
This means that in some cases (e.g., for Bo=5.6) the 
intensity will increase as we move away from the center 
of the line. This makes it possible with such a velocity 
distribution to observe a line with a dip in the middle 
and peaks on either side. Such an effect has, in fact, been 
observed by Hughes e¢ al.® 


5 Hughes, Tucker, Rhoderick, and Weinreich, Phys. Rev. 91, 
828 (1953), Appendix 2. 

6 This result is obtained by substituting (1.113) and (1.36) into 
(1.41). vo and b as defined here differ from a and 6 of Eq. (1.36) by 
a factor of (1/27). 


where 


(17) 
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Theory of Multiple-Quantum Transitions in the Ground State of K*° 
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The results of an earlier paper are applied to magnetic resonance transitions in the ground state of K®. 
Formulas are obtained for the parameters characterizing single- and multiple-quantum transitions, and 
the values of these parameters are calculated for a Zeeman field corresponding to x=0.21135. 





N an earlier paper,’ the author has calculated a 
general expression for the resonance transition prob- 
abilities in a rotating field which is applicable when the 
widths of “allowed” lines are small compared to their 
separation.” In the present paper, we shall evaluate the 
parameters involved for AF=O transitions in the 
ground state of potassium, in order to facilitate com- 
parison with the results of Kusch.* 


1. MATRIX ELEMENTS OF /, AND F, IN THE 
PRESENCE OF A CONSTANT MAGNETIC 
FIELD, H, 


We shall deal here with a system whose total angular 
momentum is given by 


where /?=i(i+1), J?=j(j+1), and for the moment 
we shall take j=}, and i arbitrary. 

If we consider only perturbations involving the 
various angular momentum substates of a given atomic 





state, we may write for the perturbed Hamiltonian: 
Hi=Hot (+)LAW/ (+4) V-I+ (gruoH./h)F, 
+[(gr—gr)uoH ./h\J,, (2) 

where (+)AW is the hyperfine separation (AW being 
taken as positive). The symbol (+) will be used 
throughout this paper to denote the sign of the hyperfine 
separation. 

The eigenstates of 5C; may be found in a straight- 
forward manner.‘ They are 


| (y, i+), m)=Gm(x) |, i+3, m) 
+ (+)bm(x) ly, i—}, m), 


(3) 
| (vy, i— 3), m)= — (+) bm (x) |v, i+3, m) 
+am (x) ly, i—3, m), 
where 
G_=1 


for |m|=i+43, 
bn=0 


(4a) 


} 
} 





eS eee \} 
Om = 


[1+ (+)2max/(i+-4)-+22}) | 


for |m|#i+4, 





| 


and 
x= (gr—gr) pol ,/AW. (5) 
The corresponding energy values are 


1 


AW 
Wily, i-+4, m)= Bot (4)—| om 
2 2i+1 


2gr max 
+ (+)———mx+ (1+ (4)—) 
gs— gr i+} 


for |m|=i+}3, (6a) 


1H. Salwen, Phys. Rev. 99, 1274 (1955), which is hereafter 
referred to as I. When equations in I are quoted, the equation 
number is preceded by a Roman numeral I [e.g., Eq. (1.25) refers 
to Eq. (25) of I]. The notation of the present paper is in all cases 
based on that of I except that the total angular momentum is 
denoted by F=I+ J rather than J=J,+J2+--:-. 

2 The results of I are applicable when the constant C-field is 
homogeneous and the rf amplitude may be considered to jump 
discontinually from the value zero outside the hairpin to a 
constant value inside the hairpin. Effects due to the continuous 
build-up of the rf amplitude near the ends of the hairpin will be 
considered in a later paper. 

’ P. Kusch, following paper [Phys. Rev. 101, 627 (1956)]. 


[1-+ (4) 2mx/(i+3)-+a*P— [1+ ()me/ (+4)] } 
201+ (4)2max/(i+4)+27]}! 





and 


AW 1 
Wi(y, it, m) = Eqt+ (| Saye 
2 2i+1 


2g7 
+(+) 
Sr gr 


2mx 4 
ma (4)| 14+ (4)—+2| 
i+} 


for |m|+#i+4, (6b) 


where, as mentioned before, the (+) in parentheses 
refers to the sign of the hyperfine separation. 

In calculating transition probabilities, we need the 
quantities 


bha(y,f,m; y,f'm’) 
= (uoH o/h){(y,f), m|gr2+gsJ2| (y,f’); m’) 
x (uolT o/h) (y,f), m| grF 2+ (gs—g1)J | (vf), m’), 
(7) 


4 See Appendix. Also see Millman, Rabi, and Zacharias, Phys. 
Rev. 53, 384 (1938). 


623 





624 HAROLD 


where Hy is the amplitude of the rotating magnetic 
field [see Eq. (I. 90) ]. Thus, we need the matrix ele- 
ments of J, and F, in the representation given by the 
states | (y,/),m). We may use various results of Condon 
and Shortley® to obtain the matrix elements of J, and 
F, for the representation in which F? is diagonal. In 
this way, we find that the only nonzero matrix elements 
of F, are [reference 5, Eq. 3*(4) ] 


(y,f,m|Fs|v.f, m+1)=(y,f, m+1|Fel-y,f,m) 
=}h[(f—m)(f+m+1)]}, (8) 
and the nonzero matrix elements of J, are [reference 5, 
Eqs. 9°(11) and 10*(2a,b) } 
(y, i+}, m|J2|y, i+}, m+1) 
= (y, it}, m+1|J.|y, it}, m) 
= +[$h/(2i+1)](G+4—m) (i4}+m+1)}, 
(y, i}, m|J2|y, iF}, m+1) 
= (y, #4, m+1|J.|7, it4, m) 
= +[$h/(2i+1) I (i+-3F m) (i+ 4 (m+1))}. 
We may then combine Eqs. (8) and (9) with Eq. (3) 
to get 
((y, i$), m| P| (y, 3), m+1) 
=((y, i+}), m+1|F.| (y, i+}), m) 
= hI {Cm* (x) Cm41* (x) +dm*(x)dm41* (x)}, 
((y, +3), m|FP.| (y, F 3), m+1) 
=((y, #5), m+1|F.| (y, i), m) 
= F (4)3{ Cm * (x) dng 1* (x) —dm*(x)Cm417 (x)}, 
and 


((y, i3), m| Jz] (y, i}), m+1) 

=((y, i+}), m+1|J2| (y, +4), m) 

= +[$h/(2i+1) ]{cm* (x)F (+ )dn*(x)} 

X {Cmyi* (x) ()dmys* (x)}, 

((y, i}), m|J-| (y, 3), m+1) 

= ((y, #4), m+1|J.| (y, i+4), m) 

= +[$h/(2i+1) l{em* (x)F (4 )dm*(x)} 

X {Cmpr* (x)F ()dny1*(x)}, 


(9) 








5 Vad ons: Vab* — Vab 
|a(n’,a) . . 


m’ = Ma 2 Van' — Vab 


=*0/)| = 


4 =ma+1 
and Eq. (I. 105) gives 
2(b/2m)a(a;b) for k=1 


|ax(n’,a) |? 


YVab— Van’ 


~ a(a;n’)a(n’; n’’)-- 


SALWEN 

where 
Cm* (x)= Gmli+d+m }}, 
dm* (x)= bmi +} }}. 


Because of the factor 2(2i+1) in the denominator of 
the matrix element of J,, it is convenient to define the 


b of Eq. (7) by 
(g7—g1)MoHo 
2(2i+1)h 


(12) 


b= (13) 


so that 
a(y, i+}, m; 7, it}, m+1) 

=a(y, i+}, m+1; 7, i+4, m) 

= [Cm F (a )dn* Imp1*t (+ )dmyi* ] 

+[ (2i+ 1) gr/(gs—gr) Wem * Cmy1*+dm*dmy1* ], 
a(y, it}, m; y, i=}, m+1) 

=a(y, £4, m+1; 7, it4, m) 

= [Cm *F (+)dm* ][cmpi* F (+ )dmyi*] 

¥ (+ )[(2i+1)gr/(gs—gr)] 
X [em *dinyi*—dm*Cmyi* |. 


2. APPLICATION TO TRANSITION PROBABILITIES 


(14) 


In I, we have shown that when the widths of the 
Am=1 lines are small compared to their separations, 
the transition probability near any resonance may be 
given by a formula similar to the “Rabi flopping for- 
mula.’’® We shall summarize the results here. 

For two states 


|a)= | (Ya;fa); Ma), |b)= | (v5,fo); mb), 
there will be resonance near the frequency vgs given by’ 
(ma— m») hvar= [Wi (Ya; fa;Ma) Ps Wi (y0,fo,mr) ]. (15) 


The probability that an atom or molecule initially in 
one of these states will undergo a transition after being 
in the rf field for a time 7 will be [Eq. (1.85) ] 


bas? 
P=———__—_— 
(vas*— v)*+-bar? 
X sin*{ x] ma—mp| [ (vas*— v)?+ba2? }'7}, 
where, for m,=ma+k, Eq. (I. 104) gives 


and 


(16) 


le(n’sB)I* a(n’) 


b 


m’=mb—1 Von'—Vah m’=mot+l Vap— Von’ 


-a(n* ; b) 
for k>1. 





~ | (2/k!) (b/2m)* w=. <x 
m’’ =mp+2 


m1) = me + (k —1) 


(vab— Von’) (Vas— Von’’) ++ * 


( Vab— Von®-) 


5 E. U. Condon and G. H. ors The Theory of Atomic Spectra (Cambridge University Press, London, 1951). 
1937). 


‘I. I. Rabi, Phys. Rev. 51, 652 


7 vq» is the frequency of the rotating field and may be positive or negative. 











THEORY OF MULTIPLE QUANTUM 


TRANSITIONS 


TABLE I. Eigenvalues and coefficients of the eigenstates (x=0.21135). 








m=2 m=1 


m=0 m= —1 m=—2 





0.48064514W 0.43534634W 
—0.68537624W 
0.9966377 


0.0819345 


W (2,m)— Eo 
W (1,m)— Eo 
Om (x) 1 
bm (x) 0 


0.3860452AW 
—0.6360452AW 

0,9945821 

0.1039542 


0.3314465AW 
—0.5814166AW 

0.9949101 

0.1007659 


0.2693549AW 








In these equations, we have used notations of the sort, 

|n’)= | (y’,f’),m’), 

(mm! Jorn w= [Waly f'mn!)— Waly", f"sm")] 
=[W,(n’)—W,(n"’)], 


Gn’; n'’ =a(y’,f’,m’; at “m"’), 


(19) 


The a’s are defined by Eqs. (7) and (13) above. 
We are thus in a position to apply the results of Sec. 1 
to a particular problem. 


3. GROUND-STATE TRANSITIONS IN K* 
Experiments on the ground state of K® give® 
imi, jt, 
g4/gr= — 14 130, 
(+)AW/h=+ 461.723 Mc/sec. 


The possible substates (f,m) are then f=2, m=0, +1, 
+2 and f=1, m=0, +1. 

Equations (15), (17), and (18) now enable us to 
write down expressions for vym:s:m’, S¥em:srm', and 
bym:s’m’. In the case of the transition (2,2)<+(2,0), for 
example, these are 


¥2, 2:2, 0= (1/2h)| W1(2,2)—W(2,0)|, 
|ae(2,1; 2,2) |? 


(20) 


(21) 


52, 2:2, 0= — 3 (b/2x)? 


V2, 2;2,1— V2, 2; 2,0 


}a(1,1; 2,2)|?  |a(2,—1; 2,0) |? 





V2, 2;1, 1 — V2, 2;2,0 


|a(1,—1; 2,0) |? |a(2,1; 2,0) |? 


V2, 0; 2,—17— V2, 2; 2,0 





V2, 0;1,—1— Y2,2;2,0 22:2, 0 2, 0;2,1 


|(1,1; 2,0) |? 


, 
V2, 2;2,0°~ V2, 0;1,1 


a(2,2; 1,1)a(2,1; 2,0) 





be, 2,2, 0= (b/2m)? 


V2, 2;2,0—~ V2, 0;2,1 


a(2,2; 1,1)a@(1,1; 2,0) | 
a 





V2, 2;2,0— V2, 0;1,1 


In order to facilitate a comparison with the results of 
Kusch, it is useful to evaluate the various parameters 


8 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 


at a field corresponding to «=0.21135. This is done in 
Tables I and II. 

Table I contains W,(f,m)— Eo, dm(x), and 6,,(x) for 
x=0.21135. Table II contains vym:sm, a(fym; f’,m’), 
Svy¢m:sm’y ANd Dym:zrm. The quantities drym:m and 
bym;s’m’ depend on the rf amplitude through the quantity 
(b/2m)=((gs—gr)uoHo/2(2i+1)h] defined in Eq. (13) 
above, where Hp is the amplitude of the rotating field. 
If H, is the amplitude of an applied oscillating field, 
Ao= H,/2. 


4. DISCUSSION 


The succeeding paper by P. Kusch* contains a com- 
parison of the above results with experiment. It will be 
seen from that paper that, while good agreement is 
obtained for low rf amplitudes, there is a substantial 
discrepancy at high rf amplitudes. We attribute this 
disagreement to the failure of the theory to take into 
account the continuous buildup of the r.f. amplitude at 
the ends of the hairpin (see reference 2). Discussion of 
effects resulting from the continuity of the oscillating 
field is deferred to a later paper. 


TABLE II, Parameters characterizing magnetic resonance transi- 
tions in the ground state of K® at a field corresponding to 
x=0.21135. The quantities 5y and b are given only for the AF=0 
transitions. All frequencies are given in megacycles per second. 








(fm; f’,m’) vim;fim' a(f,m; f’,m’) Svfm; fim? bym;f?m’ 





(1,1; 1, 


(2,2; 1, 
(2,1; 1,0) 
(2,0; 1,—1) 
(2,2; 1,0) 
(2,1; 1,—1) 
(2,2; 1,—1) 
(1,1; 2,0) 
(1,0; 2,—1) 
(1,—1; 2,—2) 
(1,1; 2,—1) 
(1,0; 2,—2) 
(1,1; 2,-—2) 


20.9155 
22.7635 
25.2095 
28.6691 


21.8395 
23.9865 
26.9393 


22.9628 
25.5474 


24.3894 


—22.7777 
— 25.2233 


— 24,0005 
538.379 
494.686 
446.699 


257.801 
234.731 


163.459 
—494.700 
—446.713 
—392.821 


—234.745 
— 209.122 


— 146.941 


1.708882 
2.276473 
2.519920 
2.338321 


0 


—1,328271 
— 1.473360 


0 
—3.616370 
—2.809135 
—1,816832 


0 
0 


0 
1.076541 
2.043529 
3.244367 


0 
0 


0 


—2.796 (b/2x)? 
—1.009 (b/2x)? 
0.540 (6/2x)? 
1.819 (6/24)? 
0.290 (b/2x)? 
0.373 (b/2)? 
0.358 (b/2x)? 


0.153 (b/2x)? 
0.171 (b/2x)? 


0.109 (b/2x)? 


0.887 (b/2x)? 
—0.711 (b0/2x)2 


—0.161 (b/2x)? 


‘2n)8 
/2x)8 


0.1553(b/2)4 


2.657 (b/2x) 
2.947 (b/2x) 


1.552 (b/2x)? 
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APPENDIX. EIGENVECTORS IN A CONSTANT 
MAGNETIC FIELD. (i ARBITRARY, j=})® 


Taking the field in the z-direction, we may write 


oH, oH, 
tte sh ee 


- (24) 


Let F=I+-J. The eigenvalues of F* are f(f+1)h?, 
where {=i+}. 

For H,=0, the eigenstates are |y,f,m) and the 
energies are given by 


Ws (y,f,m) = Eo(y) 
+ (A/2){ f(f+1)—i(i+1)— j(j+1)}%*. (25) 


Then [letting (+) be the sign of energy difference] 
we have 


(+)AW=W,(y, i+3, m)—W,(y, i—4, m) 
=(i+})Ah’, (26) 
and 


A= (+)[AW/(i+4)h*). (27) 


We may thus rewrite 3, as 
Hi=Kot (+)[AW/(i+4)# ]1-J 
+ (grmoH ./h)F.+[(gs—g1)uoH./h lJ. 


We shall use the results of Condon and Shortley® [Eqs. 
9 (11) and 10°(2,a,b)]. The only nonzero matrix ele- 
ments of J, are 


(28) 





| (y, +4), + (i+}))= 


AW 
Wily, t+3, m= (i+}))=Eot cit * 


SALWEN 


(y, i}, m|J,|-y, i+}, m)=+4mh/(i+4), 
(y, i+}, m|J.|-7, FF 4, m)=$h{1—[m/(i+4) PB}. 
The nonzero matrix elements of 3C,; are then 


(y; i+4, m|Kl 7, i+}, m) 


AW 1 
= Bvt (4)—| oe 
2 2+ 


(y, i—4, m|K1| 7, i—}, m) 


2g7 


AW 1 
= Eo+ ()—| merle (+) m| 
2 2i+1 


gr-- Ez 
AW mx 
— (4) 142) |, 
2 i+3 
(y, i+43, m|5i| 7, i—4, m) 
=(y, i—}, m| Kil y, i+4, m) 


= (xAW/2){1—[m/(i+3) F}), 


x= (gs—gr)uoH,/AW. 


For |m|=i+ 4 we have only one state: 


where 


ly, i+3, + (i+3)), 


1 2gr mx 
—— +(+) me+(1+(4)—~)}. 
i+} 


2i+1 gr-- ar 


For |m| i+}, the matrix elements (29) cause the mixing of two states. The new eigenstates are 
| (y, +4), m)=am |-y, i+}, m)+ (+)bm |v, i—4, m), 
(7, i—4), m)= + (+)bm ly, i+4, m)+ Om ly, i—}, m), 





: | sl AR aM 
F 21+ ()2mx/(i+4) +22} 





eo ee ee 
aie 2[1-+ (+-)2mx/(i+4) +22} 


The corresponding energies (for | m|+i+4) are 
AW 1 


2g1 2mx t 
Wi(y, 3, m)= Ect (4)—| ———+ (+)—— mrt (2)| 1+ (4) +2" ; 
ate i+} 


+1 
If we write 
@,=1, 


we may put (31a) in the same form as (31b). 


* This treatment is substantially the same as that given in the a 


6,=0 for 


(32b) 
Feat 4 


|m| =i+4, (33a) 


pendix to a paper by Millman, Rabi, and Zacharias [Phys. Rev. 


53, 384 (1938)]. Those authors, however, do not bother to obtain the eigenstates. 
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Further Observations of Multiple-Quantum Transitions. Saturation Effects in 
Radio-Frequency Transitions* 


P. Kuscu 
Department of Physics, Columbia University, New York, New York 
(Received August 12, 1955) 


Multiple-quantum as well as the single-quantum transitions, AF =0, Am= +1, 2, 3, 4, have been observed 
in K®. In the neighborhood of the rf amplitude, required to give a maximum transition probability, the lines 
have the behavior predicted for transitions induced by a rectangular rf pulse. For higher rf amplitudes, the 
line width becomes constant or else decreases after having reached a maximum width, the line frequency is 
modified less rapidly than predicted and anomalous transition probabilities occur. All these effects are 
markedly dependent on the details of construction of the rf circuit in which transitions are induced. It is 
suggested that these effects may arise from the end regions of the circuit through an adiabatic traverse of the 


circuit by the atom. 





INTRODUCTION 


HE observation of double- and triple-quantum 
transitions in the radio-frequency spectra of 
molecular oxygen and atomic potassium has previously 
been reported.! Observation of the transitions was 
limited, in the case of Ov, by the low intensity of the 
transitions and in the case of K by inhomogeneities of 
the magnetic field in which the transitions were ob- 
served. In this paper are presented new observations of 
multiple-quantum transitions among the magnetic levels 
of the hfs of K**. New effects are described which give 
anomalous line widths, anomalous frequency shifts, and 
sometimes anomalous transition probabilities when the 
lines are excited by a high rf amplitude. 

The present data were taken on an atomic beam 
apparatus in which the transitions may be observed in 
an extremely uniform magnetic field. Many previous 
observations of the shapes of lines whose frequency is 
markedly dependent on field have been made in fields 
of poor homogeneity and hence anomalous behavior of 
the line, at high rf amplitude, could be qualitatively 
ascribed to field inhomogeneities. Furthermore, the 
measurements of atomic beam spectroscopy are almost 
universally directed towards obtaining the frequency 
interval between two states. This is best found by 
observation of a line at an amplitude of the perturbing 
field which gives a probability of transition of about 77 
percent while the line has a natural half-width given? by 


AvAr=1.07, (1) 


where Ar is the width at half-maximum intensity and 
Ar is the time an atom with a velocity (2k7/M)* has 
spent in the transition field. There has, therefore, been 
no need to observe lines at high rf amplitudes and, in the 
case of many experimental arrangements, no assurance 
that unexpected behavior of lines at high rf amplitude 
represents anything more than an accidental vagary of 
the magnetic field. 


* This research has been supported in part by the U. S. Office of 
Naval Research. 

1P. Kusch, Phys. Rev. 93, 1022 (1954). 

2H. C. Torrey, Phys. Rev. 59, 293 (1941). 


For the observation of multiple quantum transitions 
it is necessary to apply a high rf amplitude to the atom. 
The observation of the single-quantum transitions at 
the same rf amplitude immediately indicates an anoma- 
lous width of these lines. 


APPARATUS 


The apparatus used in these experiments is a modifica- 
tion of an apparatus previously described.’ The appara- 
tus was designed to observe differential trajectories of 
' molecules when one of the nuclei within the molecule 
makes a transition Am;=+1. The moment change is 
then of the order of one nuclear magneton. To observe 
the effect of this moment change on the trajectory, long 
deflecting fields with large gradients must be used. 
However, to obtain reasonable trajectories for atoms 
whose moment is of the order of one Bohr magnetron, 
the magnets must be used at very low field gradient and 
hence low field. The atom is characterized by the low 
field quantization F, m and since all the transitions of 
AF=0, Am==+1 have terminal states of different mag- 
netic moment all such transitions may be observed. In 
all of our experiments the deflecting field, which would 
be established as a permanent residual field, was about 
40 gauss. 

The total distance between the two deflecting magnets 
is about 57 cm. Previous observations' of multiple 
quantum transitions were made in the field of a heavy 
electromagnet placed in this region. For the present 
purposes, the magnet was replaced by a pair of rect- 
angular coils whose long dimension was parallel to the 
direction of propagation of the beam. The coils gave a 
negligible field variation in both directions perpen- 
dicular to this direction in which the extent of the beam 
is small. The rf circuit which induced the transitions 
(the hairpin) was carefully centered in the coil along its 
long dimension. The field is a minimum at the coil 
center and has, therefore, a minimum variation over 
some finite length. The residual field at the position of 
the hairpin was 0.43 gauss and the largest component of 

*H. Taub and P. Kusch, Phys. Rev. 75, 1481 (1949); P. Kusch 


and H. M. Foley, Phys. Rev. 74, 250 (1948); Logan, Cote, and 
Kusch, Phys. Rev. 86, 280 (1952). 
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this field was perpendicular to the field of the order_of 35 
gauss ultimately supplied by the coils. The lines had 
their theoretical width in the residual field at low rf 
amplitude. The effect of the inhomogeneities of the 
residual field on the uniformity of the total field was 
therefore small. The maximum calculated variation of 
the field over the length of the radio-frequency field 
consequent to the finite length of the coils was about 1 
part in 6000. At the maximum field in these experiments 
of about 35 gauss the maximum spread in characteristic 
frequency over the length of the transition field is then 
about 4 kc/sec, much less than the natural width of the 
single-quantum transition, of the order of 20 kc/sec. 
There is no evidence that any significant role was played 
by a field inhomogeneity in the effects to be described in 
this paper; they were essentially unchanged when a 
moderate inhomogeneity in the field was deliberately 
introduced. The current in the coils was monitored to a 
constant value and no observable shift in the frequencies 
of the lines occurred over long periods of time. 

The details of construction of the hairpin have an 
important influence on the observed effects. The rf 
circuit, contained in a closed shield of rectangular cross 
section, consists of two flat copper sheets whose ends are 
soldered to the lower face of the shield as shown in the 
schematic diagram, Fig. 1(a). In Fig. 1(b) is shown a 
cross section in the plane in which the beam traverses 
the device. The beam enters and leaves the system 
through a slit in the shield. The dimensions of the 
several hairpins are given in Table I. The distance 
between the plates is small compared to that from the 
line along which the beam traverses the device to the 
bottom of the shield and to the upper discontinuity 
where leads to an oscillator are attached. In the earlier 
experiments, the whole unit was fixed in the apparatus. 
In later experiments, the unit could be rotated so that 
the direction of traverse of the beam through the circuit 
could be adjusted during a run. In addition, the unit 
could be moved in a direction perpendicular to the beam 
to permit accurate centering of the unit with respect to 
the beam. The potential difference across the external 
terminals of the hairpin was measured with a vacuum 
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Fic. 1. The rf circuit traversed by the beam, 
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tube voltmeter. The impedance of the hairpin was 
measured over the range of frequencies of these experi- 
ments by an auxiliary calibration. The calculation of the 
absolute magnitude of the rf field is subject to a con- 
siderable uncertainty though the relative amplitudes at 
a fixed frequency are well known. 


THEORY 


All transitions occur between the m levels of a single F 
state of K®, ie, AF=0. Am is +1 for single-quantum 
transitions but may be as high as 4 for multiple- 
quantum transitions. The lines are designated by the 
two m values which characterize the transition, [ m,m’], 
where the square bracket is used to avoid confusion with 
a state, (F,m). When reference is made to the transition 
in a particular F state, the value of F is used as a 
subscript. Transitions characterized by the same two m 
values but by two different F values comprise closely 
spaced doublets whose frequency separation is 2g ;uoH/h. 
At the maximum fields used in these experiments, the 
separation is about 14 kc/sec. In view of a natural 
width of the single-quantum transition of about 20 


TABLE I. Dimensions of hairpins (cm). 








Circuit No. 
3 


3.18 
2.22 
0.16 
0.16 





1.58 


0.16 
0.16 
2.54 
0.08 
0.08 


PO pwsOowe 





| 
| 


kc/sec, the single-quantum doublet is not resolved in 
any of our observations. The double-quantum lines 
[1, —1],and[1, —1], areeach separately characterized 
by a natural width of about half of that of the single- 
quantum transition and a partial resolution of the line 
may be anticipated at the field used in our experiments 
though the attempt to resolve the lines has not been 
made. 

In a series of papers, Salwen‘ has discussed the theory 
of multiple-quantum transitions. It is assumed that the 
atoms in the beam have a velocity distribution resulting 
from effusion through an ideal aperture from an oven 
containing atoms in thermal equilibrium and that the 
atoms are subjected to a rectangular pulse of a rf 


4H. Salwen, Phys. Rev. 99, 1274 (1955); H. Salwen, this issue 
[Phys. Rev. 101, 621 (1956) ]; H. Salwen, preceding paper [Phys. 
Rev. 101, 623 (1956) ]. The three papers will be referred to as 
SI, SII, and SIII, respectively. S II makes reference to tables 
which do not 2ppear in that paper but have been deposited as 
Document No. 4716 with the ADI Auxiliary Publication Project, 
Photoduplication Service, Library of Congress. Further details 
are given in reference 3 of S II. When reference is made here to 
the tables in S II, the reference is to the auxiliary tables. Reference 
to equations in S II are to equations which appear in the paper 
itself. 








MULTIPLE-QUANTUM 


magnetic field over a fixed length of the trajectory. It is 
then possible, under these assumptions, to calculate the 
probability of transition, the width of the resonance 
lines, and the frequency shift of the lines for single- and 
multiple-quantum transitions as a function of the rf 
amplitude. 

We define a width, in frequency, Avp= 1/70, where 70 
is the time of transit of an atom with a velocity 
a= (2kT/M)* and T is the temperature of the source. In 
the present case, 7=450°K and the length of the transi- 
tion region is about 2.5 cm (Table I), so that Avp=18 
kc/sec which we will assume throughout. The dimen- 
sionless quantity 8» is defined in S II, Eq. (10). The 
probability of transition at an applied frequency v= v9, 
the resonant frequency, is a maximum when 6)=3.77 
= 1.2m (S II, Table I). From the values of b., given in 
Mc/sec in Table II of S III, for «=0.21135 it is then 
possible to calculate the optimum value, (6/27)opt. 
These values are given in column 2 of Table II for the 
various transitions here considered. The values will, of 
course, vary with x, but the x here considered is suffi- 
ciently close to the actual x of our observations to lead 
to insignificant error. From S ITI, Eq. (13) and for K®, 
if b is given in Mc/sec, 


(6/24) =0.175 Hose. 


For any v and for any 6/27 the intensity of the line may 
be read from Table I, S II and it is thus possible to 
predict the line shape at all rf amplitudes. 

At sufficiently great line widths compared to Avo 
(greater than about 100 kc/sec for single-quantum 
transitions for the present value of Avo) the width at 
half-maximum intensity, Av, of the line increases very 
nearly linearly with 6,, and, therefore, for transitions 
characterized by Am=n increases as (b/2r)". This is 
apparent from Eq. (14) of S Il and from Table II of that 
paper and from Table II of SIII. In column 3 of 
Table II of the present paper are given the widths of the 
lines in terms of (b/2m)" and in the fourth columns the 
values of b/2m to give a line width of 0.135 Mc/sec. It 
should be noted that b/2x for Av is related to (b/2m)opt 
by: 

(b/Bopt) "= nAv/3.77 =nAv/1.2. 


The width of the line when Ay is not several times 
greater than Avo can be obtained accurately only from 
Table II of SII. A small but potentially measurable 
frequency change, 6y, occurs in the center of the 
resonance line as the rf amplitude is varied. This is 
calculated and the results are given for the present value 
of x and for the lines here of interest in Table II of S III. 
It is to be noted that when » and 6y are of the same sign, 
the line frequency increases with increasing rf ampli- 
tude. In column 5 of the present Table II are given the 
line shifts in terms of (b/27)*. In the last column are 
given the frequency shifts when Av is 0.135 Mc/sec or 
for the value of b/2x in column 4. 

Salwen has made the calculations under the assump- 
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TABLE II. Theoretical characteristics of lines in the radio- 
frequency spectrum AF=0, Am= +1, 2, 3, 4 at an x of 0.21135. 
All quantities in Mc/sec. 








Ay by 
b/2e —- bv X10 
Av =0.135 (b/2m)? Av =0.135 


0.01975  —2.796 —1.09 


0.01483 
0.02541 


(b/2x)" 


6.836 


(b/2x)opt 
0.00316 


Line 


(2,1) 


1,0 }s 0.00237 
1,0); 0.00406 


fot if 
[- 1, —2) 
[2,0] 


tt =i 


(0, —2] 


(2, =i 
Li, —2] 


[2, —2) 





9.106 
5.313 


— 1.009 
—0.887 


—0.22 
—0.57 


10.080 
5.893 


0.01339 
0.02291 


0.540 
0.711 


0.10 
0.37 


0.00214 
0.00367 
9.353 0.01443 


1.819 0.38 


4.64 


0.00231 
0.0358 


0.0339 
0.0590 


8.434 0.1265 0.290 
0.373 


0.161 


9.405 
3.104 


0.1198 
0.2085 
0.1436 0.358 


0.0406 6.549 


0.3611 0.153 


0.171 


0.1359 
0.1511 


2.866 


tion that the atoms in the beam have a Maxwellian 
velocity distribution. Evidently the low velocity atoms 
are preferentially scattered by other atoms in the beam 
and by residual gas in the apparatus. In view of the very 
long beam (~180 cm), the loss of low velocity atoms 
may be considerable. The effect of this is to make the 
experimental value of H.», somewhat greater than the 
calculated value. Similarly, the assumption is made that 
all atoms are refocused at the detector in the absence 
of transitions and that all atoms, after a transition com- 
pletely miss the detector. In actual fact, atoms of very 
low velocity will make large excursions in the inhomo- 
geneous fields and may strike the pole faces of the 
magnet or other obstacles and thus fail to be refocused. 
Atoms of very high velocity will make relatively small 
excursions and will strike the detector even after 
transitions have occurred. The effective velocity distri- 
bution is thus somewhat narrower than the Maxwellian 
distribution. The maximum probability of transition 
may therefore, be somewhat greater than that found for 
the Maxwell distribution. 

It is the purpose of the present work to seek confirma- 
tion of the results of S I, S II, and S III. It will appear 
that the results at high rf amplitude are in qualitative 
disagreement with prediction, though agreement can be 
found at rf amplitudes near (b/27)opt. 


EXPERIMENTAL DATA 


An observation of the complete spectrum AF=0, 
Am= +1, 2,3,4,ata field of about 35.0 gauss (x=0.2114) 
with the hairpin described in column 1 of Table I is 
shown in Fig. 2. Table III gives data relating to the 
observationsshown infJFig. 2. The radio-frequency 
amplitude as measured by the voltmeter was adjusted 
to give a high probability of transition and a small half- 
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Fic. 2. The spectrum AF=0, Am= +1, 2, 3, 4 of K® at a field 
of about 35 gauss. 


width for the line [1, — 2] and was then adjusted to the 
same reading of the voltmeter for all observations except 
those for the line [2, — 2] for which the amplitude was 
increased by a factor of 2.2. At the frequency of the line 
[1, —2], the amplitude calculated from the potential 
difference was about 1.35 gauss. The value of Hope 
calculated from Table II is 0.88 gauss. In view of the 
great difficulty in determining the experimental value of 
the rf field, the agreement is satisfactory. The rf field 


TABLE III. Lines observed in the spectrum Am=-tn of K® at 
a constant rf amplitude of Ho, for [I —2]. The line [2, —2] has 
been observed at Hop: for that lin 








Af (ke/sec) 


f obs. 
—f calc. 


—0.5 
+2.7 
—1.6 
—1.1 


+7.5 
+6.6 
+8.7 


+8.5 
+7.1 


+23.2 


Obs. f 
Mc/sec 


20.915 
22.773 
25.215 
28.668 


21.847 


Ax 5f (kc/sec) 
10-4 calc. 

8.43 

9.87 
12.07 
15.81 


9.16 
10.97 
13.96 


10.11 
12.58 


11.54 


Calc. x 


0.211344 
0.211377 
0.211338 
0.211343 


0.211432 
24.000 0.211410 
26.948 0.211412 


22.9713 0.211434 
25.5544 0.211406 


24.4126 0.211551 


Lines 


2,1 
1,0 128 





—63.8 
—21.6 
+14.3 
+41.5 


+6.6 
+6.1 
+8.2 


+3.5 
+3.9 


+11.9 


0,-1) 131 
={, =3) 


2,0) 109 
1, “1 96 
0,-2) 102 
anf 12 
ee 8.3 


[2, —2]} 6.3 





amplitude varied somewhat between the observations 
because of a variation in impedance of the hairpin with 
frequency. It is evident in Fig. 2 that the line [2, —1] is 
somewhat broader than the line [1, —2] and this arises, 
in part, from the increased amplitude for [2, —1]. In 
addition, the lower value of H.,+ for [2, —1] broadens 
this line at Hop for [1, —2]. If the rf amplitude is, 
indeed, Hop for [1, —2] than the width of [2, —1] is 
about 1 kc/sec greater than that of [1, —2]. If, how- 
ever, the amplitude is somewhat increased: from this 
value, then [2, —1] increases in width more rapidly 
than [1, —2]]. The width of the triple quantum line at 
Hopt is 6.5 kc/sec. The greater observed width is 
probably a consequence of an amplitude greater than 
the optimum and an uncertainty of measurement of 
about 1 kc/sec. Similarly the four quantum line, [2, —2] 
has an observed width of 6.3 kc/sec to be compared to 
the predicted width at Hop: for this line of 4.9 kc/sec. 
The agreement is good. 

At the rf amplitude at which the triple quantum 
transition [1,—2] has a maximum probability, the 
double quantum lines [2,0], [1, —1], and [0, -2] are 
calculated to have widths of 193, 142, and 149 kc/sec 
respectively where the mean width of the components is 
given for the doublet [1, —1]. These widths are all 
significantly greater than the observed widths of 109, 
96, and 102 kc/sec. The lines [2,1], [1,0], [0, —1], and 
[—1, —2] are calculated to have widths of 1030, 1090, 
1210, and 1410 kc/sec, respectively, all in extreme dis- 
agreement with the observed widths of 119, 128, 131, 
and 132 kc/sec. The lines are extremely symmetrical 
and there is no evidence of a line distortion. The center 
of the line is constant over a range of intensity from 25 
to 85 percent of the maximum intensity. The value of 
the parameter «x, is calculated from the usual expres- 
sions® for the frequencies of the lines in the spectrum of 
the magnetic hfs under the assumption that the center 
of the line corresponds to the transition frequency at the 
constant magnetic field in which the lines are observed, 
i.e., that the line frequency is not significantly affected 
by the rf field. In the fifth column of the table is given 
the calculated increase in the frequencies of each of the 
lines for an increase of 10~ in x. In the sixth column is 
given the difference between the observed frequency and 
that calculated for the mean ~ of all the single quantum 
transitions. 

For the single quantum transitions the maximum 
discrepancy among the x values is 4X10-*. The maxi- 
mum displacement of any of the lines from the frequency 
calculated from the mean x is 2.7 kc/sec. This shift is 
about 2 percent of the line width and is hardly signifi- 
cant. Additional data on the single quantum lines indi- 
cates that their frequencies at high rf amplitude and at 
the optimum rf amplitude are very nearly the same. 
These results are in disagreement with earlier results! 
where inhomogeneities in the field may have contributed 


5 Kusch, Millman, and Rabi, Phys. Rev. 57, 765 (1940). 
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to the result. We take the mean x, 0.21135, calculated 
for the single-quantum lines as the true zx. 

If it is assumed that the rf amplitude is equal, for all 
observations, to the optimum amplitude for the triple- 
quantum line, [1, —2], then the calculated shifts of all 
the lines from the frequencies of the unperturbed lines 
are given in the last column of Table III. The case of the 
single-quantum transitions is particularly striking. The 
frequencies are observed to agree with those at low 
amplitude while a relative shift of the lines [2,1] and 
[—1, —2] of 105 kc/sec is predicted. The observed 
shifts for the double-quantum lines are consistent with 
the calculated shifts. The shifts for the triple-quantum 
transitions appear to be greater than those calculated. 
The observed shift for the four-quantum line is greater 
than that calculated. Unfortunately, at this stage of the 
work, very high rf amplitudes interfered with the 
monitoring of the dc field so that no conclusions may be 
drawn from the data on the frequency shifts except in 
the case of the single-quantum transitions where the 
possibility of describing the shift in terms of existing 
theory and experimental errors is precluded. 

In Fig. 3(a) are shown the half-width, central fre- 
quency, and the intensity at the central frequency of the 
line [2,1] at an x of 0.2072 as the rf potential difference 
across the hairpin is varied. The maximum intensity at 
the line center occurs at an rf amplitude of about 0.020 
gauss to be compared to the value H,,,=0.018 gauss 
calculated from Table II. A probability of transition of 
50 percent would give a line intensity of 11.6 percent of 
the total beam. The observed intensity of the transition 
is, therefore, low, as for the same line in Fig. 2. This 
probably arises from a trajectory for the atom in the 
state m=2 which is sufficiently expanded to cause loss 
of atoms by collision with the surfaces of the deflecting 
magnets. The line width, frequency, and intensity 
calculated under the assumption that (6/27) p+ occurs at 
0.24 volt and that the atom is subjected to a rectangu- 
lar pulse of rf, are indicated. At low rf amplitude, the 
line has the expected width but reaches a constant 
width at an rf amplitude greater than 3 volts, in marked 
disagreement with theoretical predictions. Similarly the 
frequency does not vary as predicted except, perhaps, at 
low rf amplitude where the uncertainties in individual 
observations may obscure a small effect. The intensity 
of the maximum does not decrease with increasing rf 
amplitude as rapidly as expected and there is no evi- 
dence of the decrease of the transition probability below 
50 percent. The curve in Fig. 3(a) has been extended to 
30 volts rf and no significant change in any of the 
measured characteristics of the line occurs. 

Similar saturation effects in both frequency and width 
at high rf amplitude occur for the line [0, —1_] whose 
characteristics are shown in Fig. 3(b) at an x of 0.2113. 
The frequency of the line at an rf amplitude of 0.2 volt 
where the intensity was a maximum was measured 
several times during the run and the maximum fre- 
quency variation was 0.8 kc/sec. If the mean of (6/27) opt 
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Fic. 3(a). The half-width, intensity, and frequency of the line 
[2,1] as a function of the rf amplitude observed with the hairpin 
described in column 1 of Table I. 
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Fic. 3(b). The half-width and frequency of the line [0, —1] as 
a function of the rf amplitude observed with the hairpin described 
in column 1 of Table I. 
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Fic. 3(c). The half-width, intensity and frequency of the line 
[2,0] as a function of the rf amplitude observed with the hairpin 
described in column 1 of Table I. 
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Fic. 3(d). The half-width, intensity, and frequency of the line 
[1, —2] as a function of the rf amplitude observed with the 
hairpin described in column 1 of Table I. 
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for the two components of the line is assumed to occur at 
0.2 volts for each of the components of the line, then 
there is predicted to be an increase in frequency of 11.3 
and 15.0 kc/sec for the two components of the line at an 
rf amplitude of 10 volts. Clearly no such frequency 
shifts are observed. The component of lower frequency, 
[0, —1], has a greater probability of transition at low rf 
amplitude than does the component of higher frequency 
[0, —1.]; so that the line frequency may be expected to 
increase somewhat as the amplitude is increased from an 
initially low value. Hop: is found to be 0.017 gauss from 
circuit measurements. The value found from Table II is 
0.012 gauss for [0, — 1], and 0.021 gauss for [0, —1]}. 

In Fig. 3(c) are shown the characteristics of the 
double-quantum line [2,0] at an x of 0.2104 observed 
with the hairpin, column 1, Table I. At sufficiently high 
rf amplitude the observed intensity is 11.5 percent of the 
total beam. This is just the intensity to be expected for a 
50 percent transition probability. The maximum in- 
tensity is 18.8 percent which corresponds to a transition 
probability of 81 percent. The calculated frequency 
shift, half-width, and intensity of the line are shown in 
the figure. It has been assumed that (6/27) p+ occurs at 
3.7 volts, where the transition probability has a maxi- 
mum value. The intensity decreases less rapidly than 
calculated beyond the first maximum exactly as for the 
single quantum transition shown in Fig. 3(a). At rela- 
tively low rf amplitude, both the width and frequency 
behave approximately as expected, but large dis- 
crepancies occur at higher amplitude. Again the line has 
a constant half width of about 120 kc/sec at an rf 
amplitude above 20 volts. At the highest rf amplitude in 
the figure, a shift of the line to higher frequencies of 
about 24 kc/sec is expected. While there is clearly an 
increase of frequency with increasing amplitude, the 
total observed shift is much less than the predicted 
shift. The experimental value of Hop is 0.32 gauss to be 
compared to the predicted value of 0.21 gauss. The 
agreement is considered to be good and indicates the 
adequacy of the assumption of a rectangular pulse at 
relatively low rf amplitude. 
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Fic. 4. The half-width, intensity, and frequency of the line 
(0, —1]asa function of the rf amplitude observed with the hairpin 
described in column 2 of Table I. 
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In Fig. 3(d) are shown the relevant characteristics of 
the triple-quantum transition [1, —2] at an x of 0.2080. 
It is not evident from these data alone that the width of 
the line approaches a constant value but other data at 
even higher rf amplitudes indicate that the line does, in 
fact, approach a constant width slightly greater than 
120 kc. The width of the line as calculated for a rect- 
angular pulse of rf is shown on the figure where it is 
assumed that (5/27) pt occurs at 14 volts. At 50 volts, 
the width is calculated to be 330 kc/sec instead of the 
observed 120 kc/sec. From the frequency of the line 
[0, —1] observed at low rf amplitude, the frequency of 
the line [1, —2] is calculated as shown in the figure. It 
should be noted that the observed central frequency of 
the line [0, — 1] does not determine the field unambigu- 
ously because of the differential probabilities of transi- 
tion of the two components. Accordingly, the calculated 
frequency of [1, —2] is low by an undetermined small 
amount. The agreement between observed and calcu- 
lated frequency is thus satisfactory at relatively low rf 
amplitude but the measured frequency increases less 
rapidly than the calculated frequency at high rf ampli- 
tude. If the limiting probability of transition is 50 
percent, the maximum probability is 74 percent. As for 
the single and double quantum transitions, the observed 
intensity decreases less rapidly than predicted from its 
maximum value as the rf amplitude is increased. 

The line [—1, —2] at an x of 0.09925 where the fre- 
quency is 12.349 Mc/sec has a constant width of 120 
kc/sec at rf amplitudes comparable to those shown in 
Fig. 3(a) and 3(b) and the frequency of the line varies 
only slightly over the whole range. It is not possible to 
observe the individual broadened lines at much lower 
magnetic fields since the width of the lines then be- 
comes comparable to the separation between the lines. 

At an x of 0.008, all of the lines lie in an interval of 
11.1 kc/sec, about half the natural width of the separate 
single quantum lines. The central frequency of the 
envelope of the lines is then about 900 kc/sec. The half- 
width of the envelope at an rf amplitude of 0.3, 0.6, 1.2, 
and 1.8 gauss has been found to be 191, 211, 190, and 
188 kc/sec. These rf amplitudes are comparable to those 
for which, at a higher field, the single quantum transi- 
tions appear as lines of constant width. 

The corresponding envelope of the low field lines of 
Na” was observed at an « of 0.0042 where the central 
frequency of the envelope is about 1.9 Mc/sec. The lines 
lie in an interval of about 12 kc/sec. At rf amplitudes of 
0.1, 0.2, 0.3, 0.4, 0.6, and 0.8 gauss, the line has a width 
of 172, 258, 288, 281, 271, and 270 kc/sec, respectively. 
Again the line frequency is very nearly constant over the 
interval. It is interesting that the limiting line widths 
are in the same ratio as the velocity of the atoms, K® 
and Na*. 

After other experimental work had been done, an 
attempt was made to reconstruct the rf circuit used in 
the observations of Fig. 3(a), (b), (c), (d). Probable 
variations were in the gap G (Fig. 1) and in the nature of 
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Fic. 5. The line [—1, —2] observed at an rf amplitude about 
150 times that at which the transition has a maximum transition 
probability. 


the electrical contacts at the shield. In this case, the 
single-quantum lines reached a maximum width of 
about 102 kc/sec at about 3 volts rf; with increasing 
amplitude the width was reduced and from about 10 
volts on had the approximately constant value of 85 
kc/sec. Removal of the shield had a marked effect on the 
line widths. In that case, a maximum width of about 70 
kc/sec was observed at about 3 volts rf; with increasing 
amplitude an approximately constant width of 40 
kc/sec was reached for an rf potential difference of more 
than 10 volts. The details of the shield evidently have a 
marked effect on the behavior of the line. 

Additional data have been taken with the hairpin 
described in column 2 of Table I. The new hairpin has 
an increased region in which the field may drop from its 
value between the conducting plates to zero, that is, the 
end effects occur over a greater length. 

In Fig. 4 is shown the behavior of the line [0, —1 ] at 
an x of about 0.208. The relatively large initial width of 
30 kc/sec arises because the line is a closely spaced 
doublet. The line has a maximum width of 67 kc/sec 
which is reduced to about 60 kc/sec at high amplitudes. 
In an extension of the curve shown in Fig. 4 the width 
does not rise above 61.6 kc/sec up to an amplitude of 25 
volts. In view of the fact that later observations with a 
somewhat different hairpin geometry show a very large 
drop in the width after an initial increase, the decrease 
in width is probably real. Similarly the slow increase in 
the maximum intensity of the line appears to be a real 
effect. The intensity at the minimum corresponds to a 
probability of transition of about 52 percent while the 
maximum observed intensity corresponds to a proba- 
bility of about 63 percent. The central frequency shows 
no large shift even at higher rf amplitudes. At an 
amplitude of 25 volts on the scale of Fig. 4, the observed 
frequency of the line is 24.8056 Mc/sec. 

Similar effects are observed for the line [—1, —2] at 
the same field. The line has an initial width of 21 
kc/sec, rises in width to about 64 kc/sec and then 
slowly decreases in width. The intensity has a maximum 
of 18.8 percent of the beam, drops to 11.7 percent, and 
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then slowly increases to about 13.5 percent. If the 
intensity readings are a true measure of the probability 
of the transition, the minimum and maximum proba- 
bilities are 50 and 81 percent and the probability at high 
rf amplitudes 58 percent. 

The double-quantum transition [1, — 1 ] has also been 
observed. The initial width, at low rf amplitude, of this 
doublet is 14.4 kc/sec. The width rises to a maximum of 
69 kc/sec and then drops slowly. The maximum width 
occurs at an rf amplitude of about 1.9 volts, about the 
same amplitude as that at which the double-quantum 
transition in Fig. 3(c) achieves its maximum width. The 
frequency of the line increases with increasing rf ampli- 
tude. However, the rate of increase decreases with 
increasing amplitude in clear disagreement with theo- 
retical predictions. 

It was indicated, in a discussion of the data taken 
with the hairpin described in Table I, column 1, that the 
lines remained symmetrical at high rf amplitudes. For 
the present hairpin, column 2, there is shown in Fig. 5 
the line [—1, —2] at an x of 0.175 and an amplitude of 
about 2.3 gauss (30-volt rf) many times that at which 
the line first achieves its maximum width and about 150 
times that at which the transition has a maximum 
probability of transition and a width of about 23 kc/sec. 
The small asymmetry is real but rapidly decreases at 
lower amplitudes. It is also clear that the increase in 
intensity at high rf amplitudes is real since the back- 
ground against which the line appears is negligible. 

Observations have been taken with the hairpin 
described in column 3, Table I. This hairpin differs from 
the first two hairpins through a reduced distance be- 
tween the two vertical planes which comprise the rf 
circuit and through a smaller clearance between the 
plates and the internal wall of the shield. A rapid rise of 
the field amplitude therefore occurs. The behavior of the 
line [—1, —2] at an x of about 0.211 where the fre- 
quency is about 28.67 Mc/sec is shown in Fig. 6. The 
width of the line first increases with increasing ampli- 
tude, reaches a maximum and then decreases to about 
half of its maximum value. The impedance of the 
circuit was not measured in this case; probably the field 
amplitude in gauss is related to the rf amplitude in volts 
much as in Fig. 3. The intensity of the transition in- 
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Fic. 6. The half-width and intensity of the line [—1, —2] as 
observed with the hairpin of column 3, Table I. 
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creases to a maximum of 19.3 percent at 0.25 volt 
decreases as expected with increasing rf amplitude to 
about 10.5 percent and then increases again to an ap- 
proximately constant value of 17.5 percent which con- 
tinues to characterize the transition till the rf amplitude 
is at least 200 times that required to give a maximum 
probability. It is to be noted that the effects were 
observed for two different directions of the field. 

In Fig. 7 is shown the line at rf amplitudes of 4 and 30 
volts. The amplitude of 4 volts is much less than that at 
which the symmetrical lines in Fig. 2 were observed. 
The lines are unsymmetrical in both cases; at the lower 
amplitude the width at half-maximum intensity is 
sharply sensitive to the details of the line shape. There 
is no doubt that the probability of transition at the 
maximum of the curve and at the higher amplitude ex- 
ceeds 50 percent (11.6 percent on the scale of Fig. 7). In 
the absence of symmetrical curves, a measurement of 
the central frequency of the line becomes rather 
meaningless; however the mean frequency of the two 
points of half-maximum intensity does not increase as 
rapidly as predicted by the theory on which Table II is 
based. 

The double-quantum transition [0, —2] observed 
with the same hairpin and at the same field as the line in 
Fig. 6 increases in width from about 13 kc/sec to 280 
kc/sec at 40 volts rf and then decreases in width to 250 
kc at 50 volts rf where, however, the line is distorted in 
shape. The intensity of the transition also shows a small 
but real increase as the rf amplitude is increased beyond 
the point where the intensity has a minimum. The 
saturation width of the double quantum transition thus 
differs markedly from that of the single quantum 
transition, in marked distinction to the behavior for the 
first two hairpins where the limiting widths of the single 
and double quantum transitions were substantially 
identical. 

The shielding cage shown in Fig. 1 was removed but 
otherwise the hairpin was identical to the one used in 
the last observations. In this case, the line [—1, —2] 
had an initial width of 22.8 kc/sec, rose in width to 320 
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Fic. 7. The line [—1, —2] at two values of the rf potential differ- 
ence applied across the hairpin of column 3, Table I. 
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kc/sec at 8 volts and then dropped in width to about 
55 kc/sec at 50 volts rf. The total intensity of the line 
indicates a probability of transition at high rf ampli- 
tudes of about 67 percent. The observations just 
described for the unshielded hairpin were taken for a 
traverse of the beam through the hairpin far from the 
median plane. The hairpin was fixed in the apparatus 
and within the rather narrow excursions through which 
the beam could be moved, a marked variation in the 
behavior of the line could be observed. It was possible 
to reduce the width at an amplitude of 8 volts from 320 
kc/sec to 105 kc/sec. The next experiments, with a 
shielded hairpin, were performed to examine the effects 
of the direction of traverse. 

A hairpin structure, described in column 4, Table I 
was mounted in the apparatus so that it could be 
translated parallel to the direction of the beam and 
rotated about a vertical axis. Observations of the line 
[—1, —2] were made for a traverse of the beam along 
the median plane of the hairpin, for a traverse parallel 
to the median plane but close to one of the vertical 
conductors and for several directions at an angle with 
respect to the median plane. These conditions gave a 
varying direction and magnitude to the fringing fields at 
the ends of the hairpin as well as a reversal in the phase 
of the component of the rf perpendicular to the beam. 
The behavior of the line was very nearly identical in 
each case. This differs markedly from the result for the 
unshielded hairpin. The line increases in width to a 
maximum of about 220 kc/sec and then decreases to a 
constant width of the order of 100 kc/sec. The proba- 
bility of transition shows no large increase at high rf 
amplitude as in the previous experiments. The results 
for a traverse of the hairpin along the median plane are 
shown in Fig. 8. The frequency of the line fluctuates but 
does not show the increase which simple theory predicts. 
Since the line frequency was, in all cases, taken as the 
mean frequency of two points of half-maximum in- 
tensity, the variation in frequency may, in part, result 
from a distortion of the line. For an unsymmetrical 
traverse of the hairpin, larger fluctuations in frequency 
were observed. The observed rf amplitude at maximum 
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Fic. 8. The half-width, intensity, and frequency of the line 
[—1, —2] observed with the hairpin of column 4, Table I. The rf 
potential difference at 70 volts is about 160 times that required to 
give maximum probability of transition. 
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Fic. 9. The line [—1, —2] at two rf amplitudes observed with the 
hairpin of column 4, Table I. 


probability is 0.017 gauss to be compared to 0.013 gauss 
calculated from Table II. 

In Fig. 9 is shown the shape of the line [—1, —2] at 
rf amplitudes of 8 and 50 volts. At the lower amplitude 
the double-quantum transition [0, — 2] for K“ appears; 
the structure at the higher rf amplitudes at the same 
frequency cannot on intensity grounds, be assigned to 
K*. The symmetry of the line at the lower amplitude is 
excellent; the decreased width of the line at higher rf 
amplitude is conspicuous. 

The hairpin used in taking the data of Figs. 8 and 9 
was further modified as shown in column 5 of Table I. 
The essential change is the reduction of the space be- 
tween the two vertical conducting plates from 0.08 to 
0.025 cm. The behavior of the line [—1, —2] is quali- 
tatively as shown in Fig. 8; the maximum half-width 
becomes 417 kc/sec and at high rf amplitudes it drops to 
an approximately constant value of about 320 kc/sec. 
The maximum width occurs at about 0.57 gauss rf 
amplitude instead of about 0.32 gauss as in the curve in 
Fig. 8. The reduction of the space between the conduct- 
ing plates has evidently caused the system to behave 
more nearly like a rectangular pulse of rf field. 

In Fig. 10 are shown the data on the line intensity and 
half-width in the region of low rf amplitude. The curves 
are those theoretically calculated for a rectangular pulse 
of rf where (6/27)o,¢ occurs at 0.32 volt. From circuit 
measurements H...=0.014 gauss at this point and from 
the value of (6/27) op in Table II is calculated to be 
0.013 gauss. The intensity curve has been adjusted in 
scale so that it coincides with the experimental points 
above 3 volts. The agreement between the observed and 
calculated intensity is much better than in the case of 
Fig. 3 and the agreement in width persists to much 
higher rf amplitudes than in Fig. 3. It seems apparent 
that when the saturation width is high, the behavior at 
relatively low widths is, in fact, consistent with that to 
be expected for a rectangular pulse. 


DISCUSSION 


In general the behavior of a line in the neighborhood 
of the optimum rf amplitude for the line in question is 
reasonably well described by the theory of the transi- 
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Fic. 10. The half-width and intensity of the line [—1, —2] 
observed with the hairpin of column 5, Table I. 


tions in a rectangular pulse of rf magnetic field. The 
transitions are characterized by widths which are con- 
sistent with theoretical predictions. The line frequencies 
are accurately in agreement with those calculated for 
single- and multiple-quantum transitions. Within a 
rather large experimental uncertainty, the rf amplitude 
at which the probability of transition is a maximum is 
consistent with prediction both in absolute magnitude 
and in the relative magnitude for single-, double-, and 
triple-quantum transitions. 

Several hitherto unobserved effects have, however, 
been observed which are not capable of description by 
existing theory. The effects are as follows: 

(1) While the line width increases with amplitude, as 
expected, at sufficiently low rf amplitude, it reaches a 
maximum width at an rf amplitude of the order five to 
thirty times that required to give a maximum transition 
probability. The maximum width increases as the rf 
amplitude required to give width saturation increases. 

A further increase of the rf amplitude beyond that at 
which the width isa maximum generally, but not always, 
leads to a reduction in the width of the line to a limiting 
width which may be less than half of the maximum 
width. The details of behavior depend critically on the 
details of the rf circuit in which the transitions are 
induced. The maximum line width is increased as the rf 
pulse to which the atom is subjected becomes more 
nearly rectangular, i.e., as the end regions in which the 
rf amplitude rises from zero to its maximum value are 
reduced relative to the length of the whole rf pulse. 

(2) The frequency of the center of the line changes 
less rapidly than predicted at amplitudes where the 
width departs from that predicted for a rectangular rf 
pulse. In fact, when the line width is independent of rf 
amplitude, the frequency of the line is also independent 
of amplitude, to the degree to which it is possible to 
determine the line center of a line which may be 
somewhat unsymmetrical. 

(3) The transition probability rises initially to about 
80 percent. This is somewhat larger than predicted for a 
rectangular pulse of rf but the discrepancy may occur 
entirely because the velocity distribution in the beam is 
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not entirely Maxwellian. The transition probability 
decreases to about 50 percent at high rf amplitudes but 
more slowly than would be expected for a rectangular 
pulse. It is remarkable that, in some cases, an increase of 
the transition probability to as much as 75 percent is 
observed at very high rf amplitudes. The effects depend 
markedly on the details of the rf circuit. 

The dc field in which the transitions are observed is so 
constructed that the occurrence of significant inhomo- 
geneities is unlikely. Further, for at least some rf circuits, 
the lines are highly symmetrical at rf amplitudes much 
greater than those required to give width saturation. 
Generally, it is to be expected that the use of the high rf 
amplitudes in a nonuniform magnetic field would give 
rise to anomalously large line widths, distorted line 
shapes, and possibly relatively large shifts in line fre- 
quency. Since the effects here under consideration do 
not show these features, it is unlikely that a field 
inhomogeneity is responsible for them. 
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Because of the great dependence of the details of the 
effect on the structure of the rf circuit and its shield, it 
seems probable that the effects arise within the portion 
of the path of the atom in which the amplitude changes 
between its maximum value and zero. Presumably the 
adiabatic traverse of the atom over the region in which 
an end effect occurs, reduces the probability of transi- 
tion to a vanishingly small value for frequencies at 
which transitions would occur for a rectangular rf pulse. 
The effects are not, however, understood in detail and no 
explanation is offered for the relative constancy of the 
line frequency as the amplitude is increased and for the 
high probability of transition occasionally observed for 
very high rf amplitude. 
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The angular distributions of alpha particles scattered elastically from Ag, Au, and Pb targets have been 
measured. Deviations by three to four orders of magnitude from pure Coulomb scattering have been observed 
beyond the forward angles. In addition, some regular structure appears in these distributions, but the main 
features can be described by an exponential falloff between 25° and 90°. 

By fitting the data with a simple modification of Blair’s scattering theory, it has been possible to determine 
interaction radii. Nuclear radii have been derived which are in agreement with those found from medium- 


energy nucleon scattering. 


I. INTRODUCTION 


ECENTLY, in order to explain the variation of 

alpha-particle elastic scattering with energy,} 
Blair? proposed a semiclassical scattering model which 
requires only the use of the well-known phase shifts that 
appear in the Coulomb interaction. Assuming a well- 
defined radius for both the target nucleus and the inci- 
dent alpha particle, he derives the following angular 
distribution for elastically scattered alpha particles, 
relative to pure Coulomb scattering, 


og sin?(0/2) 
—= |—i exp[—in In sin*(6/2) ]— ~ 
Te 

2 


v 
X E (21+-1)W re P,(cosd)|, (1) 
l=0 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Oregon State College, Corvallis, Oregon 

1G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 

2 J. S. Blair, Phys. Rev. 95, 1218 (1954). 


where I’ satisfies the relation 
lV (U+1)=(E-—E,)2MR?/h’, (2) 


with E.=ZZ'e?/R. Here I’ is the orbital angular mo- 
mentum of a particle of mass M, energy E, and velocity 
v; E, is the Coulomb energy at the classical turning 
point; R is the sum of target radius and alpha-particle 
radius; Ze is the charge of the target nucleus and Z’e is 
the charge of the alpha particle; and W, is the weight 
given to the absorption of the /th partial wave. The 
Coulomb phases obey the relation 


e2i(61—b0) — 


mn 
e2 (51-180) | 
l—in 


n=ZZ'e/hv. 


The first term in Eq. (1) represents the Coulomb scat- 
tering amplitude, and the second term the interaction 
with the nucleus, of alpha particles with /S/’. Blair 
assumes that all these partial waves with OS/S/' vanish 
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because the trajectory is such that the alpha particle is 
completely absorbed by the nucleus, excites the nucleus 
and is lost to elastic scattering, or is broken up into 
smaller components. Thus W ;= 1 (complete absorption) 
for OS/SI’. If the nucleus and alpha particle do not 
overlap, the partial waves associated with the alpha 
particle are considered to have purely Coulomb phase 
characteristics; W;=0 (no absorption) for />/’. This 
model is referred to as the “sharp cut-off” model because 
complete nuclear absorption ends and complete Coulomb 
scattering begins at a well-defined distance from the 
scattering center. The model neglects barrier penetra- 
tion and reflection from the nuclear potential, and takes 
no account of the mean free path of the alpha particle in 
nuclear matter. Although this theory reproduces the 
general qualitative features of observed angular distri- 
butions, namely a rise followed by a sharp falloff, the 
theoretical curves show a diffraction pattern which is 
not observed. This last effect is presumably due to the 
sharp radial cutoff of the Blair theory. 

Other investigators’ have attempted to improve the 
model in a simple way, by taking W;=1 for 0S/</’, 
W.i=0.5 for /=/’, and W,=0 for I>I’. This “fuzzy” 
model smooths out the transition region of interaction, 
and substantially improves the fits to the data at 22 
Mev. This fitting results in a determination of the 
interaction radii, which are found to be larger than the 
generally accepted values. 

Recently, Porter‘ has proposed a classical interpreta- 
tion of the dependence of the ratio of observed differ- 
ential cross section to the Coulomb cross section on the 
classical apsidal distance, D (the distance of closest 
approach). His description embodies the principle that 
the scattered intensity, as a function of apsidal distance 
(and, therefore, of the incident energy and angle of 
scattering), arises entirely from absorption along the 
undistorted Coulomb orbit. He defines the ratio of 
observed to Coulomb cross section in terms of a trans- 
mission factor T, which is equal to the fraction of the 
incident beam that is scattered at a given angle, 
relative to the Coulomb scattering. T has the form: 
T=exp[|— fdx/l(x) ], where /(x)=mean free path of 
the alpha particle as a function of the position coordi- 
nate x along the path. Assuming straight-line paths 
through the nucleus, he obtains the expression 


R 
T= exo( - -W(61) : 
0 


° -1 
hLé,6 |= f dv(v?— ¢)! secit(—) 
g 


and ¢=D/R, where R=interaction radius, the sum of 
nuclear and alpha-particle radii; v=r/R, where r=dis- 
tance from nuclear center to the center of the alpha 


where 


3 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 
‘C. E. Porter, Phys. Rev. 99, 1400 (1955). 
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particle; 5=d/R, where d= measure of the thickness of 
the diffuse edge of the nucleus ; >= mean free path of the 
alpha particle near the center of the nucleus. 

From data previously available! *.5 he deduces values 
of R/lo~3 or 4 for alpha particles, 5~0.2, and d~2 
X10-* centimeter, indicating that the nucleus is opaque 
to alpha particles except near the edge of the nucleus, 
in the diffuse region. The slight rise of T above unity for 
small angles, and the structure in the observed distribu- 
tions which probably arises from wave-mechanical 
interference effects, are not explained on this model. 

Unpublished calculations by Ford and Wheeler*® on 
the elastic scattering of alpha particles are based on a 
model in which the “rim” of the nucleus is transparent 
to the alpha particles. Best agreement between experi- 
ment and theory on this model is for large energy and 
scattering angle for the alpha particle. 

Other investigators'** have studied elastic alpha- 
particle scattering, from the point of view of both energy 
dependence and angular dependence of the cross section. 
The reported investigations were carried out at some- 
what lower energies (13 Mev to 44 Mev) than those 
reported here. They show a pronounced deviation from 
Coulomb scattering at relatively small angles of scat- 
tering, and the ratio of observed to Coulomb cross 
section is essentially an exponentially decreasing func- 
tion of angle over a wide range of angles beyond the 
point at which the break with Coulomb scattering is 
observed. 

The purpose of the experiments reported here was to 
extend these investigations, both as to theory and as to 
experiment. For comparison’s sake, the heavy target 
nuclei of silver, gold, and lead were concentrated on, as 
it would be interesting to compare the results at higher 
bombarding energy with those obtained at lower 
energies. 


II. EXPERIMENTAL METHOD 
A. General Procedure 


A schematic diagram of the experimental arrange- 
ment is shown in Fig. 1. The 48-Mev alpha-particle 
beam of the 60-inch cyclotron at the Crocker Laboratory 
was brought out through the water shielding and 
impinged on a target which was located at the center of 
a large vacuum scattering chamber. The scattered 
particles were detected by a triple-coincidence pro- 
portional counter telescope. At each angular setting of 
the detector, the number of alpha particles elastically 
scattered during a convenient time interval was ob- 
served with the telescope and normalized against the 
total charge collected by a Faraday cup located behind 
the chamber. The detected particles were selected by 
placing absorbers in front of the counter and requiring a 
preset minimum pulse height in each counter chamber. 
In this way, the relative elastic scattering cross section 
was obtained as a function of the laboratory angle. 


5 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 
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Fic. 1. Schematic dia- 
gram of experimental ar- 
rangement. 
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B. Beam Monitoring and Beam Energy 
Determinations 


A cylindrical brass Faraday cup, maintained in a 
separate vacuum compartment with its own diffusion 
pump, was located on the beam-exit port of the scat- 
tering chamber. Two opposed C-shaped magnets (Alnico 
IIT) were located at the rear of the cup and provided a 
uniform field of about 200 gauss for prevention of 
secondary electron loss occasioned by the beam’s 
striking the beam-stopping plate. Suitable coaxial leads 
permitted transmission of the beam current to a 100% 
negative feedback electrometer located in the counting 
area. 

The precision capacitors used in conjunction with the 
integrating electrometer were calibrated against pre- 
cision capacitors of the same nominal values. These in 
turn have been calibrated against a 1.0-microfarad 
condenser certified by the Bureau of Standards. Capaci- 
tors used in integrating the beam were calibrated for 
each run and it is believed that their values are correctly 
known to within one percent. The voltage on the 
integrating condensers was measured during a run by a 
Speedomax recorder. The linearity of response of the 
recorder and electrometer scale factors were checked for 
each run, and any variation in values thus obtained was 


Yi TTT TTT |) /'// 


taken into account. It is thought that the voltages read 
from the recorder are accurate to within 0.5%. 

Between the scattering chamber and the Faraday cup 
chamber was an absorber-foil changer consisting of a 
vacuum chamber with two twelve-position foil wheels. 
Each wheel was controlled independently and remotely 
so that suitable combinations of foils provided a means 
of measuring the primary cyclotron beam energy with- 
out the necessity of turning off the cyclotron. The beam 
range determination was made at the beginning and end 
of each day’s run. 

Further monitoring of the beam for the purpose of 
tuning cyclotron parameters was accomplished by the 
use of a Nal crystal scintillation counter (using a 
DuMont 6292 photomultiplier tube), placed externally 
to the scattering chamber at a forward angle of 20°. The 
signal from this monitor also could be used as a further 
check on the operation of the primary monitoring circuit. 


C. Counter Characteristics 


A triple-coincidence proportional counter telescope 
was used as a detector. This counter consisted of three 
chambers, each with a sensitive volume one-half inch 
deep and approximately two square inches in area. 
Each chamber contained one central ground wire and 
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two collector wires at positive high voltage; all wires 
were of 3-mil polished stainless steel. 

Each counter chamber was individually tested in a 
constant-flow test chamber with a mixture of A— CO, 
gas in proportions of 96% to 4%, which was further 
purified by passing through a copper cooling-coil system 
immersed in a slush of dry ice and acetone. 

The results of the counter tests indicated that within 
a circle 1.5 inches in diameter, centered on the counter, 
the pulse-height distribution at any given point varied 
from 6% to 8% full width at half-maximum, whereas 
the peak pulse height varied from point to point by 
+3% from the average. The “fold” of these distribu- 
tions gives a Gaussian distribution with width at half- 
maximum of 10.4%. 

For purposes of testing and calibration, three Cm” 
alpha sources were located on the side of the counter 
vacuum cover, separated from the sensitive volume by 
0.25-mil aluminum foils. A remotely controlled sliding 
shutter, moved by means of small solenoids, was in- 
stalled between sources and foil so that the pulses 
obtained might be observed at will. Because of their 
location, the pulse-height distributions from these 
sources had a low-pulse tail, but their mean pulse height 
could be used for a relative measure of counter charac- 
teristics as a function of time during a run, as well as for 
prerun testing of counting equipment. 

Because the proportional counter was to be used in a 
long-range program for the detection of alpha particles, 
deuterons, protons, and possibly other charged particles, 
its pulse-height distribution characteristics were of par- 
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Fic. 2. Integral pulse-height distribution curves obtained with the 
proportional counter telescope. 
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ticular interest. Pulse-height distributions of from about 
10% to 15% (Fig. 2) have been observed for 48-Mev 
alpha particles, for settings of discriminator bias below 
the “knee” of the bias curves. The “width” of the pulse- 
height distribution is that pulse-height interval which 
contains one-half the observed pulses, as defined by 
Rossi and Staub.® 

For particles detected in the counter, the ratio of 
pulse heights in the first chamber for deuterons versus 
protons should be about 1.3, and for alpha particles 
versus protons, about 4. 

A block diagram of a typical electronics setup is 
shown in Fig. 3. 

Nominally square, delay-line-clipped counter pulses 
of 1 microsecond duration were used, with a rise time of 
about 0.2 microsecond. Preamplifiers, suspended from 
the bottom of the scattering chamber, provided a gain 
of about 75 to the linear amplifiers. This increased gain 
(at some small sacrifice of pulse rise time) was intro- 
duced in order to avoid high counter voltages. 

Jitter in the formation of the variable gates as a result 
of electronics effects and of differences in electron collec- 
tion time in different counter chambers was less than 0.5 
microsecond. Counting rates were always determined by 
finding the extent of the beam plateau (region/in which 
counts per given value of integrated beam as a function 
of beam intensity remained essentially constant). In 
this way, loss of counts because of dead time in counter 
and discriminators, or loss of register counts in the 
scalers, was avoided. 


D. Measurement of the Angular Distributions 


The elastic alpha particles were detected in the 
following manner: At some convenient angular setting of 
the counter telescope, sufficient absorber was inserted so 
that the elastic alpha particles stopped in a given 
counter chamber, say No. 1 (see Fig. 4). The counter 
voltage and the amplifier gain for that chamber were set 
for pulses which just reached saturation without over- 
loading. This procedure was repeated for each of the 
other chambers. Discriminator curves were run for the 
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Fic. 3. Block diagram of the electronics. 


6B. B. Rossi and H. H. Staub, Jonization Chambers and Counters, 
Experimental Techniques (McGraw-Hill Book Company, Inc., 
New York, 1949), p. 96. 





R. E. ELLIS AND LARRY SCHECTER 


No.2- No.3 
. *—No.! 


N Absorber 


Collimator-* 
/ 





id 
piss Ye 
x 


Target 


=] 


Faraday 
Cup 


Fic. 4. Schematic diagram of the counter_arrangement. 


pulses from each of the chambers at an absorber setting 
20 mg/cm? below the value that had produced the peak 
pulse heights. The biases were then set so that chambers 
No. 1 and No. 2 could detect an alpha particle with 20 
mg/cm? of residual range or less. Chamber No. 3 had its 
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Au at 45°, 5B is for Ag at 30°, and 5C is for Pb at 75°. The dark 
squares in SC represent the differential target-out background. 


bias set very low, so that it could detect any pulse above 
the amplifier noise. The coincidence circuits monitored 
both 1-2 coincidences (doubles) and 1-2-3 coincidences 
(triples). Differential range spectra were run by plotting 
doubles minus triples against absorber thickness for a 
fixed amount of collected charge in the Faraday cup. 
The elastic peak showed up well, and its width could be 
accounted for by the spread in incident beam energy, 
range straggling, and the target thickness. At absorber 
settings just below the peak, the doubles rate is es- 
sentially flat, and represents the integral of the differ- 
ential elastic peak. The desired angular distributions, 
then, were made by measuring these double coincidences 
as a function of angle, normalized to the charge collected 
by the Faraday cup. Each point was multiplied by 
sin‘(@/2) to give the ratio to Coulomb scattering. Good 
reproducibility was observed from run to run, and many 
of the data were run several times in order to verify 
structure in the distributions. Runs at different beam 
levels or between different angular regions always 
included overlapping measurements, to insure that no 
large error in normalization remained undetected. 

It was, of course, also possible to integrate numerically 
the differential spectrum at each angle. Comparison of 
the two methods always gave very good agreement for a 
reasonable value of the range “bite” of the counter (the 
thickness of the range foil plus about one-half the thick- 
ness of the second chamber, depending on bias settings 
in the second and third counter chambers). 

The differential spectrum was run at angles up to 75° 
in making this check. The good agreement between the 
differential and integral method gave confidence that 
the quantity being measured was actually the elastic 
scattering cross section. Typical curves of the integral 
and differential spectra are shown in Fig. 5. 


E. Background 


At each angle, data were taken with the target out, to 
account for background. At regular intervals complete 
differential range spectra were run in order to determine 
the background level. It turned out that the background 
was insignificantly low at angles out to 50°. Beyond, 
the elastic peak was found with a general background 
of charged particles which appeared at absorber values 
both above and below that of the elastic alpha particles. 
For the wider angles, the doubles rate was determined 
both immediately above and below the elastic peak for 
target out and target in, and this background was taken 
into account. 

To reduce background at the chamber, the three 
carbon beam collimators, located at the scattering 
chamber, were removed. Adjustable carbon slits on the 
cyclotron side of the strong-focusing magnet (see Fig. 1) 
were set to 0.3 inch. This markedly reduced both the 
target-out-background as well as the target-in doubles 
count above the elastic peak. The strong-focused beam 
was then 0.25 inch in diameter at the target position. All 
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the data on Pb were run without the chamber collima- 
tors, and for forward angles, the adjustable carbon slits, 
just before the strong-focusing magnet, were closed to 
about 0.05 inch. 

One possible source of error might have arisen if 
inelastic alpha particles with small energy losses were 
counted in significant numbers. It is not likely that this 
happened, since the observed data fitted the Coulomb 
scattering at the forward angles (up to 20°) and there 
was essentially no such background in plots of the 
differential spectra. 

A calculation indicates that alpha particles scattered 
elastically from any residual carbon or oxygen on the 
targets would not be detected beyond about 15°. Be- 
tween 7° and 15° any such contaminant effect would be 
small compared with the large cross section of the 
target. 

F. Resolution 


The cyclotron beam was collimated by means of 
adjustable carbon slits to less than 0.3 inch in width 
before it entered the strong-focusing lens system. When 
focused at the target position in the usual 0.25-inch- 
diameter spot, it was considered to be a parallel beam 
of particles. Because the target was always maintained 
at 45° to the plane perpendicular to the beam direction, 
the scattered particles emerged from an elliptical spot. 
When multiple scattering in the target, the size and 
shape of the target spot, and the size of the counter 
collimator were taken into account, the angular resolu- 
tion was determined by a fold of the functions repre- 
senting these quantities. The width at half-maximum 
was +1° for the least favorable case in which a Pb 
target was bombarded without the one-eighth-inch 
carbon collimators mounted in the beam duct just 
outside the scattering chamber. 


G. Estimate of Error 


The ratio ¢/o, of the observed differential cross 
section to the Coulomb cross section, as a function of the 
scattering angle, was the experimental quantity of 
interest here. The yield of counts per microcoulomb of 
integrated beam at a given angle was normalized to the 
smallest angle at which reliable data were obtained and 
the ratio o/c, was taken to be unity at that angle. 

In determining these quantities, the scaler reading 
and pen-recorder reading of the voltage across the 
precision capacitor used with the integrating electrome- 
ter were made. It was estimated that the values of the 
capacitors were known to within 1% and the uncertainty 
in recorder readings to within 0.5%. The fractional 
standard deviation in counts, with background taken 
into consideration, was combined quadratically with the 
fractional standard deviation of the value of the inte- 
grated beam to obtain the uncertainty in o/c. 

As an example, the magnitude of the uncertainty in 
a/c. for Au at 45°, normalized at 7° (laboratory 
system) yields a fractional standard deviation of 2.1%. 








Fic. 6. The angular distribution of 48-Mev alpha particles 
scattered elastically from Au. The solid curve represents the best 
fit according to the modified Blair theory. Angles are in degrees. 


The uncertainties, both with respect to the scattering 
angle and the ratio o/c, lie essentially within the area of 
the circular dots or otherwise indicated limits of un- 
certainty as shown in the angular distributions. 


III. RESULTS 


The angular distributions obtained with 48.2-Mev 
alpha particles elastically scattered from Au, Pb, and 
Ag are shown in Figs. 6, 7, and 8. The curves shown are 
theoretical and were derived from the application of a 
modification of Blair’s theory, to be discussed below. 

The data for Au show that the cross section dips 
below and then rises about 3% above that for 
Coulomb scattering at 20°, and then falls exponentially, 
with slight indications of some structure at 38°, 48°, and 
88°. Beyond 100° the cross section is ~10~* that for 
Coulomb scattering. Points were taken every 10° be- 
tween 120° and 160°, which all lie below the indicated 
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Fic. 7. The angular distribution of 48-Mev alpha particles 


scattered elastically from Pb. The solid curve represents the best 
fit according to the modified Blair theory. Angles are in degrees. 
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Fic. 8. The angular distribution of 48-Mev alpha particles 
scattered elastically from Ag. The solid curve represents the best 
fit according to the modified Blair theory. Angles are in degrees. 


ordinates. The points at 160° and 170° indicate a 
possible rise in the extreme backward direction. 

The data for Pb show a similar general behavior, but 
the maximum rise is to 26% above Coulomb scattering 
at 20° and ‘definite diffraction maxima may be seen at 
38°, 45°, 53°, 70°, and 90°. The point at 140° lies below 
10~, and beyond 150° a slight rise in the cross section 
appears. 

The data for Ag show a 2% rise above Coulomb at 10° 
and the falloff shows a regular diffraction pattern with 
distinct maxima at 24°, 30°, 39°, 47°, and 56°. Beyond 
90° the cross section remains near 10~ that for Coulomb 
scattering, except for the lower point at 150°. 


IV. THEORY AND DISCUSSION 
A. The Modified Blair Theory 


The sharp diffraction patterns and relatively high 
cross sections predicted by Blair’s theory, as described 
in Sec. I, were not observed in these data. On the 
assumption that this effect is due to the sharp radial 
cutoff of the theory, it was decided to extend the 
modification suggested by Wall et al. by weighting the 


T a te jp T 





1.0 


——— PRESENT MODEL 
---- BLAIR MODEL 


—-— EQUIVALENT MODEL 
OF WALL ET AL 





2 


I 
oL 
ie) 








4 Me 


Fic. 9. The weighting factor W; for removing the /th partial 
wave as a function of ///,;. Here /.) is the value of /’ that results 
from Eq. (2). 


partial-wave amplitudes in such a way as to introduce a 
broad transition region of interaction. Since, from Eq. 
(2), l’= f,(R), then Al’= f,(I’,R)AR. Here AR represents 
a region in which the nuclear density is falling off and 
has been taken to be equal in magnitude to the alpha- 
particle radius. Over this region the absorption has been 
made to decrease linearly. Elsewhere W,;=1 (complete 
absorption) for /S/’/— Al’, and W:=0 (no absorption) 
for /2/’. W, is shown as a function of 1/1, in Fig. 9. The 
sharp cut-off model and Wall’s modification are shown 
for comparison. The target elements and alpha-particle 
energy in this experiment yield a transition region whose 
magnitude is given by Al’/I/~3, or alternatively, 
AR/R~}. 

-In general the introduction of a relatively large 
transition region causes the theoretical distributions to 
fall off somewhat faster. The diffraction pattern, how- 
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Fic. 10. The dependence of the angular distribution on the value 
of Imax’. Angles are in degrees. 


ever, still appears with the large oscillations charac- 
teristic of the sharp-cutoff theory. For the forward 
angles the curves agree qualitatively with the observed 
distributions and are sufficiently sensitive to choice of /’ 
that they may be used to determine interaction radii by 
fitting the curves to the data. Figure 10 shows the effect 
of changing /’ by a small amount. The curves fall more 
sharply with increasing /’. Figure 10 also compares 
modified theoretical distributions with a sharp-cutoff 
distribution for the same target. The modified distribu- 
tion can be characterized by the parameter /max’, the 
value of J’ for which W; approaches zero. If the data are 
fitted with both modified and sharp-cutoff theories, the 
value of Jmax’ for the modified theory is somewhat larger 
than the /’ for the sharp-cutoff model. Then /max’ 
corresponds to a maximum interaction radius. The fact 
that even the modified distributions do not drop sharply 
enough and contain large oscillations is perhaps evidence 
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Fic. 11. The angular distributions as a function of D, the apsidal 
distance, according to Porter’s theory. Only a limited number of 
experimental points are included. 
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Fic, 12. The angular distributions for Pb and Au plotted together 
for comparison. Angles are in degrees. 


that a’yet larger transition region is required, in contrast 
with the results at 22 Mev. 


B. The Porter Theory 


Shown in Fig. 11 are plots of the ratio of observed to 
Coulomb cross section as a function of the apsidal 
distance D according to Porter’s theory.® The curves are 
those contained in his work and the values of D shown 
there do not extend to the higher values (up to D~40 
X10-* cm) that would be necessary for the scattering 
at angles less than about 15° for Pb or Au bombarded 
with 48.2-Mev alpha particles. 

Choosing R= R,4+Ra, with R,=1.5A4X 10-" cm and 
R,=1.2X10-" cm, we find that the theory reproduces 
the general features of the data but that the comparison 
does not yield unique values of the parameters d and 
R/lo, which are varied to obtain the curves shown. For 
Pb and Au, the diffuseness parameter d= 2X 10-" cm is 
a reasonable choice and R/lo~3 or 4 gives best agree- 
ment. For Ag, the best value of R/Jo is more uncertain 
than for Au and Pb, since none of the curves fits the 
data closely. 


TABLE I. Interaction radii for 48.2-Mev elastically scattered 
alpha particles. Method A is the Blair one-quarter-point formula. 
Method B is the fitting of the modified Blair theory to experi- 
mental data. Method C is the fitting of the Ford-Wheeler theory to 
experimental data. 








R=RatRa 
Eq (Mev) Method Au Pb 


13 to 42 A 10.05 +0.16 
A 10.45 +0.25 


Indiana» 22 t 11.1 





Washington* 10.26 +0.17 


11.4 


Brookhaven¢ 40 10.7 


10.06 


10.04 +0.20 
10.5 +0.2 


10.9 
10.20 


10.01 +0.19 
10.3 +0.2 


Berkeley 48.2 








* See reference 3. 
b See reference 5. 
* See reference 7, 
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TABLE II. Determination of AR=Rpy—Rax, in units of 10-% cm. @4u=angle of scattering from Au nucleus in degrees. 
Opp=angle of scattering from Pb nucleus for which o/o.(Pb,9pp) =0/o¢(Au,Oau). A4A=Opp—Oan. 
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C. Interaction Radii 


Values of the interaction radii have been estimated 
from these data by (a) using the modified version of 
Blair’s theory to obtain the value of /’ for which a best 
fit is obtained and solving for R in Eq. (2) ; and (6) using 
Blair’s result that for a given alpha-particle energy the 
value of the scattering angle 6, for which the ratio 
a/o-=} yields R from the equation for the apsidal 
distance Dy,4= R= (2Ze?/2E)[1+csc(61;4/2)]. Table I 
lists interaction radii obtained by these methods. The 
results of other experiments are included for comparison. 

The nominal values indicate that the interaction 
radius for Pb may be slightly smaller than that for Au, 
in contrast to the results of other experimenters. This 
may be evidence of a closed-shell configuration in Pb, 
but the uncertainty in curve-fitting and in normalization 
are sufficiently large that this effect is in doubt. The 
values obtained here seem to be in general agreement 
with the other results. 

The angular distributions for Au and Pb are very 
similar, qualitatively. Both sets of data are plotted 
together in Fig. 12. Wall et a/.5 have explained a similar 
result obtained at 22 Mev using a classical interaction 
model in which the angular distribution depends only on 
the distance between the alpha particle and the nuclear 
surface. Under the same assumptions, these data were 
analyzed to obtain Rpp»— Rau, and the results (shown in 
Table IT) yield no consistent pattern. The displacement 
of the two curves, instead of being a smooth function of 


TABLE III. Interaction radii computed from various formulas; 
R, using 1.5A!, Re using 1.22A?+-0.7, and R; using 1.33A!. Ry and 
Rs were determined from this experiment by methods A and B, 
respectively. The alpha-particle radius in each case was computed 
by the same formula as the nuclear radius. All radii are in units 
of 10-8 cm. 








Ri =Rat+Re 
Element R: Rs Rs 


Ag 9.15 8.44 8.35 


Au 10.44 9.85 10.04 
Pb 10.57 $.99 10.01 











the angle @, varies from point to point because of 
differences in the details of structure in the two distribu- 
tions. The failure is probably—at least partially— 
because the criterion for the classical approach, m>>1, is 
not well satisfied for m~7. An alternative explanation is 
that the assumptions concerning the interaction are not 
correct at 48 Mev. 

The elastic scattering of medium-energy nucleons has 
recently been analyzed by several investigators.’:* Ap- 
plication of the optical model of the nucleus shows that 
the parameter representing the nuclear radius has nearly 
the same value over a wide range of elements. Several of 
these values have been used to compute interaction 
radii to be compared with the radii determined from the 
data. The results are shown in Table III. The inter- 
action radii determined by method A agree most 
closely with a nuclear radius given by R,=1.33A! 
X10-" cm, while the radii determined by method B 
agree best with R,= (1.22A!+-0.7)K10-" cm. 

Preparations have been made to submit the data for 
analysis on the optical model theory. If the experimental! 
data can be fitted over a wider range of angles by this 
method, more accurate values of the nuclear parameters 
that characterize the scattering can be obtained. 
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The cross sections for the reactions Bi®(p,2n) Po®®, Bi®(p,n)Po™, and Bi®(p,7) Po*” have been measured 
for proton energies up to 10.65 Mev. The threshold for the (,2m) reaction is 9.65 Mev (c.m.) which leads to 
a neutron binding energy for Bi*” of 2 4.59+0.14 Mev. The total cross section as a function of energy agrees 
with the theoretical calculations for a radius R=1.5A!X10-" cm. The energy dependence of the ratio of 
7p, 2n)/Lo(p, n) +o(p, 2n)] Corresponds to a nuclear temperature of 4 Mev for Po™. 





I. INTRODUCTION 


HE neutron binding energy of Bi?!° measured by 
the Bi” (n,7) Bi?” reaction! and the Bi” (d,p) Bi?” 
reaction’ is about 0.5 Mev lower than the value cal- 
culated from closed energy cycles.’ Pryce‘ has pointed 
out that the probability of producing the ground state 
of Bi?!’ in the above reactions is small, and therefore the 
possibility exists that the measured values of the Bi?!® 
neutron binding energy are too small. A threshold value 
of the Bi®™(p,2n)Po”® reaction, in conjunction with 
existing measured neutron binding energies and several 
known disintegration energies, enables one to calculate 
the Bi?’ neutron binding energy. 

The determination of the relative cross sections for 
primary and secondary reactions can furnish informa- 
tion about the level spacing for intermediate and heavy 
nuclei. We have studied the reactions Bi®®(p,2)Po™ 
and Bi®(p,2m)Po” as a function of proton energy. The 
energy distribution of the primary neutrons (assuming 
we can treat this case as that of a compound nucleus) 
is given by 

I (e)de= consteo,(€)w(€max— €)de, 


where w(€max—€) is the level density.’ A determination 
of the level density directly from the measured neutron 
spectra can be made, but several difficulties are en- 
countered in such a determination, one of which is to 
estimate the secondary neutron emission. The level 
density is often expressed in terms of a nuclear tem- 
temperature, #, where @ is the temperature of the 
“Maxwell” energy distribution of particles evaporated 
from the nucleus. Assuming a Maxwellian energy dis- 
tribution of the evaporated neutrons, we can determine 
the nuclear temperature from the cross sections of the 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. Preliminary results were reported at the 
Chicago Meeting of the American Physical Society, November, 
1953 [Andre, Ramler, Rauh, Thorn, and Huizenga, Phys. Rev. 93, 
925(A) reny C. G. Andre and J. R. Huizenga, Phys. Rev. 93, 
931(A) (1954) ]. 

* Present address, University of California, Radiation Labo- 
ratory, Livermore, California. 

1 Kinsey, Bartholomew, and Walker, Phys. Rev. 82, 380 (1951). 

2J. A. Harvey, Phys. Rev. 81, 353 (1951). 

’ Huizenga, Magnusson, Simpson, and Winslow, Phys. Rev. 79, 
908 (1950). 

4M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 

5 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8. 


Bi (p,n)Po®™ and Bi%(p,2n)Po*® reactions. If we as- 
sume that the second neutron is evaporated whenever 
it becomes energetically possible, then 


f° teow 


o (p, 2n) 





’ 


Tipn +o ,2n — 
(p, n) (p, 2n) f I(<)de 
0 


where Ae=€p—Ton and €max=Aet+Ton—Tn. T, and 
T2, are the thresholds for the (p,2) and (p,2m) reactions, 
respectively. Taking o,(€)=const and integrating, we 
get 

T (p, 2n) 1— (1+Ac/6)e~4«/* 


T(p, n) +9 (p, 2n) 1— (1+ €max/0)e~emax!® 


An evaluation of this expression at a series of values of 
€» gives both the (p,2m) threshold and the nuclear 
temperature. 


II. EXPERIMENTAL PROCEDURE 


The stacked foil technique was used to obtain the 
range of proton energies necessary to determine the 
the threshold of the Bi (p,2”) Po” reaction. Aluminum 
foils of 0.75-in. diameter and 0.0005-in. thickness pro- 
vided energy increments of about 4} Mev from the 
maximum beam energy of 10.65+0.08 Mev. Bismuth 
was evaporated on to the aluminum foils to a thickness 
of about 100 ug/cm? over an area of 1.62 cm’. 

The all quartz apparatus in which bismuth metal was 
evaporated on to the aluminum discs is shown in Fig. 1. 
The aluminum foils and their holders were cooled by 
liquid air in a Styrofoam ‘Dewar’ which was sealed to 
the quartz tubing with water. The rest of the apparatus 
is described in the drawing. In operation, the iron 
cylinder was heated inductively to a previously deter- 
mined temperature at which bismuth vapor condensed 
on the plates at the rate of 1 to 2 ug cm™ sec~'. No 
shutter was employed; rather each target was exposed 
for the given time and then ejected, exposing the next 
plate. Twenty-five plates were usually prepared at one 
time. 

It was not possible to determine the amount of 
bismuth on each target by a vapor pressure-geometry 
calculation; so each target was “weighed” colorimetri- 
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Fic. 1. The evaporation apparatus. 


cally after cyclotron bombardment and counting. The 
bismuth was dissolved off the aluminum backing plate 
with 1 ml of HNO3. To the nitric acid solution were 
added 5 ml of 12% KI solution and two drops of satu- 
rated SO, solution, and the whole was diluted to 50 ml. 
The transmission was measured with a Beckman spec- 
trophotometer at 4600 A in 5-cm cells. The slope of the 
log transmission—-weight curve was determined from 
standard solutions of Bi(NOs;)3. The estimated un- 
certainty in each weight was about +2 ug. 

The total alpha activity of each foil was measured 


after the proton bombardment, and then the foils were 
pulse analyzed to determine the relative amounts of the 
polonium isotopes produced. Since the alpha energies of 
Po’, Po*, and Po” are 5.11 Mev, 4.88 Mev, and 5.30 
Mev, respectively, it was possible with our thin layers 
of bismuth to detect the activity of a given isotope to 
less than 1% of the total activity. The coincidence that 
the half-lives of these isotopes are roughly in the same 
proportion as the cross sections for protons on bismuth 
producing these isotopes, facilitated the cross-section 
measurements. 





PROTON CROSS SECTIONS OF Bi?°® 


The 10.65-Mev protons used in this experiment were 
obtained by accelerating molecular hydrogen (H;*) at 
the deuteron resonant frequency of the Argonne cyclo- 
tron. This is a constant frequency, 11.1 Mc/sec, sixty- 
inch accelerator. The deflected beam was collimated by 
a 3-mm-diameter hole in a water-cooled copper plate, 
which transmitted about 1% of the deflected beam. 
A 3.4-mg/cm? aluminum foil was mounted on the target 
side of this plate to strip the H* ions. The proton beam 
then entered the evacuated target chamber in which 
were located both the range determination foils of alu- 
minum and the stacked bismuth foil targetry. The 
proton current was about 0.5 wa. The current incident 
on the insulated target was amplified and recorded by a 
Brown recording millivoltmeter. The total flux of 
279.5+3.5 wa-min was obtained by planimetering the 
area under the trace. 

The beam energy was determined at regular intervals 
during the bombardment by measuring the proton 
absorption in aluminum. The transmitted and absorbed 
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Fic. 2. Energy calibration curve. 


currents were measured for each thickness of an eight- 
step wedge. Each step consisted of two 82 mg/cm? 2S 
aluminum plates, one on each side of an appropriate 
amount of aluminum foil. From the fraction of total 
beam current transmitted for the various thicknesses of 
aluminum absorber, the mean range was determined, 
and by using the table of Smith® the energy was found. 
The mean range was 186+2.5 mg/cm? corresponding to 
an energy of 10.65+-0.08 Mev. Figure 2 shows a typical 
energy calibration curve. The straggling S=(Rmean 
— Rextreme)/Rmean WAS 1.6%, which compares favorably 
with the theoretical value of 1.5%. The variations of the 
mean range due to changes in deflector voltage, beam 
angle, and absorber temperature or due to secondary 
emission, air ionization, and stray currents (voltaic) 
were investigated in detail. 

It was necessary to have a proton beam free of any 


* J. H. Smith, Phys. Rev. 71, 32 (1947). 
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Fic. 3. A schematic diagram of the target and the 
aluminum absorber wedge. 
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deuterium contamination, as even a few parts of deu- 
terium per 10 000 parts of hydrogen would give rise to 
resultant polonium alpha activities comparable to that 
obtained from some proton reactions. This was ac- 
complished by having the stripping foil located far 
enough in front of the target so that the fringing field 
of the cyclotron would act as a momentum selector. The 
lateral separation at the target of the deuteron beam 
from the proton beam was about one cm. Figure 3 is a 
schematic diagram of the target chamber. 


III. RESULTS AND DISCUSSION 


The threshold of the Bi®(p,2m)Po”® reaction was 
9.70+0.08 Mev in the laboratory system, 9.65+0.08 
Mev in the c.m. system, the error being largely due to 
uncertainty in the beam energy. The value of the thresh- 





f nai aii, 


‘a 


y 


y 








dud 





10.0 10.2 104 
Ep (¢.m.) IN MEV 
Fic. 4. Determination of Bi®(p,2n)Po™* threshold. A plot of 


Ac/@ vs €y. The errors indicated are the rms sum of standard 
deviations. 





648 


TaBLE I. Disintegration energies (c.m.) and neutron 
binding energies (in Mev). 








E,,(Po®)=5.21-+ (0.005)* 
Eq(Po%*) = 5.40-+-0.005° 
E(Bi**) = 1.17+0.01° 
Es(Pb™) =0.644-0.01¢ 
Es(TI™)=0.7740.01° 
Eg(TP"*) = 1,510.01! 


E,(Pb™*) =8.10+0.108 
E, (Pb*’)=6.723-0.01e 4 
E, (Pb™®) = 7.380.018» 
E,(Pb™)=3.87+0.05¢ 
E, (TP) = 7.580.118! 
E, (T™*)=6.23+0.05* 








* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 (1953). 

>’ W. J. Sturm and V. Johnson, Phys. Rev. 83, 542 (1951). 

¢L. M. Langer and M. D. Whitaker, Phys. Rev. 51, 713 (1937); G. & 
Neary, Proc. Roy. Soc. (London) 175A, 71 (1940); L. M. Langer and H.C, 
Price, Jr., Phys. Rev. 76, 641 (1949). 

4 A. H. Wapstra, Ph. D. thesis, University of Amsterdam (unpublished) ; 
Wagner, Freedman, Engelkemeir, and Magnusson, Phys. Rev. 88, 171 
(1952). 

¢ Lidofsky, Macklin, and Wu, Phys. Rev. 87, 391 (1952); D. Saxon and 
J. Richards, Phys. Rev. 76, 928 (1949). 

!D. E. Alburger and G. Friedlander, Phys. Rev. 82, 977 (1951). 

® See reference 2. 

b See reference 1. 

i Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951); Hanson, Duffield, 
Knight, Diven, and Palevsky, Phys. Rev. 76, 578 (1949). 


old for the reaction was obtained by plotting Ac/6 vs ep 
as determined by Eq. (1) and then fitting a straight line 
to the data by the method of least squares. The inter- 
section of this line with the abscissa determined the 
threshold energy (see Fig. 4). The error in the least 
squares determination was 0.01 Mev. An evaluation of 
Eq. (1) for Ae/@ at the various proton energies required 
a knowledge of the nuclear temperature, @. However, 
the value for the threshold energy was insensitive to 
changes in 8; so only an approximate estimate was 
needed. Once the threshold energy was obtained, €max 
was expressed in terms of the threshold energy T2, plus 
the energy increment, and the nuclear temperature was 
determined. 

From a knowledge of the threshold energy of 
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the Bi%(p,2m)Po*® reaction, the neutron binding 
energy of Bi” was obtained as follows: E,(Bi?") 
=(n—p)+ E,(Pb™)+ E,(Pb™*) + E.(Po™*’) — E,(Po*") 
— Eg(Bi?”)— T2,Bi™(p,2n)Po™’. This relation results 
from a consideration of the three closed cycles indicated 
by the dashed lines in Fig. 5. The experimental values 
of the disintegration energies and the binding energies 
are given in Table I. All the quantities have been 
measured except E,(Pb™). It can be calculated from 
the thallium binding energies by using the dotted 
cycle in Fig. 5. This gives a value 6.45+0.12 Mev. 
From a study of the systematics of the binding energies 
of heavy nuclei one would expect this value to be greater 
than 6.72 Mev, the value for Z,(Pb*’). Thus a discrep- 
ancy in either one or both of the thallium binding en- 
ergies appears to exist. If we take E,(Pb™*) >6.72 and 
substitute the experimental values into the equation for 
E,(Bi*), we get E,(Bi°)>4.59+0.14 Mev. A cal- 
culation of Z,(Bi"°) from the closed cycle indicated by 
the solid line gives a value of 4.67+0.11 Mev.? The 
agreement between these two values is within the ex- 
perimental error. 

The nuclear temperature was determined by sub- 
stituting the value of the threshold we obtained into 
Eq. (1) and solving it for @ at several of the points. The 
average value of the nuclear temperature as determined 
in this manner was 4 Mev. This is the temperature of the 
nucleus emitting the second neutron where we assume 
that the distribution in energy of these neutrons is 
Maxwellian. 

This value for the temperature is larger than that 
reported by several authors.*-* Most of this difference 


TABLE II. The experimental values of the cross sections for the Bi®(p,2n)Po™®, the Bi™(p,n)Po™, and the Bi®(p,7)Po” reactions 
at the various energies of the bombarding protons (c.m.). The errors indicated are the rms sum of standard deviations. (We used 7;(Po”) 


of 103 yr; see text of paper). 








Proton 
energy 
(in Mev) 
(c.m.) 


@(p,n)(in millibarns) 
Run I Run II 


@(p,m)(in millibarns) 
Run I Run II 


@(p,y)(in millibarns) 
Run I Run II 


1086 (p,2n)/Lo(p,n) +o (p,2n)] 
Run I Run II 





10.60 6.98+0.24 15945 
10.49 
10.48 
10.38 
10.36 
10.26 
10.23 
10.13 
10.11 
10.02 
9.99 
9.89 
9.87 
9.77 
9.74 
9.62 


4.75+0.16 147+5 
1334 


127+5 


3.38+0.12 
2.12+0.08 
1.17+0.05 


1.80+0.10 


119+4 
0.61+0.05 
0.62+0.03 110+4 


0.25+0.01 99+3 
103+3 
8443 
8143 
7542 
4742 

15.6+0.7 
1.4+0.1 


0.08+0.01 
0.065+0.005 


0.184-+-0.008 
0.176+0.007 
0.192+0.008 


42.14+2.1 
31.741.4 

31.341.6 

24.8+1.3 


16.4+0.9 


21.041.3 
15.0+0.9 
10.0+0.7 
5.7+0.3 
1.80.4 


0.145-++0.008 
0.172+0.007 


0.158-+0.007 
0.147+0.007 


9.7+0.5 
5.6+0.4 


0.132+0.007 


0.141+0.005 2.5+0.1 


0.109+-0.006 0.91+0.24 
0.135+0.005 
0.111+0.004 
0.109-++0.004 
0.10520.004 
0.073+0.004 
0.0330.002 
0.0038=-0.0002 


0.630.05 








7 Bleuler, Stebbins, and Tendam, Phys. Rev. 90, 460 (1953). 
8L. Rosen and L. Stewart, Los Alamos Scientific Laboratory Report LA-1560, 1953 (unpublished). 
°F. L. Kelly, Ph. D. thesis, University of California, UCRL-1044, 1950 (unpublished). 
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Fic. 5. The closed mass-energy cycles used in determining 
E, (Bit), 


probably can be attributed to the nearness of a closed 
shell. It is doubtful whether the statistical model is 
valid in such a region. A small change in the number of 
neutrons, when near a closed shell, has a great effect on 
the level densities as shown by Hughes" and others.” 
The statistical model also assumes that the excitation 
energy is shared by all of the nucleons. If, however, the 
excitation energy is divided among only a few nucleons,” 
(a direct interaction picture), one would expect higher 
nuclear temperatures. The value of the nuclear tem- 
perature is dependent on the half-life of Po™, a shorter 
half-life giving a lower temperature. We have used a val- 
ue of 103 yr for the Po” alpha-disintegration half-life. 


0.20 


SECTIONS OF Bi?®® 


649 


This value is calculated relative to the Po*® half-life of 
2.93+0.03 yr from the following data. A polonium 
sample containing an atom ratio of Po™/Po”8 equal to 
0.176+0.002" gave a ratio of 0.0050+0.0002; for the 
abundance of the Po” to Po™8 alpha particles.!* The 
alpha-disintegration half-life of Po™ is also a good 
measure of the total half-life since we have set an upper 
limit of one K-electron capture per hundred Po” 
alpha disintegrations. 

The (,2n), (p,m), and (p,y) cross sections are given 
in Table II and Fig. 6. The (p,7) cross sections are a 
factor of 800 to 700 less than the (p,m) cross sections 
throughout the energy interval above 8 Mev. As we go 
to the two lowest energies, the ratio drops to 470 and 
370, which one would expect as we approach the (p,n) 
threshold. The (p,m) cross section depends directly 
upon the Po” half-life, which is taken to be 103 yr. 
This appears to be a good value from the comparison of 
our total cross section to the theoretical values. Any 
change in half-life would bring essentially that factor 
change into our total cross sections which would not 
give a better fit to the shape of the theoretical curve 
even for different values of ro. A comparison with the 
total cross section of Tewes and James'* for protons on 
Th?” also indicates good agreement. Their total cross 





e - Bi 79 


Fic. 6. Experimental 
values of the cross sec- 
tions for the Bi®(,2n)- 
Po™®, the Bi™(p,n)Po™, 
and the Bi®(p,7)Po*” 
reactions as a_ func- 
tion of ep (c.m.). The 
errors indicated are the 
rms sum of standard 
deviations. [We used 
T;(Po™) equal to 103 
yr, see text of paper. ] 


Bi 299 (py) Po®!? IN MILLIBARNS 


CROSS SECTION Bi2°9 (pn) Po °? IN BARNS 





(p,2n) ee 


© = Bi7°% nn P09? 


,209 210 
x - Bi (p,y) Po 


CROSS SECTION Bi2°9 (p 2n) Po?°8 IN BARNS 








0 Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 
1H. Hurwitz, Jr., and H. A. Bethe, Phys. Rev. 81, 898 (1951). 


Ep (cm) IN MEV 


2D. B. Beard, Phys. Rev. 94, 738 (1954); R. M. Eisberg, Phys. Rev. 94, 739 (1954). 


18D. H. Templeton, Phys. Rev. 78, 312 (1950). 


14 This measurement was made by D. J. Hunt and G. Pish of the Mound Laboratory, Monsanto Chemical Company, and kindly 


communicated to us by G.R. Grove. — 
16 Frank Asaro, Jr. (private communication). 
16 H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 
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Fic. 7. The total 
cross section of pro- 
tons on Bi® com- 
pared with the the- 
oretical values of 
Shapiro (see refer- 
ence 14). R=rAt 
X10—8 cm. The er- 
rors indicated are the 
rms sum of standard 
deviations. [We used 
T;(Po™) of 103 yr.] 








6 7 
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€p(c.m.) IN MEV 


section is approximately 69 millibarns at 10 Mev (c.m.), 
which compares with 65 millibarns of Shapiro'” for 
ro=1.5. Our experimental values agree closely with 
those of Shapiro for the same value of ro. The total cross 
sections are shown in comparison with the theoretical 
cross-section curves of Shapiro in Fig. 7. Uncertainty 
in the cross section of the lowest energy point (4.8 Mev) 
arose from the difficulty in accurately pulse analyzing 
a plate with very low activity. The maximum value 
for the proton cross section at this point was calculated 
using the upper limit of the Po™ present from alpha 
pulse analysis, while the lower value was determined 
by assigning all the activity to Po”, a product of the 
(p,y) reaction. If any alpha activity were produced by 


17M. M. Shapiro, Phys. Rev. 90, 171 (1953). 


deuteron contamination of the proton beam these 
values would be lowered. An upper limit of less than one 
deuteron per 10° protons can be calculated if we assume 
all of this alpha activity is due to deuteron reactions, 
where the cross sections of Kelly® at the appropriate 
deuteron energy were used. 

An attempt to compare our results with Kelly® 
indicates a large difference in both the (p,2”) threshold 
and the (p,2m) cross section. The (p,m) and (p,7) cross 
sections are approximately the same in the 10-Mev 
region, but our values decrease faster as one goes 
to lower energies. Kelly indicates a threshold of 10.1 
Mev with an appreciable (,2m) cross section down to 
8.5 Mev. Evaluating his data in terms of a Maxwellian 
energy distribution [i.e., in terms of Eq. (1) ], he obtains 
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a threshold of 10.1 Mev by neglecting the lower energy 
points, and a nuclear temperature of 1.17 Mev. Strag- 
gling due to the reduction in energy from 31 Mev to 
10 Mev probably explains part of the difference. 

The data in Table IT were obtained from two separate 
bombardments. The absolute energy of the protons 
was not known for the first bombardment; so these 
data were fit into that of the second bombardment by 
matching threshold energies. The absolute amount of 
bismuth was known only for a few plates of Run I; so 
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only the ratio o(¢p,2n)/[o¢p, ny +o(p,2n)] iS given at 
many of the energies. 
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The qualitative features of the deformation energy of a charged drop are discussed with special reference to 
the fission process. It is shown that, under conditions more general than the model of an incompressible liquid 
drop with a sharp surface, the threshold energy for fission should be proportional to [(Z?/A)o— (Z?/A) } 
near the limit of stability (Z?/A)o. Similarly, if instability against asymmetry sets in below (Z?/A),, the 
degree of asymmetry of the asymmetric saddle-point shapes which appear should be proportional to 
[(Z2/A).—(Z?/A) }* and the difference between the symmetric and asymmetric thresholds should be pro- 
portional to [(Z?/A).—(Z*/A) ]*. Some factors governing the stability against asymmetry of a strongly 


deformed drop are discussed qualitatively. 


CCORDING to the liquid-drop model, the process 

of fission is the result of a competition between 

the long-range electrostatic repulsion and the attractive 

short-range nuclear forces, idealized in the model as a 

surface tension.' Of importance for the theory of fission 

is the knowledge of the potential energy of such a 

system as a function of deformation. The present series 

of papers will be concerned with this problem. In the 

first part, we shall consider the qualitative features of 
the deformation energy. 

A quantity of importance for the theory of fission is 
the ratio of electrostatic to surface energy which, for a 
nucleus, is approximately proportional to (Z?/A*)+ A! 
=Z*/A. A charged drop for which this quantity is less 
than a certain critical value [Z?/A <(Z?/A)o] is stable 
against small deformations and the potential energy is 
an increasing function of the deformation. For larger 
distortions, a maximum will occur and the energy will 
decrease thereafter. The least energy necessary to 
divide the drop (corresponding to the height of the 
barrier along a suitable deformation path) is of im- 
portance in the discussion of fission thresholds. The 
shape of the drop when in the configuration of unstable 
equilibrium corresponding to the top of the barrier is 
also of interest, especially in connection with a dis- 
cussion of fission asymmetry. 

A general deformation of the drop may be specified 
by a number of deformation coordinates (in general 


~ 1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 


infinite), which, in the case of an incompressible drop 
with a sharp boundary, could be taken as the coeffi- 
cients in the expansion of the surface in spherical 
harmonics. Of special interest are configurations for 
which the potential energy is stationary with respect 
to all small distortions. It is convenient to restrict our 
attention from the beginning to configurations for 
which the energy is stationary with respect to all except 
a limited number of deformation parameters. In the 
case of axially symmetric configurations one may, for 
example, eliminate in this way all but two coordinates, 
one symmetric and one asymmetric, the latter specify- 
ing deviations from reflection symmetry. The deforma- 
tion energy is then explicitly a function of two co- 
ordinates only and its properties can be discussed 
conveniently with reference to a deformation energy 
surface in three dimensions. The points where the 
energy is stationary with respect to the remaining two 
coordinates specify configurations for which the energy 
is stationary with respect to all deformations. The 
choice of the two coordinates is in principle arbitrary, 
but in practice it is advantageous to choose them so 
that they are capable of describing qualitatively the 
division of the drop into two equal or unequal frag- 
ments, the eliminated parameters being concerned with 
relatively less important features of the configuration. 
In the case in which the deformation parameters are 
the coefficients a, in an expansion of the surface of the 
drop in Legendre polynomials, a convenient choice is 
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Fic. 1. (a) Qualitative appearance of the function f(a2), specify- 
ing the deformation energy for symmetric distortions. The point 
a2=a specifies the symmetric critical shape.¢(b) Qualitative 
appearance of the function g(a), specifying the stiffness against 
an asymmetric distortion. At a2=6, stability against the type of 
asymmetry specified by az; is lost. 





a2 and a3, the symmetric and asymmetric distortions 
against which the spherical shape first becomes unstable 
with increasing Z*/A [at (Z?/A)o and (7/4)(Z?/A)o 
respectively in the case of an incompressible drop J. 

Consider the deformation energy of a drop as function 
of two such coordinates, E= E(as,a3). In what follows 
we shall not restrict ourselves to the case of an incom- 
pressible drop with a sharp surface, but for the sake of 
definiteness we are using the notation a2 and a; appro- 
priate in that case. Most of the considerations which 
follow would hold for more general but qualitatively 
similar coordinates asymmetric ANd Qasymmetric- 

For shapes whose deviation from reflection symmetry 
is small, we may write 


E(a2,a3) = f (a2) +a3"g(a2)+higher powers of a3”. (1) 


If terms beyond a;* are neglected, the deformation 
energy surface is specified by the two functions f and g 
of the single variable az. The function f(a2) gives the 
energy of purely symmetrical distortions and its qualita- 
tive behavior is shown in Fig. 1(a). The quantity 
f(a2= a), where a corresponds to the maximum in f, gives 
the energy required to divide the drop under the restric- 
tion of symmetric distortions. We shall call it the 
symmetric threshold energy and the shape specified by 
a2=a the symmetric critical shape. 

The function g(a2) specifies the stability against an 
asymmetric distortion of a symmetric shape described 
by a2. The asymmetric distortion contemplated is that 
specified by a; with all other asymmetric coordinates 


chosen so as to make the energy a minimum. For a 
drop whose charge is below the critical value for 
instability against a2, the initial shape a,.=0 is stable 
also against all asymmetric deformations, so that 
g(a2=0) is a finite positive quantity. With increasing 
symmetric deformation this stability may be lost. 
(This is, for example, the case for a drop with a suffi- 
ciently low charge. See below.) The qualitative appear- 
ance of g is then as shown in Fig. 1(b). The point 
a2=b, where g changes sign, specifies the configuration 
in the sequence of symmetric shapes where stability 
against the asymmetric distortion previously discussed 
is first lost. 

The functions f and g, as well as the critical deforma- 
tions a and J, are functions of Z?/A. For Z?/A = (Z?/A)o, 
f has a point of inflection at a2=0 and a((Z?/A)o)=0. 
With decreasing Z?/A the threshold energy f(a) will 
increase. We shall now show that the occurrence of a 
point of inflection in f for x= (Z?/A)/(Z*?/A)o=1 leads 
to a (1—x)® dependence of the threshold on x for 
(1—x)<1. 

If, for ax<1, we write 


f(a2)=3f" O)as*+3f’” (0)az’, 
then 
f' (a2)=f" Oha2t3f’” (O)a2*. 


Using f’(a@)=0, we may write the threshold f(a) as 


fla)=—ssf"" Oa. 


Expanding a(x) in powers of 1—-, [a(1)=0], we find 


f@=tsf"" O)La' (1) FU—)° 
= cil (Z?/A)o— (Z*/A) F, (4) 


where ¢; is a constant. 

This is the well-known liquid-drop result! derived 
here in a more general way. 

The critical deformation a2=a is an increasing func- 
tion of (Z?/A)o—(Z*/A) and, for some sufficiently 
small Z*/A = (Z*/A),, it becomes equal to 6 and then 
exceeds it. This follows from the fact that the sym- 
metric critical shape for Z?/A =0—the configuration of 
tangent spheres'—is unstable against asymmetry. For 
Z*/A=(Z*/A)-, the symmetric critical shape is just 
unstable (or just stable) against asymmetry and for 
Z*/A<(Z*/A), the instability occurs even before the 
maximum in f(a2) has been reached. It is then possible, 
by making use of asymmetric distortions, to accomplish 
the division of the drop with an energy smaller than the 
symmetric threshold energy. The situation is illustrated 
in Fig. 2(c). The division of the drop is achieved with 
least energy by going over one of the two asymmetric 
saddle points which have become available. The posi- 
tions of the saddle points in the a2, a; plane are found 
by considering 0Z/da2 evaluated on the line a:=b. 
This quantity, equal to f’(b)+a;’g’(b), is positive for 
a3;=0, but, since g’(d) is negative, it will change sign 
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at some a; given by 
(a3)s.p.=+[—f’ (d)/g’ (b) }'. (5) 
This equation defines the positions of the saddle points. 
The amount by which{the asymmetric threshold 
energy lies below the symmetric threshold is f(a) — f(d), 
which, for small a—8, is given by 


f(a)—f(b)= —3f" (a) (a—8)’. (6) 


Similarly, the degree of asymmetry of the asymmetric 
saddle points is given by 


(a3)s.p.=+[f” (a)/¢’ (a) }'(a—6)}. 
If we expand a(x) and 6(x) around 


x=x,= (Z?/A)./(Z?/A)o, 











we find that 
a—b=[a' (x-)—0' (x) |(x—x-), for x—xK1. 











Hence, 


f(a) —f()=—A4f" (a) (x2) —a' (x2) P(xe—2)? 
= cof (Z7/A de (Z?/A )P, 
and 


(as)s.p.= Lf” (a)/g’ (a) }8[b' (x2) —a' (xe) }4(xe— x)! 
= +¢;[ (Z?/A)-— (Z?/A) }}, (9) 


where cz and ¢; are positive constants. 

Similarly, the maximum in the deformation energy 
along a deformation path for which the degree of 
asymmetry in the neighborhood of the maximum is 
held fixed at some value a3 (and which would be the 
threshold energy for a division constrained to proceed 
in this way) is found by expanding E—E(a:=5) to 
second powers in a2—6 and determining the maximum. 
For the energy excess of such a threshold over the 
asymmetric threshold E(5), expressed in units of the 
maximum excess E(a)— E(d), we find the expression 


5E/LE(a)— E(b) ]= (1—s?)?, (10) 

















where s=a3/(a3)s.p. is the prescribed degree of asym- 
metry in units of the asymmetry associated with the 
smallest threshold. 

It will be noted that the forms of Eqs. (4), (8), (9), 
and (10) follow from the qualitative forms of f and g 
(the presence of a point of inflection in f and a zero 
in g) and have, therefore, more general validity than 
the model of an incompressible drop with a sharp 
surface. For example, the generalization to include a 
nonuniform density distribution, or even the inclusion 











Fic. 2. The qualitative appearance of the deformation energy 
surface, considered as function of a symmetric coordinate a: and 
an asymmetric coordinate as. A map of the surface and a relief 
drawing is shown in each of the following three cases: (a) (Z?2/A) 
> (Z?/A)-. The threshold energy is determined by the symmetric 
saddle point, stable against asymmetry. (b) (Z?/A)=(Z?/A)<. 
Stability of the symmetric critical shape is lost. (c) (Z?/A) 
<(Z?/A)-. Two asymmetric saddle points have appeared, with 
energies below that of the symmetric critical shape. 
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of additional forces varying smoothly with Z and A, 
would affect only the numerical values of the constants 
in the above equations. 

The relation of the trends with Z*/A suggested by 
Eqs. (4), (8), and (9) to experimental asymmetries and 
thresholds has been considered by the author.?* In 
connection with the semiempirical formulas discussed 
there, it may be remarked that the double-humped 
function — (1—s)? of Eq. (10) [or even a function of 
(1—s°)*] does not provide a good representation of the 
observed logarithmic fission yield curves, the decrease 
from the maximum on the asymmetric side being too 
rapid compared with that on the side towards sym- 
metry. The observed asymmetry reflects the final result 
of tendencies during the whole division process up to 
the point of separation of the fragments, and the 
characteristics with respect to asymmetry of configura- 
tions other than those near the saddle-point shape will 
play a role. For example, if asymmetry could result in 
a sufficiently pronounced lowering of potential energy 
in the later stages of fission, the final division might be 
asymmetric even though the saddle-point shape was 
symmetric. (See, for example, Hill and Wheeler.*) 

The quantitative discussion of the stability against 
asymmetry of a charged drop and the estimation of the 
critical (Z?/A), will be undertaken in a later paper. 
Here we shall confine ourselves to some qualitative 
remarks about the factors which are at play in deter- 
mining the stability or instability, especially in the 
case of shapes for which the two fragments have be- 
come discernible. (Configurations near the spherical 
shape are stable against asymmetry and instability 
would not occur in the early stages of the fission of a 
charged drop.) Such configurations will occur as the 
critical shapes for low x values (less than about 0.6) 
and, for higher x, in the later stages of fission after 
passage over the top of the potential barrier. 

For completely separated fragments of fractional 
masses V and W (V+W=1), the potential energy is the 
sum of the separate surface and electrostatic energies 
and is proportional to V?*+W?*+-2x(V58+-W5), In 
the same units the electrostatic interaction energy of 
the two fragments at a distance d is (5/3)VWR/d, 
where R=radius of the undivided drop. The sum of 
these expressions plus a correction for the neck con- 
necting the two fragments represents the main features 
of the potential energy of a strongly deformed drop. 
Considering asymmetric distortions which change the 
ratio V:W without changing the effective separation 
between the fragments, the stability or instability 
against asymmetry will be related to the sign of 


2 W. J. Swiatecki, Phys. Rev. 100, 936 (1955). 
3 W. J. Swiatecki, Phys. Rev. 101, 97 (1956). 
4D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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0°E/dV? evaluated at V=}. Neglecting the effect of 
the neck on the question of stability against asymmetry, 


we find 
@E 151 
a), --in(et) 
OV? vay 4X 


where A is the distance d, measured now in units of 
2?8R, the separation between the centers of two equal 
tangent spheres. The first term (—1) represents the 
tendency towards asymmetry associated with the fact 
that a symmetric division creates the largest amount of 
new surface energy; the second term (5x) comes from 
the opposite tendency in the electrostatic energy of 
separated fragments and the last term expresses the 
modification of this caused by the interaction energy 
which is greatest for equal fragments. According to 
Eq. (11), a preference for asymmetry would be expected 
in the first place for low x, but will persist also for higher 
x values in configurations for which the interaction 
energy between the fragments is sufficiently large com- 
pared to their self energies. The relation between x 
and X obtained by equating to zero Eq. (11) suggests 
that the critical value of x at which d°E/dV? changes 
sign depends sensitively on the separation between the 
fragments for values around 1. 

It may be remarked that, except for shapes whose 
energy is stationary with respect to all deformations, 
it is always possible to find an asymmetric distortion 
which decreases the energy [essentially by choosing the 
asymmetric distortion to contain a sufficient amount 
(in second order) of the deformation with respect to 
which there is no equilibrium]. The discussion of the 
stability against asymmetry of shapes other than equi- 
librium shapes can, therefore, be made only with 
reference to a more or less arbitrary restriction on the 
type of asymmetric distortion considered. The dis- 
cussion may still be useful qualitatively, but the results 
are relative to the restriction imposed. In the example 
previously discussed, this restriction was in the form 
of the constancy of the effective separation d between 
the fragments. If d is made a function of the fragment 
ratio, the stability against asymmetry will depend on 
this function. The example of touching spheres, dis- 
cussed for instance by Frankel and Metropolis,® defines 
one such function through the geometrical requirement 
of the tangency of the fragments, which implies that 
the separation between their centers is greatest in the 
symmetric configuration. 

Further discussion in the light of quantitative esti- 
mates is reserved for later. 

It is a pleasure to thank Professors I. Walker and 
T. Svedberg for the hospitality of their Institutes. 
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PHYSICAL REVIEW VOLUME 


101, 


NUMBER 2 JANUARY 15, 


Inelastic Scattering of 31-Mev Protons from Beryllium* 


J. BENVENISTE, REINALD G. FINKE, AND ErNEsT A. MARTINELLI 
Radiation Laboratory, University of California, Berkeley, California 


(Received September 12, 1955) 


The range spectrum of charged particles resulting from the bombardment of a thin beryllium foil by 
31.3-Mev protons has been measured at several angles. In addition to previously reported energy levels in 
Be? at 2.4, 6.8, and 11.3 Mev, evidence for new levels at 5.0, 7.9, 19.9, and 21.7 Mev was obtained. The 
angular distribution of each of the proton groups was interpreted in the light of the Austern-Butler-McManus 


peripheral scattering theory. 


Deuteron groups corresponding to the Be® ground state and first excited states were also identified. The 
angular distribution of the ground state deuteron group agrees well with the prediction of a modified Butler 


theory for the (p,d) reaction. 





INTRODUCTION 


N energy level of Be® was first reported by Davis 
and Hafner in 1948! at an excitation of 2.41 Mev, 
observed by inelastic scattering of 7.1 Mev protons into 
photographic plates at one angle (37°). This was 
verified by a number of other observers’ and remained 
the only information on the energy level structure of 
Be® until 1952, when Davis‘ published an angular 
distribution for this level obtained with the above 
experimental means, and Britten® reported the results 
of his scintillation spectrometer work at the Berkeley 
proton linear accelerator. Britten observed the inelastic 
spectrum of protons from beryllium at laboratory 
angles 90°, 125°, and 160° and reported seeing, in 
addition to the first level, new levels at 6.8 and 11.6 
Mev. By this time it had become increasingly clear that 
a thorough study of inelastic scattering included, in 
addition to the location of energy levels, a measurement 
of the angular distribution of the particle groups. 
Beryllium was selected to initiate this study because (1) 
relatively few levels were known, and (2) the levels 
in this light nucleus were expected to be sufficiently 
separated to yield easily resolvable proton groups. 
The essential features of the experimental method 
have been described before.* A beryllium target was 
bombarded by 31.3-Mev protons in a remotely con- 
trolled 24-inch diameter scattering chamber.’ Scattered 
particles were detected in a triple-proportional counter 
differential range spectrometer. 


RESULTS AND CONCLUSIONS 
Range Spectra 


Complete range spectra (Fig. 1) from the elastic 
peak down to about 40 to 50 mg/cm? Al, where alpha 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1K. E. Davis and E. M. Hafner, Phys. Rev. 73, 1473 (1948). 

2 E. H. Rhoderick, Proc. Roy. Soc. (London) A201, 348 (1950). 

3 Arthur, Allen, Bender, Hausman, and McDole, Phys. Rev. 
88, 1291 (1952). 

4K. E. Davis, Phys. Rev. 88, 1433 (1952). 

5 Roy Britten, Phys. Rev. 88, 283 (1952). 

6 J. Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 

7R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 


particles make a large contribution, were obtained at 
laboratory angles 15°, 30°, 45°, 524°, 60°, 75°, 90°, and 
135°. Interesting regions of the spectrum measured in 
more detail appear in Figs. 2 and 3. 

On the 30° spectrum the peaks have been identified 
as follows: (1) the elastic peak, (2) the 2.45-Mev level, 
(3) the 5.0-Mev level, (4) the 6.8-Mev level, (6) the 
ground state of Be® (deuterons), (7) the 3.0-Mev level 
of Be®, (8) the 11.3-Mev level of Be® (9) a group of 
levels in Be® in the vicinity of 17 Mev, (10) the 19.9-Mev 
level of Be® and (11) the 21.7-Mev level in Be®. Group 
(5), which represents the Be? nucleus left in its 7.9-Mev 
level, appears more prominently at backward angles 
(Fig. 3). 

Oxygen is known® to have levels at about 6 and 7 
Mev. To determine whether this element occurred in 
appreciable concentration in the beryllium foil, the 
range spectrum at 60° was investigated above the 
Be’ elastic peak for peaks due to elastic scattering from 
heavier nuclei. The two small peaks found (see Fig. 4) 
were associated with target nuclei of mass 16 (oxygen) 
and 23 (sodium). A gaseous oxygen target was then 
bombarded with 32-Mev protons and the range spec- 
trum of particles scattered through 60° was observed. 
The ratio of the cross sections of the 6- and 7-Mev levels 
to that of the elastic peak was obtained, and, using 
the area of the oxygen impurity peak, the contribution 
of the oxygen levels to the beryllium spectrum could 
be estimated. A maximum contribution of about 
one-fifth that of the 5.0-Mev Be? level was obtained for 
both O'* levels together. 


Other Particles 


An attempt to identify a monoenergetic group of 
tritons from the reaction Be*(p,/)Be’ was unsuccessful. 

He’ and He‘ particles, although difficult to distinguish 
from each other, are easily separable from protons 
since their rate of energy loss, and thus their pulse 
height in the proportional counters, is about four times 
as large. The range spectrum at 30° of particles of 
charge two (or greater) appears in Fig. 5. No structure 


8 F, Ajzenberg and T. Lauritzen, Revs. Modern Phys. 27, 77 
(1955). 
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Fic. 1. Composite of range spectra of charged particles from bombardment of Be® by ~31.3-Mev protons, observed 
with the differential-range proportional counter telescope. (Ordinate is in arbitrary units.) 


is evident that would identify the ground states of 
Li® or Li’. 


Energy Levels 


The bombardment energy is determined from a 
measurement of the range of the elastically scattered 
protons and an application of the range-energy relation® 


* J. H. Smith, Phys. Rev. 71, 32 (1947). 


for protons in aluminum. A check on this determination 
may be made by a measurement of the energy of the 
deuteron group which has left Be® in its ground state, 
since the Q of the reaction Be®(p,d)Be® is well known. 
Once the bombardment energy is determined the 
kinematics of the (p,p’) and (p,d) reactions yields 
expressions relating the energy of the proton or deu- 
teron groups and the laboratory scattering angle. 





INELASTIC SCATTERING OF 31-MEV PROTONS FROM Be 


Comparison of the observed and kinematical relations 
serves to identify the groups as protons or deuterons. 

A tabulation of the excitation energies of Be® and 
Be® as measured at the various angles appears in 
Tables I and II. The reported excitation energy is 
usually taken as the average of the several determi- 
nations. In the case of the 5.0-Mev level, however, 
which is observed at only a few angles, greater weight 
was given to an observation of a small portion of the 
45° spectrum (Fig. 2) obtained with good statistics. 

At angles less than 60°, Group 4 (Fig. 1) appears to 
leave Be® excited by energies decreasing with angle to 
6.2 Mev. At angles larger than 90°, the excitation 
energy appears to be constant at 6.8 Mev. This shift 
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Fic. 2. Portion of 45° range spectrum in vicinity of 6.76-Mev 
level (solid curve), showing evidence for existence of a 5.0-Mev 
Be® excited state (subtraction curve). 


in energy could be accounted for by the existence of 
two levels with different angular dependences for the 
inelastically scattered proton. Attempts to establish 
this conjecture more firmly by improving statistics and 
looking for an especially wide peak at intermediate 
angles were not fruitful. However, the possibility of the 
existence of two levels has not been ruled out. 

The existence of the 11.3-Mev level in Be® would 
have been rather hard to establish with the range 
method alone, since at a bombarding energy of 31 Mev, 
the deuterons from the 3-Mev Be’ level splash across 
its position in range at nearly all angles. Only at small 
angles does the proton group appear as a small bump 
on the side of the deuteron peak (Group 8, Fig. 1). 

An attempt was made to identify the sharp peak, 
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Fic. 3. Similar portions of 120°, 135°, and 150° range spectra in 
vicinity of 6.76-Mev level, showing evidence for existence of a 
7.94-Mev Be® excited state (peak at left). Peak at far right is 
2.45-Mev level. 


Group 10 (Fig. 1), with the well-known 17-Mev level® 
in Be’. As may be seen in Table III, the agreement 
among the excitation energies obtained at the several 
angles is poor. On the other hand, the assumption that 
this is a level in Be® leads to more consistent values for 
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‘Ic. 4. Beryllium elastic peak and spectrum of longer-range 
protons elastically scattered from impurities at 60° (lab). 
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might expect in the data. Taken together, however, the 
several observations are rather suggestive because they 
yield consistent values for the excitation energies of 
levels at 14.5 and 17.5 Mev in Be’. 

The levels in Be® at 1.8 and 3.1 Mev reported by 
Moak et al. were not observed, even though a cross 
section as small as 10-* cm?/sterad could have been 
detected. It would be interesting to understand why 
these levels"are rather strongly excited in some nuclear 
interactions and not in others. 

The only excited states observed in Be® were the 
3-Mev level and a ‘group of levels in the vicinity of 
17 Mev. 


Angular Distribution of Proton-Groups 


The inelastic scattering process may be pictured in 
at least two separate ways: (1) The compound nucleus 


TABLE II. Excitation energies of levels in Be® as 
determined at various angles. 
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Fic. 5. Range spectrum of He (and heavier) ions from 
p(31.3 Mev)+Be? at 30° (lab). 


the excitation energy, 19.9 Mev. In the same manner 
Group 11 (Fig. 1) has been identified as a proton group 
which leaves Be’ excited to 21.7 Mev. It should be kept 
in mind, however, that this mode of identification is 
rather insensitive for high excitation energies so that 
for the two foregoing assignments, some reservations 
might be held. 

There can be seen just to the left of the 3.0-Mev Be® 
level in the 75°, 90°, and 135° spectra in Fig. 1 two 
smail peaks. Taking the observations individually, the 
peaks are no larger than the statistical fluctuations one 


TaBLE I. Excitation energies of levels in Be? as 
determined at various angles. 


Group 6 


bombarding 
energy (Mev) 


Group 


> 
/ 


energies of 
levels (Mev) 





31.1 
31.1 
31.2 
31.5 
31.0 
31.4 
31.5 


Average of all measurements 


3.2 

2.77 
2.88 
2.92 
2.84 
3.10 
3.25 


2.99+0.17 








TABLE III. Comparison of calculated excitation energies 


for group 10, 11. 








Group 10 
proton excit. 
of Be® (Mev) 


Group 10 
deut. excit. 
of Be*® (Mev) 


Group 11 


proton excit. 
of Be? (Mev) of 


Group 11 


deut. excit. 


Be® (Mev) 





19.9 
19.9 
19.9 
19.8 
19.8 


17.5 
17.2 
16.9 
16.7 
16.8 


21.6 
21.6 
21.7 
21.8 


19.9 
19.8 
19.5 
19.5 








Proton groups 
as identified 
in Fig. 1 1 
Bombarding 
energy 
iad (Mev) 


Energies of levels in Be® (Mev) 





Average of all 
measurements 


Std. deviation 
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* Average of measurements beyond 60°. 
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theory"? assumes that the incoming proton is captured 
by the target nucleus Z4 forming a compound nucleus 
(Z+1)4+ in an excited state. There are two cases which 
may be simply analyzed. The first is the case in which 
the compound nucleus is formed in a single excited 
state. The transition from this state to a discrete 
final state means that the wave function of the emitted 
proton has a definite parity. Thus one expects the 
angular distribution of these protons to be symmetrical 
about 90°. The second is the case in which many states 
of the compound nucleus are excited because the level 


 Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 

1 VY. F. Weisskopf, Helv. Phys. Acta 23, 187 (1950). é 

12 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sors, Inc., New York, 1952), p. 535. 
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Fic. 6. Angular distribution of the differential cross section for 
the reaction p(31.3 Mev)+Be®—p’+Be* (2.45 Mev) and the 
Austern-Butler-McManus curve for /=1 and ro =1.35. (Curve not 
corrected for finite angular resolution of 1.6°.) 


density is high. The analysis of this case by means of a 
statistical theory also leads to angular distributions 
symmetrical about 90°. (2) The second picture of 
inelastic scattering" views the collision as a proton- 
nucleon interaction instead of a proton-nucleus inter- 
action. In this theory the proton does not penetrate 
very deeply into the nucleus nor does it stay in the 
vicinity longer than a time of the order of the nuclear 
diameter divided by the proton’s velocity. Since the 
proton’s mean free path in nuclear matter increases 
with energy it is more likely that at higher energies a 
proton will interact with individual nucleons rather 
than form a compound nucleus. Thus one would except 
that the mechanism responsible for inelastic scattering 
would be mostly compound nucleus formation at low 
energies (e.g., 7.1 Mev),‘a mixture of compound nucleus 
and peripheral scattering at a higher energy (e.g., 10 
Mev),'* and mostly peripheral scattering at a still 
higher energy (e.g., 31 Mev). Even at this energy, 
however, compound nucleus formation might be 
expected to play an important part when the emergent 
proton has low energy. 

For the case of a peripheral collision, Austern, Butler, 
and McManus give for the angular distribution of the 
scattered nucleon 


do /due ¥ Cif jr(|ki—ky| a) }?, 


18 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
4 Gerhard E. Fischer, University of California Radiation 
Laboratory Report UCRL-2546 (unpublished). 
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Fic. 7. Angular distribution of the differential cross section for 
the reaction (31.3 Mev) +Be*—p’+ Be* (6.76 Mev and possible 
“6.2 Mev” unresolved) and the Austern-Butler-McManus curves 
for the two cases—single level, /=1 and ro>=1.17 (dotted), and 
two unresolved levels with different / (2 and 1) and same ro= 1.46 
(solid curve). 
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Fic. 8. Angular distribution of the differential cross section for 
the reaction ~(31.3 Mev)+Be’—p’+Be* (7.94 Mev) and the 
Austern-Butler-McManus curve for /=3 and ro=1.36. 
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Fic. 9. Angular distribution of the differential cross section for 
the reaction p(31.3 Mev)+Be’—p’+Be* (19.91 Mev) and the 
Austern-Butler-McManus curve for /=0 and ro= 1.81. 


where k; and ky; are the wave numbers of the incident 
and scattered nucleons, @ is a measure of the radius 
of the nuclear shell in which the inelastic collision takes 
place, the C; are constants, and the j;, regular spherical 
Bessel functions of order /; / is an index which charac- 
terizes the reaction. Conservation of angular mo- 
mentum restricts the range of / values to 


JatJyt+12> l> Jz +J,+S| min, 


where J, and J, are the spins of the initial and final 
states of the target nucleus and § is a vector of unit 
magnitude. Conservation of parity places the further 
restriction that / may assume either even or odd values 
in this range. From the properties of the spherical 
Bessel functions of order /, the position of the most 
forward peak will serve to determine /min. Thus the 
total angular momentum change suffered by the target 
nucleus will be restricted to the values obtained from 


lnin=AJ—1, or bein =AJ. 


The parity will change or not depending on whether 
lain is odd or even. 


ANGULAR DISTRIBUTION OF PROTON GROUPS 


The cross section for the 2.45-Mev level is well 
determined at most angles. Figure 6 illustrates that 
ji yields a very good fit for ro=1.35, where a=roA! 
X10-" cm. A poorer fit is found for ro=1.30 or 1.41. 
Since the spin of the ground state® of Be’ is J,=3/2-, 


the spin of the 2.45-Mev level is given to be J,=4, 5/2 
or 7/2, all even parity (/=1). 

In the case of the 6.76-Mev level, where there is some 
evidence for the existence of two levels, a single level 
assumption leads to a good fit with 7; but with an ex- 
tremely small nuclear radius, ro= 1.17. To fit the data 
well using a larger nuclear radius (ro= 1.46) requires the 
use of two values of /. The amount of admixture of the 
two angular distributions was chosen to fit the observed 
angular dependence of the excitation energy (Table I). 
Since we now have three parameters to fit the observed 
angular distribution, it is not surprising that the 
composite curve fits so well. (See Fig. 7.) For a single 
level, Jy=}, 5/2 or 7/2 with even parity. For two levels, 
the “6.2”-Mev level has this angular momentum and 
parity, and the 6.76-Mev level has Jy=3, $, 7/2 or 
9/2 and odd parity. 

The cross section for exciting the 7.94-Mev level is 
very low (~0.1 mb/sterad maximum) and the esti- 
mated error is rather high. From the indication that 
the cross section becomes smaller at forward angles, one 
concludes that a high value of / is required. A fit is 
obtained with j; and ro between 1.36 and 1.46 (Fig. 8). 
For /=3, J,=3, 5/2, 9/2 or 11/2 with even parity. 

The proton group from the excitation of the 11.3-Mev 
level, is almost completely obscured at intermediate 
angles by a deuteron group so no attempt to analyze its 
angular distribution was made. 

The angular distribution for the 19.9-Mev level is 
jo with ro=1.81. The fit is quite good and the experi- 
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Fic. 10. Angular distribution of the differential cross section for 
the reaction (31.3 Mev)+Be°—p’+Be* (21.7 Mev) and the 
Austern-Butler-McManus curve for /=1 and ro= 1.70. 
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mental points are fairly well determined (Fig. 9). No 
significance is attached to the large variations observed 
in ro. For the 19.9-Mev level, J/,=4, % or 5/2 with odd 
parity. 

The angular distribution for the 21.7-Mev level 
(Fig. 10), because of large errors, is difficult to match 
unambiguously. It is possible with reasonable choice 
of ro to fit the curve with jo or j:. This suggests that 
for this level J,=4, 3, 5/2 (odd) or Jy=4, 5/2, 7/2 
(even). 


Angular Distribution of Deuteron Groups 


The differential cross section for observation of the 
reactions Be*(p,d)Be® and Be*(p,d’)Be® is plotted in 
Figs. 11 and 12. Attempts were made to fit the ground 
state angular distribution with Butler theory predictions 
for r=1.4A4!X10-" cm and r=1.4(A!+1)X10-" cm 
and /=0, 1, and 2 in each case. The best fit (and not a 
good one) is obtained with r=1.4(A!+1)X10-" cm 
and /=1 in good agreement with the known change in 
J from $~(Be*) to 0* (Be). No real choice could be made 
between the two radii. It should be kept in mind that 
the Butler theory assumes that the interaction between 
the nucleons takes place at the periphery of the nucleus. 
If, however, it is assumed the proton may pick up the 
neutron anywhere throughout the nuclear volume,!® 
it may be shown that the angular distribution is 
multiplied by a factor with a singularity which may 
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Fic. 11. Angular distribution of the differential cross section for 
the reaction (31.3 Mev)+Be’—-d+Be®, the Butler theory 
prediction (solid curve), and the Born approximation (Daitch 
and French) curve (dotted). 


"46 P, B, Daitch and J. B. French, Phys. Rev. 85, 695 (1952). 
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Fic. 12. Angular distribution for the differential cross section for 
the reaction »(31.3 Mev)+Be®—d’+Be** (3.0-Mev level). 


wipe out one of the minima and give a distribution 
such as we find. 

The 3.0-Mev level angular distribution decreases 
with increasing angle much more slowly than any 
Butler theory expression using reasonable radii and 
1=0, 1, 2, or 3. This may not be significant since for all 
except the smallest angles there is an unknown ad- 
mixture of protons from the 11.3-Mev level. 


DISCUSSION 


The positions of known energy levels in Be’ may be 
calculated reasonably well using an intermediate 
coupling model of the nucleus.’* This model also 
predicts the total angular momentum of these states. 
These predictions are consistent with the assignments 
for total angular momentum of the Be’ states obtained 
by application of the peripheral scattering theory. 

It was seen in a previous section that the Austern- 
Butler-McManus theory gave for the 2.45-Mev state 
in Be® the assignment J,=}3, 5/2, or 7/2, even parity. 
This same level was observed in a B!°(n,d) Be™ reaction 
by Ribe and Seagrave.!” Application of the Butler 
theory for (n,d) reactions lead them to the assignment 
J,=4%, 5/2, 7/2, or 9/2, odd parity, which is consistent 
with the prediction of the alpha-particle model, J = 5/2, 
odd parity. The intermediate coupling model also yields 
J=5/2. If one takes seriously the value J=5/2, there 
remains a disagreement in the parity assigned to this 

16D. R. Inglis, Revs Modern Phys. 27, 76 (1955); 25, 390 


(1953). 
17 F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 (1954). 
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state. In order to get an assignment J=5/2, odd parity, 
for this state using the Austern-Butler-McManus 
theory, it is necessary that /=0 or 4. /=0 is ruled out 
because the angular distribution is clearly not peaked 
forward, while the first lobe of j,(ka) with a reasonable 
choice of nuclear radius, occurs at much too large an 
angle. 

If the restriction J,=5/2 is removed, then one can 
make a parity and angular momentum assignment 
consistent with that of Ribe and Seagrave by choosing 
l=2. This yields J,=}, 3, 7/2, 9/2 odd parity. 

It is clear that j2(ka) will not fit the data as well as 
ji(ka); however, it is not certain that the present 
status of the theory allows one to make a clear 
distinction. 


PHYSICAL REVIEW VOLUME 


101, 


BENVENISTE, FINKE, AND MARTINELLI 


ACKNOWLEDGMENTS 


The authors are indebted to Professor L. W. Alvarez 
for his interest and encouragement; to Dr. Warren 
Heckrotte for many instructive discussions on the 
subject of angular distributions of scattered particles; 
to William Gantz and Thomas Stand of Hugh Frans- 
worth’s Electronics Group for their expert maintenance 
of the electronic equipment; to Manuel Alcalde and 
Earl Hosteller for fabrication of the counter com- 
ponents; to William G. Richards for his suggestions and 
help in constructing the remainder of the equipment 
made for this experiment; and to all members of the 
linear accelerator crew, whose cooperation was in- 
dispensable to the successful completion of this 
experiment. 


NUMBER 2 JANUARY 15, 1956 


Quantum Calculation of Coulomb Excitation. II. Quadrupole Excitation : 
Numerical Results* 


L. C. BrepENHARN,t M. GotpsTErn, J. L. MCHALE, AND R. M. THALER 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received September 26, 1955) 


The formal methods for the quantum-mechanical treatment of Coulomb excitation discussed earlier are 
here applied to obtain numerical results for the electric quadrupole case. Tables of the excitation function and 
the directional correlation parameters are presented and discussed for a wide range of their arguments. 


INTRODUCTION 


HE electric quadrupole (£2) transition is usually 

the most strongly favored transition in the 
Coulomb excitation process' and at present one of the 
most interesting from an experimental point of view. 
Analysis of the experimental data? calls for an accurate 
treatment of the quadrupole excitation, for both the 
total cross section and the directional correlation 
parameters. The semiclassical approximation® does not 
lead to sufficiently accurate results over the entire ex- 
perimental region.‘ In this paper numerical results for 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+t Permanent address: The Rice Institute, Houston, Texas. 

1A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 

2P. H. Stelson and F. K. McGowan, Phys. Rev. 98, 249(A) 
(1955); F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 112 
(1955). 

*L. Landau, Physik Z. U.S.S.R. 1, 88 (1932). 

* The relevant references to the literature are given in reference 
5. The following references should be added to the bibliography 
given there: K. Mayr [Math. Z. 39, 597 (1935) ]—integrals of 
Laguerre polynomials in terms of F2; A. Erdelyi [Math. Z. 40, 693 
(1936) }—confluent hypergeometric integrals evaluated in terms of 
F:; J. C. Jaeger [J. London Math. Soc. 13, 254 (1938)}—an 
analytic continuation of F2. In addition, see the following recent 
papers: Benedict, Daitch, and Breit, Phys. Rev. 101, 171 (1956); 
F. D. Benedict, Phys. Rev. 101, 178 (1956); Breit, Ebel, and 
Benedict, Phys. Rev. 100, 428 (1956); Gluckstern, Lazarus, and 
Breit, Phys. Rev. 101, 175 (1956). 


the quantum-mechanical treatment of the electric 
quadrupole excitation are presented. These results are 
obtained through the application of the formalism and 
mathematical techniques for the general multipole in 
Coulomb excitation, discussed earlier by Biedenharn, 
McHale, and Thaler. Subsequent work will treat other 
pure multipoles as well as the cases of mixed transitions. 

Results are given for the excitation function and the 
correlation parameters a2 and a, for values of the argu- 
ments in the range 0.1<<15, 1<p<1.4, where 
n=ZZ2¢"/hrinitias ANA P= Rinitiat/ Rana. This range covers 
energy losses of up to 50% for all energies of experi- 
mental interest. Numerical values for computing the 
total cross section may be taken from Table I. Values 
for the particle parameters a2 and a4 are presented in 
Tables II and III. These values are plotted in various 
ways in order to exhibit the general behavior in any re- 
gion of interest. Such plots should prove helpful in 
suggesting interpolation procedures. 

The limitations of the present treatment have been 
discussed in I. Of these, the neglect of center of mass 
corrections is probably the most serious. The results 
presented below are accordingly most accurate for 
medium and heavy target nuclei. Neglect of retardation 
is better justified for quadrupole than other multipole 


5 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 375 (1955). 
This paper is referred to as I in the text. 
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TaBLeE I. The excitation coefficient ap vs p, 
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n. The coefficient ao is tabulated for representative values of its arguments. The entries are 


presented as four-digit numbers followed by the powers of ten which multiply them. 
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TaBLE II. The particle parameter a2 vs p, 7. The parameter a2 is tabulated for representative values of its arguments. The entries are 
presented as four-digit numbers followed by the powers of ten which multiply them. 
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TABLE III. The particle parameter a4 vs p, n. The parameter a, is tabulated for representative values of its arguments. The entries are 
presented as four-digit numbers followed by the powers of ten which multiply them. 
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excitations, since the retardation corrections enter to 
one higher order in (Ryaa?tp)?. 


SUMMARY OF FORMULAS 


The electric quadrupole excitation function in the 
long-wavelength approximation is given by the fol- 
lowing expression : 


3(/+2) (/-+-1) 


+1) (2141) 
-é| 2(21+-3) 


(2/— )QI+3) 


x P(1+2, n+ 


<r 4, 0} (1) 
1) 


where 


(1, +m) = J drrF (akv)Fun(nyke). (2) 





In this approximation the total cross section is 


ke 2J +1 897Z:Z.Me? 2 
oso te(*)(—) elie) bo 
ky 2J +1 Skiksh 
The reduced radial matrix element in the long- 
wavelength approximation is 


Ze(f\\r?||t)C (J 2I 5; MMM 4) 
Ws|reV2™ (0 pp) lys). (4) 


protons 


The correlation of the emitted gamma ray with the 
incident particle is calculated from the formula® 


W (0) =Ao+a2A 2P2t+asA sP, (5) 
where a2 and a, are particle parameters independent of 
the nuclear transitions, the P, are Legendre polynomials, 


6 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 
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and the A, are the y—vy correlation coefficients®” such 
that the y—7 correlation is given by W(6)=>_, A,P,. 
The particle parameters are 


@2= be/bo, (6) 
d= b4/do, (7) 


where 
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XI (I—2, DI(1+2, )—60 cos(o.—o 142) 


(14-3) (1+2) (I+1 
(1+-3) (I+ rapt, 0) 





P(l-2, 1) 





(1,0) 
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The particle parameters a2 and a, are dimensionless 
functions of the two variables p=Rinitiai/Rana and 
7=Z)Z2€"/hdinitiaa. The excitation function b) may be 
expressed in terms of the dimensionless function 


a= (Réinat)~*do. 


(10) 


It is this dimensionless function a» rather than bg which 
is tabulated below. 
7S. P. Lloyd, Phys. Rev. 83, 716 (1951); D. L. Falkoff and G. E. 


Uhlenbeck, Phys. Rev. 79, 334 (1950). Additional references may 
be found in reference 6. 
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METHOD OF CALCULATION 


Since a reasonably accurate determination of the 
coefficients a, requires consideration of a large number of 
angular momenta, a direct calculation by numerical 
integration over Coulomb wave functions of the many 
integrals involved is clearly impractical. For this reason, 
the analytic procedures development in I greatly facili- 
tate the calculation. Three different methods were dis- 
cussed in that paper: (a) use of the Appell F; function 
[see I, Eqs. (43), (44), and (101)], (b) use of the 
Appell F2 function [see I, Eqs. (43)-(45) ], (c) use of 
recursion relations [see I, Eqs. (65)—(67) ]. 

It did not prove feasible to employ the Appell F; 
function method without modification, because the 
double series involved does not converge sufficiently 
rapidly for large values of L or »; the convergence 
criterion is (L?+-n*)(p—1) <1. It did, however, prove 
possible to use the Appell F2 function method. Since the 
reduction of the integral J (/,/) = (0,3; 2) is not explicitly 
given in I, the formula is given below: 


ks? (0,3 ; l) 
1 2p*y?(21-+3) 
~—| (1+ : + Io, D 
(4-1)2(2/+1) 


2 

—~—* £041) 9 PL (4-1)? 049? FO, 15141) 
1(1+1)? 

Sa... {[_ * 
I(1+-1)(21+1) (I+1) a 





+oL(H+1) b(t, 15140). (11) 


This reduction derives from the recursion relations I, 
Eqs. (57)—(58) and obviates the necessity for the use of 
the triple series for (0,3; 7), since the function (0,1; 2) 
and (1,1;7) are double series, see I, Eq. (45). The em- 
ployment of these double series in the F; form proved 
practical for the calculation of the a, for energy losses 
of less than about 20%. A serious disadvantage to this 
procedure, however, is that it is exceedingly laborious. 
Nevertheless, this method was useful for calculating a 
few survey cases® and for obtaining check values for 
other calculational schemes. 

The recursion relations could be used in conjunction 
with the F2 method to decrease the labor somewhat, by 
calculating with the F, form for given values of / and 
generating the function at intermediate values of / by 
recursion. However, care must be taken not to place too 
much reliance on the recursion procedure since the 
diverging solutions to these relations unavoidably enter 
and eventually dominate. 

The method which was used in the present work has 


8 Goldstein, McHale, Thaler, and Biedenharn, Phys. Rev. 100, 
435 (1955). 
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not been given elsewhere and represents a Green’s 
function solution to the inhomogeneous recurrence re- 
lations given in I, Eqs. (65) and (67). The formula for 
(2,3; D) is 
(2,3;L) 1 Aj) 
f(L) ime f(j+1) 

where 

f(D=o'|T (l+1+in)/T (14+-3+ipn)|, (13) 


and 





1y=|— (p?—1)k2? | 

4(14-1) 142+ ipn| [0-+3-+ ion] | 

X {[2p?n?+-p? (1+ 1) (2/+-3) —1—1] (0, 1; +1) 
—2p|1+1+in| |J+1+ipn| (0,1; 2}. (14) 


It is readily seen that f(/) is a solution of the homo- 
geneous recursion relation, 


| 1+1+in | 

f(l+1)—e|- | f() =0, (15) 
\1+3+ipn| 

and that Eq. (12) is a solution of the inhomogeneous 

relation, 


,3;141)— Bhs hiod (2,3; )=A(D, (16) 
"\-+-3-+ine! 


where A (/) is defined by Eq. (14). 
Similarly, the formula for (0,3; 2) is 
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(20) 
and 


a,=1(I+-2) (21-+3)ke%p|1+1+én| |2+1+%pn|. (21) 


COULOMB EXCITATION 
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Fic. 1. The excitation coefficient ap vs n on a log-log plot for several 
values of constant p. 


The use of this method merely requires the generation 
of a few initial values of the functions (2,3; 7) and (0,3; 2) 
and the calculation of the function (0,1;/). Values for 
(2,3;2) for low / were easily obtained using the F; 
method. The function (0,1;/) is a reducible Appell 
function and can be represented as an ordinary hyper- 
geometric function.’ 

It is clear that this method has several important 
advantages. First, the amount of labor required in the 
computation is reduced more than a hundred fold. This 
circumstance arises mainly from the fact that the Appell 
functions are exceedingly difficult to calculate in con- 
trast to the ordinary hypergeometric function. Second, 
this method makes it feasible to calculate over a much 
greater range of the arguments p, 7. With this method, 
one may calculate for energy losses of up to 75% for a 
very wide range of values of n. Moreover, the attendant 
numerical error is considerably reduced in this pro- 
cedure. Unlike the recursion relations from which these 
formulas derive, the error does not accumulate with 
increasing /. Rather, the error in the function (— 2, 3; 2) 
diminishes as/ is increased and even errors in the starting 
values become increasingly less important, since the 
sum dominates the initial values. On the other hand the 
error in (2,3;7) increases with / since the sum tends 
eventually to cancel the initial value. Fortunately, this 
is of little consequence, since the contribution to the a, 
of the (—2, 3;/) dominates that of the (2,3;7) before 


9A. J. F. Sommerfeld, Atombau und Spektrallinien (Ungar, New 
York, 1950), Vol. 2. 
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Fic. 2. The particle parameter a2 vs » on a semilog plot for constant 
values of p. 


the error in the latter becomes significant. Similarly, the 
(0,3; 2) contains a part in which the error decreases 
with / and a part in which the error increases with J, but 
again the contribution of the former dominates that of 
the latter before the error in the latter becomes sig- 
nificant. 

Initial values for the recursion were generated by 
means of the F; method rather than by means of the F; 
method because the F; representation has the same 
form for the different integrals involved [see I, Eqs. 
(43), (44), and (101) ] whereas in the F; method the 
(0,3;2) must be treated differently from the (2,3; /) 
(see Eq. (11) and I, Eqs. (43)-(45) ]. 
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Fic. 3. The particle parameter a, vs 7 on a semilog plot for constant 
values of p. 


RESULTS 


Some of the numerical results are presented in the 
accompanying tables. The coefficients ao, a2, and a, are 
given to four figures in Tables I, II, and III, respectively ; 
the arguments p, 7 in these tables have the ranges 
1.01<p<1.4 and 0.1¢9< 15. It is believed that these 
numbers are accurate to within one or two units in the 
last place. The region of greatest inaccuracy is for p, 7 
large. In the region of interest for analysis of the present 
experiments,’ viz., 2<4< 8, 1.02<p<1.2, the results are 
believed to be accurate to four figures as presented. 
Examination of the error introduced term by term in the 
present calculation provided confirmation of this accu- 
racy. Typical values were also checked independently 
by means of the F2 and F; methods. 

The tables are supplemented by the accompanying 
graphs which display some of the qualitative features of 
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Fic. 4. The quantity nao vs n on a log-log plot for constant values 
of the classical variable ¢. The curves are given for p< 1.4, 7 <15. 
The dashed lines on the right represent the asymptotic values” of 
these curves in the limit 7, and are labeled with the value of 
£. The lowest three curves are scaled by different factors of ten, as 
indicated in the figure. (Note.—The ordinate is incorrectly labeled 
and should run from 10~ to 10.) 


these results. In Fig. 1 the dimensionless excitation 
coefficient a» is shown as a function of 7 on a log-log plot 
for constant values of p. In Figs. 2 and 3 the particle 
parameters d2, a4 are plotted against logy for constant 
values of p. 

The very rapid variation of ao as a function of 7, as 
exhibited in Fig. 1, shows that care must be taken in 
interpolating in Table I. Clearly, interpolation in 7 is 
best accomplished by interpolating logao. The particle 
parameters de, a4 (see Figs. 2, 3), on the other hand, do 
not vary nearly so rapidly as functions of y and are 
more easily interpolated. For values of »>2, the func- 
tions a: and a, are best interpolated with respect to », 
whereas for smaller values of the argument, the func- 
tions are best interpolated with respect to logy. 

The function ao for constant values of 7 is likewise a 
rapidly varying function of p for large values of p, so 
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that interpolation in p for large values of p is best 
accomplished by interpolating logao; for small values of 
p, however, do is slowly varying and is easily interpolated 
directly. The particle parameters a2 and ay, for constant 
values of are, on the other hand, slowly varying 
functions of p, so that interpolation in p presents no 
difficulties. Because of space limitations, plots of the 
a, vs p for constant 7 are not shown. 

It is seen in Figs. 2 and 3 that the particle parameters 
a2 and a, are especially sensitive to small changes in p 
near the zero-energy-loss limit (o=1) for large n. The 
curves for a4 cross in Fig. 3 since a, has a maximum as a 
function of p for constant 7. 

As » approaches infinity and p approaches unity, the 
function 7a» and the particle parameters a2, a4 become 
functions of the single classical variable £=n(p—1). In 


wi ee Ae ook oe ee ee rr oo oe 


1.3 


02. 04 060810 20 40 6080100 150 
2 


Fic. 5. The particle parameter a2 vs » on a semilog plot for 
constant values of the classical variable ¢. The curves are given for 
p<1.4, n< 15. 


Figs. 4-6 are shown curves of these functions (i.e., 
7°do, G2, 44) plotted against logy for constant values of &. 
These plots for constant indicate the manner in which 
these functions approach their classical limiting values 
as » increases. The smaller the value of £, the more 
rapidly is the limit approached as a function of 7 since 
the classical limit implies p—1, as well as n>. The 
classical limits for n?a9 obtained by Alder and Winther” 
are shown in Fig. 4. Classical limits for a2 and a4 are not 
available at present, although extrapolation of the 
curves in Figs. 5 and 6 should give good estimates of 
these limiting values. As expected, Figs. 4-6 show large 
deviations from the classical results for small values of n 
and large values of p. In regions where deviations from 


"0K. Alder and A. Winther, CERN/TKA-AW-1, October, 1954 
(unpublished). 
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Fic. 6. The particle parameter a, vs 7 on a semilog plot for 
constant values of the classical variable ¢. The curves are given for 
p< 14, n< 15. 


the classical limits are not extreme, this type of plot is 
useful for interpolation. 

The apparently anomalous position of the £=0 curve 
in Fig. 6 follows from the fact that a, has a maximum as 
a function of for fixed 7. At n=15 this maximum lies 
between &=0.1 and =0.2; at n=1 the maximum is 
between ¢=0 and §=0.1. 


DISCUSSION 


The effect of increasing 7 is to enhance the contribu- 
tions to the functions b, of the higher angular momenta, 
shifting the peak contribution to a higher value of /. On 
the other hand, the effect of increasing p is to diminish 
the importance of the higher angular momenta. Thus, 
keeping n(p—1) constant tends to keep the summed 
contributions of the various angular momenta roughly 
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Fic. 7. Increment of the excitation function bo vs angular 
momentum /. These curves are normalized to unity at /=0. For 
curve A, p=1.4, n=2; for curve B, p=1.05, n=2; for curve C, 
p=1.1, 7=4; for curve D, p= 1.05, »=8; for curve EZ, p=1.4, n=8. 
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Fic. 8. Increment of the function 62 vs angular momentum J. 
These curves are normalized to unity at ]=0. For curve A, p=1.4, 
n=2; for curve B, p=1.05, n=2; for curve C, p=1.1, n»=4; for 
curve D, p=1.05, n=8; for curve E, p=1.4, n=8. 


constant. This provides some indication of the utility of 
the classical variable £=n(p—1). 

The fact that large » implies high angular momenta is 
due to the simultaneous effects of the barrier and 
degeneracy in angular momentum. The effect of the 
increased barrier due to larger 7 is to diminish the 
importance of the lowest angular momenta such that all 
angular momenta below the barrier contribute roughly 
to the same order. Thus, increasing y will increase the 
number of /’s which enter significantly. In addition, 
degeneracy favors the contributions of the higher 
angular momenta by a factor of the order of /. 

Large p, i.e., large energy loss, implies large decelera- 
tions and hence small impact parameters. Thus, as p 
increases for constant n, the contributions of the higher 
angular momenta are increasingly suppressed. These 
qualitative conclusions are not altered by the action of 
the barrier on the scattered particle, despite the fact 
that this effect is in the opposite direction. 

The qualitative considerations discussed above are 
shown in Figs. 7-9. In these figures the increment to b, 
is plotted as a function of /. Five cases have been chosen 
as illustrations: (I) »=2, with p=1.4 (curves A) and 
p=1.05 (curves B); (II) n=8, with p=1.4 (curves E£) 
and p=1.05 (curves D); (III) p=1.05, with »=2 
(curves B) and n=8 (curves D); (IV) p=1.4, with 7=2 
(curves A) and n=8 (curves E); (V) =0.4, with 
p=1.1, n=4 (curves C) and p=1.05, »=8 (curves D). 
These curves have been normalized such that the 
contribution for /=0 is unity. 

Case I shows the effect of extreme variation in p for 
small n= 2. It is seen that curves A tail off more rapidly 
than curves B, in accordance with the arguments above. 


McHALE, AND THALER 
Similarly, Case II illustrates this same effect for large 
n=8. 

For p~1, the maximum occurs at /~n. Moreover, it 
is seen that the positions of the maxima depend pri- 
marily on 7 and in general are not particularly sensitive 
to the value of p. Case IIT shows the effect of variation 
in » for small p. It is again seen that the position of the 
peak occurs further out for large » than for small. 
Similarly, Case IV illustrates this same effect for large 
p=1.4. 

Case V shows the effect of changes in p, » for a fixed 
value of the classical variable £=n(p—1)=0.4. It is seen 
that curves C (p=1.1, »=4) peak at lower values of / 
and fall off more rapidly than curves D (p= 1.05, n=8), 
as expected from the discussion above. Despite the 








Fic. 9. Increment of the function 6, vs angular momentum I. 
These curves are normalized to unity at /=0. For curve A, p=1.4, 
n=2; for curve B, p=1.05, n=2; for curve C, p=1.1, n=4; for 
curve D, p=1.05, n=8; for curve E, p=1.4, n=8. 


dissimilar behavior of these two examples as functions 
of I, the final values of the quantities ao, a2, and a4 are 
roughly equal, viz., 0.017, 0.75, and —0.03 for C as 
compared with 0.017, 0.69, and —0.02 for D. 

The oscillations about zero of the curves in Fig. 9 
indicate why the particle parameter a, is generally 
small. 
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(a,n) Type Reactions in Light Nuclei* 
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Two independent methods utilizing a recoil proton telescope and a neutron threshold detector have been 
used to study a series of (a,m) reactions. The following Q values have been observed : B"(a,n) N¥—3.85+0.3, 
(—3.2+0.3), —2.5+0.3, —1.340.3 Mev; B"(an)N“—4.8+40.3, —3.85+0.3, —3.15+0.3, —2.0+0.3, 
0.0+0.3 Mev; F¥(a,n)Na®—5.0+0.2, —4.25+0.2, —3.840.2, —3.15+0.2, —2.45+0.2, —2.040.2 Mev; 
P8!(a,n)CI#—5.7+0.2 Mev. An excitation function has also been obtained for the 1.58-second 8* activity in 


Cl* with an observed threshold at —5.7+0.3 Mev. 





I. INTRODUCTION 


TUDIES of nuclear reactions in which neutrons are 
emitted have in most cases been made by means of 
photoplates. However, it has always been considered 
useful to supplement this technique by an electronic 
counting method so that, for example, a relatively fast 
survey of a reaction can be made prior to the more 
accurate but more time-consuming plate work. 

In this laboratory Worth! showed that a proton re- 
coil telescope could be used for fast-neutron spectros- 
copy. Later Tucker? demonstrated the usefulness of 
the slow-neutron threshold method for studying endo- 
thermic reactions. Accordingly it was decided to re- 
develop these two techniques and use them in conjunc- 
tion with one another to look for levels arising from 
bombarding targets with the 8-Mev Yale cyclotron 
alpha beam. 


II. RECOIL PROTON TELESCOPE 


In this apparatus, shown in Fig. 1, neutrons leaving 
the target at 0° and impinging on the Mylar window 
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Frc. 1. The counter telescope. 
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1D. C. Worth, Phys. Rev. 78, 378 (1950). 

? E. B. Tucker, Phys. Rev. 83, 473 (1951). 


give, in perhaps 1 in 10° cases, a proton recoiling down 
the argon-filled counter telescope. Such protons are 
detected by a double-coincidence count in standard 
electronics apparatus. A remotely controlled foil 
changer permits the range of these protons in aluminum 
to be determined whence the neutron energy is inferred. 

The transparent Mylar window thus serves to pro- 
vide a hydrogenous radiator while at the same time it 
can be made thin enough to allow the counters and 
associated equipment to be tested with a polonium 
alpha source. 

The equipment was checked, and the counter correc- 
tion and beam energy determined, by performing 
two preliminary experiments, namely the reactions 
H?(d,n)He’ and B’(a,p)C*. 


III. NEUTRON THRESHOLD METHOD 


Slow-neutron thresholds were obtained using the 
apparatus shown in Fig. 2. The apparatus consisted of 
a helium-filled range cell to vary the energy of the cyclo- 
tron alpha beam and a shielded BF; proportional 
counter to detect the slow neutrons emitted in the for- 
ward direction. In order to enhance the efficiency of the 
counter for the threshold neutrons, one centimeter of 
paraffin was interposed between the target and the 
counter. The alpha beam entered the 52.5-cm range 
cell through a gridded Mylar foil equivalent in stopping 
power to 0.82 cm of air. The beam then passed through 
helium gas and was incident upon thick targets of the 
material under bombardment. In calculating Q values, 
the stopping power of Mylar was taken to be 0.113. 
The atomic stopping power of helium was measured to 
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Fic. 2. The slow-neutron threshold detector. 


3 Phelps, Huebner, and Hutchinson, Phys. Rev. 95, 441 (1954). 
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Fic. 3. Integral range curve for the reaction B“(a,n)N*®. 


be 0.35+0.01 in agreement with the results of Mano.‘ 
The energy of the alpha beam was 8.15+0.05 Mev. 

The chief difficulty encountered in operation was the 
large and fluctuating neutron background. This back- 
ground was found to depend upon the circulating beam 
in the cyclotron and not on the beam striking the target. 
The background was minimized by wrapping the 
counter in cadmium sheeting and then enclosing the 
counter in a Boral box. Even with these precautions 
the background was still formidable and care was re- 
quired to maintain constant operating conditions during 
a run. 

This method relies upon the preferential sensitivity 
of the counter system for low-energy neutrons to dis- 
tinguish neutron thresholds from resonances in fast 
neutron production. In some runs, added discrimination 
against fast neutrons was employed by setting an upper 
as well as a lower limit on acceptable pulse size. 


IV. REACTION B*°(q,n)N' 


The results for this reaction are presented graphically 
in Figs. 3 and 4 for the telescope and threshold de- 
tector respectively. Thick targets of separated isotope 
(96% B"°) painted onto lead backing were bombarded 
with a roughly analyzed 8-Mev beam of alpha particles. 
The curves are the averages of runs taken on two dif- 
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Fic. 4. Slow-neutron threshold curve for the reaction B(a,n)N¥. 
*G. Mano, J. phys. radium 5, 628 (1934). 
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Fic. 5. Integral range curve for the reaction B"(a,n)N™. 


ferent days. Data were taken on some six other occa- 
sions in an effort to check results which are not in accord 
with those of other workers. The ground-state Q value 
as deduced from the telescope work is about 400 kev 
lower than the accepted value. There seems little doubt 
that this is a consequence of the low counting rate and 
is of no numerical significance. Unfortunately the thresh- 
old method is of ne use here because the reaction is 
exothermic. Taking a Q value of 1.1 Mev for the ground 
state one obtains evidence for levels at 2.4 and 3.6 Mev 
of excitation which fit the known level structure of N™ 
within the claimed accuracy. Both methods would sug- 
gest the existence of a further level at about 4.95 Mev. 
The presence of a group of neutrons corresponding to 
a Q=—3.2 Mev is not seen with the telescope although 
it appeared consistently with the threshold method. 


V. REACTION B"(a,n)N' 


In this case also, low counting rates prevent the ob- 
servation of the true end point by the telescope method 
(Fig. 5), but neutrons leading to the first and second 
excited states at 2.3 and 3.95 Mev respectively are in 
evidence. This latter level also appears in the threshold 
detector work of Fig. 6, along with the 4.9-Mev level. 
Both methods suggest the existence of a group of neu- 
trons from a reaction with Q= —3.15+0.3 Mev. 
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. 6. Slow-neutron threshold curve for the reaction B"(a,n)N™. 
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VI. F'°(a,n)Na® REACTION 


The target materials used for this reaction were 
CuF and Teflon. However, the Teflon targets tended to 
deteriorate over the long runs required so that CuF 
targets were employed most of the time. It was found 
that the neutron yield from Cu was negligible at our 
bombarding energies. 

The experimental results are displayed in Figs. 7 and 
8. Figure 7 shows the average of nine integral range 
curves obtained with the recoil telescope using thin 
targets. Figure 8 shows a typical neutron threshold 
curve for thick target bombardment. The Q values and 
excitation energies E* obtained with the two methods 
are tabulated in Table I. 

In comparing the data obtained by the two different 
methods, good over-all agreement is seen. The ground 
state is not observed with the threshold method because 
of the considerable background counting rate. The 


TABLE I. A summary of the results. 








Telescope Threshold 


Reaction O Mev Q Mev 


B® (a,n)N"™ 


—3.9 
—3.2 
—2.4 


—3.8 
-2.6 
—1.3 


B"(a,n)N™ 
—3.9 
—3.1 
—2.0 


F"(a,n)Na™ —5.0 +0.2 
—4.25+0.2 
(—3.8 +0.2) 
—3.15+0.2 
—2.45+0.2 
—2.0 +0.2 


RKRK 


0.4540.2 
0.0 +0.2 


P® (a,n)C}* —5.7 +0.2 0.0 +0.2 


ground state Y value deduced from the telescope data 
is in good agreement with the value —1.92 Mev com- 
puted from the 6+ end point.® The level at 0.45 Mev is 
presumably to be identified with the level at 592 kev 
observed by Heydenberg and Temmer.® A level at 
1.66-Mev excitation in Na” has been suggested by 
Ashmore and Raffle? on the basis of a (d,a) reaction 
using natural Mg. Such a level would be 7 =0 if isotopic 
spin selection rules held. It is not possible to identify the 
level observed here at 1.8 Mev with the T=0 level 
because a T=1 level to correspond to the 1.28-Mev 
level in Ne* is expected in the same region. The other 
Q values have not been previously observed. 


5P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
®N. P. Heydenberg and G. M. Temmer, Phys. Rev. 94, 1252 
(1954). 

7A. Ashmore and J. F. Raffle, Proc. Phys. Soc. (London) A64, 
754 (1951). 
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>. 7. Integral range curve for the reaction F'(a,n) Na”. 


VII. P*!(q@,n)Cl** REACTION 


Although initial attempts to study this reaction using 
the recoil telescope were unsuccessful a small number of 
low-energy neutrons were observed indicating that the 
Q value was highly negative. The threshold method was 
more successful. Figure 9 shows a typical neutron 
threshold curve. This curve was obtained by using a 
1.70-cm Mylar entrance foil. The value is in accord 
with the 6+ decay data of Ruby and Richardson.’ 

Arber and Stihelin® have shown that the long known 
33 minute activity in Cl* is due to an isomeric state at 
142 kev in Cl**. They discovered the existence of a 
short-lived daughter activity from the ground state of 
Cl*. Stahelin and Preiswerk'® later measured the half- 
life of the daughter activity by direct excitation and 
found it to be 1.58 seconds. The latter authors assigned 
the activity to Cl* by showing that the excitation func- 
tion for the production of the 1.58-second activity was 
of the same from as that of the 33-minute activity over 
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Fic. 8. Slow-neutron threshold curve for the reaction F(a,n) Na”. 


8 L. Ruby and J. R. Richardson, Phys. Rev. 83, 698 (1951). 
®W. Arber and P. Stahelin, Helv. Phys. Acta 26, 433, 584 
(1953). 
© P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 (1953). 
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a wide energy range for the Cl**(y,n)Cl* reaction. An 
excitation function of the 1.58-second activity has been 
obtained by using the range cell shown in Fig. 2. To 
obtain the excitation function, the target was first 
bombarded for many half-lives at a known energy. The 
cyclotron was then turned off and the resultant activity 
was monitored for several half-lives using a Nal 
scintillation counter. The excitation function is shown 
in Fig. 10. The observed threshold Q at —5.7+0.3 Mev 
coincides with the slow-neutron threshold, thus cor- 
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Fic. 10. The 1.58- 
sec 8* activity from 
the reaction P*'(a,n)- 


Cl*(6*)S* 
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roborating the conclusions of Stahelin that the ground 
state of Cl* isa T=1, J=0* level. 


VIII. CONCLUSION 


The results of this work are presented in Table I. 
Clearly, available counting rates restrict the attainable 
resolution to about 200 kev, but the two methods when 
used in conjunction allow one to investigate level struc- 
tures which are often not accessible to other methods. 

The authors wish to thank Professor E. C. Pollard 
for suggesting this work and for many helpful discussions. 
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(Received September 9, 1955) 


An investigation of the B(a,p)C™ reaction has shown no evidence for the occasionally reported levels in 
C8 at 0.7 Mev and 4.4 Mev. The latter level may in the past have been confused with the ground-state 


transition in the B"(a,d)C™ reaction. 


PREVIOUS B"(a,p)C™ experiment carried out 

in this laboratory! gave some questionable 
evidence for the occasionally reported’ level at 0.7 Mev 
in C8. Since our early experiment, we have improved 
the resolution of our particle-detecting scintillator ; it is 
now 7% for a 7-Mev proton. Using the Al?’(a,p)Si* 
reaction as a standard for calibration purposes as 
before,! we have repeated the B"(a,p)C® reaction in a 
search for the 0.7-Mev level. A thin target of 96% B"” 
deposited on a 0.0001-in. gold backing was used. 
Charged particles were observed at 90° to the beam of 
8.1-Mev alpha particles. 

The results of the experiment were as follows: the 
ground state Q-value obtained was 4.08+0.03 Mev 
with a relative yield of protons of 100. A group of 
protons with a relative yield of 60 was observed corre- 

1 Pieper, Stanford, and von Herrmann, Phys. Rev. 98, 1185 
(1955). 


2 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952); 27, 77 (1955). 


sponding to a level in C® at 3.07+0.05 Mev. Another 
group with a relative yield of about 600 was found 
corresponding to a level in C® at 3.86+0.05 Mev. This 
group presumably is an overlap of the levels at 3.68 
and 3.86 Mev observed by other investigators.? There 
was no indication of any proton group due to a 0.7-Mev 
level in C®. If such a group does exist, its yield is less 
than 7% of that of the ground-state group. 

In addition to the groups reported above, another 
was found with a relative yield of about 300, corre- 
sponding to a possible level in C® at 4.42+0.09 Mev. 
That this group does not correspond to such a level, 
and was in fact due to deuterons rather than protons, 
was demonstrated by additional runs in which an 
absorber was placed in front of the scintillator. The 
loss of energy in the absorber was characteristic of 
deuterons rather than protons. The deuterons can be 
attributed to the ground state transition in the reaction 
B"(a,d)C”; the measured Q-value was 1.36+0.09 Mev. 
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2— State at 8.87 Mev in O"+ 
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(Received September 30, 1955) 


The bombardment of F’ by protons of energy greater than 3 Mev, and the beta decay of N™ are shown to 
give rise to gamma rays of energies 2.75+-0.02 Mev, 1.90+0.03 Mev, and 1.72+0.03 Mev. The first of these 
gamma rays is in coincidence with gamma rays of 6.1 Mev while the latter two are in coincidence with gamma 
rays of greater than 6.3 Mev. The relative intensities are in the ratio of 27:1:3, respectively. These obser- 
vations imply a state at 8.87+-0.02 Mev in O" formed in the reactions F"(p,a)O"* and N!*(8-)O"*; this 
state is very probably 2—. The relevance of this observation for the alpha-particle model of O"* is discussed. 


INTRODUCTION 


HE nucleus O'* occupies a very interesting place 

among the light elements because of its uniquely 
high symmetry properties. From the point of view 
of the shell model, it is a doubly-closed nucleus repre- 
senting the termination of the p-shell; from the point 
of view of the alpha-particle model it is the nucleus 
whose spherical symmetry is most naturally approxi- 
mated by the alpha-particle-like clusterings of two 
neutrons and two protons presupposed by that model. 
Because of this close relationship between the spherical 
symmetry expected from the Hartree model and the 
basic tetrahedral symmetry of the alpha-particle 
model it may reasonably be supposed that, if it is to 
work at all, O'* is the nucleus in which the alpha-particle 
model should be valid. This point of view has been 
particularly emphasized by Dennison.' It therefore 
becomes of particular interest to examine the states 
of O'* and to see to what degree they may be correlated 
with the predictions of the alpha-particle model. 
In doing this, we must admit at once that the alpha- 
particle model cannot give a complete description of 
O'® since it manifestly cannot account for states of 
T=1 nor can it account, for example, for those 7=0 
states that may be roughly thought of as alpha-particle 
states in which one or more alpha-particles are them- 
selves excited into T=0 states (or T=1 states for 
double alpha-particle excitation). However, we should 
in general terms expect that such states would be at 
rather high excitation (the first 7=1 state in O'* is at 
about 13 Mev) and that the alpha-particle model, 
if it is to be regarded as successful, should give some 
account of all states up to perhaps 12 Mev. It is 
appropriate at this point to remark that the antithesis 
between the shell model and the alpha-particle model 
is not so complete as is commonly represented. It is a 
result familiar from the theory of molecular orbitals in 
structural chemistry that strong internal spatial 
correlations exist between members of an assembly of 
Fermi-Dirac particles that may possess spherical 


t Work performed under the auspices of U. S. Atomic Energy 
Commission. 
* On leave from Cavendish Laboratory, Cambridge, England. 
1D. M. Dennison, Phys. Rev. 57, 454 (1940). 
2D. M. Dennison, Phys. Rev. 96, 378 (1954). 


symmetry in the laboratory frame of reference. These 
correlations are imposed by the Pauli principle and are 
very much more marked for example, than those due to 
Coulomb interaction. It is thus to be expected that 
the pure shell model of O"*, at any rate in its ground 
state, should in fact contain clusterings and correlations 
between the instantaneous nucleon positions that would 
bear a strong resemblance to the tetrahedral structure 
prescribed by the alpha-particle model.* This corre- 
spondence between the models might even persist for 
certain excited states but it cannot be supposed that 
the correspondence would be a general one and any 
detailed success of the alpha-particle model of O'* over 
a great number of levels cannot be equally claimed by 
the shell model merely on the grounds of the similarity 
of their predictions as concerns the ground state. 

The alpha-particle model in fact enjoys a rather 
remarkable success in the region of excitation below 
about 14 Mev where some fourteen to sixteen states 
have received convincing experimental assignments.‘ 
The model enjoys the freedom of four parameters that 
are fixed by association of chosen experimental levels 
with those of the model: they describe the rotation of 
the nucleus and the three basic vibrational modes. 
These four parameters having been fixed, the positions 
of all other levels of the alpha-particle model are 
prescribed. It is possible to make two sets of identifi- 
cations either of which accounts for all or almost all the 
observed levels with discrepancies in energy that are 
in general less than a few hundred kev.” This success is 
most astonishing and it is clearly of prime interest to 
examine the model further and to ask both whether 
there is any firm prediction of the model that may be 
tested against experiment and whether there is any 
point of obvious discrepancy between the model and 
experiment. On the first point there is a characteristic 
feature of the alpha-particle model that has not revealed 
itself so far by experiment, namely, the occurrence of 
degenerate states of the same spin but opposite parity. 
For certain modes of motion, interchange of two alpha 


’ This supposition has been borne out by detailed investigations 
of T. H. R. Skyrme and J. P. Elliott at Atomic Energy Research 
Establishment, Harwell (unpublished). 

4 See J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954) 
for the latest experimental summary. 
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particles gives rise to a splitting of the level into states 
of opposite parity; this interchange corresponds 
physically to a tunneling of one alpha particle through 
the center of the assembly in a manner reminiscent of 
the familiar inversion of the ammonia molecule. The 
splitting of the states is determined by the inversion 
frequency which would be expected to be rather low 
although very difficult to estimate ; Dennison’s estimate’ 
is that the splitting should be of the order of a few kev. 
In the earlier identification to fix the free parameters 
[Identification (b) of reference 2], one such degeneracy 
was associated with the 2+ state at 6.91 Mev which 
was therefore expected to have a 2— partner in its 
immediate vicinity. A careful search® failed to reveal 
such a partner populated in the reaction F(p,2)O" 
nor was any possible 2— state found in the region of 
excitation in O'® below 8.7 Mev. Again a study of the 
gamma rays associated with the 8 decay of N'® failed 
to reveal any gamma ray of about 1 Mev such as would 
have resulted from the M1 transition between the 
hypothetical 2— state, reached by an allowed transition 
from N'® (2—), and the 3— state at 6.13 Mev.® It 
appears from these studies to be most unlikely that a 
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Fic. 1. Three-crystal pair spectrum; F+ / at 3.9 Mev and 0° 
with respect to the proton beam. Data are recorded using a 
gray-wedge pulse-height analyzer. 
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5 Peterson, Fowler, and Lauritsen, Phys. Rev. 96, 1250 (1954). 
*G. A. Jones and D. H. Wilkinson (unpublished). 
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2— state in fact exists within several hundred kilovolts 
of the 2+ state at 6.91 Mev. An alternative identifi- 
cation is, however, possible within the alpha-particle 
model [Identification (a) of reference 2]; this leaves 
the 6.91-Mev level as a singlet and leads to an expected 
2+ degeneracy for the 2+ level at 9.84 Mev.‘ No other 
satisfactory identification appears possible and the 
whereabouts of the missing 2— level becomes a matter 
of grave concern for the alpha-particle model. As to the 
second point, that of possible discrepancy between the 
model and experiment, there are no clear indications of 
this in the literature. It is a characteristic feature of the 
model that a large gap in the level structure is predicted 
above the 1— level at 7.11 Mev running up to about 
9.4 Mev and the occurence of any state within this 
gap would be disturbing. (It may be noted here for 
future reference that, in either identification, states of 
3— and 0+, as yet not associated with any experimental 
level, are predicted close together at about 9.5 Mev.) 
There is a suggestion from O'*(p,p’)O"* that there may 
be a level at about 8.6 Mev’ which is almost in the 
middle of the delicate region, though this report 
conflicts with the indication from F'*(p,a)O"* that there 
is no new state below 8.7 Mev.°® 

Because of these two points, the question of the 
missing 2— state and the indication of an ‘‘unwanted”’ 
level in the gap at about 8.6 Mev, we undertook an 
examination of O'* in the region of excitation above 6 
Mev using the reaction F(p,a)O'* at bombarding 
energies of up to 4.1 Mev obtainable with the Brook- 
haven Research Van de Graaff generator. It appears 
from experience with the low-lying states of O'® that 
a level becomes populated fairly strongly in the above 
reaction when the available energy for the associated 
alpha-particle breakup rises above about 1.5 to 2 Mev. 
This leads us to expect that, in our experimental 
conditions, we should populate fairly strongly states in 
O"'* up to an excitation of roughly 10 Mev. We should 
therefore be in a position to excite states in the region 
of the gap mentioned above and also to excite the 2— 
partner of the 9.84-Mev state should it exist close by. 


EXPERIMENTAL METHODS AND RESULTS 
A. F'®(p,@)0" 


We have restricted ourselves to an examination of 
the gamma radiations from excited states of O'*. Since 
O'® above an excitation of 7.15 Mev is energetically 
unstable against breakup into C” in its 0+ ground 
state, and an alpha particle, we shall detect throughout 
the upper part of our region of investigation, only those 
states belonging to the sequence 0—, 1+, 2-, 
except in the very unlikely event that a state of the 
sequence 0+, 1—, 2+,--- possesses so small an alpha- 
particle width as to permit of successful competition 
by gamma rays. This latter possibility we discuss in 
detail later. 


7H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 1323 (1948). 
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Fic. 2. Three-crystal pair spectrum; F+/ at 3.9 
Mev and 0° with respect to the proton beam. 


A new gamma-emitting state of O'® could either make 
transitions to the ground state or deexcite by cascade 
through the group of levels between 6.06 and 7.11 Mev. 
We have therefore looked for gamma rays over a wide 
range of energies up to an energy of about 10 Mev. 
We have used exclusively NaI(TI) scintillation tech- 
niques, sometimes employing a_three-crystal pair 
spectrometer. The bulk of our work has been done with 
BaF, targets of about 2 mg/cm? on gold backings 
thicker than the residual range of the protons. The 
proton current has varied with the problem in hand 
from a few thousandths of a microampere up to about 
one microampere. 

Above proton energies of about 2.5 Mev we begin to 
see, in addition to the gamma rays of 6 and 7 Mev from 
O'*, gamma rays of 1.24, 1.35, and 1.45 Mev. These 
come from F" following the reaction F'°(p,p’)F"; they 
have been made the object of a separate investigation 
and will be reported on in another paper. A gamma ray 
of 2.7 Mev appears above a proton energy of 3 Mev. 
This could also arise from F'® following (p,p’) since 
there exists a state in F' at about 2.8 Mev which could 
cascade via that at 110 kev;’ as we shall see it in fact 


*See F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 
27, 77 (1955). 
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comes from O'*. This gamma ray has been observed 
over a wide range of proton energies and grows in 
intensity relative to the gamma rays of 6 and 7 Mev 
until, at E,=4.1 Mev its strength relative to the 
combined strengths of the gamma rays of 6.13, 6.91, 
and 7.11 Mev is 0.15. We have measured its energy 
in both single-crystal and three-crystal experiments. 

Figure 1 shows the three-crystal pulse-height distri- 
bution of the entire gamma-ray spectrum from 1.02 
Mev to 9.4 Mev taken at E,=3.9 Mev and at 0° to the 
proton beam. The new gamma ray of about 2.7 Mev 
is clearly revealed. This distribution is recorded by a 
gray wedge pulse height analyzer whose intensity scale 
is logarithmic. The full ordinate corresponds to an 
intensity ratio of about 80:1. Although the gamma rays 
of 6.91 and 7.11 Mev are not resolved from one another, 
they are both present as may be seen from the greater 
width of their combined peak compared with that 
representing the gamma ray of 6.13 Mev. It is clear 
that any gamma ray of energy greater than 7.1 Mev 
is of relatively very low intensity. No such higher- 
energy gamma ray of intensity as great as 5 percent 
of that of 6.13 Mev was seen at proton energies from 
1.3 to 4.1 Mev, in steps of 0.2 Mev. The spacing of 
these energies was chosen such that, by virtue of the 
finite target thickness, the entire interesting range of 
excitation in Ne” below 16.8 Mev would be covered. 
Any possible sharp resonance effects would therefore 
be included. 

Accurate energy measurements of the new gamma 
ray were made both with the single-crystal and the 
three-crystal pair spectrometer. One of the three- 
crystal spectra is displayed in Fig. 2. Figure 3 shows the 
new gamma ray observed in a 2 in. X 2 in. single-crystal 
spectrometer (using this time an Atomic Instrument 
Company 20-channel pulse-height analyzer) at E,=3.7 
Mev at 90° to the proton beam. Also shown in Fig. 3 
is the pulse distribution from the 2.7535+0.0010 Mev 


2.7535 *0.0010 Mev 


Fic. 3. Upper curve, 
; Mm NE OF Naz4 9} 


singles spectrum, F+p) at ~ 400+-+ 
3.7 Mev and 90° with 
respect to the proton beam; 
lower curve, the 2.7535 
+0.0010 Mev line of Na™. 
Data are recorded using an 
Atomic Instrument Com- 
pany 20-channel pulse- 
height analyzer. 
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Fic. 4. Spectrum in coincidence with gamma rays of energy 


greater than 4 Mev; F+¢ at 3.7 Mev and 90° with respect to the 
proton beam. 


gamma ray’ of Na*‘. From such experiments” we find a 
gamma-ray energy of 2.75+0.02 Mev. 

To establish that this gamma ray comes from O'* 
and not from F we must show it to be a member of a 
cascade either with high-energy gamma rays or with 
pairs from the 0+ state at 6.06 Mev. To do this we 
set up two Nal(TI) crystals each at 90° to the beam 
on either side of the target. The first crystal was biased 
to record gamma rays above an energy of about 4 Mev; 
the second crystal was operated in coincidence with 
the first and displayed gamma rays of energy less than 
about 5 Mev. A typical coincidence spectrum revealed 
by the second crystal at E,=3.7 Mev is shown in 
Fig. 4. We see the spectrum characteristic of a 2.7-Mev 
gamma ray proving that this gamma ray comes from 
O'*. A few points about the spectrum of Fig. 4 are 
noteworthy: the peak at about 1.4 Mev is due to 
gamma rays from F" referred to above and appears as 


® A. Hedgran and D. A. Lind, Arkiv Fysik 13, 178 (1952). 

© The greater part of this work has been performed using 
DuMont 6292 Photomultiplier tubes. The gain of these tubes 
varies substantially with the counting rate [Bell, Davis, and 
Bernstein, Rev. Sci. Instr. 26, 726 (1955) ], an increase in that 
rate by a factor two resulting, for some tubes, in an increase in 
pulse height by as much as 2 percent. We have taken great care, 
whenever accurate energy measurement has been involved, to 
allow for this rate-dependent gain according to an empirically- 
established procedure. 
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chance coincidences; a strong peak due to annihilation 
radiation is also seen; the peak at 1.7 Mev is in the 
correct position to be a ‘“two-annihilation-quanta 
escape peak’’ following pair conversion of the 2.7-Mev 
line in the crystal but it seems by comparison with the 
spectrum of Na™ to be perhaps a little too strong 
relative to the photopeak. This constitutes our first 
suggestion that gamma rays of about 1.7 Mev may 
also be present. 

At this point we may digress to note that if indeed, 
as suggested by the alpha-particle model, there were 
a 2— state degenerate with the 2+ state at 9.84 Mev, 
it would be unable to break up by alpha-particle 
emission. It would most probably decay chiefly by M1 
radiations to the 3— state at 6.13 Mev (£,=3.71 Mev) 
and to the 1— state at 7.11 (£,=2.73 Mev). E1 decay 
to the 2+ state at 6.91 Mev would be forbidden by the 
isotopic spin selection rule. Our observation of a gamma 
ray of 2.7 Mev coincident with gamma rays of greater 
than 4 Mev is thus far very much in line with the 
expectation of the alpha-particle model, the preference 
of the 2.7- over the 3.7-Mev M1 transition being 
presumably due to some minor quirk of the matrix 
elements. It was of first importance to decide with which 
high-energy gamma ray the 2.7-Mev line was in 
coincidence. 
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Fic. 5. Singles spectrum showing 6- and 7-Mev radiations from 
F+ 9 at 3.7 Mev and 90° with respect to the proton beam. 
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This point was settled by reversing the previous 
procedure and examining the high-energy gamma rays 
that are in coincidence with the low. This is more 
difficult because the background of chance coincidence 
counts is now made up chiefly of the same gamma rays 
of 6 and 7 Mev that will constitute the genuinely 
coincident radiations. We used essentially the same 
geometry as described above and placed a coincidence 
channel from 2.5 Mev to 3.0 Mev on the “low-energy 
crystal” to detect the gamma ray of 2.7 Mev with 
greatest efficiency while keeping clear of the possible 
gamma ray of 1.7 Mev. Owing to the chance coin- 
cidence problem it is important to establish well the 
spectrum expected of these chance coincidences; this 
is just the spectrum seen by the “high-energy crystal’’ 
without imposing any coincidence condition. A typical 
“chance coincidence” spectrum is shown in Fig. 5. 
The various lines above 4 Mev are due to, reading 
from the low-energy side: at 5.1 Mev the “‘two-annihila- 
tion-quanta escape peak”’ of the 6.13-Mev gamma ray; 
the “‘one-annihilation-quantum escape peak” of the 
same gamma ray; the full energy loss peak of the 
6.13-Mev gamma ray superimposed on the ‘‘two-escape 
peaks” of the 6.91- and 7.11-Mev gamma rays; much 
weaker, the “‘one-escape peaks’’, lying almost together, 
of the 6.91- and 7.11-Mev gamma rays, and finally a 
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Fic. 7. Spectrum in coincidence with 1.5 to 1.9 Mev radiation; 
F+> at 3.7 Mev and 90° with respect to the proton beam 


suggestion of the full energy loss peaks of these same 
lines. Figure 6 shows the spectrum observed when the 
coincidence condition is imposed. We see that, while 
the same first two peaks are still strong, the full energy 
loss peak of the 6.13-Mev line is much weaker in Fig. 6 
than in Fig. 5, while there is little sign of any higher 
energy peaks. This is just the spectrum expected of a 
pure 6.1-Mev line and demonstrates that the 2.7-Mev 
gamma ray is in cascade with a gamma ray of 6.13 Mev 
rather than with the 6.91-Mev or 7.11-Mev gamma rays. 
It is, therefore not a 2— state degenerate with the 
2+ state at 9.84 Mev that concerns us here but, rather, 
a new state at about 8.8 Mev. 

This observation of course, removes any possible 
worry about the failure of a 3.7-Mev line to appear 
and reinforces the hint of Fig. 4 that a 1.7-Mev gamma 
ray may also be present. Such a gamma ray could 
occur in a cascade via the level at 7.11 Mev. To in- 
vestigate this possibility we repeated the previous 
experiment of looking for high-energy gamma rays in 
coincidence with those of low energy but now set the 
coincidence channel in the low-energy crystal from 1.5 

| Mev to 1.9 Mev to catch the possible 1.7-Mev line, 

4 6 (but also inevitably include a great number of pulses 

Y ENERGY IN Mev from the 2.7-Mev line). The coincident spectrum in the 
Fic. 6. Spectrum in coincidence with 2.5 to 3.0 Mev radiation; high-energy crystal 7 shown in Fig. op On comparing 
F+ at 3.7 Mev and 90° with respect to the proton beam. Fig. 7 with Figs. 5 and 6 it appears fairly clear that the 
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Fic. 8. Spectrum in coincidence with gamma rays cf energy 


greater than 6.3 Mev; F+/ at 3.7 Mev and 90° with respect to 
the proton beam. 


higher-energy lines have in fact been accentuated 
relative to Fig. 6 and that we are heading back in the 
direction of the the balance of intensities of Fig. 5. It 
therefore seems probable that gamma rays of 6.9 Mev 
or 7.1 Mev or both are involved in cascades from the 
state at about 8.8 Mev. This evidence falls short of 
being convincing and in particular does not tell us to 
which of the two possible states at 6.9 Mev and 7.1 Mev 
the secondary cascade goes. Such knowledge is of great 
importance as we shall see later. To settle this point, 
we reverted to the earlier procedure of Fig. 4, of 
examining the low-energy gamma rays in coincidence 
with the high. This time however, we set the bias 
on the high-energy crystal at 6.3 Mev so that it does 
not respond to gamma rays of 6.13 Mev but still is 
actuated by those of 6.91 and 7.11 Mev. The resul} 
of this experiment is shown in Fig. 8. A clear peak at 
about 1.7 Mev is seen. This cannot now be the “two- 
escape peak” of the 2.7-Mev line since no corresponding 
photopeak appears (compare Fig. 4) and shows that 
the 8.8-Mev state also cascades, though relatively 
weakly, through the state at 7.11 Mev. Seen also in 
Fig. 7 is a fairly distinct peak at about 1.9 Mev that 
we believe to be genuine. Such a gamma ray indicates 
a yet weaker branching of our level to that at 6.91 Mev 
(the sharp cutoff below 1.2 Mev is imposed elec- 
tronically to avoid halation from low-energy pulses). 
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To check the presence of the 1.9-Mev line we repeated 
the experiment under similar conditions but with 
higher dispersion, using the 20-channel pulse-height 
analyzer, and obtained the distribution shown in 
Fig. 9. The 1.7-Mev line shows strongly and the 1.9-Mev 
line appears with greater certainty. We regard the 
presence of the 1.9-Mev line as established."! From 
these measurements we derive energies of 1.72+0.03 
Mev and 1.90+0.03 Mev for the two weaker lines. 
These energies and that of the 2.7-Mev line taken 
together with the energies of the 6.13, 6.91, and 7.11 
levels fx the new state at 8.87+0.02 Mev. We may 
note that the various measurements are only just 
consistent within the assigned probable errors. We can 
see no reason for increasing the error on our measure- 
ments of gamma-ray energy but would not like to 
suggest any revision of the apparently very accurately 
determined level energies for the 6.91-Mev and 7.11-Mev 
states. The very long runs involved in the measure- 
ment of our lower energy lines and the troubles associ- 
ated with the rate-dependent gain of our photo- 
multipliers may hide systematic errors of which we are 
unaware. 

We find the intensities of the three lines, 2.7 Mev, 
1.9 Mev, and 1.7 Mev to be in the ratio of 24:1:3 while 
the strength of the ground state transition is less than 
3.8 in these units. These intensities refer to poor- 
geometry arrangements with detectors at 90° with 
respect to the proton beam. With these arrangements 
angular correlations between the successive gamma 
rays are of least importance and have been neglected. 

It is interesting to note that, simultaneously with 
the experiments reported above, Sherr and Hornyak at 
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Fic. 9. Conditions as in Fig. 8 but using the Atomic Instrument 
Company 20-channel pulse-height analyzer. 


4 A single run such as is summarized in Fig. 8 or Fig. 9 takes 
about six hours to complete. 
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Fic. 10. Singles spectrum of gamma radiation 
following N'* beta decay. 


Princeton University have detected” a state of O'* at 
8.87+0.03 Mev in the reaction O'*(p,p’)O'® using 
protons of 19 Mev. Their primary measurement is of 
the energy of the inelastically scattered protons and 
the agreement in level position given by the two 
methods is very gratifying. These authors observe by 
means of proton-gamma ray coincidence experiments 
that this state leads to the emission of gamma rays of 
about 6 Mev and their results contain in addition the 
suggestion that gamma rays of about 7 Mev may also 
be involved in the proportion of about 20 percent of 
those of 6 Mev. A gamma ray of about 2.4 Mev is also 
probably present. These results agree very well with 
ours reported above. 


B. N'* Beta Decay 


Energetically, the new level in O'* at 8.87 Mev could 
be formed by the decay of N'® which is known® to 
decay to O'* by beta-ray emission with a half-life of 
7.4 seconds and with a total energy release of 10.4 Mev. 
The known beta branching is approximately 18 percent 
to the ground state of O'*, 75 percent to the 6.13 Mev 
3— level, and 7 percent to the 7.11 Mev 1— level. The 
log ft values correspond to allowed transitions to the 
6.13- and 7.11-Mev levels and to a first forbidden 
transition to the 0+ ground state. A 2— assignment has 
been made to the N'® ground state as being consistent 
with these beta-decay results. Since a branch to the 


2 R. Sherr and W. F. Hornyak, Phys. Rev. 99, 632 (1955) and 
private communication. 
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8.87-Mev level could provide further information as 
to the spin and parity of this state, we have undertaken 
an investigation of the N'* decay. No gamma radiation 
corresponding to such a state has been reported in 
previous studies of N’*. 

A constant source of N!® activity was obtained by 
placing a cylindrical brass water cell of 2 cubic inch 
volume in contact with a thick LiOH Van de Graaff 
target. Fast neutrons from the deuteron bombardment 
of Li’ irradiated the water in the cell and made N'* by 
the O'®(n,p)N'® reaction. A flow of one cubic inch of 
water per seven seconds originated from a water tap 
and, after being irradiated in the target cell, passed 
through a fifty-foot length of small-diameter copper 
tubing to a source cell located in a nearby laboratory. 
Adequate N'® activity was obtained with deuteron 
beams of 10-20 microamperes at 2.6 Mev. With a 
steady flow of water and a constant beam current, the 
N'® source was essentially in equilibrium with the 
beam after the first half-minute of irradiation. 

Using a cylindrical source cell 2 inches in diameter 
by 3 inch thick, we obtained the gamma-ray spectrum 
following decay of N'® as shown in Fig. 10. The Nal 
crystals used for the N'® studies were shielded from the 
energetic beta rays by } inch of brass. All data were 
obtained using the Atomic Instrument Company 
twenty-channel pulse height analyzer. The prominent 


peaks corresponding to full energy loss, escape of one 
annihilation quantum, and escape of both annihilation 
quanta of the 6.13-Mev gamma rays are seen as well as 
the weaker lines for the 7.11-Mev radiation. In addition, 
a weak line appears at 2.7 Mev. Figure 11 shows the 
2.75-Mev peak with higher dispersion. The gain for 
Fig. 11 is nearly the same as in Fig. 3. We find the 
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Fic. 11. Singles spectrum of gamma radiation following N'® 
beta decay in the region of the 2.75-Mev peak. The gain is nearly 
the same as in Fig. 3. 
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Fic. 12. Spectrum from 2.3-3.1 Mev in coincidence with gamma 
rays of greater than 4.5 Mev following N'* beta decay. 


intensity of this gamma ray to be 1.3 percent of the 
6.13-Mev radiation. 

To show that this gamma ray originated from the 
8.87-Mev level in O'*, we followed procedures closely 
similar to those used in the F"*(p,a)O"® investigations. 
Figure 12 shows part of the spectrum in coincidence 
with gamma rays of energy greater than 4.5 Mev. The 
prominent peak corresponds to an energy of 2.75 Mev. 
The spectrum from 1.5 to 3 Mev is similar to the 
corresponding portion of Fig. 4. When coincidences 
with gamma rays of energy greater than 6.4 Mev were 
observed, the 2.75-Mev spectrum was removed as 
expected and lines at 1.7 and 1.9 Mev are seen. Figure 
13 is to be compared with Fig. 9. We find the intensities 
of the three lines 2.7 Mev, 1.9 Mev, and 1.7 Mev to be 
in the ratio 30:1:3. This agrees within the error of the 
determinations with the corresponding ratio obtained 
in the F-+p investigation. We conclude then that the 
gamma rays present in the reaction F'*(p,a)O"* are also 
present in N'® beta decay and in the same relative 
amounts. The observed intensities determine a beta 
branch of 1.1 percent to the 8.87-Mev state (under the 
assumption that every 6 transition to the new state is 
followed by a gamma ray i.e., neglecting the possibility 
of its a decay). This corresponds to a log ft value of 4.4. 

In order to obtain further data bearing on the spin of 
the 8.87-Mev level, angular correlation measurements 
were made between the 2.75- and 6.13-Mev gamma 
rays. In this experiment a cylindrical cell one inch in 
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diameter by two inches high was used and the front 
faces of the two 2 in.X2 in. Nal crystals were each two 
inches from the center of the source. The axis of the 
cell was at right angles to the plane defined by the 
detectors. This poor geometry was necessitated by the 
low counting rates obtained. When one detector was set 
to observe pulses between 2 and 3 Mev and the other 
for pulses greater than 3.5 Mev, the correlation shown 
in Fig. 14 was observed. Simultaneous recording of the 
pulse height distribution showed that the coincidence 
spectrum between 2 and 3 Mev was characteristic of 
2.75-Mev gamma rays. The line drawn in Fig. 14 is a 
least squares fit assuming a function a+: cos’? 
+a, cos‘#. This uncorrected correlation shows a positive 
anisotropy (coincidence rate for @=0° divided by that 
for 8= 90° minus one) of 41 percent. With ao normalized 
to unity, d2= —0.16+0.24 and a,=0.57+0.22. These 
coefficients surely do not represent the true angular 
correlation, however, owing to the source having length 
and radial extent as well as the detectors subtending 
nonzero solid angles at the source. In order to obtain 
information concerning the magnitude of the distortion, 
the angular correlation of Bi’ was run under conditions 
closely similar to those of the N'* correlation by using 
a liquid sample one inch in diameter by two inches high. 
The 1.06-0.57 Mev correlation in Bi?’, which is known 
from good geometry determinations to be" 1+-0.46 cos’@ 
—0.099 cos‘, appeared to be 1+0.13 cos’*#+0.068 cos‘#. 
Therefore, not only is the anisotropy changed from 36 
percent to 20 percent, but there is also much change in 
the shape of the true correlation function. Owing to the 
large distortion due to the poor geometry, we feel that 
the N'® correlation results merely indicate a positive 
anisotropy (with a corrected value of perhaps 70 
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Fic. 13. Spectrum from 1.5-2.25 Mev in coincidence with gamma 
rays of greater than 6.4 Mev following N’® beta decay. 

( ‘8 F, K.§McGowan and E, C. Campbell, Phys. Rev. 92, 524 

1953). 
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percent). The magnitude and uncertainty of the 
corrections make the derivation of coefficients 
unreliable. 

The experimental] situation as it concerns the new 
state is shown in Fig. 15, where the energies and 
probable errors for the lower-lying states are taken 
from the literature. 


DISCUSSION 


Our observation is that a state at 8.87 Mev in O'* 
emits gamma radiation in successful competition with 
alpha particles; such alpha-particle breakup has 1.72 
Mev of available energy. The new state is formed both 
in the beta decay of N'® (with an allowed log ft value 
of 4.4) and in the F"(p,a)O"® reaction; the mode of 
decay of the state is independent of the manner in 
which it is formed. Since the three gamma rays from 
the new state are of comparable intensity it appears 
most likely that they are of the same multipolarity; 
since they lead to states of spin 1, 2, and 3 it seems 
most probable that the 8.87-Mev state has J/=2, all 
transitions being dipole. If we accept 2— for the assign- 
ment of N'* as seems rather sure the observed allowed 
log ft value requires 1—, 2—, or 3— for the 8.87-Mev 
state. These two observations then make the new state 
2—. Such an assignment would also explain why the 
direct ground-state transition is relatively weak since 
it would be M2. Its strength relative to the 2.7-Mev 
M1 radiation would be predicted to be 0.06 by the 
single particle model. This does not conflict with the 
experimental upper limit of 0.15. The transitions to 
the 3— and 1— states will be both magnetic dipole and 
so we should a priori expect an intensity ratio between 
these transitions of (2.75/1.72)*:1=4.1:1; this figure 
accords well with the experimental 9:1. Since the N'® 
results require negative parity for the new level and 
all the states with which we are concerned are of 
T=0, the 1.90-Mev gamma ray is an isotopic-spin- 
selection-rule-forbidden £1. From experience in this 
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Fic. 14. Angular 
correlation of 2.75- 
6.13 Mev radiation 
following N'® beta 
decay. The line is a 
least squares curve 
assuming W(@)=ap 
+2 cos*@+<a, cos. 
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Fic. 15. Energy level diagram of O'* up to and including the 
8.87-Mev state; the energies and probable errors for the first four 
excited states have been taken from the literature. 


region of excitation in this and other light nuclei we 
should expect the inhibition on an £1 transition due 
to the isotopic spin rule to amount to a factor of about 
100 to 1000. For an inhibition of a factor of 100, we 
should expect @ priori the ratio of the radiative widths 
of a 1.72 M1 to a 1.90 E1 to be 11:1. This figure is 
based on the systematics of such transitions in light 
nuclei.'* This ratio can be compared with the observed 
ratio of 3:1 from which we see that either the 1.90-Mev 
gamma ray is disturbingly intense (appearing to be 
discouraged by a factor of only 30 or so), or that the 
1.72-Mev gamma ray is somewhat weaker than the 
most probable M1 strength in light nuclei. 
Elucidation of this problem comes from considera- 
tion of the angular correlation between the 2.75- and 
6.13-Mev gamma rays measured in the N'® decay. 
Although our measurements are performed in very 
poor geometry they establish two important points: 
firstly that there is considerable positive anisotropy, of 
the order of 70 percent in all probability ; secondly that 
there seems to be a significant term in cos‘#? in the 
correlation. (Note that for a detecting and source 
system having the symmetries of ours, no P,(cos@) 
term can be generated by the bad geometry if none is 
present in the true correlation.) We shall now see that 
these points are related. The theoretical angular 
correlations are, for initial states of J=1, 2, and 3, 


4D. H. Wilkinson, Phil. Mag. 44, 450 (1953) and Phil. Mag. 
(to be published). 
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where a’ is the intensity of quadrupole relative to 
dipole in the first gamma ray for /=2 and 3. J=1 gives 
an anisotropy of +78 percent. For pure dipole radiation, 
J=2 and 3 give anisotropies of —39 percent and +70 
percent respectively. 

J=1 is consistent with the experimental pattern. 
J=3 gives the correct anisotropy for pure dipole 
radiation but this is not consistent with our observation 
of a probably significant term in cos‘#. In order to 
produce the correct anisotropy for /=2 we must have 
a’=0.19 (choosing the sign to give the smaller value) 
which also agrees with experiment in giving a significant 
cos‘# term. 

The 1.90-Mev £1 transition is therefore competing 
either with pure £2 transitions or with a transition 
containing a strong E2 admixture whichever spin 
assignment is made to the 8.87-Mev level: for J=1—, 
the 2.75-Mev gamma ray is predominantly £2; for 
J=2—, the angular correlation implies that the 
2.75-Mev gamma ray is about 16 percent quadrupole; 
for J=3—, the 1.72-Mev gamma ray is predominantly 
E2. For each case, comparison of the computed (single 
particle) strengths of the £2 component involved and 
the 1.90-Mev £1 gamma ray with those observed 
indicate respective inhibition factors for the £1 transi- 
tion of about 6X10*, 900, and 710%. Of these three 
factors, the first and last are rather larger than we 
should expect to find while that resulting from the 
choice J =2— is of the right order. 

If we persist with the assumption that the £2 
component of the 2.75-Mev transition has single- 
particle strength (and we cannot take it to be very 
much weaker without running into too great an isotopic 
spin discouragement of the 1.90-Mev £1 transition) 
we find from the angular correlation results that the 
Mi component (taking J=2—) is some 20 times 
weaker than the most probable M1 strength in light 
nuclei." Since for J=2—, the £1 has been seen to have 
the expected inhibition, the observed ratio for the 
1.72-Mev M1 to the 1.90-Mev £1 transition implies 
that roughly the same figure applies for the 1.72-Mev 
M1 transition also. These figures are not at all extra- 
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ordinary since the empirical distribution of M1 strengths 
spreads by a factor of 20 in either direction from the 
most probable value." 

We see then that our assignment of 2— to the 
8.87-Mev state accords best of the three possibilities 
with the angular correlation results and with the 
observed strength of the forbidden £1 transition. 

The assignment of negative parity for the new J=2 
level receives strong support from the observation that 
gamma-ray emission competes favorably with alpha- 
particle emission. If the state is indeed 2—, alpha- 
particle emission is rigorously forbidden and we have 
no problem. On the other hand, a 2+ state (which 
might possibly give the observed gamma-ray branching 
ratios) could emit d-wave alpha particle. In the F+p 
work at £,=4.1 Mev, the strength of the 2.7-Mev 
line is 0.15 of the combined strengths of the 6.1, 6.9, 
and 7.1-Mev lines and this proportion is still increasing 
rapidly with proton energy. It appears therefore that 
alpha-particle emission from the 8.87-Mev level cannot 
enjoy a width greater than that for gamma-ray emission 
by more than a small factor or we should have to 
suppose that alpha-particle transitions from Ne” leading 
to O'* in the 8.87-Mev state were very much more 
likely than alpha-particle transitions to the lower 
states. The same conclusion is reached from considera- 
tion of the log ft value of the 8 transition that feeds 
this state from N'®. We have log ft=4.4 under the 
assumption of no alpha decay of the 8.87-Mev state 
and this log ff value cannot be decreased very much 
without making it a super-allowed transition which 
there is no reason for supposing it to be. For the 
purpose of discussion, let us set a limit on a possible 
alpha-particle width of 3 times that for gamma-ray 
emission. This would make log ft=3.8 which is very 
small. To estimate this limit we consider the 1.90-Mev 
transition which would be an M1 if the 8.87-Mev 
state were 2+. The other transitions would be isotopic 
spin forbidden £1 transitions and the problem of 
guessing their strength is more complicated. From the 
systematics’ we would estimate about 0.02 ev for the 
width of an M1 transition of 1.90 Mev. The large 
fluctuations which exist are in the direction of much 
smaller widths than expected from the single-particle 
model and such a fluctuation would only strengthen 
the following argument. If we adopt the high value of 
0.1 ev as the assumed M1 gamma-ray width (and 
ignore the great difficulties with the widths of the 
isotopic spin forbidden £1 transitions that would then 
follow) this leads to an upper limit of about 10 ev 
on the competing alpha-particle width. This implies 
that the reduced width for alpha-particle emission from 
the 2+ state at 8.87 Mev would have to be less than 
0.03 percent of the “Wigner limit” of 34?/2MR, where 
M is the reduced mass of the system and R is the 
“black box” radius.'*.® The smallest reduced width for 


18In order to translate from width to reduced width, the 
Coulomb penetrability factor must be known. This has been 
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alpha-particle emission ever recorded for any well- 
isolated T=0 level in any nucleus is 0.15 percent of the 
Wigner limit, that for the 2+ state in O'* at 9.83 
Mev,’ and so it would be unlikely that in fact the state 
in question here could be 2+.!7 

If we alternatively adopt a realistic view towards 
the isotopic-spin-forbidden transitions and say that 
they are surely discouraged by a factor of at least 
100, we similarly arrive at an alpha-particle width of 
less than 3X10~ percent of the Wigner limit. (We 
again take as our estimate of a reasonable upper limit 
to an “uninhibited” dipole width five times the most 
probable value given by the systematics.) Acceptance 
of the quadrupole component in the 2.75-Mev gamma 
ray indicated from the angular correlation data would 
make the alpha-particle width much smaller still. 

Similar arguments may be used to show the im- 
plausibility of the 1— and 3— assignments for the 
8.87-Mev level made possible by the N!® results and 
discussed above in connection with the angular correla- 
tions and the isotopic-spin-forbidden transition. Either 
state would be unstable against alpha-particle emission 
and for either state one of the observed gamma rays 
would be a pure £2. If we take the £2 strength to be 
the full single-particle value and proceed as before, 
we find upper limits to the reduced alpha-particle 
width of 3X10-® percent and 3X10~° percent of the 
Wigner limit for the 1— and 3— possibilities respec- 
tively; these appear to be inadmissibly small. 


computed using as “radius” of the system the figure 1.4 (12!+-4!) 
X10-8 cm=5.43X10-"% cm which was found most satisfactory 
for analysis of the scattering of alpha-particles by C".4-16 

16 R, W. Hill, Phys. Rev. 90, 845 (1953). 

17Tt may be argued that the reason why no smaller reduced 
alpha-particle widths are known is that the states concerned 
would not then have been detected at all in alpha-particle scatter- 
ing. This argument is correct insofar as it concerns the setting of 
limits on alpha-particle widths by scattering. It does not apply 
to the many examples in which the level is detected in some other 
process, such as (p,7) where the absence of alpha particles would 
in certain cases have enabled limits of orders of magnitude less 
than 0.1 percent of the Wigner limit to have been placed on the 
alpha-particle width, had it in fact been very small. 

We might expect to find smaller alpha-particle reduced widths 
in regions where they may be forbidden by the isotopic spin rule 
and where the close crowding of levels will produce small widths 
in the usual way. Indeed the 0+ state in Ne” formed by adding 
protons of 843 kev to F” shows a reduced alpha-particle width as 
low as 107% percent of the Wigner limit [E. U. Baranger, Phys. 
Rev. 99, 145 (1955) ], but this level may well be of T= 1 and is in 
a region where level spacings are only a few tens of kilovolts 
whereas we are interested in 7=0 levels separated by many 
hundreds of kilovolts. 

A level in C at 15.1 Mev seems to decay by gamma emission 
in successful competition with alpha-particle emission [Cohen, 
Moyer, Shaw, and Waddell, Phys. Rev. $6, 714 (1954); Rasmussen, 
Rees, Sampson, and Wall, Phys. Rev. 96, 812 (1954) ] for which 
about 7.7 Mev is available. However, this state is quite possibly 
the analog of the (1+) ground state of B"—N¥® in which case 
alpha-particle emission would have to be by d-waves to the 
2.9-Mev state of Be® and would be forbidden by the isotopic 
spin rule. If we take Tg <10I', as suggested by Rasmussen ef al. 
and a reasonable upper limit to the radiative width of five times 
the most probable value, we find a reduced alpha-particle width 
of less than 0.2 percent of the Wigner limit. This is a very reason- 
able figure in view of the probable isotopic spin inhibition and so 
does not constitute a case similar to the one we discuss in O"*, 
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We see that according to the varied arguments 
discussed above, by far the most likely assignment for 
the new level at 8.87 Mev is 2—. In addition, no 
radiations have been observed which would correspond 
to the excitation of another level of the same charac- 
teristics at or near the 2+ level at 9.84 Mev. It there- 
fore appears that these present results represent a 
considerable discrepancy with the alpha-particle model. 
Not only does the expected 2— state fail to appear 
as a partner to either of the 2+ states at 6.91 and 9.84 
Mev but the observed state occurs in the middle of 
what the alpha-particle model requires to be a gap 
in the level distribution. To associate this present 2— 
state with either of the 2+ states would require an 
“inversion splitting” of the order of an Mev rather 
than the expected few kev and this seems rather 
difficult to understand.!* 

In view of the success of the alpha-particle model for 
O'*, we must examine whatever alternative interpre- 
tations of our results would be consistent with that 
model. In the first place, we might argue that the true 
missing 2— companion to the 2+ level at 9.84 Mev 
is at a slightly higher energy than our experiment would 
have easily attained, say 10.5 Mev. Although this 
would involve the assumption of a surprisingly large 
inversion energy, we must recognize its possibility. 
Alternatively we may suppose that the missing 2— 
state is in fact close to a 2+ state but, owing to some 
peculiarity of the reaction, is not strongly reached by 
F'°(p,a)O"*. This is not an attractive assumption since 
the known states of O'® are populated more-or-less 
equally when a reasonable energy becomes available 
for alpha-particle emission to them. Also, from the 
Princeton results,’ we should have to assume that a 
similar inhibition on the formation of the 2— state 
existed also in O'*(p,p’)O"*. If we were willing to admit 
that the required 2— companion of the 2+ state at 
6.91 or 9.84 Mev had yet again been overlooked, we 
should still have to explain our new state at 8.87 Mev. 
Were it not for the N'® observations, hope of doing this 
might have resided in the 3— and 0+ states which, as 
was noted in the Introduction, the alpha-particle 
model predicts to lie close together at about 9.5 Mev 
and which have not yet been found experimentally’ 
If these states lay very close together (within 50 kev 
or so) at 8.87 Mev instead of 9.5 Mev, the gamma-ray 
emission to be expected from them, assuming they are 
formed in more or less equal amounts, would be 
consistent with that observed: the 2.75-Mev line would 
be an M1 from the 3— state; the 1.90-Mev line would 


18 This inversion is the aspect of the alpha-particle model for 
which the classical picture is least good and although the tunneling 
may appear to be very difficult looked at in terms of the motion of 
hard spheres, it may in fact be a fairly rapid process in which 
considerable polarization and interpenetration of the alpha- 
particle structures takes place. In this way we might understand 
even so large a splitting as 1 Mev for the degenerate states while 
yet retaining the chief results of the alpha-particle model for 
those motions that are easy to picture classically. 
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be an isotopic spin forbidden £1 from the 3— state; 
the 1.72-Mev line would similarly be an isotopic spin 
forbidden £1 from the 0+ state.!® However, the 0+ 
member would be formed via a first forbidden transition 
from N'® while the 3— would result from an allowed 
transition. Hence, the 1.72-Mev to 2.75-Mev intensity 
ratio would be greatly decreased following N'® decay 
as compared with F+ 9 if the doublet assumption were 
valid. This is contrary to observation. The unlikelihood 
that our new state is a single 3— (alpha-particle model) 
state has already been discussed. 

We should now like to make a general comment on 
the situation as regards the comparison between the 
alpha-particle model of O'* and experiment. So far, 
attention has centered on the agreement in energy 
between the theoretical and experimental levels; but 
if the model is to be acceptable it must also give an 
adequate account of the dynamical properties of the 
states. In particular, we should ask what the model 
has to say about the reduced alpha-particle widths. 
These show experimentally a very wide range from 
0.15 percent of the Wigner limit for the 2+ state at 


The need to investigate this alternative explanation has been 
particularly stressed by Professor H. T. Richards. 
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9.84 Mev to 85 percent of the Wigner limit for the 
1— state at 9.58 Mev. Although one could not hope 
that the model would give a detailed account of the 
widths, it must at least predict allowed transitions 
for those states that show experimentally large reduced 
widths and forbidden transitions for those with very 
small widths. Unless such qualitative correspondence 
emerges between theory and experiment for the 
dynamical properties of the states the present agree- 
ment in energy must be regarded as largely fortuitous. 

It would also be very valuable to know the predictions 
of the alpha-particle model in relation to radiative 
widths. It appears probable” that the predicted lifetime 
of the alpha-particle model against pair emission from 
the 0+ state at 6.06 Mev is too short by a considerable 
factor. Again the emission of £1 radiation from the 1— 
state at 7.12 Mev with a width of at least 0.02 percent 
of the single-particle value” constitutes a violation of 
the strict alpha-particle model (as it does of the more 
general isotopic spin rule). 


* Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 413 (1954). 

2! Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). 
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Differential Elastic Scattering of 14-Mev Neutrons in Bi, Ta, In, Fe, and St 


J. O. Extior 
Naval Research Laboratory, Washington, D. C., and University of Maryland, College Park, Maryland 
(Received September 1, 1955) 


The differential elastic scattering cross sections of Bi, Ta, In, Fe, and S for 14-Mev neutrons were measured 
at scattering angles between 5° and 55° with an angular resolution varying from +1° to +3° using a cylin- 
drical geometry and a biased scintillation detector with a threshold of 12 Mev. Multiple-scattering correc- 
tions were made using an approximate theoretical method. The experimental results were compared to 
calculated cross sections using a phase-shift analysis based on the complex square-well model of the nuclear 


interaction. 


EVERAL investigators'* have recently reported 

measurements of differential elastic scattering cross 
sections for medium energy neutrons and have com- 
pared their results with the theoretical approach of 
Feshbach, Porter, and Weisskopf.* These experiments 
have been confined to the energy region 1-5 Mev. In 
order to examine the applicability of this theory to 
higher energy neutrons, the present study of the dif- 
ferential elastic scattering cross sections of selected 


t A portion of a dissertation submitted to the Graduate Faculty 
of the University of Maryland in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 

1M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

2S. C. Snowdon and W. D. Whitehead, Phys. Rev. 94, 1267 
(1954). 

3M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 

4 Jennings, Weddell, Alexeff, and Hellens, Phys. Rev. 98, 582 
(1955). 

5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


medium and heavy weight elements has been under- 
taken for incident 14-Mev neutrons. This higher energy 
presents an advantage when dealing with the “gross 
structure” approximation of the theory in that com- 
pound elastic scattering can be essentially neglected, 
and comparison of the experimental results with the 
theoretical predictions becomes simpler. Also there is 
only a limited amount of experimental information 
available concerning 14-Mev neutron differential elastic 
scattering in medium and heavy weight elements. 
Early results of Wakatuki and Kikuchi®’ at this energy 
showed that the scattering was predominantly in the 
forward direction. Later Amaldi et al.* were successful 

®°T. Wakatuki and S. Kikuchi, Proc. Phys.-Math. Soc. Japan 
21, 656 (1939). 

7T. Wakatuki, Proc. Phys.-Math. Soc. Japan 22, 430 (1940). 


*Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, Nuovo 
cimento 3, 203 (1946). 








SCATTERING OF 
in demonstrating in the case of lead the typical diffrac- 
tion pattern associated with this scattering phenomenon 
and obtained qualitative agreement between their re- 
sults and the Placzek-Bethe optical diffraction model of 
the scattering.’ More recently preliminary results of the 
differential elastic scattering of 14-Mev neutrons in 
elements of widely varying mass numbers have been 
reported by various experimenters.'°-” 


EXPERIMENTAL DETAILS 


The H*(d,n)He* reaction was used as a source of 
14-Mev neutrons. Targets of the thick Zr-T type” 
were bombarded with an unanalyzed beam of 180-kev 
deuterons in a Cockcroft-Walton accelerator."* During 
the experiment the rate of production of neutrons from 
the reaction was held constant and was continuously 
monitored by counting the companion alpha-particle 
rate with a KI scintillation detector. 

The scattering experiment was performed at 90° to 
the direction of the deuteron beam and is shown sche- 
matically in Fig. 1. The scatterer was fabricated as a 
circular cylindrical shell and was placed midway be- 
tween the neutron source and the neutron detector; the 
axis of the scatterer was aligned with the accelerator 
target and the neutron detector. A tungsten shadow 
shield of suitable cross sectional area and about six mean 
free paths in length was positioned along the axis of 
symmetry midway between the neutron source and 
detector to keep the primary beam of neutrons from 
striking the detector while measuring the effect of the 
scatterer. 

The scattering cross section was deduced from an 
experimentally determined scattering ratio defined as 
the intensity of the elastically scattered beam divided 
by the intensity of the direct beam from the neutron 
source, both intensities being measured with the de- 
tector kept at the same spatial position. This ratio was 
obtained from the results of the following three runs: 
(1) a “source” run made with the scatterer and the 
shielding bar in place; (2) a “background” run made 
with the scatterer removed but with the shielding bar 
in place; and (3) a “direct” run made with both the 
scatterer and shielding bar removed. For a given 
nominal scattering angle 40, the scattering ratio g(0) is 
then given by 
‘source’ —‘‘background”’ 1) 

ee ( 


£(0o) = : , 
“direct” —‘‘background” 


6) was varied either by changing the radius of the scat- 
terer, or by changing the distance between the source 
and detector, or by both of these means. g(@) was 


9G. Placzek and H. A. Bethe, Phys. Rev. 57, 1075(A) (1940). 

10 J. H. Coon and R. W. Davis, Phys. Rev. 94, 785(A) (1954). 

J. O. Elliot, Phys. Rev. 98, 1147(A) (1955). 

2 W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621(A) (1955). 

18 Graves, Rodrigues, Goldblatt, and Meyer, Rev. Sci. Instr. 20, 
579 (1949). 

4 Bergstralh, Dunning, Durand, Ellison, Howerton, and Slavin, 
Rev. Sci. Instr. 24, 417 (1953). 
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Fic. 1. Schematic diagram of the experimental arrangement. 


measured at 5° intervals for # lying between 5° and 55° 
for scattering rings of bismuth, tantalum, indium, iron, 
and sulfur; the angular resolution varied from +1° at 
small angles to +3° at the larger angles. The tantalum 
and indium cylinders were built up of layers of foil, 
and the others were cast to size; in all cases the wall 
thickness of the cylinder was designed to scatter ap- 
proximately 10% of the incident beam elastically. The 
fabricated cylinders were investigated spectroscopically 
for impurities and, except for iron, exhibited none 
greater than 0.1%; in the case of iron less than 1% of 
manganese was detected. 

A scintillation counter consisting of a cylindrical 
stilbene crystal 1 cm in diameter and 1 cm in length 
and a Dumont 6292 photomultiplier was used as the 
neutron detector. Since this detector was sensitive to 
inelastically scattered neutrons and gamma rays as 
well as to elastically scattered neutrons, some criterion 
had to be established to discriminate against unwanted 
events; in this experiment pulse heights corresponding 
to a recoil proton energy of 12 Mev or greater were 
accepted for analysis. Such a criterion completely 
eliminated the possibility of confusing pulses from 
gamma rays produced by inelastic scattering for this 
small stilbene crystal. It eliminated almost all inelasti- 
cally scattered neutrons also, for data published on the 
energy spectra of 14-Mev neutrons undergoing inelastic 
scattering’® show that the great majority of these 
scattered neutrons have energies considerably below 
12 Mev. 

The energy and angular sensitivities of the detector 
and the energy and intensity variations of the primary 
neutrons have to be considered due to the geometry 
chosen for the experiment. The energy variation of the 
neutron source with the angle of emission is available 
from the kinetics of the reaction.’® The intensity 
variation of the source with the angle of emission can 
be determined from the work of Allan and Poole.” 
The angular sensitivity of the detector was determined 


15 E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

16 Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 
635 (1949). 

17T). L. Allan and M. J. Poole, Proc. Roy. Soc. (London) A204, 
500 (1951). 
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experimentally using just the detector and the neutron 
source; the detector was rotated around a vertical 
axis passing through it and the change in the counting 
rate of primary neutrons was noted. The energy sensi- 
tivity of the detector was obtained experimentally by 
moving the detector in the horizontal plane about a 
vertical axis through the accelerator target keeping the 
face of the detector at a constant distance from the 
target and normal to the flux. The resulting count rate 
variation with angle was converted to sensitivity vs 
angle of emission by dividing out the angular distribu- 
tion of the source; the corresponding sensitivity vs 
neutron energy curve was obtained from the kinetics of 
the reaction. 


ANALYSIS 


The single scattering ratio g can be related to the 
differential elastic scattering cross section o(@) by 


-f R*r,*rs?M (a,o)€(E) f(8)o (0) 
¥ 
X{exp[—u(y+s) ]}ndV, (2) 


where M(a,d) is the neutron intensity per unit solid 
angle per unit monitor flux normalized along the 
cylindrical axis of symmetry, ¢ is the angle measured 
about the axis of symmetry in the plane normal to the 
axis (6=0 being in the forward direction of the deuteron 
beam), e(#) is the energy sensitivity of the detector 
normalized for the neutron energy along the symmetry 
axis, f(8) is the angular sensitivity of the detector 
normalized along the symmetry axis, ” is the number of 
scatterers per unit volume, y is the absorption coeffi- 
cient based on the total cross section, and the meaning 
of the remaining symbols is evident from Fig. 1. 

An approximate solution, which will be referred to as 
71 (00), is obtained for Eq. (2) if the measured scattering 
ratio g(@0) is substituted for g and if all the scatterings 
are imagined to occur midway between the source and 
detector through the angle @. Such an approximate 
solution requires corrections for two effects introduced 
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Fic. 2. Differential elastic scattering of 14-Mev 
neutrons in bismuth. 


ELLIOT 


by the finite size of the scatterer—namely, multiple 
scattering and angular resolution. 

Some of the neutrons reaching the detector and in- 
cluded in the measured scattering ratio have undergone 
more than one scattering. The contributions from such 
events must be removed from the final cross-section 
values. This multiple-scattering effect was investigated 
theoretically, and for simplicity third and higher orders 
of scattering were neglected in the calculations. Three 
types of second order scattering events were studied— 
scattering from the shielding bar to the cylindrical 
sample and thence to the detector, scattering from the 
cylindrical sample to the shielding bar and thence to 
the detector, and double scattering in the sample itself. 
It can be argued on physical grounds that the first two 
types of double scattering are less important than the 
third because much larger scattering angles (and corre- 
spondingly smaller cross sections) are involved. To 
investigate this point more concretely, numerical in- 
tegrations were carried out for double scattering from 
the bar to the cylinder and the reverse event and com- 
pared to single scattering in the cylinder. Estimates 
of the magnitude of these contributions for the sample 
case of bismuth were 1% or less throughout the angular 
range utilized in the experiment and were therefore 
neglected in all of the multiple scattering corrections. 

For calculating the double scattering in the sample 
itself, an approximate semianalytic method was chosen 
which compared the ratio of double scattering to single 
scattering for an infinite plane of thickness equal to the 
wall thickness of the cylindrical scatterer. The neutrons 
in the calculation were required to be incident upon the 
plane at the same angle as they were upon the cylinder 
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Fic 3. Differential elastic scattering of 14-Mev 
neutrons in tantalum. 
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Fic. 4. Differential elastic scattering of 14-Mev 
neutrons in indium. 


in the experiment, and, of the neutrons leaving the 
plane, only those were retained in the calculation which 
departed at the correct angle to have been detected in 
the experiment. The scattering process was treated in a 
manner similar to that of Vineyard'® in that a set of 
transport equations was written expressing the fact 
that scattering of order n—1 provides a source, while 
scattering and absorption of neutrons of order m provide 
a sink, for the current of scattering of order n at a given 
depth in the plane. From this set of equations the cur- 
rent of singly scattered neutrons S,(@)) headed toward 
the detector and the current of doubly scattered neu- 
trons S2(@) headed toward the detector were com- 
pared.” In particular, S2() is an integral expression 
containing the product of two differential cross sections 
under the integration sign. 

The procedure then is to plot 01 (00) as a smooth curve. 
These cross-section values are known to be too large 
because they include contributions from higher order 
scatterings. If one had a curve of the corrected dif- 
ferential cross section o11(60), a point by point compari- 
son with (4) could be obtained by multiplying 
o11() by the ratio of the sum of the first and higher 
order scattering contributions to the first order con- 
tribution alone. Ignoring third and higher order con- 
tributions and utilizing the plane scatterer approxima- 
tion, this comparison would be written 


o11 (60) 1+S2(60)/S1(00) ]=o1 (60). (3) 


18 G. H. Vineyard, Phys. Rev. 96, 93 (1954). 
J. O. Elliot, Ph.D. thesis, University of Maryland, 1955 
(unpublished). 
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Fic. 5. Differential elastic scattering of 14-Mev 
neutrons in iron. 


This represents a nonlinear integral equation for the 
cross section; its solution was obtained numerically by 
successive approximations. As a first approximation the 
values of the differential cross section needed in S2(o) 
were chosen from the smooth curve of o1() vs 4. The 
resulting improved cross-section values were used in the 
next approximation. The method effectively converged 
after at most three iterations. 

The approximate cross section, now suitably cor- 
rected for multiple scattering, should be corrected for 
the angular spread introduced in the measurement of 
g(@.) due to the finite dimensions of the scatterer. To 
accomplish this the integrand of Eq. (2) was expanded 
in a Taylor series about 6) retaining terms of second 
order,’ and the series was integrated term by term 
yielding a differential equation in (4). The solution 
to this equation was obtained in terms of o11(00), its 
first derivative, and known functions of 6. 


EXPERIMENTAL RESULTS 


The differential elastic scattering cross sections so 
developed are presented as the plotted points of Figs. 
2-6 for bismuth, tantalum, indium, iron, and sulfur, 
respectively. The vertical bars indicate the probable 
error of each cross-section measurement. The greatest 
error entering into the cross-section values is the statis- 
tical probable error of the measured scattering ratio 
g(00). This error is due to the relatively small net count- 
ing rate obtained between the “source” and “back- 
ground” runs of Eq. (1); in the experiment the “back- 
ground” counting rate varied from 50% to 95% of the 
“source” counting rate, the higher percentages usually 
occurring where the differential cross section was 
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Fic. 6. Differential elastic scattering of 14-Mev 
neutrons in sulfur. 


smaller. The procedure for determining the multiple 
scattering correction introduces some uncertainty. The 
iterations at each point were carried out until successive 
approximations would reproduce themselves within two 
or three percent; so, within the validity of the method, 
the calculated corrections are sufficiently accurate. In 
general, the corrected cross-section values fell within 
the experimental error of o1(69) except near the minima 
of Figs. 2-6 where the corrections were larger. Any 
errors associated with the angular resolution correction 
were completely negligible since the correction itself 
was very small. 


THEORETICAL COMPARISON 


Calculated values of the differential elastic cross sec- 
tion were compared to the experimentally determined 
ones utilizing the approach of Feshbach, Porter, and 
Weisskopf.® Although other investigators have recently 
introduced modifications into the nuclear potential such 
as adding a tail to the square well or including spin- 
orbit terms,” it was felt worthwhile to explore the 
simple square-well model insofar as feasible with ex- 


tensive calculations; therefore, using the potential 
V=—V,(1+i¢) for r<R, ‘ 
V=0 for r>R, (4) 


as a model of the nuclear interaction, the differential 
elastic scattering cross sections were calculated as a 


*” Fernbach, Culler, and Sherman, Phys. Rev. 98, 372(A) (1955). 
*1 Sherman, Culler, and Fernbach, Phys. Rev. 98, 273(A) (1955). 


function of the scattering angle by a partial wave 
analysis for specified values of the nuclear radius R, the 
well depth Vo, and the absorption parameter ¢ using 
the SEAC electronic computer of the National Bureau 
of Standards. 

In order to limit the number of cases given to the 
SEAC, it was decided to restrict Vo approximately to 
values suggested by previous work of other investigators 
—namely, 19 Mev,!:*:> 32-36 Mev,” and 42 Mev.!*-* To 
determine which well depth would be of the greatest 
value in describing the 14-Mev scattering for all the 
elements investigated, calculations were made letting 
the radius R range from 1.0 to 1.5X10-" A‘ cm, where 
A is the mass of the nucleus, and letting ¢ range from 
0.03 to 0.30. It was immediately evident that a good 
fit to the bismuth data could be obtained by using the 
19-Mev well,” but for the lighter elements this well 
depth gave rather poor agreement. The best over-all 
agreement was obtained with the 42-Mev well; for this 
Vo, R=1.32X10-" At cm and ¢=0.15 were chosen for 
the values of these parameters giving the best general 
agreement for all the elements studied experimentally. 
The extent of the agreement for this set of parameters is 
shown by the curves of Figs. 2, 3, 4, 5, and 6 for bismuth, 
tantalum, indium, iron, and sulfur, respectively. The 
fact that one is able to reproduce the measured dis- 
tributions as well as has been done with such a simple 
model of the nuclear interaction and with only three 
parameters is certainly remarkable. It is especially 
interesting to note that the theory is able to predict the 
relatively flat distribution for iron in the region of the 
second maximum of Fig. 5 and yet predict the pro- 
nounced maxima and minima of the bismuth distribu- 
tion of Fig. 2. 
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Directional Correlation of Gamma Rays from Sn""* 


R. P. SCHARENBERG,* M. G. STEWART,f AND M. L. WIEDENBECK 
Harrison Randall Laboratory, University of Michigan, Ann Arbor, Michigan 
(Received October 6, 1955) 


The directional correlations of successive gamma rays from Sn“® have been measured. Sn'® decays via 
1.09-Mev—1.27-Mev, 1.49-Mev—1.27-Mev, 0.80-Mev—1.27-Mev and 0.40-Mev—2.09-Mev gamma cas- 
cades following beta decay from 54-minute In"*", The measured directional correlation functions are in 
agreement with those expected for 4(Q)2(Q)0, 4(Q)2(Q)0, 2(10% D, 90% Q, 0° phase)2(Q)0 and 2(4% D, 


96% Q, 0° phase) 2(Q)0 spin sequences, respectively. 


INTRODUCTION 


HE complex decay of 54-minute In" has been 

studied by many authors. Slatis ef a/.' confirmed 
the existence of the 0.137-Mev, 0.406-Mev, 1.09-Mev, 
1.27-Mev, 1.49-Mev, and 2.09-Mev gamma rays by 
studying the internal conversion electron and photo- 
electron spectra. A consistent decay scheme was pro- 
posed and is shown in Fig. 1. 

The scintillation spectrum of In'!®™ is shown in Fig. 
2. The above named gamma rays are in evidence. The 
photopeak at 0.80 Mev corresponds to the transition 
between the 2.09-Mev and 1.27-Mev levels. The 
scintillation sum spectrum? shown in Fig. 3 supports 
the decay scheme of Slitis et a/., including the 0.80-Mev 
gamma ray. The measurement of the directional cor- 
relation of the various gamma cascades would give 
information about the spins of these excited states and 
the multipolarity of the associated gamma radiation. 
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Fic. 1. Decay scheme of In"® including the 
0.80-Mev gamma ray. 





*Present address: Massachusetts Institute of Technology, 
Cambridge, Massachusetts. 

t Present address: Iowa State College, Ames, Iowa. 

1 Slatis, Dutoit, and Siegbahn, Arkiv. Fysik 2, 321 (1950). 

2D. C. Lu (private communication). 


PROCEDURE 


The apparatus used has been described in a previous 
article.* For these measurements the counters were 
shielded by 3g inch of aluminum. The discrimination 
level of each counter was set to select the cascade of 
interest. The sources were prepared by irradiating a 
0.25-gram bead of natural indium metal (embedded in 
a paraffin block) with the stray neutron flux from the 
University of Michigan cyclotron. The data was col- 
lected in the double-quadrant sequence 90°-120°-150°- 
180°-180°-210°-240°-270°, running 100 seconds at a 
position. The coincidence rate was normalized using 
both single counting rates. The method of data col- 
lection reduced source lifetime effects to less than 1% 
of the coincidence counting rate. The resolving time 
of the coincidence circuit (2r=2X10-* sec) was 
measured at intervals and used to correct for accidental 
coincidences. The effect of finite angular resolution was 
computed by the Rose* method. (J2/Jo)?=0.85, 
(J4/Jo)*=0.60. A least squares fit of the data was made 
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3 Stewart, Scharenberg, and Wiedenbeck, Phys. Rev. 99, 691 
(1955). 
4M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 3. Scintillation sum spectrum? of the 
gamma rays from Sn"*, 


to the function 
F(@) =A o+A 2’ P2(cosé)+A 4 P4(cos6), 


where P;(cos#) is the Legendre polynomial of order 
k. The Rose correction was applied to the normalized 
expansion coefficients A» and A,. 


RESULTS 


To obtain a clean selection of the 1.49-Mev—1.27- 
Mev cascade, the discrimination level of the first 
counter was set integrally at 0.90 Mev and the dis- 
crimination level of the second counter was set integrally 
at 1.3 Mev. The experimental points are shown in Fig. 
4. A least squares fit of the data to the function F(6), 
corrected for solid angle, gives, A2=0.120+0.045, 
A,=0.033+0.018. Table I lists several possible ‘“pure”’ 
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Fic. 5. 1.09-Mev—1.27-Mev correlation. 


correlation functions. We conclude that the measured 
correlation is in agreement with that expected for a 
4(Q)2(Q)0 spin sequence. 

To obtain a preferential selection of the 1.09-Mev— 
1.27-Mev cascade the discrimination level of each 
counter was set integrally at 0.90 Mev. The 1.49-Mev— 
1.27-Mev cascade will now contribute only about one 
tenth of the coincidence rate. The experimental points 
are shown in Fig. 5. The error flags represent root mean 
square statistical errors. A least squares fit of the data 
to the function F(6), corrected for solid angle, gives 
A2=0.099+0.015, A,=0.000+0.018. This composite 
correlation is in good agreement with that expected 
for a 4(Q)2(Q)0 spin sequence. 
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Fic. 6. 0.40-Mev—2.09- 
Mev correlation. 
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TABLE I. “Pure” correlation functions. 








Correlation 
function Az As 





0.0091 
—0.0043 
0.3264 


0.1020 
—0.0714 
0.1786 
0.2500 
—0.0766 


Q-@ basic 
D—Q basic 
O—Q basic 
2(D)2(Q)0 
2(Q)2(Q)0 








To cleanly select the 0.40-Mev—2.09-Mev cascade 
the discrimination level of the first counter was set 
integrally at 1.90-Mev and the differential discrimi- 
nator of the second counter was set to straddle the 
0.40-Mev photopeak. The experimental points are 
shown in Fig. 6 The error flags represent root mean 
square statistical errors. A least squares fit of the data 
to the function F(@), corrected for solid angle, gives 
A2=0.038+0.039, A,=0.234+0.067. The expansion 
coefficients can be simultaneously fit by a 2(D,Q)2(Q)0 
mixed correlation function as shown in Fig. 7. The error 
lines show the range of 6, the mixing parameter, re- 
quired to fit each expansion coefficient. 5=5 lies within 
both these regions. This means the 0.40-Mev gamma 
ray is a mixture of 96% quadrupole and 4% dipole 
radiation. The ratio of the matrix elements 6 and its 
phase (+) are defined according to Biedenharn and 
Rose.® 

The three directional correlation measurements are 
sufficient to assign spins to the five excited states of 
Sn''®, Measurement of the 0.80-Mev—1.27-Mev cascade 
would give information about the 0.80-Mev gamma 
ray. Only a partial selection of this cascade is possible. 
The discrimination level of the first counter was set 
at 1.1 Mev. The differential discrimination of the 
second counter was set to straddle the 0.80-Mev photo- 
peak. The experimental points are shown in Fig. 8. 
The error flags represent root mean square statistical 
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Fic. 7. Graph of the expansion coefficients of a 2(D,Q)2(0)0 
correlation function as a function of the mixing parameter o. The 
errors lines indicate the range of 6 for the 0.40-Mev—2.09-Mev 
correlation. 


5L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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Fic. 8. 0.80-Mev—1.27- 
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errors. A least squares fit of the data to the function 
F(@), corrected for solid angle, gives A2=0.120+0.060, 
A4=0.139+0.070. To roughly estimate the multi- 
polarity of the 0.80-Mev gamma ray we assume the 
measured correlation is a composite of 2(D,Q)2(Q)0 
and 4(Q)2(Q)0 correlation functions. The measured 
expansion coefficients determine the mixing parameter 
6 and y the fraction of the 4(Q)2(Q)0 correlation func- 
tion present in the composite correlation. The range of 
6 is shown in Fig. 9. The most probable value is 6=3.5, 
which corresponds to a y=0.5, a value which agrees 
with estimates based on the scintillation spectrum. 
This means the 0.80-Mev gamma ray is 90% quadrupole 
and 10% dipole in phase radiation. 


SUMMARY 


We have assumed, of course, that the ground state 
of Sn'!* (50 protons, 66 neutrons) is a 0* level. On the 
basis of the above directional correlation measurements 
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Fic. 9. Graph of the expansion coefficients of a 2(D,Q)2(Q)0 
correlation function as a function of the mixing parameter o. The 
error lines indicate the range of 6 for the 0.80-Mev—1.27-Mev 
correlation. 
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we make the following spin assignments: 1.27-Mev level 
spin 2, 2.09-Mev level.spin 2, 2.36-Mev level spin 4, 
2.49-Mev level spin 2, and 2.75-Mev level spin 4. We 
further classify the 1.09-Mev, 1.27-Mev, 1.49-Mev, 
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2.09-Mev gamma rays as quadrupole, the 0.40-Mev 
transition as a 96% quadrupole, 4% dipole 0° phase, 
and the 0.80-Mev gamma ray as a 90% quadrupole, 
10% dipole 0° phase radiation. 
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Nuclear Elastic Scattering of Photons* 


E. G. FULLER AND Evans HAYWARD 
National Bureau of Standards, Washington, D. C. 


(Received September 16, 1955) 


A Nal(TI) scintillation spectrometer biased to detect only photons in the upper energy tip of a betatron- 
produced bremsstrahlung spectrum is used to measure the differential nuclear elastic scattering cross 
section at 120 degrees as a function of photon energy from 4 to 40 Mev. The targets ranged in Z from Na 
to U. Total cross sections are calculated by assuming a dipole angular distribution. The scattering cross 
sections tend to exhibit two maxima, one below the particle threshold that corresponds to the scattering by 
separate levels, and one that follows the giant resonance for photon absorption. Both the maximum cross 
section and the energy of the giant resonance vary smoothly with A from Na to U and are roughly propor- 
tional to (VZ/A)* and A~’, respectively. The dipole dispersion relation is used to compare the scattering 
data with the neutron yield data in the giant resonance region. 


I. INTRODUCTION 


HE absorption of gamma rays by nuclei has been 
the subject of numerous investigations. The most 
recent compilations of experimental data are those given 
by the Saskatchewan! and Pennsylvania? groups. Most 
of this work has involved the measurement of neutron 
emission cross sections which, when integrated over the 
“giant resonance,” have been compared to the pre- 
dictions of the dipole sum rule. The elastic scattering 
process associated with the nuclear absorption of 
photons presents an alternative way of studying the 
basic interaction. This paper is an account of an experi- 
mental study of the elastic scattering cross section as a 
function of both energy and atomic number.* The 
results are compared with the neutron yield cross 
sections. 

The scattering of photons in the region of the “giant 
resonance” was probably first observed by Gaerttner 
and Yeater‘ and Dressel, Goldhaber, and Hanson.’ In 
a more refined experiment® Stearns studied the scat- 
tering of the Li(~,7) photons by various nuclei using a 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

1 Montalbetti, Katz, and Goldemberg, Phys. Rev. 91, 659 
(1953) ; Summers-Gill, Haslam, and Katz, Can. J. Phys. 31, 70 
(1953) ; J. Goldemberg and L. Katz, Can. J. Phys. 32, 49 (1954). 

*R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954); 
R. Nathans and P. F. Yergin, Phys. Rev. 98, 1296 (1955). 

8E. G. Fuller and E. Hayward, Phys. Rev. 94, 732 (1954); 
95, 1106 (1954); Proceedings of the 1954 Glasgow Conference 
(Pergamon Press, New York, 1955), pp. 155-161. The cross sec- 
tions given in the present paper differ from those previously 
published because of an improved estimate of the solid angle. 

‘E. R. Gaerttner and G. L. Yeater, Phys. Rev. 76, 363 (1949). 

5 Dressel, Goldhaber, and Hanson, Phys. Rev. 77, 754 (1950). 

6M. B. Stearns, Phys. Rev. 87, 706 (1952). 


NalI(TI) scintillation counter which detected only the 
elastically scattered photons. The results indicated that 
the cross section for the elastic scattering of 17-Mev 
photons by heavy nuclei is of the order of a few milli- 
barns. 


Il. EXPERIMENTAL METHOD 


The present experiment is an extension of the Stearns 
experiment. The discrimination level of a large NaI(T1) 
scintillation spectrometer is set to detect only the 
photons in the upper energy tip of the betatron brems- 
strahlung spectrum. The spectrometer is first calibrated 
at a given energy by observing the number of counts, 
Ci, produced when the spectrometer is placed in the 
direct beam from the betatron (see Fig. 1). Simul- 
taneously a charge, Q,, is collected from a transmission 
ionization chamber in the direct beam. With the 
detector rotated to the 120° position the number of 
counts, C2, produced by scattered photons is recorded 
while a charge, Q2, is collected from the ionization 
chamber. On the assumption that the shape of the 
bremsstrahlung spectrum is the same for both the high 
and low intensity beams, the elastic scattering cross 
section is then given by: 


(o2)m=K (C2/Q2)- (Q:/Ci), (1) 


where K includes geometrical factors as well as a cor- 
rection for the absorption of photons in the target. The 
scattering cross section was determined as a function of 
energy from 4 to 40 Mev by changing both the peak 
energy of the betatron and the gain of the amplifier so 
as to keep the end of the bremsstrahlung spectrum at 
the same discrimination level. The measured cross 
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sections are independent of both the shape of the 
bremsstrahlung spectrum and the response of a monitor. 


Ill. APPARATUS 


The physical layout of the experiment is shown in 
Fig. 1. The repetition rate of the betatron is 180 cycles 
per second. As operated for this experiment the yield 
pulse was approximately triangular in shape with a 
base length of about 10 usec. The energy to which the 
electrons in the betatron are accelerated is controlled 
by a circuit that uses a dc biased peaker transformer 
to determine when the current in the main coil of the 
betatron reaches a predetermined value. The energy 
scale was determined in a separate experiment by 
observing the (y,m) thresholds in Be® at 1.67 Mev, B” 
at 8.45 Mev, Cu® at 9.9 Mev, and Cu® at 10.7 Mev. 
Within the errors of the end-point determinations made 
during this experiment (+5%), a linear extrapolation 
of this energy calibration to 40 Mev appears to be 
valid. 

The output from the betatron was monitored by 
measuring the charge collected from the parallel plate 
ionization chamber on a polystyrene film condenser. 
The voltage to which this condenser was charged was 
measured with a vibrating reed electrometer (Applied 
Physics Corporation Model 30). To cover the range of 


beam intensities used, any one of four charge collecting 
condensers could be switched into the circuit. These 
ranged in value from about 5.0 to 0.005 microfarads. 
The ratio of the capacities of these condensers was 
determined by measuring the time taken for each of 
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Fic. 1. The experimental arrangement. The detector rotates about 
a vertical axis through the sample. 
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them to charge to a given voltage when a radioactive 
source was placed in a standard position with respect 
to the chamber. The ionization chamber was checked 
for saturation effects; none were observed at the highest 
intensities obtained with the betatron. 

The beam was defined by a collimating hole one and 
one-half inches in diameter through eight inches of lead. 
This produced a beam four inches in diameter at the 
target position. The collimating hole was filled with a 
low-Z material, usually aluminum,’ to remove prefer- 
entially low-energy photons from the bremsstrahlung 
spectrum. 

The detector® was a large NaI(T1) crystal five inches 
in diameter and four inches long viewed by a Dumont 
K1198 photomultiplier tube. The crystal, photomulti- 
plier, and cathode follower were all located in a lead 
container having walls five inches thick surrounded 
with boxes filled with a mixture of boric acid and 
paraffin. The counter and its shielding were on a table 
that could be rotated about a vertical axis through the 
target position. The crystal viewed the target through a 
hole five inches in diameter in the shield. This hole 
contained an aluminum plug four and one-half inches 
long which filtered out electrons and low-energy photons 
emitted by the target. 

The pulses from the cathode follower were fed by a 
long cable into the betatron control room where they 
were amplified and analyzed by a five-channel integral 
discriminator (Channels A through £) and two differ- 
ential discriminators (F and G). The amplifier and dis- 
criminators were all of conventional design. The outputs 
of the discriminators were gated so that only those 
events occurring in a 20-ysec interval around the 
betatron yield pulse were counted. With this gating the 
cosmic-ray background was of the order of $ count per 
hour in the differential channels. The maximum count- 
ing rate in these channels due to photons scattered 
from the sample was of the order of 20 counts per hour. 
This rate was limited by the duty cycle of the betatron. 

The biases at which the various discriminators were 
set are indicated in Fig. 2. Also shown in this figure are 
the pulse-height distributions obtained in the direct 
beam from the betatron and in the beam scattered by 
an Al target. At each energy at which measurements 
were made the detector was first swung into the direct 
betatron beam and the amplifier gain adjusted until the 
end point of the pulse-height spectrum produced by the 
filtered bremsstrahlung beam fell into the differential 
channel G. The counts registered by F, called the end- 
point channel, were then used to calculate the elastic 
scattering cross sections. The other channels, biased 
above and below F, were useful in monitoring the 
stability of the equipment and pileup. In all runs the 
counting rate of discriminator A was used to set the 
output intensity of the betatron. Pileup in F was experi- 


7 The scattering cross section for Al was measured with a carbon 
beam filter. 
8 R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 746 (1954). 
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Fic. 2. The pulse-height distributions obtained when the 
detector is placed in the filtered bremsstrahlung beam and in the 
beam scattered by an Al target. The peak energy of the betatron 
was 33 Mev. The levels at which the discriminators fired are 
indicated by the vertical lines at the bottom. A through E were 
integral discriminators, and F and G differential discriminators. 
F is the channel used to determine the elastic scattering cross 
sections. The sharp rise in the pulse-height spectrum below 12 Mev 
may probably be attributed to photons resulting from the capture 
of fast neutrons generated in the target. 


mentally found to be negligible if the counting rates in 
A were kept below 10 per second and 60 per second for 
runs made in the direct and scattered beams, respec- 
tively. 

The energy assignment of each measurement was 
made on the basis of the betatron energy calibration. 
The firing point of each of the discriminators was first 
determined with a precision pulser. On the basis of the 
observed pulse-height distributions in the end-point runs 
for a particular energy Eo, a pulse-height was assigned 
to Ey. This pulse height was slightly higher than the 
firing point of the lower edge of discriminator G. A linear 
extrapolation was then made to determine the energies 
to be assigned to the edges of the end-point channel, F. 
It is felt that these energy assignments are probably 
good to about 5%. 


IV. ANALYSIS OF THE DATA 


In order to calculate the cross section, the quantity 
K in Eq. (1) must be evaluated. Since the targets are 
of the order of a mean free path thick, a correction for 
the absorption by the target of photons in both the 
incident and the scattered beams must be made. The 
“electronic” absorption processes (i.e., pair production, 


Compton effect, and photoelectric effect) account for 
most of this absorption although in some cases it is 
also necessary to include the effect of the nuclear ab- 
sorption. In the region of the giant resonance the 
nuclear absorption cross sections are only a few percent 
of the “electronic” absorption cross sections and need 
not be considered. 

In the energy region just below the particle thresholds, 
the observed scattering is presumably due to sharp, 
well-defined levels. For the lighter nuclei particularly, 
the maximum nuclear absorption cross section in these 
levels can reach values of the order of, or possibly 
greater than, the “electronic” absorption cross section. 
The maximum value of the dipole absorption cross 
section in an individual level is 674”. For a 7-Mev 
photon this gives a cross section of about 100 barns. In 
any actual case this maximum value will be reduced 
because of inelastic scattering and the thermal Doppler 
broadening of the level. Experiments on neutron capture 
and scattering® indicate that the radiation widths, I,, 
of nuclear energy levels at excitations of 7 Mev or so 
are a few tenths of an electron volt. The thermal 
Doppler width, 6, of a level for 7-Mev photons ranges 
from 10 electron volts for A=25, to 3.6 electron volts 
at A=208. The maximum absorption cross section in 
the levels is therefore determined chiefly by the Doppler 
broadening and is given by omax“6r\71',/5=1 barn for 
nuclei around Mg. This cross section is of the same 
order as the “electronic” absorption cross section in Mg 
and therefore contributes appreciably to the absorption 
of photons in the scattering target. 

The effect of absorption in the scattering target on 
the observed counting rate can be seen in the following 
way. Consider the scattering from the small element of 
the target dx as indicated in Fig. 3. The number of 
counts in the end-point channel from this element is 
then given by: 


"ee E+AE o, 
dC2=Q.—NdxAa f dE——f(E) 
O1 : 13.4 


E+SE 


xerwetetteanens [f dEf(E). (2) 
E 


In this expression V is the number of atoms per cm? 
in the target, AQ is the average solid angle for detect- 
ing a photon scattered by the target, a, is the total 
scattering cross section, o, is the nuclear absorption 
cross section, «, is the electronic absorption cross section, 
and f(£) is the product of the incident photon spectrum 
and the response of the detector as a function of energy. 
If the variation of f(£) across AE is neglected, Eq. (2) 
becomes: 


Ci 2 E+E Cs 
dC2=Q.—Ndx— f dE—¢-N2(ont2ee)/cos8, (3) 
1 E 


AE 13.4 
®D. J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 
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The number, 13.4, is the ratio of the total cross section 
to the differential cross section at 120 degrees for an 
angular distribution of the scattered radiation varying 
as (1+cos*@). o, is included twice in the exponent of 
Eq. (2) since both the incident and scattered photon 
beams are absorbed by electronic processes. As was 
pointed out above, o, is comparable to o, only for the 
scattering by sharp, well-defined levels. In this case 
the Doppler shift in the photon energy, because of the 
recoil of the scattering nucleus (10° ev for a 7-Mev 
photon scattered by an Sn nucleus) is so large that it 
cannot be reabsorbed by the same level in the scattered 
beam. For this reason the nuclear absorption takes 
place in the primary beam only. 

The solid angle for the detection of a scattered photon 
depends both on the position of the scattering nucleus 
within the target and on the depth, ¢, in the crystal at 
which the photon is absorbed. It was determined experi- 
mentally with a small point source that the mean solid 
angle averaged over the beam area on the front face 
of the target was given to a good approximation by the 
solid angle for detecting a photon scattered by a nucleus 
at the center of the beam. Neglecting the effect of the 
finite thickness of the target, the average solid angle for 
detecting a photon is then 


A L e-#tdi L ¢-#td] 
AQ=— f a | ’ (4) 
R?J, (R+i) o F 


where L is the length of the crystal, A is its cross- 
sectional area, uv is the absorption coefficient of NaI(T]), 
and R is the distance from the center of the target to 
the center of the front face of the crystal. AQ is approxi- 
mately given by 0.82 A/R? over the energy range from 
4 to 40 Mev. The correction to the mean solid angle 
due to the finite thickness of the targets was calculated 
to be negligible for the heavy nuclei. For the lighter 
nuclei this effect decreased the mean solid angle by a 
maximum of 10% in the case of S. In Table I the 
properties of the various targets dre listed along with 


Nol(TI) 
CRYSTAL 


— 
INCIDENT BEAM 


Fic. 3. The geometry. 


OF PHOTONS 


TABLE I. Target properties. 
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® F is the factor by which the mean solid angle for detecting a scattered 
photon is reduced due to the finite thickness of the scattering target (see 
text). 


the correction, F, applied to the mean solid angle to 
take account of the finite target thickness. 

In order to obtain an expression for an average scat- 
tering cross section Eq. (3) may be integrated through 
the target thickness and rearranged to give 
E+E 

dE——— 
ont2e. 


4 [1 = e-NT (ont2c6) /oos8 ) (5) 
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Oz Cy AQ cos8 AE E 


os 


Multiplying both sides by 20,/[1—e-*#«"7/~88] yields 
Ce QO; 13.4 20. 


$= (oy 
QO» Ci AQ cos8 [1 — e-2aeN Tent} 
1 E+AE 


os 
= [1 —e-2eN Tecoss}-1__. f dE Pele 
AE E 1+(¢,/20-) 


XK [1 — en NP owt 2ee) /ooss), (6) 


If o, is small compared to 2c, as is true in the region of 
the giant resonance, (c,) is just the scattering cross 
section averaged over the energy interval AZ, since o, 
is a slowly varying function of the energy and can be 
taken outside the integral sign. If, on the other hand, co, 
is not negligible, as is sometimes the case below the 
particle thresholds, (c,)w will not be the average scat- 
tering cross section, since it does not include an adequate 
correction for self-absorption in the target. The mag- 
nitude of the additional correction for this effect can 
be obtained from a self-absorption experiment. Pre- 
liminary results’ indicate that in the energy region of 
the low-energy maximum (see Figs. 4-6) for Mn, Al, 
Ni, Bi, and Pb the average scattering cross section is 
approximately 15% higher than the values of (os)m 
obtained from the left side of Eq. (5) and plotted in 
Figs. 4-6. 


0 F. G. Fuller and E. Hayward, Phys. Rev. 98, 1537 (1955). 
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Fic. 4. The elastic scattering cross sections for Na, Mg, Al, S, Ca, and Mn. The indicated spread in energy is the width of the 
differential discriminator channel, and the standard deviations are based only on the number of counts. The vertical lines at the top 
represent the particle thresholds for the most important isotopes. The open circles at the extreme right indicate the magnitude of the 
Thomson cross section for Z free protons scattering coherently. The solid curve superimposed on the Al data is the scattering cross 
section calculated from the dispersion relation by substituting for o.(Z) in Eq. (6) the sum of the neutron and proton yield"5 


cross sections. 


V. RESULTS AND DISCUSSION 


The experimental results are plotted in Figs. 4-5. The 
indicated spread in energy is the width of the end- 
point channel. The mean energy corresponding to each 
point is not necessarily at the center of the channel 
because of the variation of the scattering cross section, 
the response of the detector, and the incident photon 
spectrum over AE. The indicated uncertainties in the 
cross sections are the standard deviations based only 
on the number of counts. Systematic errors in the 
absolute cross sections may be as large as 15%. These 
would not affect the relative cross sections at different 
energies or for different elements. The largest uncer- 
tainty is probably in the estimate of the solid angle. 

The measured elastic scattering cross sections are, of 
course, the result of the interference between the 
coherent processes, Rayleigh, Delbruck, nuclear reso- 
nant, and Thomson scattering. Since the present experi- 
ment was done at a backward angle, Rayleigh and 
Delbruck scattering, associated with electronic absorp- 
tion processes, are negligible and only the scattering by 
the nuclear charge distribution need be considered, In 


the low-energy limit this is just the Thomson scattering 
cross section for a rigid charge of mass A and charge Z, 
(82/3) (Z°e?/AMc*)*. In the high-energy limit the cross 
section is that for Z free protons scattering coherently, 
i.e., the scattering by a rigid charge of mass Z and charge 
Z, (8r/3)(Ze/Mc*)?. At intermediate energies the 
nuclear resonant scattering results from the elastic 
deformation of the nuclear charge distribution. The 
magnitude of the nuclear Thomson scattering cross 
section is usually small compared to the experimentally 
measured scattering but on the high side of the giant 
resonance, the scattering cross section may be ap- 
proaching the Thomson cross section for Z free protons, 
indicated by the open circles on the right side of Figs. 
4-6. 

The measured elastic scattering cross sections all 
rise smoothly to a maximum above the particle emission 
thresholds of the scattering nuclei. For the lighter 
elements (A <50) these maxima bear little resemblance 
to the giant resonance curves obtained from the photo- 
neutron experiments. For the heavier nuclei (A> 50), 
however, the scattering curves follow the trend of the 
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giant resonance obtained from the neutron emission 
experiments. The magnitude of the scattering cross 
section at the peak is a smooth function of A varying 
from 0.12 mb for Na to 15 mb for Pb. Many of the 
elements studied also have a secondary maximum in the 
cross section below the particle threshold where the 
scattering is comparable to that in the giant resonance 
region. The ratio, R, of the peak cross section in this 
low-energy maximum to that at the peak of the giant 
resonance is given in Table II. The wide variations in 
this ratio, in contrast to the smooth trend of the peak 
scattering cross section in the giant resonance, indicate 
that the scattering below the particle thresholds reflects 
individual nuclear properties rather than the gross 
properties of nuclear matter that describe the giant 
resonance." These individual properties show up most 
markedly in the self-absorption experiment” where the 
analysis of the data yields information about mean 
radiation widths and level densities. 

The qualitative features of the scattering curves can 
be understood as follows: At excitations below the 


TABLE II. Comparison of cross sections. R is the ratio of the 
peak cross section below the particle thresholds to that at the peak 
of the giant resonance. o(y,m) and o, are the neutron yield cross 
section and the scattering cross section at the peak of the giant reso- 
nance, respectively. or is o(y,n) multiplied by the ratio of the 
total particle yield to the neutron yield. 674? is evaluated at the 
energy corresponding to the peak of the giant resonance. 
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4 Since the capture of slow neutrons in the detector will produce 
photons of about 7 Mev, some consideration has been given to the 
possibility that some of the counts observed at this energy might 
result from neutron capture gamma rays. The counting rates with 
the sample removed from the x-ray beam were negligible so that 
background neutrons produced in the betatron and its shielding 
contributed little. With the scattering target in the beam the 
observed relative counting rates were consistent neither with the 
slow or fission neutron capture cross sections, nor with the fast 
neutron scattering cross sections for the target nuclei. Neutrons 
accompanying the x-ray beam captured in the target, or scattered 
into the detector by the target, probably then contribute a 
negligible amount to the observed counting rate. In the case of 
Sn and Pb the observed low-energy maximum in the scattering 
cross section is at an energy slightly above the (y,m) threshold for 
about 20% of target nuclei. Extremely rough estimates indicate 
that no more than 15% of the counting rate from Sn and Pb 
resulted from photoneutrons produced in the scattering target. 
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Fic. 5. The elastic scattering cross sections for Ni and Cu. The 
point at 17.6 Mev is that of Stearns. The solid curve superim- 
posed on the Cu data is the scattering cross section calculated 
from the dispersion relation by substituting for o.(£) in Eq. (7) 
the (y,m) cross section! multiplied by the ratio of the total 
particle yield to the neutron yield.'* The open circles on the ver- 
tical axes indicate the magnitude of the Thomson cross section 
for Z free protons scattering coherently. 


particle thresholds the nucleus can lose its energy only 
by photon emission, either by a transition directly to 
the ground state or by transitions to intermediate 
states. The size of the low-energy maximum in the 
scattering cross section then depends in part on the 
number of alternative modes of decay available for the 
excited nucleus and therefore on the details of the 
level structure in the particular scattering nucleus. As 
the energy of excitation is increased above the particle 
threshold the scattering cross section drops sharply 
because of competition with particle emission. This 
result is in agreement with the qualitative prediction 
of Bethe and Ashkin.” At still higher energies the aver- 
age ratio of photon emission to particle emission 
becomes constant and the cross section rises again to 
follow the trend of the oscillator strength distribution 
in the giant resonance. 

The shape of the elastic scattering cross section in 
the giant resonance region may be compared with the 
shape of the cross section for neutron production ob- 
tained from other betatron experiments. For the heavier 
elements, A> 50, the widths and positions of the peaks 
of the cross sections displayed in Figs. 4-6 are very 
similar to the corresponding quantities obtained from 
the neutron yield cross sections. For the lighter nuclei, 
A <50, however, the scattering cross section curves are 
considerably broader and peak at much higher energies 
than would be suggested by the neutron yield data.!.?-8 
For example, the neutron yields cross section for alu- 
minum peaks near 20 Mev, and has a width of about 
2 Mev; whereas the elastic scattering cross section has 
a broad maximum located near 28 Mev. The energy 
that corresponds to the center of the oscillator strength 


12H. Bethe and J. Ashkin, Experimental Nuclear Physics, edited 
by —_ Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 1, 
p. 34 


“BE erguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 776 
(1954). 





E. G. FULLER AND EVANS HAYWARD 


‘ah Re coe el et wae oe T + 
[ | yn Sa ] 























t 


L 


LT 


ronere ee Tee 








1 


ft 





J 








1 re) i 
10 20 30 10 


| 
= =.) ae 1 fe) 
20 30 10 20 0) 


Mev 


Fic. 6. The elastic scattering cross sections for Sn, I, Au, Pb, Bi, and U. The points at 17.6 Mev are those of Stearns.® 


distribution as determined from the scattering cross 
sections is plotted as a function of A in Fig. 7. The line 
drawn through the points corresponds to the dependence, 


En=82A-"%, (7) 
which is consistent with what is to be expected on the 
basis of simple hydrodynamical considerations.“ 


4M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948); 
H. Steinwedel and J. H. D. Jensen, Z. Naturforsch. 5a, 413 (1950) ; 
Ferentz, Gell-Mann, and Pines, Phys. Rev. 92, 836 (1953). 


A detailed comparison of the scattering data and the 
neutron yield data can best be made in terms of the 
dispersion relation that gives the dependence of the 
elastic scattering cross section in the forward direction 
on the total photon absorption cross section.'® If the 
transitions involved in the scattering and absorption 
are dipole, this leads to the following relationship 


15 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 
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between the elastic scattering cross section, ¢,(£), and 
the total absorption cross section, o,(£): 


2E poslE’dE’\? 
¢.(E)= —otE)+ (—P f ——-) 
6nX? r J PP 


Sar 8 1 oa(E’)dE’ 
+—D+——pEP [ —_——,, 
3 3m hic E°—F 


where D is the Thomson scattering amplitude. The 
measured scattering cross sections are really averages of 
the right side of Eq. (8) over an energy band 1 to 2 
Mev wide. As long as a, is a smooth function of the 
energy, as it is in the giant resonance region, all of the 
cross sections appearing in the above expression may 
be replaced by their average values, since (047) wW™~(oa) a. 
The average scattering cross section can then be cal- 
culated from the average absorption cross section. If, 
on the other hand, the absorption cross section varies 
rapidly in AZ, the average scattering cross section will 
be large compared to that obtained by substituting the 
average absorption cross section in the dispersion 
relation. 

In order to determine how well the elastic scattering 
cross section may be predicted from the available 
photon absorption cross sections, o,(Z) has been 
calculated by substituting the measured values of 
oa(£) for Al and Cu in Eq. (8). The total absorption 
cross section for Al was taken to be the sum of the 
(y,m) and (y,p) cross sections.''® The total absorption 
cross section for Cu was taken as the product of the 
(y,) cross section and the ratio of the integrated total 
particle yield to the integrated neutron yield given by 
Byerly and Stephens.'? The results of these calculations 
are given by the solid curves in Figs. 4 and 5. It may 
be seen that o,(£) for Cu can be predicted satisfactorily 
from the published photon absorption cross sections. 
The results for Al indicate that the Al nucleus must 
absorb photons at considerably higher energies than is 
implied by the available neutron and proton yield data. 

If the absorption cross section, oa, has a resonance 
shape then there is some energy near its peak for which 
the terms involving the integrals in Eq. (8) vanish and 


2 


—— = 6h’. (9) 
o,— (82/3)D* 


This expression may be used to compare the elastic 
scattering data with the neutron yield data at the peak 
of the giant resonance in order to obtain an indication 
of how well the total absorption cross section is repre- 
sented by the (y,m) cross section. In making this com- 
parison, the nuclear Thomson scattering cross section 
(82/3)D*, is neglected since it is small compared with 
the uncertainties in the measured scattering cross 


16 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 
17 P, Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 
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Fic. 7. The dependence of EZ, on the atomic mass number A. 
E,, is the energy of the center of the giant resonance of the scat- 
tering curves given in Figs. 4-6. The line drawn through the points 
corresponds to the dependence E,,=82A-", 


sections. The ratio, o?(y,m)/o, at the peak of the giant 
resonance is given in column 2 of Table II for the heavier 
elements (A>50). This ratio is not given for A <50 
because of the large differences in the shapes of the 
(y,n) and scattering cross sections and the resultant 
ambiguities in the meaning of the ratio. Within the 
errors in the experimental determinations of o(y,m) and 
a,, Eq. 9 is satisfied for all of the heavier nuclei. As is 
indicated in column 3, better agreement is obtained for 
Cu and Ni if the ratios given in column 3 are multiplied 
by the square of the ratio of the neutron plus proton 
yield cross section to the neutron yield cross section.'*!7 

Equation (7) may be rearranged and integrated to 
give 


o,(E) 
onc? f i Sapte oer 


2E poe(E’)dE'}? 
+ f dE|_—_P f 
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In this expression the integral of the Thomson scat- 
tering cross section, (87/3)D*, has been neglected 
because this cross section is small compared to any of 
the measured scattering cross sections. The last term 
in Eq. (8) is also omitted since contributions from either 
side of the giant resonance tend to cancel in the inte- 
gration. In the case of Al and Cu the integral of this 
term was less than 10% of the two remaining terms in 
Eq. (8). 

Both sides of Eq. (10) have been crudely evaluated 
using the scattering cross sections measured in the 
present experiment and the published neutron yield 
cross sections!” for the same elements. The integrations 
were done only over the giant resonances, i.e., from the 
(y,n) threshold to 25 Mev for A>50 and to 40 Mev for 
A<50. The contribution from the sometimes large 
scattering cross section below the threshold was omitted 
since it results from the absorption by lines having 
widths small compared to their spacing and for which 
the substitution of (aa)? for (oa?) is not valid. 

The results of these integrations divided by (VZ/A)* 
are compared in Fig. 8. Since fodE=0.06NZ/A 
X (1+0.8x), the integrals of Eq. (10) should be roughly 
proportional to (VZ/A)* and the points of Fig. 8 should 
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Fic. 8. A plot of the integrals of Eq. (10) as a function of A. 
The dots are the left side of Eq. (10) divided by (VZ/A)? obtained 
from the data of the present experiment. The open circles and tri- 
angles are the right side of Eq. (10) divided by (NZ/A)* obtained 
from the neutron yield data of references 1 and 2, respectively. 


lie on a horizontal line the height of which is determined 
by the sum rule.'* The points obtained from the scat- 
tering data are all consistent with those obtained from 
the neutron yield data for the heavy elements for 


which the integrated neutron yield cross sections are 
known to exhaust the dipole sum. 

The values of the scattering integrals for the low-Z 
nuclei extrapolate smoothly from the values obtained 
for the heavier nuclei. This is in contrast to the results 
obtained for the integrals of the neutron yield cross 
sections where the values fall off markedly below A = 50. 
The high values of the scattering integrals for Na, Mg, 
Al, S, and Ni can, of course, be explained by assuming 
that all of the photon absorption for these nuclei is due 
to sharp, well-defined levels. It would be a remark- 
able coincidence, however, if the strengths and dis- 
tributions of the levels in these five nuclei would have 
just the right values for the scattering integrals to fall 
on a smooth extrapolation of the values obtained for 
the heavier nuclei. A more reasonable explanation would 
be that the absorption cross section for these nuclei is 
made up principally of a smooth slowly varying function 
of the energy. These data then indicate that the (y,n) 
cross section represents only a fraction of the total 
absorption cross section. 


18 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 


The integrals evaluated from the neutron yield data 
can be corrected to include proton emission by multi- 
plying them by the square of the ratio of the neutron 
plus proton yield to the neutron yield.'?:'6'® This 
raises the points for Mg to 2.7X10~ and 2.0x10~ 
barns? Mev, and the points for Al, S, Ca, and Ni 
to 1.2, 4.9, 6.6, and 3.4 10~ barns? Mev, respectively. 
After correction for the proton yields the absorption 
integrals for Mg, Al, and Ni are still below the 
scattering integrals by a factor of approximately 
three. The integrals for S and Ca are in agreement 
with the scattering integrals. It should be pointed 
out that for Al and Ni the corrections were made 
using the actual (y,m) and (y,p) cross sections as a 
function of energy.':'* For Mg, S, and Ca the corrections 
involve the use of data obtained from the ratio of the 
proton yeilds produced by a 28-Mev bremsstrahlung 
spectrum to that produced by a 23.5-Mev bremsstrah- 
lung spectrum.” The agreement of the integrals (S and 
Ca) calculated from the scattering data and the absorp- 
tion data corrected for proton emission may be for- 
tuitous in view of the fact that the absorption cross 
sections used in calculating the integrals both peaked 
below 22 Mev while the scattering data indicate that 
there is considerable absorption at energies above 24 
Mev. 

In conclusion, the data of this experiment indicate 
that both the scattering integral and the energy corre- 
sponding to the center of the oscillator strength dis- 
tribution vary rather smoothly from Na to U. This 
is in contrast with the data obtained from the neutron 
yield experiments where both the integrated cross 
sections and the energies of the maxima in the yield 
curves start to fall below the values predicted by the 
sum rule and simple hydrodynamical considerations for 
nuclei less than about A=50. The scattering data 
indicate that the giant resonance for the light nuclei is 
both considerably broader and centered at a higher 
energy than the presently available data on the (y7,p) 
and (y,#) reactions would imply. In this connection it 
should be pointed out that no extensive measurements 
of the particle yield cross sections have been made 
at energies greater than 24 Mev. 
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Disintegration of Te!?°} 
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The disintegration of Te™ has been investigated with the help of a magnetic lens spectrometer, permanent 
field spectrometer with photographic recording, and scintillation counters. The half-lives of the isomeric 
states in the parent were found to be 41 days and 74 minutes, respectively. The 74-minute state decays to 
I with the emission of beta-ray groups whose end-point energies and relative abundances are 1.453 Mev 
(71%), 0.989 Mev (15%), 0.69 Mev (4%), and 0.29 Mev (10%). Gamma rays of 0.027, 0.21, 0.475, 0.72, and 
1.12 Mev were found. The 41-day state decays, for the most part, to the 74-minute state of Te!” with the 
emission of a highly internally converted gamma ray of energy 106.3--0.1 kev for which the K/L ratio is 
unity. A beta-ray transition, of low intensity, from the 41-day state of Te! to the ground state of the 
product is postulated. Gamma-gamma and beta-gamma coincidence experiments using scintillation spec- 
trometers served to indicate the probable level scheme of I. A discussion of the disintegration scheme is 
given suggesting probable spins and parities of the levels. 





1, INTRODUCTION 


ELLURIUM-129 is reported in the literature to 
have half-lives of 34 days and 72 minutes, indi- 
cating an isomeric pair. Hill' has shown that the longer- 
lived state is the isomeric parent and that it makes a 
transition to the shorter-lived state through a gamma 
ray whose energy is 0.106 Mev and which is highly 
internally coverted. He measured the K/L ratio for the 
internally converted gamma ray and concluded that it 
was characteristic of an M4 transition. No very defini- 
tive work has been done on the shorter lived state. 
Early work? indicates that is is accompanied by the 
emission of a beta-ray group and at least two gamma 
rays. 

We have investigated this disintegration since it goes 
to I which has 53 protons and whose low-lying levels 
should be characterized by (g7/2)* proton configurations. 
Hebb? investigated the disintegration of Te'*! which 
goes to I'*! and found certain regularities between the 
states of I’, I'?’, and I'*!, The states of I' were missing 
in this sequence and it was for this reason that the 
present investigation was undertaken. 


2. PREPARATION OF THE SOURCE AND METHODS 
OF INVESTIGATION 


Sources were prepared by bombarding separated 
Te"®, obtained from the Stable Isotopes Division of the 
U. S. Atomic Energy Commission, with 11.5-Mev 
deuterons in the Indiana University cyclotron. Bom- 
bardments of about 1.5 hours duration were used in 
producing the short-lived isomer and of many hours in 
producing the long-lived isomer. The tellurium was 
dissolved in HC] and precipitated as the metal with the 
use of SO, and hydrazine hydrochloride. At least two 


t This work was supported by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1R. D. Hill, Phys. Rev. 76, 333 (1949). 

2 See Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

3 E. Hebb, Phys. Rev. 97, 987 (1955). 


precipitations were made to make sure that any iodine 
contaminants were removed. 

The beta-ray spectrum of both the short-lived and 
the long-lived components were measured in a magnetic 
lens spectrometer. The gamma-ray spectrum, being too 
weak for measurement with a magnetic spectrometer, 
was measured with a scintillation spectrometer. With 
the help of scintillation spectrometers, both gamma- 
gamma and beta-gamma coincidences were measured. 


3. RADIATIONS FROM THE SHORT-LIVED STATE 


Using the shorter bombardment times, sources were 
prepared for measurement in a magnetic lens spec- 
trometer. Owing to the short half-life, several separate 
bombardments had to be made and a composite of the 
beta ray spectrum prepared. The beta-ray spectrum is 
shown in Fig. 1, in which the number of counts per unit 
current interval, .V/J, is plotted against the current, J, 
through the lens. The insert of Fig. 1 shows (to a dif- 
ferent scale) the L and M internal conversion lines for a 
gamma ray of 26.8 kev in the product iodine. A careful 
search was made for other internal conversion electrons 
at positions which were calculated from the results on 
the gamma-ray spectrum obtained with the help of a 
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TABLE I. Beta-ray spectrum of Te™ (74 min). 








Abundance (%) Log ft 


5.89 
5.93 
5.98 
4.30 


Energy (Mev) 


1.4530.005 70.5 
0.989+0.020 15.4 
0.69+0.10 3.7 
0.29+0.06 10.4 











scintillation counter. No internal conversion electrons 
were found at these positions. The source, however, was 
quite weak and lines having low internal conversion 
coefficients would not have been found. This experiment 
was repeated later using the long-period isomer in 
equilibrium with the short-lived state and gave a result 
in agreement. The internal conversion line and the 
beta-ray spectrum decayed with a half-life of 74 
minutes. 

A Fermi plot of the beta-ray spectrum was made and 
from that the end points, relative abundances, and 
values of log ff for the various groups were computed 
and are shown in Table I. Owing to the low relative 
abundance of the two lower energy groups and since 
several subtractions had to be performed in the analysis, 
the values for the end-point energies of these groups are 
subject to a larger uncertainty than for the two higher 
energy groups. The ratio of the number of internal 
conversion electrons of the 26.8-kev gamma ray to the 
total beta ray spectrum is e(L+M)/8~0.23. This value 
is probably too low as a result of window cut-off effects. 

The gamma-ray spectrum of the 74-minute activity 
was measured with the help of a scintillation spectrome- 
ter using a NaI(T]) crystal. Owing to a small contamina- 
tion of Te! in the separated isotope, a small amount of 
activity of the 30-hr Te'*! was present in the source. 
After correcting for this activity, lines were found at 
0.475+0.005 and 1.12+0.02 Mev which definitely had 
a half-life of 74 minutes. Another line was found having 
an energy between 0.75 and 0.80 Mev. The main con- 
tribution at this energy comes from the strong line at 
0.773 Mev from the 30-hr Te'*'. After correcting for the 
Te'*! contribution, there remained a line at about 0.77 
Mev associated with a half-life of 75 to 80 minutes. 
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Fic. 2. Beta-ray spectrum of Te! (41 day). 


Owing to the corrections, its exact energy is somewhat 
uncertain. 


4. RADIATIONS FROM THE LONG-LIVED ACTIVITY 


A bombardment of several days was used to prepare 
the long-lived activity. The chemical separation was 
made after waiting a sufficient time for 74-minute 
activity formed concurrently in the bombardment and 
any Te'* activities to die away, and sources were 
prepared for the measurement of the half-life, the 
gamma-ray spectrum and the beta-ray spectrum. The 
measurement of the half-life gave a value of 41 days. 

The gamma rays were measured with the scintillation 
spectrometer using gain settings approximately the 
same as those used for the 74-minute activity. Here 
lines were found at 0.475+0.005, 0.72+0.01, and 
1.14+0.02 Mev. On changing the gain setting to bring 
up the low-energy region, the line at 27 kev was de- 
tected. The fact that essentially the same gamma-ray 
spectrum is exhibited by both the 41-day and the 74- 
minute activities suggests that the main mode of decay 
of the 41-day state is via a highly internally converted 
gamma ray to the 74-minute state. Further work on 
these gamma rays is discussed in Sec. 5. 


TABLE II. Beta-ray spectrum of Te™ (41 day). 








Relative 


Energy (Mev) abundance (%) Log ft* 


1.530+0.005 68.2 
0.972+0.020 15.7 
0.66+0.10 3.2 
0.3520.06 12.9 





5.92 
6.00 
4.45 








* Based on 74-min half-life. 


The beta-ray spectrum of the 41-day activity was 
measured in a magnetic lens spectrometer. The source 
was weak so that long counting times for each point had 
to be used. The results are shown in Fig. 2. As in Fig. 1, 
the beta-ray spectrum and the internal conversion lines 
are plotted to a different scale. The most prominent new 
features are the K and L internal conversion lines for a 
gamma ray at 106 kev (Kz and J»). This is the 106-kev 
gamma ray of the isomeric transition discovered by 
Hill.! The K/L ratio as measured in the present experi- 
ment is unity, in agreement with Hill’s result. The ratio 
of the number of internal conversion electrons from this 
transition to the total number of beta rays was meas- 
ured and found to be e(K+L)/8=0.95. The half-life of 
the isomeric transition and the K/L ratio are compat- 
ible with an M4 transition. Since the value of ax+az 
for an M4 transition of this energy is approximately 
440, essentially all transitions between the two states 
go via internal conversion electrons. This accounts for 
the fact that no gamma ray of 106 kev is found in the 
scintillation spectrum. The other conversion lines are a 
composite of the Z and M lines for the 27-kev gamma 
ray and K-22 and K-L-M Auger electrons from 
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tellurium, resulting from the internal conversion of the 
106-kev gamma ray. The Auger electrons fall, within 
the limit of error, at the same position as the L and M 
lines for the 27-kev gamma ray. 

In order to check on internal conversion lines a source 
was placed in a permanent field spectrometer, using 
photographic recording. On the film, the K, ZL, and M 
lines for the 106-kev line and the Z and M lines for the 
27-kev gamma ray were seen. No other internal con- 
version lines were seen. The energy obtained for the 
106-kev gamma ray from the K, LZ, and M lines is 
106.3+0.1 kev, when calibrated against Th(B+C+C”). 

The beta-ray spectrum was analyzed by making Fermi 
plots of the data and the results are shown in Table IT. 
The three low-energy groups agree reasonably well with 
those obtained from the 74-minute activity. The high- 
energy group poses somewhat of a problem which will 
be discussed later. 
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Fic. 3. Gamma-gamma coincidence spectrum of Te™. (a) 
Singles. (b) Coincidences with channel 1 set on 27-kev line 
(scale= singles scale/200). 


5. COINCIDENCE EXPERIMENTS 


In order to get an insight into the nature of the decay 
scheme, both gamma-gamma and beta-gamma coin- 
cidence experiments were performed using scintillation 
spectrometers. The experiments were carried out using 
the long-lived activity in equilibrium with its short- 
lived isomer. 

Gamma-gamma coincidences were measured by 
setting one spectrometer on a given line and sweeping 
through the spectrum with the other spectrometer. 
Figure 3 shows the results when one spectrometer is set 
on the 27-kev line. Coincidences were found with the 
lines at 0.475 and 1.14 Mev but not with that at 
0.72 Mev. Other gamma-gamma coincidence experi- 
ments showed that there were no coincidences between 
(0.475-0.72), (0.475-1.14) or (0.72-1.14). All gamma- 
gamma coincidences appeared to be prompt with respect 
to the resolving time of the apparatus (1X 10~ sec). 

On considering possible decay schemes, it was felt 
that there should be a line at around 0.2 Mev which 
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Fic. 4. Portion of gamma-gamma coincidence curve. (a) Singles. 
(b) Coincidences with channel 1 set on 475-kev line (scale = singles 


scale/1000). 


should be in coincidence with the one at 0.475 Mev. 
Again setting on the 0.475-Mev line with one spec- 
trometer, a line at 0.21+0.01 Mev was found in coin- 
cidence with it. This is shown in Fig. 4. 

In order to obtain a better insight into the relation- 
ship between the various beta-ray groups and the 
gamma rays, coincidence experiments were performed 
with the help of two scintillation spectrometers in 
which an anthracene crystal was used to detect beta 
rays and a NalI(TI) crystal to detect gamma rays. The 
Cs'87 internal conversion line at 0.624 Mev was used 
to calibrate the anthracene crystal. With the scintilla- 
tion spectrometer measuring gamma rays set on a 
given gamma ray (Channel 1), the beta-ray distribution 
in coincidence with this gamma ray was measured with 
the scintillation spectrometer using the anthracene 
crystal. Fermi plots were made of the beta-ray dis- 
tribution in coincidence with various gamma rays as 
well as of the singles distribution. Figure 5 shows such 
Fermi plots for the singles distribution and for the beta 
rays in coincidence with the 0.475-, 0.72-, and 1.14-Mev 
gamma rays, respectively. In each case, a recalibration 
was made to satisfy the condition that the singles end 
point be 1.45 Mev. Table III gives the results for the 
end points when Channel 1 was set on those gamma rays 
shown in Column 1. 

The experiments show that most of the beta rays are 
in coincidence with the 27-kev line which suggests that 
the highest energy group leads to the 27-kev state and 
that all gamma rays are prompt with respect to the 


TABLE III. Resultsjof beta-gamma coincidence experiments 3 
(41-day activity). 








Channel 2 beta-ray 
end points 
(Mev) 


1.45 
0.96 
0.82 
0.35 


Channel 1 set 
on gamma ray 
(Mev) 


0.027 
0.475 
0.72 
1.14 
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Fic. 5. Fermi plots for beta rays in coincidence with various 

mma rays. The ordinate scales are arbitrary. (a) Singles. 
%) Coincidences with 0.475-Mev gamma ray. (c) Coincidences 
with 0.72-Mev gamma ray. (d) Coincidences with 1.14-Mev 
gamma ray. 


resolvingtime of the apparatus (110-7 sec). The 
remaining beta-ray end points are in reasonably good 
agreement with the results of the analysis of the beta- 
ray spectrum obtained with the help of the magnetic 
lens. The rather poor agreement for the two low-energy 
groups is to be expected from the low relative abundance 
of these groups. 


6. DISCUSSION 


The parent, Te’, consists of a pair of isomeric states 
which are connected by a highly internally converted 
gamma ray whose energy is 106 kev and the radiation 
is of an M4 character. The upper state has a half-life of 
41 days and, according to the shell model, a configura- 
tion Ay1j2 while the lower state has a half-life of 74 
minutes and a configuration d3/>. 

The experiments on the short-lived activity together 
with the coincidence experiments suggest that portion 
of the disintegration scheme, shown in Fig. 6, connected 
with the 74-minute state. 

The fact that the same gamma rays appear with both 
the long-lived period and the short-lived period and that 
the ratio of internal conversion electrons of the 106-kev 
line to the number of beta rays from the long-lived 
disintegration is approximately unity, strongly suggests 
that the main mode of decay of the long-lived state is 
through the 106-kev transition to the 74-minute state 
and thence by beta-ray transitions to the product I'™. 
The discrepancy between the beta-ray end point found 
for the highest energy group of the 74-minute and the 
41-day isomers could be due to experimental errors in 
measuring the long-lived spectrum, owing to the low 
activity of the sources. However, two complete runs 
were made on one source and the end points obtained 


for the high-energy group (by the method of Fermi 
plots) agreed to within 10 kev. The discrepancy is 
80 kev. 

It is possible that there is a transition from the h1/2 
state of Te™ to the ground state of I'®, whose spin is 
known to be 7/2 and whose parity is even. Such a 
transition would be characterized by AJ=2, yes and 
should have a value of log(W,?—1)ft~10. Such a 
transition would have to satisfy two criteria: (1) it 
would have to give the correct half-life for the 41-day 
state, and (2) it would have to insure that the ratio of 
the number of conversion electrons from the 106-kev 
transition to the total number of beta rays observed 
would correspond to the observed facts. To estimate this 
let Ay, Ag-, and Ag be the probabilities of leaving the 
41-day state by a gamma ray, internal conversion 
electrons, and direct beta-ray transitions respectively. 
Since the beta-ray end point is known, log(W.?—1) fi 
can be calculated. Assuming log(W,?—1) ftg~10, tg can 
be calculated. A, can be estimated from the formulas 
of Moszkowski‘ or Weisskopf* for multipole transitions 
and A,— from the conversion coefficients of Rose.*® 
Reversing the process, one can use the two criteria 
mentioned above, together with the experimental data, 
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Fic. 6. Tentative disintegration scheme of Te™. 


4S. A. Moszkowski, Phys. Rev. 83, 1071 (1951). 

5 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

°M. E. Rose, in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company Amsterdam, 
1955). 








DISINTEGRATION OF Te!??9 


and calculate an A, and Ag. Thus: 


(A, +A —+A,)=0.195 10-6 sec 
(half-life 41 days), (1) 


Ae/(Ay+A—+As)=0.95. (2) 


This gives Ag=0.01X10-* sec! and /g=6.93X107 
sec. From this, log(Wo?—1) ftg=11.3, which is a fairly 
reasonable value. Similarly A—=1.85X10~’ sec". 
Using A.—/Ay=(Ag+Axz)/Ay=440, one obtains a 
value for A, of 4.21 10-" sec~. This is to be compared 
with the following theoretical results for A,: Moszkowski 
(no spin) Ay=1.87X10-"; Moszkowski (with spin), 
A,=2.96X10-*; Weisskopf, A,=5.62X10~". Con- 
sidering the inexact nature of the calculation of the 
half-lives of multipole radiation, the results appear to be 
in satisfactory agreement with what would be expected. 
The beta-ray results can be partially explained, there- 
fore, by a weak transition from the /11/2 state of the 
parent to the ground state of the product together with 
the stronger transitions observed in the 74-minute 
decay. 

We now turn to a discussion of the energy level 
scheme of I’. According to Ford,’ the spins and 
parities of the low states of the iodine isotopes should be 
dictated by the 3-proton configuration. Owing to the 
close proximity of g and d states in this region, one would 
expect considerable configuration interaction. The low- 
est configurations would be expected to be (gz,2)', 
(gzy2)? dsy2, (g7/2) (dsy2)”, and (ds,2)*. These configurations 
give rise to some 41 states, all of even parity and with 
spins from 1/2 to 17/2. The lowest states would have 
spins of 7/2 and 5/2. 

The spin of the ground state of I” has been measured 
by Livingston, Gilliam, and Gordy® and found to be 7/2 
and to have even parity, indicating the configuration 
[ (gz/2)* }x/2. The values of log ft for the beta-ray groups 
feeding the states at 0.027, 0.502, and 0.72 Mev are 
characteristic of /-forbidden transitions.? The experi- 


7K. W. Ford (private communication). 

8 Livingston, Gilliam, and Gordy, Phys. Rev. 76, 149 (1949). 

® While the difference in log ft values for allowed and /-forbidden 
transitions is not large, it is in general true that the /-forbidden 
transitions have a higher value of log ft. It is to be remembered, 
of course, that the empirical classification of beta transitions 
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ments would suggest the configurations [ (g7/2)* ]s/2 and 
[ (gz/2)* ]s2 for the states at 0.027 and 0.502 Mev. The 
state at 0.72 Mev would have to have a spin of 3/2 or 
5/2 and even parity. The transition to the highest state 
appears to be allowed and this suggests ds/2 or d3/2 for 
this state. 

An indication of the multipolarity of the 27-kev 
gamma ray can be obtained from the half-life. As 
mentioned previously, it was found that coincidences 
between the 475- and 27-kev gamma rays are prompt 
with respect to the resolving time of the apparatus 
(10-7 sec). Since the 27-kev state and the ground state 
have the same parity, the radiation must have the 
character of M1 or £2. Using the results of Moszkowski 
(with spin), the half-life for an M1 transition is about 
8.1X10-" sec and for an E2, 1.0X10~ sec. All higher 
multipole orders, of course, give longer half-lives and 
are therefore ruled out by the experimental data. The 
only shorter half-life would be £1, which seems highly 
unlikely since the transition takes place between two 
low-lying levels in the same shell and these levels are 
expected to have the same parity. The evidence sug- 
gests that this line is of an M1 character, which agrees 
with the assignment made on the basis of ft values. 

Of the many possible states of I’ predicted by 
theory, the present experiments, taken together with 
the experiments of Livingston, Gilliam, and Gordy on 
the spin of the ground state, are consistent with the 
assumption that the level order is [ (gz/2)* }z/2, [ (gz/2)* Jsy2, 
and [(gz/2)*]s2 for the ground state and first two 
excited states. The two higher states appear to have 
spins of 5/2 and 3/2 and are of even parity. 
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according to log ft values has been made on the assumption of the 
single particle shell model. See Mayer, Moszkowski, and Nord- 
heim, Revs. Modern Phys. 23, 315 (1951), and also M. G. Mayer, 
in Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn’ 
(North Holland Publishing Company, Amsterdam, 1955), Chap. 
16. Most of the transitions of the type d3,5 to ds,3 have log ft from 
about 4.7 to 5.6 and none are as high as 5.9. It is for this reason 
that these transitions are considered to be /-forbidden. 
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The angular distribution of the protons from the reaction O'*(d,p)O" leaving O" in its ground and first 
excited states has been measured as a function of the deuteron bombarding energy. Deuterons of energy 
2.51, 2.26, 2.01, 1.76, 1.60, 1.35, and 1.05 Mev were used to bombard thin ZnO targets. The resulting protons 
were detected at angles ranging from 5 to 160 degrees with respect to the deuteron beam. Detection was 
accomplished with CsI(TI) phosphors on 6291 photomultipliers mounted as a unit in the vacuum housing 
of the reaction chamber. The characteristic forward stripping maxima are obtained in both reactions plus 
considerable yield in the backward direction, especially near resonances in the reaction. The effect of a 
resonance at 1.7 Mev is to flatten the distribution curves so as almost completely to mask their stripping 
character. Secondary maxima observed in the excited state distributions are interpreted as the result of 
nuclear interaction of the stripped proton with the residual nucleus. Coulomb effects are also observed as 
the deuteron energy is lowered. The stripping maxima are shifted to larger angles and the valleys become 
less pronounced. Absolute differential cross sections for the reactions are also given. 





INTRODUCTION 


HE angular distribution of the protons from the 
reaction O'*(d,p)O" leaving O" in its ground and 
first excited states has been investigated by a number 
of workers. Heydenburg and Inglis! (hereafter referred 
to as HI) have measured the distributions from 35-160 
degrees in the center-of-mass system for incident 
deuteron energies ranging from 0.80 to 3.05 Mev. 
More recently, absolute differential cross sections for 
the reaction have been reported by Stratton ef al.? for 
bombarding energies in the range 2.65-3.43 Mev and 
for angles down to 5 degrees with respect to the deuteron 
beam. Juric* has reported relative distributions for the 
ground-state protons in the deuteron energy range 
0.58-1.40 Mev. The results of all these experiments 
show marked changes in the shapes of the distribution 
curves as the deuteron energy is raised. This has been 
interpreted qualitatively as an interference effect 
between the stripping and compound nucleus “modes” 
of the reaction. 

The present investigation was begun primarily to 
test the effectiveness of the Butler‘ type stripping 
analysis at deuteron bombarding energies in the 
neighborhood of 2 Mev. Coulomb effects can obviously 
not be neglected in this range and the cross sections for 
stripping and compound nucleus formation may be of 
the same order of magnitude for certain resonance 
energies. One would like to determine the distortion 
introduced into the pure stripping distributions by 
these combined effects. In particular it is desirable to 
determine the reliability of fitting a Butler-type curve 


* This research was supported in part by the United States Air 
Force, through the Office of Scientific Research of the Air Research 
and Development Command. 

1N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 
(1948). 

2Stratton, Blair, Famularo, and Stuart, Phys. Rev. 98, 629 
(1955). 

3M. K. Juric, Phys. Rev. 98, 85 (1955). 

4S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 


to the experimenta] points and drawing conclusions 
about the angular momentum carried by the captured 
neutron. Although these questions have been answered 
in part by the results quoted above,” it is of interest 
to present the complementary data obtained here for 
deuteron energies of 1.1-2.5 Mev. Absolute differential 
cross sections have also been measured in this range 
over angles from 5-160 degrees. 


EXPERIMENTAL DETAILS 


The measurements were carried out in a cylindrical 
reaction chamber 23 inches in diameter and 6 inches in 
height. Deuterons from the University of Texas 
electrostatic generator were led in through a system of 
collimating slits such that at the center of the chamber 
a beam ;5 inch in diameter was obtained. A variation 
of more than +5 kev in the deuteron energy was 
sufficient to remove the beam from the target. Solid 
targets were inserted through an O-ring seal in the lid 
at the center of the chamber and could be rotated to 
any desired angle with respect to the beam. The angle 
usually chosen was 45 degrees. Targets used in this 
experiment consisted of a thin ZnO film painted on a 
230-ug/cm? aluminum foil stretched over a brass 
supporting frame. Two such targets were in use during 
the experiment, the amount of ZnO being 0.960 mg/cm? 
on the one and 0.562 mg/cm? on the other. Most of the 
data were taken with the thinner target which was 
calculated. to be 53 kev thick for 2.5-Mev deuterons 
and 114 kev thick for 1.1-Mev deuterons. 

The protons from the reaction were detected by 
scintillation counters mounted directly inside the 
vacuum housing. Two such counters were employed. 
One was capable of rotation by means of an external 
control through an angular range of 0-163 degrees. 
The angular setting could be read to 0.1 degree from a 
calibrated vernier mounted beneath the chamber. 
Alignment of the counter axis (defined by circular slits) 
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ANGULAR DISTRIBUTION OF PROTONS 


with respect to the beam was carried out by inserting 
a carefully machined mandril through the beam entry 
port and collimator tube; the mandril was then required 
to slip snugly without binding into the counter defining 
slit housing with the counter at the zero position. The 
vernier scale was then locked into position to read 
exactly zero degrees. The other counter could be set 
manually at any desired position before closing the 
chamber for pump-down. The latter counter was used 
as a monitor in this experiment, set permanently at 
90 degrees with respect to the beam. 

Each counter unit inside the chamber consisted of a 
phosphor mounted on a Du Mont 6291 photomultiplier 
tube and a voltage dividing circuit with lead-outs 
through Stupakoff seals for signal and high voltage. 
The monitor counter employed a plastic scintillator 
button, 3 inch in diameter and ;¢ inch thick. The 
rotating counter, hereafter called the “data counter,”’ 
used a thin CsI(T1) crystal. These crystals are ideally 
suited for charged particle detection. In addition to 
being linear with proton energy, they are nonhygro- 
scopic and easily machined into any desired shape. Two 
sizes were used in this experiment. In the earlier stages 
a crystal } inch in diameter by ;’¢ inch thick was used, 
but the y-ray rejection by this crystal proved to be 
unsatisfactory. Consequently a crystal } inch in 
diameter by 0.016 inch thick was made which effectively 
counted only the incident protons up to about 6 Mev. 
The curve displayed in Fig. 1 was taken with this latter 
crystal. The resolutions which were usually obtained 
were about 12%. Nearly half of this was due to the 
thickness of the targets in use. After proper correction 
for energy loss of the deuterons and protons in the 
target, a purely instrumental resolution of 7% was 
obtained. While the earlier crystal was in use, it was 
necessary to insert an Al absorber, thick to the protons, 
in front of the counter in order to obtain the y-ray 
background. This insertion was accomplished auto- 
matically with a solenoid, actuated from a switch 
external to the reaction chamber. 

Voltage to the two counters was supplied from a 
specially constructed high voltage power supply which 
was continuously monitored with a Rubicon po- 
tientometer. Regulation was better than 0.01% and 
drift about } volt per hour at 1000 volts which could 
easily be compensated for by manual adjustment. 
The pulses from the two counters were fed to identical 
counting channels consisting of an Atomic Model 204B 
linear amplifier, a Model 510 single-channel analyzer, 
and a 101M scaler. The data channel was rigged to 
count until 4096 counts had been recorded in the 
monitor channel. The window of the pulse-height 
analyzer in the monitor channel was set to include only 
a known fraction of the elastically scattered deuterons 
from the target. The deuteron beam was also collected 
in a Faraday cup after passing through the thin target 
and the total charge per 4096 counts in the monitor 
channel was recorded. 
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Fic. 1. The pulse-height spectrum of protons from the bombard- 
ment of a thin ZnO target with 2.01-Mev deuterons. The angle 
of observation was 10 degrees with respect to the deuteron beam. 
Detection of the protons was accomplished with a 0.016 inch 
thick CsI(T1) phosphor mounted on a 6291 photomultiplier tube. 
0.0015 inch of Al was used to absorb the elastically scattered 
deuterons. The knee on the leading edge of the carbon group is 
from an Al(d,p) reaction taking place in the target backing. 


Elastically scattered deuterons were kept out of the 
data counter at angles less than 90 degrees by 
differential aluminum absorbers placed in front of the 
crystal. A single foil could be chosen so that it passed 
the protons of interest and stopped the unwanted 
deuterons over a wide range of angles and deuteron 
energies. 


TREATMENT OF DATA AND RESULTS 


The number of protons entering the data counter at 
10-degree intervals was determined by integrating the 
total counts under the typically Gaussian curves 
obtained after suitable background subtraction. Ab- 
solute differential cross sections were then computed in 
the usual manner. 

The total number of deuterons striking the target 
was obtained from the monitor and integrator data. 
An unsuspected leakage in the integrator circuit 
unfortunately rendered much of the Faraday cup data 
unusuable for absolute calculation, although it could 
be used to check the relative values. A normalization 
point for conversion to absolute cross sections was 
obtained at each deuteron bombarding energy from a 
determination of the total number of deuterons elas- 
tically scattered into the monitor counter during the 
data taking interval. Knowing the composition of the 
target, the Rutherford cross sections and the solid 
angle subtended by the monitor counter, the total 
number of deuterons striking the target could be 
calculated. 

The solid angle subtended by the counter was 
1.3X10~ steradian, giving an angular resolution of 
+2 degrees. 
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The number of oxygen atoms per cm’ was determined 
by weighing the targets on an accurately calibrated 
microbalance. In addition to the oxygen present in the 
form of ZnO, correction had to be made for the oxygen 
present as surface contamination on the aluminum 
foil backing. This was determined by counting first 
the number of protons at a given angle when a bare foil 
was bombarded with a given number of deuterons. 
Then a known amount of ZnO was deposited on the foil 
and the number of protons again determined at the 
same angle and for the same number of incident 
deuterons. One can then compute the contribution from 
the surface contamination. This amounted to an 8% 
correction. 

All cross sections were multiplied by the proper 
conversion factor for expression in terms of center-of- 
mass coordinates. The energies quoted are at the center 
of the target. The error shown is the relative error. 
Most of this is due to uncertainties in background 
subtraction, especially at the back angles where protons 
from the carbon reaction contributed appreciably to 
the background. In order to obtain absolute errors, 9% 
should be added to the relative error. This is due in 
large measure to the uncertainty in the value of the 
total number of deuterons striking the target, while 
the remainder is to be found in the calculation of the 
number of oxygen atoms present in the target. Correc- 
tions to the cross sections for finite angular acceptance 
of the counter and finite source area both total less 
than 0.1%. 

The angular distributions for the protons leaving 0" 
in the ground state are shown in Fig. 2. The charac- 
teristic forward stripping maxima found at higher 
energies are clearly evident at 40-50 degrees. The 
curve at 2.4 Mev is nearly symmetrical about 90 
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degrees; however, this probably bears no significance 
in terms of compound nucleus formation. Perhaps the 
most striking aspect of the curves is the variation in 
the backward yield relative to the stripping maximum. 
This variation is most easily interpreted in terms of 
resonances in the formation of a compound nucleus. 
If the distribution curves are integrated to obtain 
total cross sections, one obtains the points shown in 
Fig. 4(a). The results of HI are shown for purposes of 
comparison, normalized to the present data at 2.0 Mev. 
Above 2 Mev, the present data are not in good agree- 
ment, although the same trend is established. This 
discrepancy may be due in part to the increased yield 
at the higher energies for angles less than 35 degrees 
which was not measured directly by HI. It should be 
noticed that resonances in the total cross section 
coincide with those energies at which the backward 
yield is greatest relative to the stripping maximum. 

The flattening of the angular distributions as one 
goes through resonance has been observed in other 
(d,p) reactions, e.g., C¥(d,p).° 

The angular distributions for the protons leaving 
O" in the first excited state (0.875 Mev) are displayed 
in Fig. 3. Here the expected stripping maximum at 
zero degrees is observed with another secondary 
maximum at 80-90 degrees. This maximum is too large 
to be accounted for by pure stripping theory (see Fig. 5). 
Tobocman and Kalos® have calculated the additional 
effects of Coulomb forces and nuclear interaction on the 

5 Haberli, Statistical Aspects of the Nucleus, Brookhaven Na- 


tional Laboratory Conference, January 24-26, 1955 (unpublished). 
*W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 (1955). 








ANGULAR DISTRIBUTION 


Butler stripping theory. Their results on one of the 
F'°(d,p)F® reaction groups, assuming absorption of 
1<$2 protons, gives rise to just such a secondary maxi- 
mum in an /,=0 curve. The peak observed here is 
probably of the same origin. 

The total integrated cross section for this reaction is 
shown in Fig. 4(b). The results of HI are again shown 
for comparison, with the best fit obtained by normal- 
izing at 2.3 Mev. The resonance at 1.75 is again ob- 
served. In addition the present work confirms the 
existence of a rise in the yield curve at 2 Mev which 
is not observed in the ground state reaction. 

The data herein presented are in good relative 
agreement with the results of HI. A comparison of the 
individual angular distributions obtained in the two 
experiments over their mutual range of angles and 
energies showed no serious discrepancies with the 
exception that there is a general trend for the present 
results to be 10-20% lower at angles greater than 120 
degrees. 


DISCUSSION AND CONCLUSIONS 


It is evident from a purely qualitative inspection of 
the angular distribution curves obtained that some- 
thing more than pure stripping occurs in the O'*(d,p)O" 
reaction for deuteron energies in the range 1-2.5 Mev. 
Inasmuch as the Coulomb barrier for deuterons on 
oxygen is about 3 Mev, the Coulomb interaction cannot 
be neglected. Tobocman and Kalos® have found that 
the main contribution of the Coulomb force is to 
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radius R=9X10~ cm, while the dashed curve corresponds to 
R=6X 10-8 cm. 


broaden the peaks and fill in the valleys, as well as 
displacing the distributions to larger angles. This trend 
is certainly evident in the curves obtained in Fig. 5. 
Furthermore, the effect of introducing nuclear inter- 
actions can in some cases enhance secondary maxima 
which are observed in the case of the O'*(d,p)O'* 
(Q=1.04 Mev) reaction in the present work. 

The resonance at 1.75 Mev, observed in both re- 
actions, results in a general flattening of the angular 
distributions. Whether this is to be interpreted as an 
interference of the compound nucleus and stripping 
modes of the reaction, or simply as a resonance in the 
nuclear effect introduced by Tobocman and Kalos into 
the Butler theory, does not seem clear at the present 
time.® A rise in the total cross section at 2.0 Mev was 
observed only for the reaction leaving O"’ in its first 
excited state. The interpretation of this is not clear. 
Inasmuch as the forward stripping yield begins to 
become appreciable at this energy, the effect may be 
associated with a reduction in the Coulomb effects. 

The applicability of a Butler-type analysis to the 
data at these low energies appears to be of limited 
value unless one can conduct the measurements “off 
resonance.” 
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Tensor operator methods are applied to find the matrix elements of the two-nucleon tensor force between 
states of two inequivalent nucleons in LS coupling. The results are used to obtain the direct and exchange 
terms arising from a tensor-force interaction between states of a shell closed except for a single vacancy 


and external inequivalent nucleon. 





INTRODUCTION 


HE subject matter of this paper originated in an 
investigation into the ordering of energy levels 
of the lowest excited state of O'* and the ground state 
of the Na nucleus, based on central and noncentral 
forces. Using the harmonic oscillator model, we assumed 
the former state to be a mixture of the configurations 
(1s)*(2p)"(2s) and (1s)*(2p)"(3d), and the latter to 
have the configuration (1s)*(2p)"(2s)*(3d)*. In ap- 
proaching the problem, there was an early appreciation 
of the need for evaluating the energy of interaction 
between a shell closed except for a single nucleon, and 
a group of external nucleons—also with interconfigur- 
ational mixing in this case—and the matrix elements 
of the two-particle noncentral force operators between 
states of two inequivalent nucleons. 

As is well known, these results are particularly simple 
in the case of a central force alone, a fact which led us 
to enquire whether or not some similar simplification 
occurred with noncentral forces. It was found that, 
while a general expression for a two-particle matrix 
element remained unwieldy,! the tensor force interaction 
energy between an almost closed shell’ and single 
external nucleon reduced to a relatively compact 
expression.* 

We here present a reasonably comprehensive deriva- 
tion of a general expression for the two-nucleon matrix 
elements and apply the result to a study of an almost 
closed shell problem. 

To this end we propose to use much of the algebra 
of tensor operators introduced by Racah‘ in the theory 
of complex spectra together with an extension to the 
tensor product of tensor operators discussed by several 
authors.®:* The notation employed is largely that of 
Racah. 


* Present address: Royal Military College of Science, Shriven- 
ham, England. 

1L. W. Longdon, Phys. Rev. 90, 1125 (1953). 

2 The phrase “almost closed shell” used throughout this paper 
implies a shell closed except for a single vacancy. 

3 J. Hope, Phys. Rev. 89, 884 (1953). 

4G. Racah, Phys. Rev. 62, 438 (1942). Hereinafter referred to 
as I. 

5 J. Schwinger, Nuclear Development Associates, Inc., Report 
NYO-3071, White Plains, New York, 1952 (unpublished). 

61, Talmi, Phys. Rev. 89, 1065 (1953). 


1. TENSOR OPERATOR THEORY 


We begin by recalling the relevant aspects of the 
algebra of tensor operators as developed in I. 

In this paper an irreducible tensor operator 7* of 
degree k is defined as a set of 2k+1 quantities 
T,*(—k<&q<k) which, under rotations in a three- 
dimensional Euclidean space, transform like the 2k+1 
components of a spherical harmonic of degree k. In 
addition they satisfy the same commutation rules with 
respect to the angular momentum vector components 
J., Jz+iJ,, as these functions. 

On representing the components 7," in the scheme 
ajm, and writing these commutation rules in the form 
of matrices, one is led to the result 


(ajm| T*\a' j’m’) 
= (—1)#7"F*(ajl| T*]a’ 7’) (kqj’m' | jm)(2j+1)-*. (1) 


This equation separates the physical properties of the 

tensor, which are described by the amplitude matrix 
(aj||T*\\a’7’), 

from its geometrical properties as exhibited by the 

Wigner coefficient. 

It will be remembered that an irreducible tensor 
operator T* is said to be Hermitian [I, Eq. (25) ] if its 
components and those of the adjoint operator 7*! are 
connected by the relation 


T,*t= (—1)*T_,t. 

As in vector algebra, one may define many kinds of 
products of tensor operators. By analogy with the 
vector addition law in quantum mechanics, the tensor 
product of order ¢ of two irreducible tensor operators 
R’, S* may be defined by the equation: 

T,'=(R’ O,' S*) = (rpso|tr)R,'So’, 

in which we have used a dummy suffix notation, i.e., 
Greek letters occurring more than once imply summa- 
tion over all of their allowed values. It may be verified 
that T‘ is an irreducible tensor operator. In keeping 
with the tradition of the theory of atomic spectra the 
scalar product of two tensor operators of degree k is 
given by the relation: 


(Rt- S*) = (—1)4R,AS_y*= (—1)*(2k-+1)!T0°, 


an example of which is the addition theorem for 
spherical harmonics of degree k. 
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TENSOR 





OPERATOR 


The law of combination of irreducible tensor oper- 
ators given above has very wide applications. 7* is a 
tensor operator not only when R’* and S* operate on 
different systems but also when they operate on 
different parts of the same system; they are not even 
required to commute. 

To examine the Hermitian character of the tensor 
product, consider the adjoint operator 


T,'t= (rpso|tr)R,'S,*t. 
Upon assuming that R’, S* are Hermitian and commute, 


it follows at once from Eqs. (16’), (19), and (25) of I 
that 


T, t= (R’ O,! S*)t= (- LyrrertertRe ©_,' S*). 
Thus the tensor product is Hermitian or skew-Hermitian 
as r+s—t is even or odd. It will, however, be recalled 


that a tensor operator is necessarily Hermitian if it 
possesses a real nonzero diagonal element. 


2. MATRIX ELEMENTS OF TENSOR PRODUCTS 


In order to discuss the matrix element of the tensor 

product 
T,'= (rpsa|tr)R,"S.', 

when R’, S* operate on different quantum-mechanical 
systems, let ¥(1,A), W(x) be orthonormal wave func- 
tions describing these systems, and let V(a/u) be a 
wave function of the system consisting of both. Then 
extending our summation convention to primed Greek 
letters as well as unprimed, we have 


(aJ | T,*| a’ J’u’) = (DAkx| Ju) (rpso| tr) (UN R’ x’ | J’p’) 

X (ald| Rp” | alN’) (a kx | So | ah’ e’). 
Using (1), we may write the matrix elements occurring 
on each side of this equation in terms of the amplitude 


matrices of their corresponding tensors; multiplying 
each side of the resulting equation by 


(— 1) Itt (trp! | Ju) (23+ 1)-3 
and summing over yu, y’, one finds with the help of an 
orthogonality relation of the Wigner coefficients, that 
(aJ|| T'\|a’ J’) = i L) Jt Hetil tktk’+r+s (27 1) 
XL (2l+-1) (2k+1)(2J-+1) 4 
X (all| Rrja"!)(«"b||S*la’®) 
X (Ak«| Ju) (rpso | tr) (UN Rx’ | J’u’) 
X (rpl’d’ | Dd) (sok’ x’ | kx) (tr Ju’ | Ju). 
The summation over the six Wigner coefficients occur- 
ring in this expression is of some significance in a study 
of the matrix elements of noncentral force operators 
and various functions have been introduced in the 
literature to represent it.>® We write 
x (lkl'k’ ; JJ’; rs; t) 
= (—1) Its thei tete’trtetity).0s)-[ ir} 
(CR )-(2)-LI IT} (reso | tr) (tr Ju" | Ju) 
X (kx | Ju) (rpl’r’ | Dd) (UN Rw’ | Iu’) (sok’’ |x), (2) 
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in which [r]=(2r+1), ---, etc., so that the equation 
giving the amplitude factor of the tensor product 
becomes 


(aJ|| T*\\a’ J’) = {C0} 7] - Ls ]}-*x (RVR 5 JS’; rs; 0) 
X (al|| RI’) (ak S*\\a’h’). (3) 
This is an extension of Eq. (38) of I to tensor products. 

The x function will be recognized as a matrix element 
in the orthogonal transformation between vector 
coupled states of four nucleons; its symmetry properties 
and orthogonality relations have been discussed by 
Hope and Jahn.’ 

In what follows we shall be concerned with the 
product of a scalar product of tensor operators with a 
tensor product, in particular when the scalar product is 
a product of spherical harmonics C* of degree &, i.e., 
we consider: 

(C¥ cay Cc) (Ray Oe S*q2y). 
With the definitions already given this operator may 
be written 
(—1)*(rpso| tr)C,*(1)R,"(1)C_,*(2)S.*(2), 

where the bracketed numbers refer to the quantum- 
mechanical systems upon which the respective operators 
act: the unitarity of the Wigner coefficients permits 
one to write: 

C,*Rp’= Low, m(kurp| wm) Ln”, 

C_y*S6°= Dow’, m' (R—pso| w'm’) M me". 
Hence this tensor operator may be expressed in terms 
of operators acting on the separate systems: 


> (—1)4(rpso| tr) (kurp| wm) 


X (k—pso| w’m’) Dn” (1)M me’ (2). 
With the aid of a standard result for the sum over a 
product of three Wigner coefficients, viz., 
(aabB | cy) (cyd5| so) (b8d5| rp) 
={[c]-[7]}*(aarp|so)W (absd; cr), 
this last result becomes: 
Ew, (— 1) [00] [eo] W (whts jr’) (L* a) ©»! M*'en). 
Thus, in general, one may write 
(Cay -C* a) (Ry O' Sy) = Dw, w'(—1)*{Lw]-Lw’ J} 
> 4 W (whts ; rw’) (L” Oh M*’ (2). 
It is then evident that by using Eq. (3) the amplitude 
factor of this operator is given by 
(aJ|| (C¥y-C¥») (Rw Of Se) |]0’J’) 
=D w(— 1) x (Ad 5 JI; wr’ 5 
XW (wkts ; rw’) (al|| L”|\a’"1’) (a’’k|| M”’|\a’h’). 


(4) 


We conclude this section by establishing the analog 
for the x function, or any of its variants, of Eq. (75) 


7 J. Hope and H. A. Jahn, Phys. Rev. 93, 318 (1954). 
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of I. Since this function is a matrix element in the 
transformation of states of four particles, it is evident 
that 


x(abed ; ef ; gh; k) = (—1)**%—**y (abde; ef ; a8; k) 
Xx (adeb; a8 ; gh; k). 


If we now consider the expansion obtained by multi- 
plying each term of the summation in this relation by 
(—1)*, and then putting a=d, it may be verified from 
an orthogonality property of the functions and their 
symmetry relations that: 


(—1)*-/-*e¥y (abac ; ef; a8 ; k)x (aac ; a8 ; gh; k) 
= (—1)**"*8(e,h)3(f,g). (Sb) 


This relation has been found valuable in the consider- 
ation of noncentral force interactions in low excited 
states of closed shell nuclei, as well as in the noncentral 
force almost closed shell problem. 


(Sa) 


3. STATIC TENSOR FORCE OPERATOR 


We specify each of the quantum-mechanical systems 
already mentioned to consist of two inequivalent 
nucleons. The isotopic spin, intrinsic spin, and orbital 
quantum numbers of the individual nucleons are vector- 
coupled to form resultants T, S, and L respectively 
and the two-nucleon state is characterized by the 
totally antisymmetric wave function 


V (yal, TSLM 1M 5M 1), 


where 7 is some additional quantum number or num- 
bers. This wave function may be separated into mutu- 
ally independent isotopic spin, intrinsic spin, and 
orbital wave functions. We specify the orbital wave 
function to be of the form 


V(yNalaNely; LM 1) = uy (Mala) o(mole) (Lalu | LM 1) 
x Y," (A, ¢1) Y,,°(02,¢2), (6) 


where the u,; are arbitrary, normalized, single-particle 
radial wave functions of the argument 1;/); (r; is the 
radius vector of the ith nucleon and 3; is a parameter), 
the Y’s are spherical harmonics, and the indices denote 
the particles to which they belong. The two-nucleon 
static tensor force operator is: 


(o1°Ti2) (@2° Tis) 
ee 01°02) ’ 


Ay».= T 12J (riz) 


| ri2|? 


in which the indices 1, 2 refer to the separate nucleons, 
T12 is the relative position vector, J(ri2) is a function 
describing the nucleon separation and 7,2 may be any 
one of the following isotopic spin operators: 

Neutral: 1; Symmetric: (1-2); 
Charged: (ret a2t+7(y7(2)y)- 


These may be expressed as tensor products of irre- 
ducible tensor operators of degrees 0 and 1. For either 
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nucleon the components of the tensor operator of 
degree 1 are the three orthonormal functions® 


T41'= 2(Fr.— ity), tTi=T, 


formed from the Cartesian components rz, ry, 7, of the 
isotopic spin vector, and which transform according to 
the representation D of the three-dimensional rotation 
group. One finds that these operators become: 


(7° 1) Oo? 7%c2y), 
Symmetric: —34(7'q) Oo® ra), 
Charged: —2[3-4(ry Oo? ry) +6-4'(7 a) Oe? 7) J. 


As is well known, the spin-orbital part of the tensor 
force operator may be expressed as a scalar product of 
an irreducible tensor S® operating in the combined 
spin spaces of the two nucleons, and a tensor L) acting 
in their combined orbital spaces. 

The components of S® are constructed from the 
Cartesian components of the spin vectors 0, (k=1, 2) 
by taking combinations of the orthonormal functions: 


(k=1, 2), 


which transform according to the representation D® 
of the rotation group. It is not difficult by using Eq. (1) 
and the properties of the Pauli spin matrices to show 
that the amplitude matrix of this operator is nonzero 
only for triplet spin states, i.e., 


(S||S@||.S’) = 2 546(S,S’)6(S,1). 


One may construct in a similar manner the five 
components of the two nucleon orbital space tensor 
operator L®., Using the choice of phase factors in I and 
the axis of z as axis of quantization one may form from 
the Cartesian components X, Y, and Z of the unit 
vector f2/|r2| three orthonormal functions which 
transform according to the D“ representation : 


27°(-X-iY), Z. 


Neutral : 


2-4(Fow2—iocnyy), 7(e)23 


Combining these with themselves to form a set of 
quantities transforming according to the representation 
D®, one obtains the five components of the tensor 1 : 


L32=27 (X+iYV)?, Lyr=Z(FX— iY), 
Le=—6-1(3Z?—1). 


From the spherical polar coordinates (r:,0:,¢%) of 
the kth nucleon (k=1, 2) one derives expressions for 
the components of the vector m2 which, after substitu- 
tion in the components ZL, and rearrangement in 
terms of spherical harmonics yields the result : 


| tio|?@L = (2/3) (C2) OF C%)r? 
+ (OW OF C%»)r27} —2(Chy OF Cla) rire, 


in which the suffices of the spherical harmonic operators 
refer to the separate nucleons. 


§ The choice of phase factors is that of I. 
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Thus, upon writing 
I(ri2)/|ri2|*= X (C#ay-C*e»)Ia(ryra), 
k=O 


one arrives at the following expression for the two 
particle orbital tensor operator 


I (rie) L® =[ (2/3) 8{ (C2) ©? Ca)? 
+ (C%) ©? C?2))r2?} —2(Chay ©? Cly)rire] 
x > (C¥ ay C* ay) Je (11,72). (7) 
k=0 


The products of spherical harmonics are of a type 
already discussed and may be written as 


(Cy -C*ay) (Cay ©? C%y) 
=5-§ ¥ .(—1)*{ [x ]} #(2020| 20) (C2) ©? Chay), 
(C¥ (1) -C*(2y) (C%y) ©? Cay) 
=5~t 5) 2(—1)*{L]}#(2020| 20) (C*) ©? C%(»), 
(Cer -C¥ca) (Chay ©? Clem) 
=D ey(—1)'**{ [x ]- Ly ]}#(4010| 20) (2010 yO) 
XW (l1xy; 2k) (C21) ©? C%)). 


These results enable the tensor force operator to be 
written in terms of single nucleon operators: it is felt 
that this is the most convenient form for dealing with 
the almost closed shell problem. 

Let us next examine the amplitude matrix of the 
operator J(ri2). L® in the general two-nucleon states 
(6). For convenience denote the integration over the 
radial wave functions by 


A t= (nala,nolo| Js (r; ro)r;"| Nel-nala), 
A= (nalanolo| Je (11,7272 | NeleNala), 
B= (nala,nvl» | Ji (r1,r2)rire| Nle,Nala). 

Upon substituting in (7) the expressions for the products 
of the spherical harmonic operators and applying (3), 
it is apparent that the amplitude matrix of this operator 
is readily written in terms of these radial integrals and 
the single particle amplitude matrices of the relevant 


spherical harmonic operators. The value of the latter 
is obtained from the general result given in I, viz., 


(gC 9) = (— DLL FIL IC (39,93 /2}! 
(2g=j+qt+j’), (8) 


in which C(a,b,c)=0 if a+0+c is odd, and 
2(a+b—c)!(b+c—a)!(ct+a—b)!g! 
(a+b+c+1)!(g—a)?(g—b) ?(g—c)? 


when a+b+c=2g, where g is integral. Certain values 
of these coefficients have been tabulated by Shortley 
and Fried.® The explicit connection with the Wigner 
coefficients may be argued from paragraph 4 of I, and is 


(c00| a0) = (—1)#et*+e-af (aC (a,b,c)}/2}'. (9) 
® G. H. Shortley and B. Fried, Phys. Rev. 54, 739 (1938). 





C(a,b,c) = 
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We do not present a detailed account of the manipu- 
lation involved, but it is not too tedious to verify that 
the amplitude matrix under consideration is given by 


AY [6-4 Ay* YO, O(labdela; LL’; xk; k202) 
k=( 
+As* ¥, O(lbbela; LL’; kx; kO22)} 


— BY sy O(labela; LL’; xy; k112)], (10) 


where 
A= (- 1) Mtetla—to—ly)—19—-1¢ SJ, | * [ly ]- [le] a (la }} } 
and 
O(abcd; ef; xy; krst) 
= {Lx JLyIC(a,x,c)C (6,y,d)C (h,r,x)C (h,s,y)}3 
XW (rsxy; tk)x (abcd; ef; xy; t). 
To conclude this aspect of the development we 
remind the reader that (1) and Eq. (38) of I may be 
employed to furnish an expression for the matrix 
element of the tensor force operator in the yYTMrLSJM 
scheme. Explicitly : 
(ynala,toly; TMrLSIM | H12|y'nl-nala; TMrL'SIM) 
= (—1)'**-/6(s,1)@(T)2X5! W(LIL'1; J2) 
X(yndanolo; LI|J (riz) L ||y'nbenala; L’). 
Here ®(T) is a factor whose value is determined by the 
type of charge dependence assumed, and is tabulated: 


(11) 


Neutral Symmetric Charged 


®(T) (8(T,0) (—38(T,0) (—28(T,0) 
+8(T,1)) +6(T,1)) +28(T,1)6(Mr,0)). 


The calculation of this matrix element for special states 
can be very tedious, especially if large values of the 
quantum numbers /,, ... are involved. However, labor 
may be saved in several cases by evaluating the relevant 
functions from tables of Racah’s W function" and the 
Shortley and Fried coefficients. 

In the course of s, p, and d shell calculations em- 
ploying (10), (11), and oscillator wave functions it was 
found, in company with Elliott," that the separate 
radial integrals contain a divergent part which is 
proportional to (2k+-1). This singularity disappeared on 
taking the correct linear combination of these integrals. 
In an appendix we demonstrate that if the integrals 
A (i=1, 2), B* are each equal to a(2k+1) where a 
is a constant, then they do not occur in the evaluated 
matrix element. 

The special case of the result at (10) when all the 
nucleons are equivalent is of some interest in problems 
involving a group of equivalent nucleons. Reverting to 
the radial integrals A,* (i=1, 2), B*, it is easy to show 
by interchanging coordinates, that when 


(12) 


he=M=N-=Nha=n, 1,=h=l,=lz=l, 

LL. C. Biedenharn, Oak Ridge National Laboratory Report, 
No. 1098, 1952 (unpublished); Biedenharn, Blatt, and Rose, 
Revs. Modern Phys. 24, 249 (1952). 

11 J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1953). 
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we have A,;*=A,*=A*, The connection between the 
coefficients of these radial integrals arises from the 
symmetry property 


x(Ull; LL’ ; xk; 2)= x (lll; LL’; kx; 2) 


of the x function ; consequently : 


((nl)?L||J (r12)L®|| (nl)PL’) 


k=) z J I } 


where A;= —5#(2/+-1)?/2. 

Finally the expression at (10) may be adapted to 
yield the direct and exchange terms of the tensor force 
interaction between the two nucleon states (6). The 
specialization which gives rise to the exchange term 
requires multiplication by an exchange phase factor, 


(-— 1)tetld-L’ 


4. APPLICATION OF TENSOR OPERATOR METHODS 
TO ALMOST CLOSED AND CLOSED SHELLS 


In this section it is assumed that the quantum- 
mechanical systems referred to earlier consist of a group 
of equivalent nucleons forming an almost closed or 
closed shell, and an isolated nucleon not of the same 
shell. To discuss the tensor force interaction energy of 
such a configuration we follow the method of I, para- 
graph 6, for the atomic central force: that is, we write 
down a general element in the energy matrix for a two 
nucleon configuration, and then replace the amplitude 
matrix element of a single nucleon tensor operator by 
that appropriate to the group. Clearly the operator 
whose amplitude matrix is to be replaced must act 
entirely within a single shell. 

We have seen that the amplitude matrix of the tensor 
force may be written as a product of amplitude matrices 
of tensor products in the isotopic spin, intrinsic spin 
and orbital spaces, typical direct and exchange terms 
of which are: 


d= (jajoj||(R’ O' S*)||j-jaj’), (13) 
j= (itty jajrjl|(RE O'S) jaied’). (14) 
An application of Eq. (3) to the direct term d; shows 
that if either 7,.=j. or jx= ja, or both, then one or the 
other of the tensor operators acts within a shell. This, 


however, is not true of the exchange term e;, for on 
applying Eq. (3) 


eg= (—1)iet7e-7"¢(71}}{[7]-[s 4 
XXx(Jajojajes JF’ 3785 t)(Jal|R"l| ja)(Jo|S*|| je). (15) 
Now the exchange term arises from the antisym- 
metric nature of the wave function characterizing the 
two nucleon system, as may readily be seen by con- 
structing the relevant Slater determinant from the 
single particle wave functions of the constituent nuclei. 


HOPE AND L. W. 








LONGDON 





The immediate aim is to show that the tensor 
product whose amplitude matrix appears at (14) can 
be replaced by one formed from single particle tensors 
which operate in the same shell, when either of the 
above specializations of quantum numbers is made. 

From Eq. (5a) one may put 


x(Jajojaje; sf; TS; t)= (— 1 Pies’ 8 
Xx(Jajojeja; JJ’ 5 0B; )x(jajejajo; a8; rs; t), 
in which a and £ play the role of summation indices. 


Upon introducing tensor operators u?, v¢ defined by 
the relations 


(jallu?||j-)=(2p+1)4, (jollv*l] ja)=(2g+1) (16) 


for all p and q, one finds, after some algebraic manipu- 
lation, that 


age (Ep erry Es 
X (Jal|R"|| ja) (Fol|S*l| Fe)x GajeJajo; a8; rs; t) 
X (jajnil| (ut Of) || jejaj’). (17) 
Consequently the desired result will be obtained by 
replacing 
(R’ ©! S*) 
in Eq. (14) by 
(Crs DAG aR 0) Jo S410) (— 8 
Xx (Jajejajo; a8; rs; t)(u% 1 Of v2). (18) 
To provide some measure of uniformity the operator 
occurring in the direct term may be written in the form 

{CrJ-CsJ}-* Gal] R"l] fe) (Go| S*|| ja) (ua Of vm). (19) 
With the interaction written in terms of operators of 
this form, the method outlined at the beginning of the 
section can be applied. 

Some digression is indicated at this stage to make 
trivial extensions of the atomic almost-closed-shell 
theory of Racah to cover the nuclear case. 

Following I, paragraph 5, we define a triple tensor of 
degree (tsk) to be a quantity which behaves as an 
irreducible tensor of degree ¢ in isotopic spin space, an 
irreducible tensor of degree s in intrinsic spin space, and 
an irreducible tensor of degree k in orbital space. 

Let Ss" (%) be a triple tensor operator acting with 


a group < of ¢ equivalent nucleons and defined as the 
sum 


SC) (Q) = > {(tek) |.) 
r=] 

of single-nucleon triple tensors. Also let S‘*” (RR) be a 
triple tensor acting on the group ® of (m—e) equivalent 
nucleons which go to make up the closed shell. The 
relation between the amplitude matrices of S‘*” ({) 
and the adjoint of S‘*» (%) is the strict analogy of Eq. 
(74) of I, ice., 
(y"!T"S"L"| Si tsk) (R)|ly’T’S’L’) 

= (— 1)ittteth ("T'S L"|| Stee) (2)t||y’7'S’L’),” (20) 





2 One of us (J.H.) wishes to point out an error in his Ph.D. 


(London) thesis. The footnote on page 49 is incorrect and the 





TENSOR OPERATOR METHODS AND 


and may be established by a similar argument. The 
result may still be said to be valid for a triple scalar 
operator, except for a constant diagonal term, for if 
(y’T'S’L'||S© (@)||y’T’S'L') = ae, 
where 
a= ($40 e||340), 
then 
(7 T'S’ L|| SO (M)|l-y’ T'S'L’)= (m— €)a. 


The representation of the two nucleon tensor force 
in terms of irreducible single nucleon tensor operators 
enables one to introduce a triple tensor s‘‘**) operating 
in the combined isotopic spin, intrinsic spin and orbital 
spaces of any one nucleon, whose amplitude matrix 
satisfies the relation 


$5nd|| s**) || n7) = (4]| 743) (3|]0°||3) (nll| T*|| nl). 


(21) 


It will be noted that each of the single-particle operators 
r', o*, and 7* in respectively isotopic spin, intrinsic 
spin, and orbital space possesses nonzero, real diagonal 
elements, and is consequently Hermitian. 

The result of replacing each single-nucleon amplitude 
matrix in (21) by that appropriate to the almost 
closed shell may, from (20), be written as 

$3nl||S“*® (m—1)||34nl) 

= (=1) #44 (ll sb) 

+m (44nl\| s‘*"||3301)5(t,0)5(s,0)5(k,0). (22) 


For convenience in reference, the terms on the right- 
hand side of this last equation are called the “normal”’ 
and “null” terms respectively. 

We now return to the main theme and apply these 
extensions to find the direct and exchange terms for 
the tensor force in quantum-mechanical systems 
symbolized by the wave functions: 


V(y(nl)"—" nla, TMrLSJM), 
V(y' (nl)”"— nels, T’M 7 LS’ I'M’), 


where m= 4(2/+1). 
It will be recalled that the tensor force operator is: 


Hi2= (71) ©" 72) (G1!) ©? aay) LE Tee (11,82) 
k=0 


«[ (2/15)! © 2(—1)*{ [x ]} #(2020| x0) 
X (12 (C71) ©? C¥ay) +12?(C* ry ©? C*(2))} 
+2rire > 2y(—1)*{ Lx ]- Ly ]}#(2010 0) 

X (R010| yO) W (11xy: 2k) (C* 1) ©? C%) J. 


From this form it is immediate that the two nucleon 
direct term consists of the product of 


(TI| (ray O* r™2y)|] 7”) (S|] (ay O? aay) |S’) (23) 


content of Chapter II, paragraph 6 is therefore misleading. The 
effect of this error on the numerical work of Chapter IX, paragraph 
6 has not been completely explored, but it is felt that the general 
trend of results will not be greatly changed. 
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with a linear combination of 
WaL|| (C*a) ©? C¥»)|\bL’), 
WaL|| (C*a ©? C*ay)|| UL’), 
(UaL|| (C%a) ©? C%2y)|\bL’). 


Hence the transition to the almost closed (m,/) shell is 
obtained by replacing the amplitude matrices at (23) 
and (24) by the appropriate “normal” terms, there 
being no other contribution owing to the presence of 
the Kronecker delta symbol 6(1,0) in the intrinsic 
spin “null” term. The factors 


(—1)7#, (—1)*+, (—1)7*, 


by which the amplitude matrices at (24) are respec- 
tively modified in the transition may be easily evaluated 
by recalling from Eqs. (3) and (8) that these amplitude 
matrices give rise respectively to the Shortley and 
Fried coefficients : 

C(x), CLAD, C(hx,). 
Consequently both x and & are even, and the factors 


are each equal to —1. Noticing that the “normal” 
term at (22) may be written as 
(—1)'**(3l] 743) (—1) #3 ||o*l]4)(—1) FT IID), 

it is apparent that the transition to the almost closed 
shell case induces a phase factor (—1)'*™ in the 
two-nucleon amplitude factors at (23). Thus, taking 
into account the above result for the orbital part of the 
tensor force operator, the matrix elements D,,_:, D of 
the m nucleon and two nucleon operators are connected 
by: 

D »—1= D for neutral isotopic spin, 

D»n—1= — D for symmetric and charged isotopic spin. 


While the reduction of the almost closed shell ex- 
change term requires considerably more manipulation, 
the final result is surprisingly simple in contrast with 
the corresponding two-nucleon term, as the following 
analysis shows. 

As before, apart from exchange phase factors, the 
two-nucleon amplitude matrix consists of the product 
of (23) with a linear combination of 


(ll. L|| (C1 ©? C* i») ||DIL’), 
(UlaL|| (C* 1) ©? C# a) |\IdL’), 
(ll.L|| (C7) ©? C%») ||’), 
we accordingly restrict ourselves to the consideration 
of a typical amplitude matrix: 
(jjo]||(X*a) O* Y%2)|| jojI’). 
Successive applications of Eqs. (17) and (3) show that 
this becomes: 


(—1)-¥"-9(25+41) Cx} Dy] LoL) 
X (jl X*|| jo) (Fal| V4] Ax GIaj Jo; JI”; a8; 2) 
Xx (ji findas aBs xy; 2) (jllu*l j) (allel jn). 


(25) 


(26) 
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For a reason already stated, the transition to the 
almost closed shell case can only give rise to a “normal” 
term which may be rearranged as 


(—1)ete ese): [y}-*(GX* I] G0) (Fall Yl] 7) 
Xx(jjajjo; JI’; aB; 2)(22+1)*x(jjjoja; a8; xy; 2). 

Recalling that a and 6 piay the role of dummy suffices 

and applying the symmetry relation of the x function 


given at (Sb) one finds that this “normal” term may 
be written as 


(—1)'+iete-*(2¢+-1)K[x]- Ly] 
X (j||X*|] jo) (all ¥*|| 7) 6,9) 5(J’,x). 


This result may be repeatedly applied to the almost 
closed shell amplitude matrices corresponding to those 
listed ‘at (23) and (25): using properties of the Pauli 
spin matrices and}Eqs. (9), (9a) one evaluates the 
resulting single-nucleon amplitude matrices and thus 
obtains expressions for those of the almost closed shell 
case. After multiplying by appropriate exchange phase 
factors and using Eqs. (1), it may be shown that the 
exchange matrix element for the tensor force operator 
in the almost closed shell case reduces to: 


Em_1= (—1)-I+e#198(5,1)8(S,5)6(J,J") 
X8(Mr,Mr)8(M,M’)(214+-1)8(7) 
X{5[le]-[h]-CUjlaL)*CUjb,L)}3 
XW (LIL'1; JE{C(L,L',2)}4- BL] -[L']}7 
X ((2L!-+1) Ex (2L-+1) Ey’) 
~ ¥ BAW(11L’L; 2k) 

FS ESEEI-LL']-C(6,1,L)-C(6,1,L)}) 


The radial integrals E,", E,”’, E* are the exchange 
counterparts of the integrals Ai”, A2”’, B* already 
introduced. The function @(T) is specified by the 
assumed isotopic spin dependence and takes on the 
values : 

Neutral 


—28(T,0) 
X4(T7",0) 


Symmetric 
—26(T,1) 
x 6(T’,1) 


Charged 
—2{5(Mrz, 1) 
+6(Mr, —1)} 
X 6(7,1)6(7",1). 


(T) 


(27) 


Finally elements in the energy matrix of the intercon- 
figurationa! mixing of the configurations (n,1)"—(ma,la) ; 
(n,l)""(np,ly) are given by Dn1— Eni. 
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We conclude by recalling that the value of the 
amplitude matrix of the two-nucleon spin operator S? 
implies the vanishing of tensor force interactions be- 
tween a closed shell and external nucleon, also between 
a closed shell and an almost closed shell. 

This work was carried out under the supervision of 
Professor H. A. Jahn. It is a pleasure to acknowledge 
the advice and encouragement which he so generously 
gave. 


APPENDIX 


We indicate how to show that 


H (+164 Ff O (lalla; LL’ ; xk; #202) 
k=O 


+O(labibela; LL’ ; kx; kO22)} 
Ley O(labdela; LL’; xy; R112) ]=0. 


First we rewrite the above in terms of Wigner 
coefficients and Racah’s W function by using the 
definitior. of © and an expression for the x function in 
terms of three W functions’: one chooses the latter so 
that, in each case, only one of the W functions contains 
the parameter k. 

The summation over & is performed by replacing a 
Wigner coefficient and W function by the sum over the 
product of three Wigner coefficients, e.g., for the first 
term of the above by putting 


(KOLA | [40)W (kalyy ; 2a) 
= {5[1a]}—*(ROxE| 2) (2Ey—E| 1,0) (xEy—E| 140). 


The summation over k then embraces two Wigner 
coefficients and may be identified with an orthogonality 
relation of these symbols. 

An identical technique is successful for summing 
over x and the summation parameter arising from the 
x function for the first two terms, resulting in: 


(—1 )i-hetlotletla)tlirtled 2[L)} {3 «5: [la] ; (1. ]}- 
X (LML'0| 10) (L0L0| 1,0) (20L0| L’0). 


Repeatedly summing over k, x, y and the parameter 
occurring in the representation of x function as a 
product of three W functions, shows that the last term 
reduces to an expression identical to but of opposite 
sign to that already quoted. The result follows. 


7H. A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). 
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The a—vy angular correlation function, W (6), of the cascade 
a(6.04 Mev) 7(40 k 
‘Tl=** 





ev) 
> TI™8(ThC”) 


Bi**(ThC) 


was determined by experiment to be consistent with a predicted 
law of the form W(@)=1+A cos¥%. The ratio W(90°)/W (180°) 
was measured to be 1.2993, +0.0095 due to statistics, and +0.010 
due to experimental corrections. Comparison of this result with 
predictions of a—y angular correlation theory shows that Bi?! 
cannot have zero spin. Of fifty-four possibilities considered, it is 
shown that the following spin and parity assignments are most 
consistent with presently available experimental and theoretical 
evidence from several sources: the ground state of Bi?” is 1(—), 
the 40-kev state of Tl”* is 4(+-), and the ground state of Tl” is 
5(+-). These assignments determine the orbital momenta of a 


particles emitted in the decay of Bi*’ to be a mixture of 3 and 5 
units for the transition to the 40-kev state of T]®® and to be 5 
units for the transition to the ground state of Tl”’. Using these 
values of orbital momenta in the Gamow theory, and in the 
Weisskopf-Devaney theory of a fine-structure, the theoretical 
ratios of decay probabilities for the two groups, \(40 kev)/A(0,) 
are found to be in good agreement (10 to 50%) with the observed 
value. This agreement affords, in the case of Bi*”, an explanation 
for the prohibited decay to the ground state relative to the first 
excited state found for many non-even-even nuclei by Perlman, 
Ghiorso, and Seaborg.! Since the emission of the @ particle with 
five units of orbital momentum hinders the decay Bi®* — T]*8 
(ground state) by a factor of 16, this helps to explain the unusual 
size of the “departure factor” (1000) given to this decay by 
Perlman et al. 





INTRODUCTION 


ERLMAN, Ghiorso, and Seaborg! have shown that 
the partial half-lives for alpha decay of nuclei 
which are not of the even-even sort are generally longer 
than would be expected on the basis of a Gamow theory 
which holds well for even-even nuclei. They have shown 
further that the partial half-life of decay to the ground 
state of the daughter nucleus is usually much longer 
than the partial half-life for decay to the first excited 
state. To explain these two circumstances they sug- 
gested that the longer half-lives might be due, in part, 
to difficulties in forming the alpha particle when odd 
nucleons are present. Although such a mechanism may 
exist, it is important in specific cases to see whether the 
longer half-lives are not due to the shape and size of 
one or both of the nuclei involved in the alpha decay, 
or to the emission of the alpha particle with angular 
momentum. 

The alpha decays of the nuclei g;Bi?"*(ThC), 920, 
and 9;Am™! exhibit to the most pronounced degree the 
two effects just mentioned. We have attempted to deter- 
mine by the method of alpha-gamma angular correla- 
tion the angular momenta of the alpha particles emitted 
in the two most energetic alpha decays of bismuth-212 
to determine to what extend the angular momenta can 
explain the long observed partial half-lives. Bismuth- 
212 is of particular interest because its decay scheme is 
well known (Fig. 1), and because the residual nucleus 
of the alpha decay, g:Tli27*°*, is expected to have a 
simple configuration in shell theory. A preliminary 
report of the results of this experiment was presented at 
the Cambridge meeting of the American Physical 


t Most of this work was done in partial fulfillment of the 
requirements for the Ph.D. degree at Princeton University. 
Now at the IBM Watson Laboratory at Columbia University, 
New York, New York. 
1 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 


Society in 1953.2 The first work on this problem was 
done by Kulchitskii.? His results differ significantly 
from those given here. Recently, Weale has published 
results on this problem‘ which are similar to the findings 
in the present experiment. 


APPARATUS 


In the present experiment, the detecting apparatus 
consisted of two end-window photomultiplier tubes 
(RCA 6199) situated inside an evacuated, steel drum. 
As is shown schematically in Fig. 2, the tubes were 
enclosed up to their photocathodes in a brass housing 
which permitted the tubes themselves and all electrical 
connections to them to be in air at atmospheric pressure. 
The large size of the drum and the lightweight con- 
struction of the tube housings made negligible the 
amount of gamma radiation scattered from these metal 
parts into the gamma-detecting crystal. The alpha 
counter was fixed in angle although its distance from 
the source could be varied so that apparatus tests 
could be made on decaying sources. The gamma counter 
was rotated in a horizontal plane by an arm which 
went through the center of the bottom of the drum. 
The source could be inserted into the vacuum through 
a 3-in. ball-valve located at the center of the top of the 
drum. Both photomultiplier tubes employed as scin- 
tillators thallium-activated sodium iodide crystals. On 
the alpha counter, a 3-in. square crystal was located 
# in. away from the 1}-in. diameter photocathode. A 
Lucite light-pipe of a shape shown in Fig. 2 transmitted 
light from the crystal to the face of the tube. Light- 
pipes longer than } in. were found to scatter an excessive 
amount (4% for 3 in.) of the 40-kev gamma rays into the 
gamma detector. Crystals of greater area } in. distant 


"2 J. Horton and R. Sherr, Phys. Rev. 90, 388(A) (1953). 
8L. A. Kulchitskii, Doklady Akad. Nauk. S.S.S.R. 73, 1153 


(1950). 
4J. Weale, Proc. Phys. Soc. (London) 68, 35 (1955). 
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) g2 Pb 212 (10.6h) 


Bo.569 (5.171 
log ft= [6.6] 


Y0.726 (E2) 


O(+) gpPb 208 (Stable) 


Fic. 1. Decay scheme of the thorium active deposit— 
s:Po**(ThB), and the descendants shown above, in secular equi- 
librium, constituted the radioactive source of this experiment. 
Only levels pertinent to the experiment are shown. Energies are 
given in Mev. The spin-parity assignments in Pb™8 are by Elliot, 
Graham, Walker, and Wolfson,'* based.upon the results of internal 
conversion and y—-y angular correlation measurements (these rays 
are not shown for simplicity); the remaining assignments are 
discussed in the text. The numbers in square brackets are logft- 
values of beta transitions, computed from the results of work by 
Martin and Richardson,*-’ and by Elliot e¢ a/.!5 Additional data 
were taken from Nuclear Daia, National Bureau of Standards 
Circular No. 499 (U. S. Government Printing Office, Washington, 
D. C., 1950). 


from the photocathode were found to give lower energy 
resolution because of the inhomogeneity of the photo- 
cathode. A crystal thickness of 3g in. on the a counter 
was” one-half the range of the most energetic beta 
particles (2.2 Mev), and permitted most of the gamma 
radiations with energies above 250 kev to pass through. 
On the gamma counter, a }% in.X}{ in. crystal with a 


-RCA 6199 PM TUBE 





Fic. 2. Disposition of the counters—The tube mounts are 
situated near the center of an evacuated drum (not shown) which 
is 18 in. in diameter and 9 in. high. The source foil was attached to 
a light-weight Lucite frame and rod. 


HORTON 


} in. thick Lucite light-pipe gave an energy resolution 
expected for mounts of this sort as is indicated by the 
shape of the 78-kev y ray in Fig. 4. This crystal was 
made 3 in. thick so as to minimize counts due to gamma 
radiations more energetic than 40 kev; the 40-kev ray 
was completely absorbed. A }-in. piece of polystyrene 
was placed in front of the gamma crystal to stop alpha 
and beta particles. The thin crystal for the y counter 
was prepared in a dry-box by rubbing the crystal on a 
glass flat covered with stretched silk. The flat was 
mounted just below the surface in a vessel containing 
butyl alcohol. The crystal was removed quickly from 
the alcohol with its surfaces clear and dry. The a- 
crystal, being of smaller area, could be cleaved to the 
desired size. It was found desirable for good resolution 
that all surfaces of this crystal be cleaved. The voltage 
pulses from the photomultipliers were shortened to 1 
microsecond by means of delay lines, and then amplified 
to 30 volts. There were two output channels for each 
amplifier. The pulses in one channel were again ampli- 
fied by a factor of three. All of these pulses with ampli- 
tudes greater than 3 v then triggered a blocking 
oscillator. The other output channel was fed into a 
differential pulse-height discriminator whose action was 
to pass through itself a pulse from the blocking oscillator 
whenever a pulse appeared at its input with an ampli- 
tude lying within specified limits. Pulses from the 
alpha and gamma differential discriminators were fed 
to scalers and also to a coincidence circuit. The pulses 
arriving at the coincidence circuit were triangularly 
shaped, 0.2 microsecond in duration and 20 volts in 
amplitude. Upon inserting delays between pulses initi- 
ated by 6-Mev alpha particles and 40-kev gamma rays 
(which follow within 10— sec), it was found that the 
coincidence rate fell to } maximum in 0.04 microsecond. 


SOURCE 


Sources of ThC were prepared by electrostatically 
collecting its 11-hour parent ThB onto one side of 
strips of 0,0005-in. aluminum foils. The collection was 
carried out in a one-inch diameter hemispherical cham- 
ber of brass into which thoron was evolved through a 
grid forming the bottom of the chamber. The thoron 
came from a preparation consisting of radio-thorium 
in a hydrogel of ferric hydroxide.’ The hydrogel was 
distributed in a thin layer upon the surface of a glass 
flat, and was situated 1 mm below the grid just men- 
tioned. The emanating power of this preparation was 
about 100 percent. With a collecting voltage of 900 v, 
about one quarter of the ThB formed by the decay of 
the radiothorium could be collected in a 12-hour period 
onto the 2.4 mmX7.2 mm source area generally em- 
ployed. The purpose of the grid was to make the electro- 
static field independent of the charging of the source 
material. 

In the course of taking data it was discovered that 


6 Q. Hahn, Ann. Chem. 440, 121 (1924). 








ay ANGULAR CORRELATION 


ThC” nuclei recoiling from the source were depositing 
on the front of the gamma counter when the source 
faced that counter. Since this effect disturbed the nor- 
malization of the data, the source was covered with a 
thin (0.17-mg/cm*) aluminum foil to prevent the 
escape of these recoils. 


IDENTIFICATION OF THE RADIATIONS 


The pulse-height spectrum for the alpha channel is 
shown in Fig. 3. The energies, relative intensity, and 
decay half-life of the peaks shown there identify them 
as being due to alpha particles of the decays 
ThC(g3Bi??) + ThC’(s:TI°%) and ThC’(s4Po0?!*) > 
s2Pb**. The 40-kev gamma peak could be seen only in 
the coincidence spectrum as shown in Fig. 4 because of 
the size of the 80-kev x-radiation arising in members of 
the thorium active deposit other than ThC”. The 80- 
kev peak was identified by comparison with the 72-kev 
x-radiation resulting from K capture in T)™. 


PROCEDURE 


For each run, the source was visually aligned in the 
chamber, and then oriented so that the normal to the 
source made either plus 45° or minus 45° with the 
direction of the alpha counter. The true coincident 
count divided by the total gamma count, C/N ,, was 
determined at various angles. Division by the gamma 
count removed the effect of variations in the distance 
of the movable (gamma) counter from the source and 
the effect of the dependence of C upon time due to the 
radioactive decay of the source. After every few angles, 
a measurement was made at 180°, so that all measure- 
ments would be made relative to 180°, and this so 
within a period of about a half-hour. This was done to 
remove possible effects due to electronic instabilities, 
to counting losses in a decaying source, and to changes 
in the apparatus which would occur from source to 
source (crystal deterioration, position of the source). 
In all of the runs, the resolving time was around 
1.7 10-7 sec and the ratio of true counts to accidentals 
increased from 2:1 to 5:1 as the source decayed. 
Although the initial counting rate at the output of the 
a-differential discriminator was 2000 per sec, no cor- 
rection for losses was made because the dead time of 
the discriminator was 11X10~ sec. A slight change in 
the pulse height of the 40-kev peak due to the rotation 
of the photomultiplier in the earth’s magnetic field 
was compensated for by resetting the amount of pulse 
amplification. 

RESULTS 


Since the gamma transition is dipole, as will be 
shown below, the data should follow a law of the form 
1+A cos’. To test the data against this law (see 
Fig. 5), we have drawn the line W=1.30—0.30x 
(x=cos*#) through the normalizing value of 1 at x=1 
and through the accurately determined point marked 
“A” at x=0. This latter point corresponds to the 
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Fic. 3. Alpha-particle pulse-height spectrum of the thorium 
active deposit with sodium iodide scintillator. The shoulder on the 
high-energy side of the lower peak is due to the low-energy group 
of a particles. 


average observed value of the anisotropy, that is, of 
[ (C/N y)90°+ (C/N y)270° |/2(C/N)180° which was 1.298 
+0.0095. Of the data shown in Fig. 5, those referred to 
as “Series I” are early data taken when the instabilities 
were greater, and those referred to as “Series III” were 
taken under improved conditions. These data are 
meant to show that there is no significant departure 
from the straight lines described above. 

Values of the anisotropy at 90° and 270°, ie., of 
(C/N )90°/(C/Ny)10° were found to agree with each 
other within +1.5% statistics. The result of the test of 
symmetry about 90° is shown in Fig. 5 by the point 
at 50°. 

This result disagrees with that of Kulchitskii®? who 
found the correlation to have a maximum at 135°. This 
investigator used a proportional counter to detect the 
alpha particles and a Geiger counter to detect the 
gamma quanta. There was no electronic pulse-height 
discrimination. Weale’s data,‘ taken with proportional 
counter and scintillator, are best fitted at several angles 
by the (corrected) correlation function W (@)=1— (0.22 
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Fic. 4. Gamma-ray pulse-height spectrum of the thorium active 
deposit with a thin sodium iodide scintillator; and ay-coincidence 
pulse-height spectrum. The 78-kev peak is K-radiation following 
internal conversion in elements other than Tl**(ThC”). The 
dashed curves are based upon the tested resolution of the crystal 
scintillator at 50 kev and 80 kev. The curve of L-radiation is an 
estimated one. The peak at right is due to a pulse-height limiter. 
The crystal thickness was #; in. The 6.04-Mev alpha group (see 
Fig. 3) was used in obtaining the ay-coincidence spectrum shown. 
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Fic. 5. Coincident counting rate vs 0, the angle between a and 
y counters. Data from several series of runs, differing in minor 
respects of experimental conditions, are plotted against x=cos? 
to test a predicted correlation function of the form W (6) =a+bz. 
This function is shown as two straight lines passing through the 
normalizing points W=1 at @=0° and 180°, and through the 
accurately determined point at @=90°, marked A, W (90°) = 1.298 
+0.0095. Corrections to the observed value of W’(90°) are de- 
scribed in the text. 


+0.05) cos*#, which is in agreement with the present 
result. Since both Weale and Kulchitskii used uncovered 


sources in gases at about the same pressure, the differ- 
ence between Kulchitskii’s results and those of Weale 
and the present experiment probably does not arise from 
the effect of recoil nuclei mentioned previously (see 
“Source”’ section). 


CORRECTIONS 


The mechanical alignment of the angular scale was 
checked by replacing the source with a small pellet of 
Na”, and by studying the angular distribution of the 
annihilation radiation. Since it was found that all the 
angles had to be increased by 3.5°, a correction to the 
observed anisotropy of +0.0026 was required. A cor- 
rection of +0.0151 was made for the effect of finite 
solid angles by integrating the function 1+ A cos 
over square crystal areas.* A small, anisotropic, co- 
incident background was observed after the 40-kev 
y ray had been removed by absorbing foils. Although a 
number of tests were made, the origin of this effect is 
not entirely clear. A correction of —0.0150(+0.0048) 
was made for this. The effect of 40-kev gamma radia- 
tion scattered by the alpha counter housing into the 
gamma counter necessitated a negative correction 
<0.004. Since 10-12 kev L-radiation is emitted as an 
alternative in the de-excitation of the 40-kev state it 
was possible that some of this radiation contributed to 
the coincidence counting rate. This effect was investi- 


* J. Horton, Princeton University thesis, 1953 (unpublished). 
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gated with 0.001-in. absorbing foils of Al and yielded 
a correction of +0.0036+0.0071. There was a small 
amount of absorption of 40-kev radiation in the source 
backing which necessitated a correction of —0.0019. 
Coincidence counts were sought due to a-particles 
striking the a crystal and producing a radiation which 
would be detected by the y counter. Using Po! as 
source, no coincidence counts were observed at any 
angle with the y channel set as in the ThC experiment. 
At twice the amplifier gain setting coincidence counts 
were observed, however, and they were attributed to a 
radiation from the a crystal which could be stopped by 
0.001 in. of Al foil. No correction had to be made for 
this effect. 

The corrected value of the anisotropy, W(90°)/ 
W (180°), is 1.2993, +0.0095 due to statistics and 
+0.010 due to the above corrections. Weale’s correla- 
tion function gives the anisotropy W(90°)/W(180°) 
= 1.28+0.08. 


INTERPRETATION OF THE MEASUREMENT 


(A) The gamma radiation is magnetic dipole. In 
Table I we give a number of internal conversion co- 
efficients for the L-shell which have been calculated by 
Gellman et al.’ These calculations have been verified 
experimentally by Mihelich and Church.® The entries 
on the next to the bottom line are the values measured 
by Surugue for the 40-kev ray of this experiment; the 
values have been normalized to the calculated value of 
the L; subshell. We also give normalized values for the 
internal conversion of a 46.4-kev gamma ray following 
the beta decay of RaD as measured by Wu, Boehm, 
and Nagel. Wu believes that this latter gamma ray is 
pure magnetic dipole. It is seen that the 40-kev ray of 
this experiment is magnetic dipole, and further that an 
admixture of 1% electric quadrupole radiation would 
certainly be an upper limit. We conclude from the 
selection rules governing the emission of magnetic 
dipole radiation that the final two levels in TI have 
the same parity and differ by 0, or 1 unit of spin. 

(B) The spin of Bi?”(ThC) cannot be zero. The 
selection rule on alpha emission is that the alpha-par- 
ticle orbital momentum quantum number, /, is even 
when there is no change in parity of the nuclear states 
connected by the alpha decay, and odd otherwise. The 
conservation of angular momentum in a decay requires 
that if the spin of the decaying nucleus is zero, that the 
alpha particle be emitted with /=J, where J is the spin 
of that level of the residual nucleus excited by the 
decay. Suppose that Bi?” has spin zero and that the 40 
kev and ground states of Tl have spins J’ and J”, 
respectively. Then the / values of the alpha groups to 
these two states would be J’ and J”, respectively. If J’ 
and J” differ by one unit, the parity selection rule for 
alpha decay implies that the two final states differ in 


7 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
8 J. Mihelich and E. Church, Phys. Rev. 85, 733 (1952). 
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parity. Since this is not so, in the present case, J’ and 
I” do not differ by one unit. The magnetic dipole 
character of the radiation requires that J’ and I” do 
not differ by two or more units; hence they cannot 
differ at all. Now the theoretical a—-+y angular correla- 
tion functions for all cascade cases 0—I—TJ are lower 
at 90° than at 180°, so long as the admixture of electric 
quadrupole radiation is less than 10%, as is certainly 
the case here. Since the present experiment showed a 
higher correlation at 90° than at 180°, we conclude that 
the initial spin cannot be zero. 

Martin and Richardson’ conclude from a study of the 
shape of the beta spectrum of the transition between 
the ground states of g;Bi?"*(ThC) and gPo?(ThC’), 
and from the assumption that the transition is first 
forbidden (log/t=7.2) that the spin change is either 0 
or +1. Assuming that the ground state of g,Po”!#(ThC’) 
has zero spin, the ground state of Bi*” has a spin of 0 
or 1. Since the present experiment rules out the former, 
the spin of the ground state of Bi?" is 1. 

But if the spin is 1, then the parity of this state is 
probably odd. Martin and Richardson’s'® measurement 
of the K-interval conversion coefficient of the 726 kev 
gamma ray in Po*4(ThC’), establishes it to be Z2 and 
sets an upper limit of 7 8 decays to the 726 kev level of 
Po*” per 100 disintegrations of Bi’. This gives a log/t 
value >7.0 for this transition. Since the 8 decay of 
Bi to the ground state of Po* has a log/t value of 
7.2, first forbidden transitions and a change of parity 
are indicated according to Nordheim’s classification." 
Feather’ has discussed this assignment and believes 
that only 0(—) or 1(—) are admissible values. Further- 
more, the spin and parity of Bi* which differs from 
s3Bi?” only by a pair of neutrons is 1(—). Wu has dis- 
cussed this assignment fully.'* The odd parity of Bi?” 
is predicted by shell theory, and borne out by 6 decay 
evidence. The difficulty with the odd parity for Bi*” 
is the low ft value of the 8 decay to the 238-kev state 
of Bi, which has certainly the odd parity of the ground 
state because the 238-kev ray is very nearly pure M1." 
It is assumed here that this decay is “favored” first 
forbidden (see the next paragraph). In this connection, 
it is worth noting that a “favored” decay occurs" to 
the first excited state of Bi?°. 

(C) The spin and parity of s:Tl?°°(ThC’’)—Elliott, 
Graham, Walker, and Wolfson"® have assigned spin and 
parity to the four excited states of Pb* shown in Fig. 1. 
Using the intensities of the beta rays quoted by 


®*D. G. E. Martin and H. O. W. Richardson, Proc. Roy. Soc. 

(London) 195, 287 (1949). 
 D, G. E. Martin and H. O. W. Richardson, Proc. Phys. Soc. 

(London) 63A, 223 (1950). 

uL. Nordheim, Revs. Modern Phys. 23, 372 (1950). 

12N. Feather, in Beta and Gamma Spectroscopy, edited by K. 
Siegbahn (Interscience oe Inc., New York, 1955), p. 746. 

3 C, Wu, reference 12, p. 34 

“4D, G. E. Martin and H. 0. W. Richardson, Proc. Phys. Soc. 
(London) 63, 223 (1950). 

15 Elliott, Graham, Walker, and Wolfson, Phys. Rev. 93, 356 
(1954) ; 94, 795(A) (1954). 
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TaBLeE I. A L-shell internal conversion coefficients (number of 
L-conversion electrons per quanta observed). 








Calculated values (40.0 kev)* 
Type of y-radiation Li Lu Lin L shell 


El 0.29 0.26 0.35 0.91 
E2 5.3 195. 196. 397. 
M1 27.8 2.4 0.030 30.3 








Observed values (normalized to 30 for L1 shell) 


ThC(40.0 kev)® 30(+3) 0.5(+0.25) 
RaE(46.4 kev)* 30 0.42 





3(+0.6) 
2.2 








* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
> J. Surugue, Ann. Phys. 8, 485 (1937). 
¢ Wu, Boehm, and Nagel, Phys. Rev. 90, 388(A) (1953). 


Richardson,"* the log ft values in Fig. 1 were calculated." 
These are all around 5 and hence indicate allowed 
transitions.'! The evidence against this being so is strong 
since six 8 decays around A = 208 are known"*8 which 
are believed to be first forbidden and yet have log ft 
values in the range 5 to 6. A spin of Tl*® higher than 6 
is certainly ruled out, however, in view of the intense 
8 decay to the 4(—) state of Pb**. A spin less than 4 
would permit the 8 decay to the ground state of Pb’ 
to be observed, whereas it is not found. Assignments 
of 6(+), 6(—), or 5(—) are also ruled out for the ground 
state of Tl? because the 6 decay to the 2.62-Mev 
3(—) state of Pb** should then have, according to 
Nordheim’s classification," a logft value in the range 
13 to 18; whereas the log/t value is around 8.7 on the 
basis of the approximate intensity of this 8 ray (~0.1%) 
found by Elliott et al.!* It seems unlikely on the same 
basis that Tl?’ is 4(—) because this assignment would 
imply an allowed transition to the 3(—) state and a 
log ft value around 5. We conclude that possible values 
of spin and parity of the ground state of Tl are 4(+) 
or 5(+) on §-decay evidence, with 5(+) the more 
probable assignment. 


COMPARISON WITH THEORY 


It has been argued that the initial state, Bi?”’(ThC) 
is 1(—), and that the final state in the a—y cascade, 
T8(ThC”), is 4(+) or 5(+). Theoretical values of 
the anisotropy are given in Table II for an initial spin 
Ty of 1 or 2, and for final spin values, 7,, ranging from 
3 to 6. The intermediate spin, J;, can have the values 
I;—1, I;, or I7+1. The a particle is assumed to be 
emitted with a single value of orbital momentum /,; 
the y ray is assumed to be pure dipole. Note that odd 
(even) values of /, imply in the present cascade a (no) 
nuclear parity change between the initial state (Bi*) 
and the two states of Tl?*. Under these assumptions, 
values of the anisotropy can be calculated mainly from 


16H. Richardson, Nature 161, 516 (1948). 

17E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 

18 FE. Konopinski, Ann. Rev. Nuc. Sci. 2, 293 (1953). 

J. C. D. Milton (private communication). 
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TABLE II. Theoretical values of the a—y angular correlation 

function anisotropy, W (90°) /W (180°), for initia! spin 0, 1, or 2 and 
la ly=1 

dipole 7 ray. By “‘case” is meant the a—+y cascade lp > 1; — I; 

in which a nucleus of spin J» emits an a particle with a single value 

of orbital momentum /,, and the residual nucleus with spin /; 

decays to a final state of spin J; by emitting a dipole gamma ray. 





Case 
la Pat 
(lo—li—ls) W(180°) 


1—'2—3 = 1.167 
1—4-—3 = 1.732 
1—*3—4 1.250 
1—‘5—4 1.680 
1-4-5 1.300 
1—6—5 1.665 
1—S—6 1.335 


W (90°) 
W (180°) 


1.098 


W (90°) 
W (180°) 


1.116 


Case 


1—*2-—3 


Case 


1—2—3 





1-3-4 1.262 1-—%-—4 1.215 


1.307 1-4-5 1.274 


1.344 1.313 
2—12—3 <1 

1.588 

1.167 

1.613 

1.250 

1.610 

1.302 


<1 for/=J,J 
<1 for/=I- 
<1 for /=J-— 





Lloyd’s tables,” and from Thirion’s formula” in the few 
cases where Lloyd’s tables cannot be used. The Clebsch- 
Gordon coefficients in Thirion’s formula were evaluated 
by a form due to Van der Waerden.” All three possible 
values of /, are considered for Jo=1, viz., la=JI;—1, Ji, 
and J;+1 to illustrate the effect of mixing (see the 
next section). Taking the corrected experimental! value 
of the anisotropy as 1.299+0.042(0.042=3[ (0.0095)? 
+ (0.010)?}'), it is seen immediately from Table II that 
independent of the parity changes involved, J;=I;—1, 
and that J;#3. If Io=2, also J;*3 or 4. Considering, 
however, the previous possibilities for initial and final 
spins, and parities, it is seen that J;#4 if J>=1. Hence, 
the only cascade not ruled out on the basis of either 
8-decay or angular correlation evidence is the cascade 
(1—)— (4+)—(5+). This conclusion must now be 
qualified (but not altered) by a discussion of certain 
effects which are disregarded in the theoretical values of 
anisotropy given in Table II. 


Alpha Mixing 


If the spin of the initial state is 1, then the wave 
function of the emitted alpha particle may be a mixture 
of at most two states of orbital momenta. If the initial 
spin is 1 and the intermediate spin is, say, 3, the alpha 
particle may carry off 2, 3, or 4 units of angular mo- 
mentum ; however, only the 2 and 4 states mix because 
their wave functions have the same parity. With 
mixing, it is possible for the anisotropy to be larger 


*S. Lloyd, Phys. Rev. 83, 716 (1951). 

2 J. Thirion, Compt. rend. 230, 2090 (1950). 

22 Van der Waerden, Gruppentheoretische Methode in der Quanten- 
mechanik (Verlag Julius Springer, Berlin, 1932), p. 69. 
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than either of the values for the pure states. This 
comes about because of a term in the correlation func- 
tion which depends upon the difference in the phase 
angles of the a-particle wave functions at large dis- 
tances from the residual nucleus.***** Calculations for 
the mixed 1—3—4 case show that the anisotropy in- 
creases from 1.250 to a maximum value of 1.300, for 
instance.” This effect is not large enough here to be 
considered further. 


Reorientation 


Two effects which tend to destroy our knowledge of 
the orientation of the spin axis of the residual nucleus 
are precession in the magnetic field of the unpaired 
electron in Bi?” and in TP, and the disturbances of the 
recoil process. The theory of Alder®* can be applied to 
estimate the effect upon the anisotropy as the nuclear 
spin precesses in the field of the single unpaired electron 
of the thallium atom. Taking the nuclear spin in the 
intermediate state as 4, an electronic angular momen- 
tum of $, and a half-life of the intermediate state of 
10-” sec,?* the theory of Alder predicts that the ratio 
W (90°)/W (180°) would be reduced by less than 3.5%. 
During the recoil of the nucleus into the backing ma- 
terial, it may be supposed that the nuclear spin ex- 
periences torques of various directions and magnitudes 
which are associated with the collisions the recoiling 
atom makes with (aluminum) atoms of the backing. 
After the emission of the alpha particle, if the nucleus 
is left in a quantum state having magnetic quantum 
number mo, the effect of the torques acting upon the 
nucleus is to induce transitions out of the mo state to 
states of different values of m. Assume for simplicity 
that only those transitions occur for which Am=-+1, 
and that the transition probability, p, is independent 
of mo. Since torques occur randomly in time and mag- 
nitude during the recoil, suppose that coherence affects 
between the states mp and mo+1 can be ignored. Calcu- 
lations of the anisotropy according to this model with 
p=0.5 show that the anisotropy of the case 1—*4—'5 
(la=3,1,=1) is reduced to 1.273, as compared with 
1.300 if p=0, and that in the case 1—°6—'5 the aniso- 
tropy is 1.626, as compared with 1.665 if p=0. The 
value of p=0.5 is surely too large; for the observed 
a—y correlation function in the decay”? of Th®® can 
be fitted on the basis of this model by taking p=0.2, 
although for this case, transitions Am=+2 must be 
introduced. Since the intermediate state for Th** 
decay has a longer lifetime than that of the Bi?!” decay 
by several orders of magnitude and since the latter 
state certainly has a smaller quadrupole moment, we 
conclude that even p=0.2 is too high a value to be 


23 J. Beling, Massachusetts Institute of Technology, Ph.D. 
thesis, 1951 (unpublished). 

*H. Frauenfelder, in Beta and Gamma Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), p. 531. 

2K. Alder, Helv. Phys. Acta 25, 235 (1951). 

26 R, Graham and R. Bell, Can. J. Phys. 31, 377 (1953). 

27 Beling, Feld, and Halpern, Phys. Rev. 84, 155 (1951). 
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used in the calculations concerning Bi*"*. Although these 
two arguments are admittedly approximate they show 
that the reduction of anisotropy is small because of the 
large angular momentum of the intermediate state and 
because the anisotropy of cases such as 1—4—5 is 
peculiarly insensitive to even moderately large changes 
in the population of the intermediate state. 

It is concluded that the anisotropy calculated by 
ignoring reorientation processes would be lower by 3 
or 4% at most if these processes were considered. 


Shape of the Nucleus 


It will be inferred in the next section that Bi? and 
Ti)’ have intrinsic quadrupole moments |Q| <1 10-* 
cm?, Obtaining the eccentricity, 7, from Blatt and 
Weisskopf,”* using this in formulas given by Hill and 
Wheeler” for the variation with direction of the Gamow 
barrier penetrability factor for a-particle emission, the 
following values of penetrability relative to unity for a 
sphere are found for emission in the direction of the two 
symmetry axes: pancake 1.09 (through edge) and 0.85; 
cigar 1.18 (tip) and 0.92. This effect, it is estimated, 
would change the anisotropies of Table II by less than 


27: 


Gamma Mixing 


If there is a small amount of electric quadrupole 
radiation mixing with the dipole radiation, then the 
anisotropy can be appreciably different from the pure 
dipole case. The theory of this effect as given by Lloyd” 
involves the square of the mixing ratio 6*, defined as 
(intensity electric quadrupole)/(intensity magnetic di- 
pole), and the sign of 6 which may be either positive or 
negative. The curves of anisotropy, W(90°)/W (180°), 
vs 6 given in Fig. 6 were calculated from Lloyd’s for- 
mulas for an initial spin of 1 and several different cases 
of intermediate and final spins. Only lowest values of /. 
were used since the effect of a-mixing is of much less 
importance. Both positive and negative values of 6 
were considered. The Lloyd theory is approximate, 
since terms in & are neglected. An exact calculation of 
these terms for the 1—?3—14 case using formulas based 
upon those of Ling and Falkoff* shows that for 6?< 10-*, 
the values given in Fig. 6 are in error by not more than 
2%. From a comparison of the theoretical and observed 
values of the Zy:Zy1:Zi internal conversion ratios 
given in Table I, an upper limit of 1% can be set upon 
the amount of £2 mixing. This is sufficient to rule out 
all cases in which the first two spins are equal (this 
fact was used in the arguments which showed that the 
spin of ThC is not zero), since the mixing would have 
to be as high as 10% before these cases would be 
isotropic. Since it is only known that 6&<10-, it is 


8 J. Blatt and V. Weisskopf, pygmy _— Physics (John 
Wiley & Sons, Inc., New York, 1952), p. 

2 —. Hill and J. A. Wheeler, Phys. oe "9, 1102 (1953). The 
author is indebted to Professor Wheeler for advice concerning the 
calculation of the penetrability ratios given here. 

*% DP. Falkoff and D. Ling, Phys. Rev. 76, 1639 (1949). 
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Fic. 6. Dependence of the anisotropy W(90°)/W (180°) upon 
the extent of mixing of electric quadrupole and magnetic dipole 
radiations in the de-excitation of the intermediate state of an 
a—vy cascade. Various cascades are specified in Fig. 6 by the se- 
quence of nuclear spins involved. An initial spin of 1 is assumed 
and the a particle is emitted with orbital momentum, /, equal to 
the difference in initial and intermediate spins. The number be- 
tween the first two values of nuclear spins is the value of / for 
a emission to the intermediate state. The dashed lines indicate 
the corrected experimental value of the anisotropy + three times 
the square root of the sum of the squares of the standard deviation 
of the counting statistics and the uncertainty of the applied cor- 
rections. These values are 1.299+0.042. From experiment 
6<10-*. Taking the theoretical value 6?<5X10~, only cases 
1—4—5 and 1—3—4 are consistent with the measured value. 


seen from Fig. 6 that all the cases shown there are 
possible ones. 

On theoretical grounds, however, it is to be expected 
that 6 is much smaller than 10-*. On the basis of the 
unified nuclear shell model, Bohr and Mottelson*® have 
calculated the intrinsic quadrupole moment Qp of 
ssEr'®* to be 10X10-* cm*. The observed transition 
probability Tz2(logT z2= 7.91) of £2 radiation from the 
first excited 2+ state to the ground 0+ state was used, 
and collective excitations were assumed. The quadru- 
pole moment and spin of s;Bi®® are known to be 
—0.4X10- cm? and 9/2, respectively. Using these two 
values and the projection factor Pg given by Bohr and 
Mottelson, |Qo|=|Q|/Pe~0.6X10-*<1X10-* cm’, 
independently of the strength of coupling of the hg; 
proton to the 82-126 core (reference 31, Fig. 10). This 
value agrees with estimates of Qo=210-* cm? for 
gsPo*? and gPo** (reference 31, p. 116). The intrinsic 
quadrupole moment of s:T!* is not greater than this 
because the go/2 neutron of Tl*°* would not be expected 
to distort the 82-126 core any more than the //2 proton 
of Bi. Taking the value of the intrinsic quadrupole 
moment of Tl? to be <1X 10~* cm’, and extrapolating 
the erbium data from 80 kev to 40 kev [Eqs. VII (17) 
and (18) ], we find that the transition probability of 
40-kev quadrupole radiation is Tg2<(1/2°)(1/10)? 
X (0.8)108 sec*=2.4X 104 sec~. All other £2 transi- 


~ 8A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 


Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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tions listed by Bohr and Mottelson are consistent with 
this value as an upper limit. Because collective excita- 
tions have been assumed in this estimate, this value is 
a safe limit by several orders of magnitude for the 
40-kev state of T]?*. 

The mean life of the 40-kev state has been measured 
by Graham and Bell** to be <7X10~" sec. Weale* has 
measured the Z-shell internal conversion coefficient as 
15.7+1.6 (electrons per quanta observed), and a 
measurement of 21+7 in the present experiment is 
consistent with this. The theoretical value is 30.3 (see 
Table I). To obtain the total internal conversion of the 
40-kev ray, the value of 15.7 must be doubled to ac- 
count for the conversion in the M, N, and O shells (see 
reference b of Table I). The transition probability 
Tm: for the magnetic dipole radiation from the 40-kev 
state is thus >5X10* sec. Hence the mixing ratio 
®=T g2o/Tui<5X10-5. Reference to Fig. 6 shows that 
this value, taken with the measured value of the 
anisotropy, excludes all a—~y cascades except the cases 
1—3—4, and 1—4—5. Using the 8-decay evidence to 
decide the parities of initial and final states, and to 
eliminate 4(— ) and 5(—) for the final state, these cases 
become (1—)— (3+)— (4+-), and (1—)— (4+) — (5+). 
The first case (1—)—*(3+-)— (4+) can now be ruled 
out for the following reason. No a-mixing is possible in 
this case; hence for 6=0, W(90°)/W (180°) == 1.215, 
uniquely. A curve drawn through 1.215 in Fig. 6 
parallel to the curve 6<0 for the 1—4—5 case falls 
outside of the measured limits. Reorientation would 
increase this difference. The remaining case is (1—) 
— (4+)—(S+). 

DISCUSSION 


From the evidence given above, the a—~ cascade 


nog #(6.04) (0.040) 
g3Bi242 ——> 9,T1°8* ——> 4, T18 


has one of the following sets of spin-parity assignments: 
(1—)— (4+)— (5+), or possibly (1—)— (3+-)— (4+). 
This result may be compared with shell theory and with 
the theory of a fine-structure. Pryce® has calculated 
the spins and parities of the first six states of g:T]li27°* 
on the basis of the 7-7 coupling model. Assuming a 
configuration (s1/2)p~'(go2)w' for the ground state of 
TI, the ground state is found to be 5(+) and the 
40-kev state 4(+), in agreement with our (1—) 
— (4+-)— (5+) case. Pryce’s calculations for gsBii27"°, 
which should pertain to s3Biy29?!, indicate a low spin 
of 0, 1, or 2. If the spin is 0, or 1, an odd parity is 
indicated. This is in agreement with the assignment of 
1(—) made here to Bi?”. 

The Gamow theory of a fine-structure® predicts for 
spherical nuclei a decreasing emission probability with 
increasing orbital momentum, |,, of the emitted a 


2M. H. L. Pryce, Proc. Phys. Soc. (London) 65(A) 773 (1952). 
%G. Gamow and C. Critchfield, Atomic Nucleus and Nuclear 
Energy Sources (Clarendon Press, Oxford, 1949), p. 174. 
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particle. Because s2:Bi* and ¢:Tl** are very nearly 
spherical, for the reasons given above, and because of 
the large values of / (>3) found in the decay of s;Bi?”, 
this theory may be accurately tested. For this purpose, 
we use the following formula for the decay probability, 
Xz, given by Weisskopf* and Devaney* 


ie 4(k/K)G;? 
: T, Qa 
2x * 1+ (k/K)*(Gi'/G)? 


(1) 


D is the level spacing of the daughter nucleus, G; and 
G/' are respectively the values at the nuclear radius, 
R, of the irregular Coulomb wave function and of its 
derivative with respect to kr, k is the observed a- 
particle wave number (corrected for recoil), and K is 
the wave number of the a particle in the nucleus [which 
is assumed to have an energy of ~5 Mev when Eq. 
(1) is used]. This formula is essentially the same as 
that given by Gamow except that the expressions given 
by Eq. (1) for formation factor and barrier penetra- 
bility are the result of a more detailed treatment of the 
a-decay process. 

If Tyson’s*® exact formulas for G; and G/' are used 
in (1) with D=40 kev, R=8.52X10-" cm, /=3, and 
Es xev= 6.163 Mev*" (after correction for recoil), we 
obtain the decay constant for emission to the 40-kev 
state: A(40 kev) theor= 2.94 10-* sec—!. The observed 
value is \(40 kev)exp=4.49X 10~* sec. This agreement 
is good enough to warrant a calculation of the ratio 
(40 kev)/A(O kev) with R=8.52X10-" cm. For Eo key 
= 6.203 Mev (corrected for recoil) we obtain the values 
of X;/Ao given in Table ITI, again using exact formulas 
for the G; in (1). Tyson’s formulas for G; and the nu- 
merical results of Table III were checked numerically 
by putting Go and Gp’ into recursion formulas satisfied 
by Coulomb wave functions** and developing successive 
values of G; and G;' up to /=5. The agreement was 2% 
at /=5. For /=5, Gamow* gives \;/Ao=0.0814. 
Winslow,” using wave functions for which an accuracy 
of a few percent is claimed and a Gamow-type theory 
gives \s5/Ao=0.081. Using Tyson’s exact formula for 
4, it was calculated that the value of Ay for decay to 
the 40-kev state is reduced because of the lower dis- 
integration energy by a factor 1.54. The WKB approxi- 
mation developed by Gamow gives 1.51. Applying the 
energy correction 1.54 to the values in Table III, one 
obtains in Table IV ratios of decay probabilities to the 
40-kev and 0-kev states, \(40)/A(0), for all spin and 


* J. Blatt and V. Weisskopf, see reference 28, Chap. XI. 

% J. Devaney, Phys. Rev. 91, 587 (1953). 

36 J. Tyson, Massachusetts Institute of Technology thesis, 
1948 (unpublished) ; Tyson’s penetrability formulas are given also 
in a table of Coulomb wave functions by Feshbach, Shapiro, and 
Weisskopf, Nuclear Development Associates, Report NDA- 
15B-5; U. S. Atomic Energy Commission Report NYO-3077 
(unpublished). 

37 G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 

%L. Infeld, Phys. Rev. 72, 1125 (1947). 

9G. Winslow, Argonne National 7 peed Report ANL- 
5381, January, 1955 (unpublished), p. 33 ff. 








ay ANGULAR CORRELATION 


TABLE III. Ratios of a-decay probabilities \;/Ao for a particles 
of disintegration energy E,=6.203 Mev, and residual nucleus 
having Z=81 and R=8.52X 10-8 cm. 





l= 0 1 2 3 4 5 6 7 8 
Aiv/Ao =1.000 0.833 0.579 0.336 0.163 0.0669 0.0251 0.0078 0.0021 











parity combinations which have not yet been ruled 
out definitely, and for some combinations which prob- 
ably have been eliminated. It is seen from Table IV 
that theoretical values are either too high by at most 
50% or too low by a factor 4 to 5. The assumption about 
mixing is seen to be relatively unimportant. For the 
even-even nuclei, the Gamow theory predicts a ratio 
\2(E)/A0(0) which agrees with experiment to within a 
factor of two in the range A = 208 to 230.%-" We may 
perhaps infer from this that the theory in this case is 
not in error by as much as a factor of 4 to 5 and conse- 
quently rule out the cases without an asterisk in 
Table IV. It is seen from Table IV that initial spin 2 
is not ruled out by a-decay theory; but it is ruled out 
by 8-decay evidence above. Of the cases (1—)— (4+) 
— (5+), and possibly (1—)— (3+ )— (4+) listed at the 
beginning of this section as not being ruled out by 
B-decay evidence, Table IV does not rule out the case 
(1—)— (4+)— (5+), and this case is in good agree- 
ment with the a-decay theory. Gamow’s formula® for 
Xz gives a ratio \3(40)/As(0) which is 1.14 higher than 
observed. Predictions of Preston’s theory can be taken 
from a graph calculated by Winslow® since the param- 
eters assumed there are approximately the same as the 
present ones. The graph gives a value of 3(40)/A5(0) 
which is 0.7 below that observed. An energy correction 
of 1.54 was used in both cases. 

On the basis of the single remaining case (1—) 
— (4+)— (5+), the /-values to the 40-kev and 0-kev 
states of Tl? are, respectively, 3 and 5, if no mixing is 
assumed. For these values of /, the decay probabilities 
are, as shown in Table III, reduced below that for /=0 
by the factors 3 and 16, respectively. These factors 

 P, Falk-Variant and J. Teillac, Compt. rend. 256, 914 (1953) 
(1982) Rosenblum and M. Valadares, Compt. rend. 234, 2359 


G. Winslow, Argonne National Laboratory Report ANL- 
5277 (unpublished), p. 37. 
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TABLE IV. Ratios [\(40)/A(0) Jeneor/[A (40) /A (0) Jexp for certain 
values of spin and parity in the ay cascade 





Bitt2 _*__, Typoee 100 KV) sry 
Possible orbital momenta / of a particles to the 40-kev and 
0-kev state of Tl’ are given. Ratios are calculated for mixing 
of l-values and for lowest /-value (no-mixing). Aw “‘yes” (“no”) 
means that a (no) parity change is assumed between Bi*? and 
Tl™** and between Bi? and Tl”8. [\(40)/A(0) Jexp= 2.572." 





No-mixing> 
(lowest /) 


0.25 
kare 
0.90* 
0.25 


Case 
(lo—1i—Iys) Ar 


e 


Mixing 


0.21 
1.52 
1.15 
0.22 





1—3—4 yes 
5 yes 

no 

no 


w 


0.78 
0.25 
0.24 
1.03 


0.63* 
0.25 
0.25 
0.90* 


On 


no 
no 


em Dow em & U1 Go 
De Urn an 





* A. Rytz, Compt. rend. 233, 790 (1951). 
b Cases not marked with an asterisk are ruled out by a-decay theory, as 
discussed in the text. 


account, in the decay of Bi?” at least, for the prohibited 
decay of the ground state relative to the first excited 
state found by Perlman e al.! for many non-even-even 
nuclei, but only explain part of the large “departure 
factors” (350 for the 40-kev state and 1000 for the 
ground state) observed for Bi?. 
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Radiation Widths in the Slow Neutron Resonances of Hafnium* 
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The parameters of the 1.100-ev and the 2.39-ev resonances in hafnium have been determined from total 
cross section measurements using the Brookhaven crystal spectrometer. The methods of analysis used take 
into account the Doppler broadening and the finite resolution of the instrument. The radiation widths of 
the 1.100-ev and the 2.39-ev resonances are 0.067 ev and 0.060 ev, respectively. The remaining one-level 


parameters for each resonance are presented. 





INTRODUCTION 


HE radiation widths of neutron resonances in the 
energy interval up to 5 ev can be measured with 
an accuracy of about 3% by using the BNL crystal 
spectrometer. From this work! as well as from other 
sources,” the dependence of radiation widths on atomic 
number has been determined. They show a gradual 
decrease with increasing atomic number in the interval 
A=100 to 185. For one isotope the radiation widths of 
different resonances have been generally assumed to be 
equal within the experimental error. However, in the 
resonances of Eu'® and In", two distinct values of I’, 
are found.’ The present experiment is a measurement 
of the single-level parameters of two slow neutron 
resonances in Hf. 


Experimental Description 


Hafnium foils were used in the measurements. The 
1/N values for the foils were 5180, 1484, 109.3, and 
34.10 10-* cm’, where N is the number of nuclei 
per cm’. 

The crystal spectrometer used in these measurements 
has been described previously.’ The transmission, 7, 


TABLE I. Parameters for the 1.100-ev resonance and the 2.39-ev 
resonance in Hf!’’, With the exception of oI, the quantities are 
obtained from the analyses of the central parts of the resonances. 
The quantity ooI* is obtained from wing analyses. 








1.100 +0.005 ev 
resonance 


0.069+-0.002 
45242 
32.2+0.9 
(655412) 10! 

0.0021-0.00005 

0.067 0.002 


2.39 +0.01 ev 
resonance 


0.069+0.001 
934+5 
64.6+0.6 
f(13.5+0.2) X10 
0.0093+-0,0002 
0.060+0.001 


Parameter 


r; (ev) 

ool’ (ev barn) 
ool? (ev? barn) 
oo (barn) 

lr, (ev) 

ry (ev) 











* Work performed under the auspices of the U._S. Atomic 
Energy Commission. 

1H. H. Landon, Phys. Rev. 100, 1414 (1955). 

2D. J. Hughes and J. A. Harvey, Nature 173, 942 (1954); J. S. 
Levin and D. J.. Hughes, Phys. Rev. 98, 1161(A) (1955); A. 
Stolovy and J. A. Harvey, Phys. Rev. 99, 611(A) (1955); J. S. 
Levin, thesis, Cornell University (unpublished). The latter 
reference contains a rather complete compilation of measured 
values of I’, and references to the work from which they come. 

?H. H. Landon and V. L. Sailor, Phys. Rev. 98, 1267 (1955). 

* Earlier work on the resonances of Hf is described in articles 
by P. A. Egelstaff and B. T. Taylor, Nature 167, 896 (1951) and 
by L. M. Bollinger et al., Phys. Rev. 92, 1527 (1953). 

5 L. B. Borst and V. L. Sailor, Rev. Sci, Instr. 24, 1416 (1953). 


was measured as a function of energy for each of the 
samples. The total cross section, er, was determined by 
the relation 

or=(1/N) In(1/T). 
The total cross section is plotted in Fig. 1. The curve 
represents the data of all samples. The probable error 
on each experimental point is less than 3%. 
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Fic. 1. The total neutron cross section of hafnium. 


RESULTS AND DISCUSSION 


The 1.100-ev resonance and the 2.39-ev resonance 
were analyzed in order to obtain the parameters of the 
single-level Breit-Wigner formula. The methods of 
analysis are described in reference 3. The central part of 
the peak, after correction for the finite resolution of the 
spectrometer, was analyzed in terms of the single-level 
formula modified by Doppler broadening. The shape 
and the area under the central part of the peak together 
determined the parameters. The wings of the resonance 
were analyzed taking into account the effects of Doppler 
broadening and of the contributions of neighboring 
resonances. Table I lists the parameters obtained in the 
analysis. The experimental uncertainties listed in the 
table are due to the statistical error of 3% in most of 
the data, to a 1% uncertainty in sample thickness, and 
to an uncertainty in the energy scale of about 0.2% at 
2 ev. The values for I’, obtained from the central and 
the wing analysis agree within 2% or less. The values 
of I’, for Hf!” differ, as in Er’! and In". The difference, 
0.009 ev, is several times larger than the experimental 
uncertainties in the measured I’,’s. 


726 











PHYSICAL REVIEW VOLUME 


101, 


NUMBER 2 JANUARY 15, 1956 


Nuclear Levels in Sr** from the Disintegration of Rb** and Y** 


N. H. Lazar, E. Ercuuer, AND G. D. O’KELLEY 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received July 13, 1955) 


The nuclear level structure of Sr** has been studied through the gamma radiation following the decays 
of 17.8-minute Rb** and 104-day Y*. Gamma rays from Rb** with energies of 0.909+0.004, 1.39, 
1.850+0.008, 2.11, 2.68, 3.01, 3.24, 3.52, 3.68, and 4.87 Mev have been resolved and fitted into a level 
scheme with the assistance of coincidence spectroscopy using cylindrical 3-inchX3-inch NaI(T1) crystals. 
The intensity of the ground state beta ray transition from Rb** was determined by comparing the total 
beta ray activity to the intensity of the 1.85-Mev gamma ray. It was found that 75.9+5.0 percent of the 
decays are directly to the ground state. From the gamma-ray intensities, the comparative half-lives of all 
the beta groups could be determined and, thus, parity assignments were made to all the levels. The relative 
intensities of gamma rays leaving the same level is discussed in relation to single-particle transition 


probabilities. 





INTRODUCTION 


HE nucleus, Sr*’, is of particular interest since it 
contains fifty neutrons, a closed shell. Thus, its 
lower excited states would be expected to be due to 
the excitation of one of its protons and their character 
might be related to the nature of single-particle states 
of neighboring nuclei. Sr®* is the daughter of both Rb® 
and Y* and both decays have been studied in some 
detail in the past. 

Rb** has been shown to decay with a half-life of 
17.8+0.1 minutes.! Its beta ray spectrum has been 
studied in at least two magnetic spectrometers?* and 
has been analyzed into at least three beta groups. The 
most energetic beta-ray component exhibits the well 
known “a’’ shape which indicates a spin change of two 
units and a parity change between the two states 
involved in the transition. Bunker ef al.? reported 
energies of 5.13+0.03, 3.39+0.10, and 2.04+0.015 Mev 
for the end points obtained from the beta-ray spectrum 
analysis with intensities of 66, 19, and 15 percent, 
respectively. Thulin,® using a thinner source prepared 
with an electromagnetic isotope separator, reported the 
end points as 5.30-+0.05, 3.6, and 2.5 Mev with inten- 
sities of 77, 13, and 9 percent and the possible existence 
of a fourth beta-ray component with an end point 
0.7 Mev in low intensity. 

Y** decays to Sr®* with a half-life of 104 days‘ by 
means of electron capture and possibly positron emission 
of low intensity.5 

The conversion electrons from two transitions with 
energies of 1.85 and 0.908 Mev have been seen in both 
the Rb** and Y** decays®:* and the conversion coeffi- 
cients have been measured using an Y** sample. The 
0.908-Mev transition was characterized as mostly E1 
and the 1.85-Mev gamma ray either £2 or M1.° In 


1G, N. Glasoe and J. Steigman, Phys. Rev. 58, 1 (1940). 

2 Bunker, Langer, and Moffat, Phys. Rev. 81, 30 (1951). 

3§. Thulin, Arkiv Fysik 4, 363 (1952). 

4R. T. Overman, U. S. Atomic Energy Commission declassified 
document MDDC-354, 1946 (unpublished). 


5 W.C. Peacock and T. W. Jones, U. S. Atomic Energy Commis- 
sion Report AECD 1812, 1948 (unpublished). 
6 F. R. Metzger and H. C. Amacher, Phys. Rev. 88, 147 (1952). 


addition, the two gamma rays were shown to be in 
cascade and angular correlation experiments were 
carried out to determine the multipolarity of the radia- 
tion. The best fit of the data, assuming the levels in 
Sr® are at 2.76 and 1.85 Mev, is consistent with the 
cascade following the scheme 3— (E1+M2)2+ (£2)0+.’ 
Recently, a directional polarization correlation experi- 
ment has been performed® which uniquely fixes the 
spins of the first two excited states in Sr®* as 2+ and 3—. 

The cross-over gamma ray of 2.76 Mev has been 
reported in the Y** decay with an intensity of the order 
of 1 percent of the cascade,* using a (y,) reaction on 
deuterium. A recent measurement by Alburger and 
Sunyar” sets a limit on the intensity of the 2.76-Mev 
transition as less than 0.5% of the 1.85-Mev transition. 
Thulin," using a 1}-in.X1-in. Nal crystal, studied the 
gamma rays following the decay of Rb** and evidence 
was shown for three gamma rays at 2.12, 2.76, and 4.2 
Mev in addition to the two prominent gamma rays at 
0.908 and 1.85 Mev. 

In the present experiments, 3-in.X3-in. cylindrical 
Nal crystals were utilized to study the gamma radiation 
from Rb*® and Y**. Both coincidence experiments and 
single-crystal spectroscopy were performed and a 
rather complex decay scheme was evolved. 


EXPERIMENTAL PROCEDURES 


The Rb*® activity was prepared from Rb2SO, 
containing only 0.2 percent cesium and less than 0.01 
percent sodium by flame photometer analysis. The 
samples were bombarded in the ORNL graphite reactor 
for 18 minutes and then rapidly transported to the 
counting room, where they usually were in position 
to be counted in less than five minutes. Y® activity was 
produced in the ORNL 86-inch cyclotron by proton 
bombardment of strontium and purified by the Opera- 
tions Division of this laboratory. The single-crystal 

7R. M. Steffen, Phys. Rev. 90, 321 (1953). 

1955) R. Bishop and J. P. Perez Y Jorda, Phys. Rev. 98, 89 
‘ °G.R. Gammertsfelder, Phys. Rev. 66, 288 (1944). 


0 J). E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 
1 §. Thulin, Arkiv Fysik 9, 107-196 (1955). 
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scintillation spectrometer consisted of a cylindrical 
NalI(TI) crystal 3 inches high by 3 inches in diameter 
whose upper edge was bevelled at an angle of 45° to 
the axis of the cylinder such that the top surface was a 
circle of two-inch diameter. Such bevelling is desirable 
in large crystals since one obtains higher peak detection 
efficiencies than with unbevelled crystals. This effect is 
achieved becaused the edges are relatively less efficient 
in the complete absorption of a gamma ray than the 
remainder of the crystal. For the measurements reported 
below, the sources were placed on the axis of the cylinder 
at a height of 9.3 cm from the top surface of the crystal. 
Polystyrene absorbers of 2200 mg/cm* were placed 
between source and crystal to remove the energetic 
beta rays. Pulse-height analysis was performed using a 
twenty-channel analyzer designed by Bell, Kelley, and 
Goss.” The energy scale was calibrated with the 
0.908- and 1.853-Mev gamma rays in the sample. 
The energies of these gamma rays were checked with 
the 2.62-Mev gamma ray in Pb**® and with Zn® and 
Cs'*7 gamma rays. The values obtained when the 
calibration sources and an Y** sample were counted 
simultaneously to eliminate pulse-height changes due to 
a variation in counting rate were 0.909+0.004 and 
1.850+0.008 Mev. 

The “fast-slow” technique was used in the coincidence 
circuit so that energy selection could be obtained in 
both channels. The resolving time of the circuit™ 


100.0 ere 
y-RAY SPECTRUM 
FROM Y88 
3"x3" BEVELLED 


COUNTS / SEC 


200 400 600 
PULSE HEIGHT 


800 41000 4200 


Fic. 1. Gamma-ray spectrum from Y*® on 3-in.X3-in. bevelled 
NalI(TI) crystal. 


2 Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278 (1951). 
13 N. H. Lazar and E. D. Klema, Phys. Rev. 98, 70 (1955). 
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was 2r=0.40 ywsec. The multichannel analyzer was 
used to analyze the pulses from the bevelled 3 inchX3 
inch NaI(TI) crystal which were in coincidence with 
selectively chosen gamma rays detected by an un- 
bevelled 3-inchX3-inch NaI(TI) crystal. 


EXPERIMENTAL RESULTS 


The gamma-ray spectrum obtained from an Y* 
source placed at 9.3 cm from the top face of the bevelled 
crystal is shown in Fig. 1. Similar curves were obtained 
using unbevelled crystals. The intensity of the coin- 
cident sum peak at 2.76 Mev, P..s., may be calculated 
from the equation 

P(1.85) 


P. 





€,(0.908)0f+N,, (1) 


or 1 er(0.908)0f 


where €,(Z,) and er(EZ,) are the peak and total efficien- 
cies of the crystal for a gamma ray of energy E,, f is the 
fraction of 1.85-Mev gamma rays in coincidence with 
the 0.908-Mev gamma rays, © is the solid angle, and NV, 
represents the random summing of two pulses of the 
proper pulse height. The latter term may be determined 
from the resolving time of the amplifier."* Data were 
taken with two crystals, one bevelled and the other 
not, at source distances of 3.0, 9.3, and 18.5 cm. The 
area of the peak at 2.76 Mev was compared with the 
area calculated from Eq. 1. In every case, there remained 
a difference which could only be explained by the 
the presence of a gamma ray at this energy. The 
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intensity of the gamma ray, relative to that of the 
1.85-Mev transition, was measured as (5+3)X10-. 

The relative intensities of the 0.908- and 1.85-Mev 
gamma rays were also determined. Taking into account 
the coincident summing, the ratio /(1.85)/7(0.908) was 
determined as 1.09+0.05, where the error quoted is 
primarily an estimate of the uncertainty in the ratio of 
the detection efficiencies for the two energies. All 
measurements at the various distances agreed with the 
indicated value within this error. 

The gamma-ray spectrum from Rb** obtained with 
the bevelled crystal spectrometer is shown in Figs. 2 
and 3. The analysis was carried out using, as a guide, 
the spectral shapes obtained in the same crystal from 
Y* and Na™ sources. The relative heights of the full 
energy and pair peaks in the region above 2.7 Mev 
were estimated with the assistance of the spectrum of 
the 4.44-Mev gamma ray shown in Fig. 4. The source 
of these gamma rays was the N'(p,vy)C” reaction 
using 1.3-Mev protons from the ORNL 5.5-Mev 
Van de Graaff generator. Although in this case an 
unbevelled crystal was used, the spectral shapes at 
such high energies are not expected to differ greatly due 
to bevelling. 

The relatively large distance at which the sample 
was placed from the crystal resulted in very few 
coincident sum pulses. The intensity due to summing 
was subtracted using the Y** gamma-ray spectrum and 

“The authors are pleased to acknowledge the assistance of 


Willard, Bair, and Cohn in performing the Van de Graaff experi- 
ment. 
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normalizing the heights of the 0.908-Mev gamma rays, 
since the relative intensities of the 1.85-Mev gamma 
rays in the rubidium and yttrium decays are different. 
The peak at 120 pulse height was caused by annihilation 
radiation which resulted, mostly, from pairs produced 
in the surrounding lead shield by the high-energy 
gamma rays from the source. The bulge at ~280 pulse 
height decayed with a considerably longer half-life 
than the remainder of the spectrum and was attributed 
to the 1.076-Mev gamma ray in 19 day Rb*®. No other 
impurities were found after following the decay of 
some samples as long as five half-lives of Rb®*. The peak 
at 1.39 Mev would have been difficult to discern with 
the previously used small crystals! because of the 
presence of the middle pair peak from the 1.85-Mev 
gamma ray. In the spectrum obtained with our larger 
crystals, there can be no doubt of its existence. Peaks 
due to gamma rays at 2.11 and 2.68 Mev are seen in 
Fig. 2 and gamma rays at 3.01, 3.23, 3.52, 3.68, and 
4.87 Mev are resolvable at shown in Fig. 3. The 
intensities of these gamma rays are given in Table I. 
Because of the high energy of the transitions, the 
conversion coefficients are probably less than 0.01 in 
all cases and so the relative gamma-ray intensities 
indicated are the transition intensities as well. 

Spectra were obtained in coincidence with the gamma 
rays at 0.908, 1.85, 2.11, and 2.68 Mev. These are shown 
in Figs. 5-8. Calculations were carried out on the 
expected intensities of the coincidence peaks using the 
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relative intensities obtained from the single-crystal 
data. Despite the poor statistics, certain facts may be 
deduced. Figure 8 shows a peak at 1.85 Mev obtained 
in coincidence with the single-channel window set to 
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cover the region of 2.7 Mev. Because of the solid angle 
used (source was placed approximately midway 
between the crystals which were 5.8 cm apart), the 
coincident sum peak of the 1.85- and 0.908-Mev gamma 
ray appeared quite prominently in the single channel 
spectrum. If half the counts in the window were assumed 
to be in coincidence with the 1.85-Mev gamma ray, 
the agreement with the measured value was quite 
acceptable. The existence of the coincidence of the 
1.85-Mev and 2.68-Mev gamma rays was confirmed by 
observing the 2.68-Mev peak in coincider ce with the 
window set at 1.85-Mev. Again, the measured peak 
area agreed to 10 percent with the expected area. 
In addition, no peak appeared in Fig. 7 at 0.908 Mev. 
This is not surprising since the total energy available 
for the decay is 5.3 Mev and the coincidence of the 
2.68-Mev gamma ray with both the 0.908- and 1.85- 
Mev gamma rays would imply a level at 5.44 Mev. 
The spectrum in coincidence with the 2.11-Mev 
gamma ray shows peaks at 1.85 and 0.908 Mev whose 
intensities are reasonable based on the single crystal 


TABLE I, Energies and intensities of gamma rays from Rb®. 








Intensity relative to 
1.85-Mev gamma ray 


1.000 

0.631+0.050 
0.062+0.015 
0.045 +0.007 
0.107+0.010 
0.014+0.005 
0.014+0.002 
0.011+-0.002 
0.004-+0.002 
0.014+0.003 


Energy (Mev) 


1.850+0.008 

0.908+0.004 
39 +£0.03 
+0.03 
+0.05 
+0.05 
+0.03 
+£0.05 
+0.05 
+0.05 











information. Further confirmation for these cascades 
is indicated in Figs. 5 and 6 where the single channel was 
set at 0.908 and 1.85 Mev. Corrections had to be made 
for counts in the window due to higher energy transi- 
tions, particularly for coincidences with the 0.908-Mev 
gamma ray, but the results were not in disagreement 
with the calculated values. 

Finally, the 1.39-Mev gamma ray appeared in 
coincidence with the 1.85-Mev gamma ray (Fig. 6) 
and its appearance in coincidence with the 0.908-Mev 
gamma ray (Fig. 5) could be explained by the Compton 
pulses of the 1.85-Mev transition in the window. 

A measurement was made of the intensity of the 
ground-state gamma-ray transition. An aliquot of Rb* 
was measured in a 4x 6 counter'® while a larger aliquot 
from the same bombardment was used to determine 
the absolute intensity of the 1.85-Mev transition. 
The gamma-ray sample was placed 9.0 cm above an 
unbevelled 3-inchX3-inch NaI crystal and corrections 
were made for coincidence summing of the 1.85-Mev 


16 The authors are indebted to A. R. Brosi for the use of the 4r 
8 counter and his advice in making the arrangements. 
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gamma ray with the 0.908-, 1.39-, 2.11-, and 2.68-Mev c t C ss 
transitions. The counting rate due to the beta rays was f I { | _¥-RAY SPECTRUM 
followed for several half-lives and the Rb** intensity 1} pence wrrit 24 wer 
subtracted by a measurement of the aliquot after all earn, MEVELLED 
the Rb* had decayed out. This amounted to less than — 
a 5% correction. The ratio of the intensity of the 
1.85-Mev transition to the total number of beta rays 
determines the ground state intensity since the number 
of gamma rays bypassing the 1.85-Mev state is about 
one percent of the beta-ray transitions. From these 
measurements, the ground state transition was 75.9 
+5.0 percent of the total transitions.'® 
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The decay scheme shown in Fig. 9 may be constructed 
from the available information. The comparative 
half-lives for all the 8 transitions from Rb** were 
calculated from the intensities of the gamma rays 
leaving the levels and the assumption that 75 percent 
of all 8 transitions are to the ground state. These are 
listed in Table II. The log ft value of 7.9 for the beta-ray 


TABLE II. Intensities and comparative half-lives of the 8-ray 
transitions computed from the y-ray intensities (transitions E 
labeled by final state). Fic. 7. Gamma-ray spectrum from Rb* in coincidence 
SS SSS with 2.1 Mev. 
Logarithm of 
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group to the first excited state is in good agreement 
with the proposed 2+ spin. However, the transition 
to the 2.76-Mev level is slower than expected for an 
allowed decay. The intensities of low-energy beta-ray 
groups measured by both Thulin* and Bunker ef al. 
do not agree with the measured gamma-ray intensities; 
however, large errors in intensities are possible in the 
beta-ray analyses. The comparative half-lives for the 
transitions to the 4.87- and 4.54-Mev states are as 
expected for allowed transitions, and so these states 
almost certainly have odd parity. The assignment 1— 
for the 4.87 state can probably be ruled out by the 
relative intensity of the 3.01- and 2.11-Mev transitions. 
If the spin of the 4.87-Mev state were, in fact, 1—, 
then the transitions to the 2.76- and 1.85-Mev levels 
would have to be E2 and £1 radiation, respectively. 
The higher intensity of the 2.11-Mev gamma ray 
probably rules out such a possibility. 201 9. ah ah ah aa tio 


COUNTS / SEC 











PULSE HEIGHT 
16 Note added in proof.—M. E. Bunker has studied the radiations vaneless 
from Rb* and finds essentially all the transitions described above Fic. 8. Gamma-ray spectrum from Rb* in coincidence 
except the 3.68-Mev gamma ray. with 2.7 Mev. 
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from the Weisskopf formula.’ Assuming the 3.25-Mev 
gamma ray is £2 and the 1.39-Mev radiation, M1, 
1(3.25)/I (1.39) =0.20XK NM 22?/Maw?. The observed ratio 
is 0.23,!8 and the assignment of 2+ to this level may be 
made. 

The ratio of the intensities of the 0.908- and 2.76-Mev 
gamma rays may be calculated in the same way. Here 
a 0.007 percent admixture of M2 in the predominantly 
E1 radiation of 0.908 Mev has been shown by Steffen. 
The single particle estimate gives J(0.908)/J(2.76) 
=0.2X 10’ z:7/Iz3?. However, a similar calculation 
shows the expected M2 admixture in the 0.908-Mev 
radiation to be only 0.27X10~ if MWay:?/Mer=1. 
The £3 matrix elements are not known but a fit to 
both the cross-over intensity and angular correlation 
measurement may be madelif My2?~10~ and Me2~3 
X10-*, assuming SWz;;=1. These estimates are not 
out of line with £1 transitions in other nuclei.'®:'® 

One other piece of information is available which 

117 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1954); A. Moszkowski, 
Phys. Rev. 89, 474 (1953). 

18 A. W. Sunyar and M. Goldhaber, in Beta and Gamma Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Press, New 
York, 1955). 

19 Note added in proof.—E. D. Klema has remeasured the angular 
distribution of the 0.908- and 1.85-Mev gamma rays with high 
precision and finds the correlation is consistent with a pure E1- 
pure E2 cascade within experimental error. These data do not 
greatly alter the conclusions above. 
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tends to confirm at least some of the details in the 
proposed scheme. Kinsey and Bartholomew” have 
measured the energy of the capture gamma rays 
obtained from slow neutron bombardment of natural 
strontium. Three gamma rays with energies of 9.22, 
9.06, and 8.38 Mev are presumed to occur in the 
nucleus Sr**. The binding energy for the neutron in 
Sr®* has been shown, from the (y,) reaction, to be 
11.2 Mev. It is suggested that the 9.22-Mev gamma ray 
goes to the 1.85-Mev level and the 8.38-Mev gamma 
ray is a transition to the 2.76-Mev state. Since the 
latter is the better measured value of the two, the 
binding energy would be 11.14 Mev. The 9.06-Mev 
transition is extremely weak and may be doubtful—at 
any rate its final state appears not be excited in the 
beta decays. However, other gamma radiation is seen 
and particularly those at 6.27 and 6.67 Mev. These 
gamma ray transitions would, then, end at 4.87 and 
4.47 Mev, in good agreement with the two highest 
excited states found in the Rb® decay. 

As has been mentioned, Sr®* has 50 neutrons and it is 
tempting to try to identify the first few excited states 
with proton configurations predicted from the single 
particle model. The single particle states available for 
the 29th through 50th protons are fs2, ps2, Pry, and 
£92. 4oZT®, with two more protons, appears to fill the 
P12 shell" and so a reasonable assignment for the last 
10 protons in the ground state of Sr®* is (fs2)°(ps/2)*. 
If one of the 3/2 protons is excited into the 1/2 orbital, 
the resulting coupling very likely would yield a 2+ 
state. If the proton is excited to gg/2 orbital, it might 
couple to the resulting p32 hole to yield the 3— second 
excited state. Thus, the pertinent configurations for 
the first two excited states might reasonably be (p3/2)~ 
(Piy2)o4 and (ps/2)~(go/2)s-. The neighboring nucleus 
3950" is known to bave a g9/2— p12 isomeric transition 
with an energy of 0.913 Mev, surprisingly similar in 
energy to the 0.908-Mev radiation seen in Sr**. One 
might attempt to explain the low probability of the 
0.908-Mev £1 radiation in Sr* relative to the single- 
particle predictions by the g/2—p12 proton orbital 
change between the initial and final states. 


» B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 
(1953). 
"1K. Ford (private communication). 
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We re-examine a step in the Levinger-Bethe calculation of the nuclear exchange force contribution to the 
summed dipole oscillator strength. We can justify the reduction of a triple sum to the double sum used by 
Levinger and Bethe if we assume complete symmetry between neutrons and protons. 





NE part of the calculation! of the exchange force 
contribution to the summed dipole oscillator 
strength needs re-examination: namely LB Eq. (10). 
The resulting LB Eq. (11) is in agreement with Siegert’s 
much earlier result?; but nevertheless it seems worth- 
while to examine the calculation in some detail. (For 
notation see LB.') 
We are concerned here with the part of LB Eq. (10) 
due to exchange forces, which we write as 


= Lal Lidis(2M/M)xV (95;) (2s—2;) Pi Jon 
X[(N/A)> 2i— (Z/A)D0 38; ]no- (1) 


In LB Eq. (11) we neglected correlation terms by 
taking only the terms in which proton i in the second 
bracket was the same proton as proton 7 in the first 
bracket: that is, the triple sum became the double 
sum of LB (11): 


rag (2M /h*)x§Ldi itis V (ri) P loo, (2) 


where LB made the additional approximation that 
neutron number V=proton number Z. We shall make 
this approximation here, and examine the neglect 
of terms in Eq. (1) arising from correlations between 
pairs of protons, or pairs of neutrons. We find that 
correlation terms cancel out, provided we assume that 
neutron and proton wave functions are the same for 
corresponding quantum numbers. 

Our argument consists in consideration of the 
“off-diagonal” terms given by 


— (M/h?) 
AVL (ris) (Gi — 2) Pi (var — 5-2") Joo. (3) 
For the off-diagonal terms proton 7’ is different from 


proton i, and neutron j’ is different from neutron j. 
Let us consider first the case in which proton 7 and 


* Supported by the National Science Foundation. 
‘ g! Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950), 
denoted by LB. 


2A. J. F. Siegert, Phys. Rev. 52, 787 (1937). 


neutron 7 have the same quantum state. Then the 
(> %i)oo in Eq. (3) gives the expectation value of the 
center of mass of all protons except proton 7; and the 
(3° ;2;)oo gives the expectation value of the center of 
mass of all neutrons except neutron j. From the assumed 
symmetry between proton and neutron wave functions, 
these two expectation values are the same ; so combining 
these off-diagonal terms gives zero, due to cancellation. 

We consider next the other case, in which proton i 
and neutron j have different quantum states, designated 
by m; and m2. We shall take these cases in pairs: i in 
state m; and j in state m2, combined with 7 in state mz 
and j in state 7. From the symmetry between neutrons 
and protons the expectation value for the center of 
mass of the other protons 7’ is cancelled by the expec- 
tation value for the center of mass of the other 
neutrons 7’. 

We note that our proof uses only the assumption of 
complete symmetry between neutrons and protons. 
Besides the Pauli principle correlations, there may also 
be dynamical correlations, such as in a subunit structure. 
However, regardless of such correlations, complete 
symmetry between protons and neutrons justifies 
taking only the diagonal terms in Eq. (1). 

The approximation that isotopic spin is a good 
quantum number may limit the neglect of the off- 
diagonal terms to nuclei of low Z. For these nuclei 
the nuclear surface effects neglected in the LB treat- 
ment may be of significance? Thus the numerical 
results of the LB calculation should be regarded as 
rather approximate. Of course further approximations 
enter in the LB numerical evaluation of Eq. (2). In 
particular, dynamical correlations between neutron j 
and proton i affect this result.‘ 

We are grateful to H. A. Bethe and M. Baranger for 
discussions of this question. 


i‘: S. Levinger, Phys. Rev. 97, 122 (1955). 
A. Brueckner, University of Michigan Conference on 
Nuclear Structure, June 1955 (unpublished). 
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A method for the calculation of nuclear /* matrix elements in terms of those of /*~ is developed, assuming. 
two-particle interactions. An example is the calculation of »* matrix elements as linear combinations of 
matrix elements. The coefficients in these linear combinations are tabulated. Application is made by calcu- 
lating ;Li’ energies from ;Li® energy data. A comparison of the calculated energies of Li? with experiment 
leads to some restrictions on the nuclear potential. To perform the calculation it is necessary to fit the ;Li® 
data; the results of the fit are presented. The existence of a J=5/2- energy level in ;Li’ at or near 6.53 Mev 


is also discussed. 





INTRODUCTION 


ECAUSE of the growing success of the shell model 
we have attempted to apply the Bacher and 
Goudsmit'* method of atomic spectroscopy to the 
calculation of nuclear energy levels. The initial purpose 
of our calculation was twofold: (1) to predict the energy 
levels of an m-particle nucleus from those of n—1 par- 
ticles; (2) to try to pin down the type of nuclear force 
by requiring that the same force law fit energy data of 
successive isotopes. 

In particular, owing to the relative ease of calcula- 
tion, we have restricted ourselves to the beginning of 
the p shell. In a usual spectroscopic application of the 
Bacher and Goudsmit method we would calculate /” 
energies as linear combinations of experimentally ob- 
served /"~!, /"~*, ---J energies. In the nuclear case we 
calculate only the matrix elements of a nuclear 1" con- 
figuration as a linear combination of the matrix elements 
of a /*" configuration. A similar calculation was used 
to treat the atomic energy levels of vanadium.‘ The 
derivation of the matrix elements of /" involves the 
assumption that the nuclear forces be two-particle ones. 
If we assume, in particular, central, spin-orbit, or 
tensor forces, our matrix elements reduce to the cor- 
rected elements of Elliott. By central forces, we mean 
any linear combination of Wigner, Majorana, Bartlett, 
or Heisenberg forces. Throughout the calculation we 
have used LS coupling, although the calculation pro- 
ceeds similarly for jj coupling. The calculation is dis- 
cussed in detail in Sec. I. 

As an application we consider the calculation of 
p* sLi’ matrix elements from those of p” sLi®. In Sec. I 
numerical Li® elements are derived from the experi- 
mental energies. The effect of different types of forces 


* Some of this work was reported at the 1955 New York meeting 
of the American Physical Society [S. Meshkov and C. W. Ufford, 
Phys. Rev. 98, 1204(A) (1955) 1. 

t Now at the Department of Physics, University of Pennsyl- 
vania, Philadelphia, Pennsylvania. 

1R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934). 

2S, Meshkov and C. W. Ufford, Phys. Rev. 94, 75 (1954). 

3R. E. Trees, J. Research Natl. Bur. Standards 53, 35 (1954). 

4S. Meshkov, Phys. Rev. 93, 270 (1954). 

5 J. P. Elliott, Proc. Roy. Soc. (London) 218, 345 (1953). 


on parameters L, K, and a is discussed. L and K, the 
central force radial integrals, and a, the spin-orbit 
parameter which equals 6D’ in Elliott’s notation are 
defined in Elliott’s paper. 

In Sec. III, the actual calculation of Li’ energies is 
described and the results are discussed. The evidence 
for the identification of an observed level of Li? at 6.53 
Mev as a J=5/2- state is considered. Our results in- 
dicate that by introducing a spin-orbit force together 
with a central force intermediate to the Rosenfeld 
mixture (Vyw=0.8, Vg=0.2) and an “almost Serber’’ 
mixture (Va=Vw=0.4, Vg=0.2) we can fit both Li® 
and Li’ fairly well. By intermediate we mean that the 
matrix element Po *P, of Li® lies between the Rosen- 
feld mixture value —0.6(L—3K)—a and the Serber- 
like mixture value of 0.2(L—3K)—a; similar changes 
take place in the "P, "P,, ®P, 8P,, and *P, *P, 
elements. 


I, DERIVATION OF p? MATRIX ELEMENTS 


Elliott’ has calculated the matrix elements of #’, 
p® and ® configurations for central, spin-orbit and 
tensor forces in terms of various radial integrals. For 
our purposes however, this calculation does not suffice 
because it does not explicitly give the relative con- 
tributions to the p* elements arising from the various 
p’ states. We have, therefore, calculated the matrix 
elements of the p* configuration as a linear combination 
of ~* elements. We have used the coefficients of frac- 
tional parentage of Jahn and Van Wieringen‘® and tables 
of W coefficients by Biedenharn.’ Elliott’s paper has 
been used as a check because our elements should reduce 
to his. In the course of the calculation we found various 
errors in Elliott’s paper which he has corroborated.’ 


°H. A. Jahn and H. Van Wieringen, Proc. Roy. Soc. (London) 
A209, 502 (1951). 

7L. C. Biedenharn, Oak Ridge National Laboratory Report 
ORNL-1098 (unpublished). 

8 J. P. Elliott (private communication). The sign of each ele- 
ment in the (1s) (2p)8 configuration, except for elements arising, 
from the spin-orbit (15,2) interaction, must be multiplied by 
(—)T+S+L-1'-S'-L’ The [3 "Pir [21 }*Pi2and [3 *Ps/2 [21 }*Psj2 
elements should be multiplied by 3. 
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Our first step is to write a three-particle wave function in the SLJM, scheme as a linear combination of products 

of one- and two-particle wave functions which are also expressed in the above scheme. This involves a series of 

recouplings and transformations from the SL/M, scheme to the SLMsM,_ scheme and back again. In general for 

n particles 

W(l"yTSLIM7M,)= 7 

MsMitMsMirmem 

¥°T'S'L'jmjJ'May Mr 


X (LM y-m,| L'1LM 1) (S'L'M gM 1| S'L'J'My-)(slmm| slim) (l-'y'T'S'L'J'M 7 My)o(sljm;), (1) 


where (SLMsM1|SLJM,) is a Clebsch-Gordan coefficient, (/"yTSL|l""y'T’S’L’) are the fractional parentage 
coefficients for the reduction (/"|/"-"), and $(sljm,) is a one-electron wave function. More concisely, 


(l™yT SL | l>—y'T'S'L’) (SLM gM ,| SLJMz)(S'sM g-m,| S'sSM s) 


W(l"yTSLIM7M;)= ba 


'T'S'L'jmiJ'Ma Mr 


zs 2 
Uy m | TM NLOPNOADASH NOLEN IN: Jae 
SL J 
Xv (ly'T'S'L' I'M My)o(slim;). (2) 
By letting n=3, the p* and ’ configurations are treated. 

The contributions of various /"~' states to the /" matrix elements are determined by the coefficients of the prod- 
ucts of the allowed two particle matrix elements. Using (2) we determine the coefficient of the contribution of the 
I"! matrix element specified by the quantum numbers (y1'7"S,'Ly'J’) and (y2'T’S2'L2'J’) to the /” matrix element 
labeled by quantum numbers (y17S,L,/), (y2TS2L2/). It is 


n 
d(1'2’;12)=—— ¥ 


N—L jmjiMy 


(J’My-jms| I'M JMy)(2'+1) (27+ DE (251+ 1) (2S2+ 1) (2L1+1) (222+ 1) }! 


S$ L/ J Si! Ly J’ 
xx) l i fe sb Zp yiT Si Lyle yy'T’Sy' Ly’ ly2T SL 2! I y2/ T'S Ly’). (3) 
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If (y:/T’S;'L;'J’) is not the same as (y2'7’S2'L2'J'), the above summation must also be carried out with 


(y:'T’S1'Ly'J’) and (y2/T’S2'L2'J’) interchanged. 


Each coefficient calculated must be multiplied by 
n/(n—2) to account for the ratios of pairs of particles 
in the /" and /"~ configurations. The entries in Table I 
have not been multiplied by n/(m—2). Orthogonality 
together with selection rules determines which matrix 
elements make any contributions. The coefficients 
which show the relative contributions to p* elements by 
the p* elements are listed in Table I. These coefficients 
may be used whatever the force is, so long as it be a 
two-particle force. 

In order to obtain Elliott’s results from this table we: 
(1) write the ~? matrix elements in terms of the radial 
integrals appropriate for the force considered; (2) 
multiply the rewritten p? matrix elements by the co- 
efficients of Table I; (3) add all of the products together; 
and (4) multiply each resulting p* matrix element by 3 
when the force considered arises from the interaction 
of two electrons, and by 3/2 when our two-particle 
interaction is a spin-orbit (15,2) interaction. 

The factor of 3 is found by letting n=3 in the co- 
efficient /(m—2). As is pointed out in reference 2, the 
factor n/(m—2) arises from taking the ratio of the 
number of ways of choosing pairs of m particles to the 
number of ways of choosing pairs of m—1 particles. 
In the case of the factor 3/2, if we consider the spin- 
orbit (1s,2p) interactions, there are twelve ways to 
choose pairs of 1s and 2p particles out of the four 1s 





and three 29 particles of Li’ and eight ways to choose 
pairs of 1s and 29 particles out of the four 1s and two 2p 
particles of Li®. The proper multiplication factor is 
12/8=1.5. 

Our method requires that we must know the matrix 
elements of Li® to start with. They are obtained from 
experiment as far as possible, although some radial 
integrals must be fitted to give the elements in those 
matrices that are not diagonal. Once we have obtained 
the Li® matrix elements, either from experimental or 
theoretical results, we multiply the central part by 3 
and the spin-orbit contribution by 1.5. The sum of 
these two contributions is multiplied by the appro- 
priate coefficient from Table I to yield the Li’ matrix 
element. The resulting Li’ matrices are then diagonal- 
ized on a desk computer to yield the eigenvalues. This 
procedure, of course, is identical with starting with the 
corrected Li’ matrices of Elliott, expressed in terms of 
L, K, a, inserting the values of the parameters L, K, a 
derived from Li® data, and then diagonalizing the re- 
sulting matrix. The method that we employ, i.e., using 
the p? matrix elements, enables us to see from which Li® 
state energy contributions can arise. The use of this to 
fix a force law is described in Sec. IT. 

At this point let us note other types of calculations 
which might be performed with better results. The one 
we have just described errs since we do not account for 
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any change of parameters as we go from one configura- 
tion to the next. We could overcome this difficulty by 
writing the matrix elements of Li’ as a linear combina- 
tion of the matrix elements of Li® plus a linear combina- 
tion of changes in radial integrals as we go from Li*® 
to Li’. Such an approach has been taken for the atomic 
spectra of Ti® and V,‘ involves a knowledge of the mag- 
nitudes of the matrix elements of Li® and Li’, and treats 
the changes in radial integrals as unknowns. 

Another calculation would be a true Bacher and 
Goudsmit calculation in which we included the p energy 
contribution as well as the contribution from p*. 

An ideal application of the method we used would 
occur if all of the /"“' matrices were diagonal so that the 
I»! matrix elements corresponded exactly to the /*“ 
observed energies. Unfortunately, for light elements it 
appears that a large off-diagonal element due to spin- 
orbit interaction is necessary to explain the level struc- 
ture. Therefore it becomes necessary to deviate from 
our ideal calculation and to find some way to get values 
for the diagonal and off-diagonal elements in Li®. 


II. FITTING Li® DATA 


Another problem is the lack of knowledge of exactly 
what nuclear force to assume. Various combinations like 
the Rosenfeld or Serber forces are often used,!°" but 
these are still only rough approximations. If we had 
enough precise experimental information so that we 
could fit the energy levels of the two successive isotopes 
fairly well with the same force mixture, then it would be 
possible to pin down the relative amounts of the various 
forces involved. Here we would also make the reason- 
able assumption that the radial integrals involved vary 
slowly as we go from nucleus to nucleus. We consider 
only a few force mixtures, but believe we can indicate 
a reasonable array of forces to describe the Li isotopes 
by considering the magnitudes and sources of the 
various p* elements. 


Let us consider what we know about Li® (Table 


TABLE ITI. Observed levels of Li®. All energies are in units of Mev. 





Energy J Py 





9.3% 
8.37 
7.40 
6.63 
5.6" 
5.4 
5.35* 
4.52 
3.57 
2.189 
0 








®See reference 12; the 5.6-Mev level is reported as 5.6+0.2 Mev. All 
other levels are taken from Ajzenberg and Lauritsen (reference 13). 


®S. Meshkov, Phys. Rev. 91, 871 (1953). 
% D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
1! A. M. Lane, Proc. Phys. Soc. London) A68, 197 (1955). 


TABLE III. Radial integrals and calculated Li® energy levels. 
All integrals and energies are in Mev. Results of three calculations 
are listed: (1) Rosenfeld force, with ™D,=5.6 Mev; (2) Rosenfeld 
force, ¥D,=5.4 Mev; (3) Serber-like force, *D,;=5.6 Mev. 








Rosenfeld 


Serber-like 
(3) 


(1) 


Radial integrals 
—6.72 —6.71 
—1.17 —1.16 
—1.41 —1.41 

5.74 5.76 

1.21 1.21 





—7.15 
—1.18 
—1.53 
6.07 
1.30 


Energies observed 
12.94 12.92 
12.72 12.71 
11.80 11.78 
10.60 10.58 


5.46 
5.61 
4.30 
3.30 3.29 3.31 
2.21 2.18 2.16 
0 0 0 


11.12 
10.93 
10.07 

8.63 


5.60 
5.62 
4.45 


5.50 
5.63 
4.33 








IT).!*!8 Of all the 10 levels of the p? configuration only 
the D2 and "D; are diagonal, unencumbered by any 
off-diagonal elements (see Elliott’). None of the P 
states have been observed. We tried to fit the Li® data 
by mixtures of central forces and tensor forces alone, 
but were unable to do so. We also briefly tried fitting 
a mixture of central, tensor, and spin-orbit forces, but 
the tensor force parameters gave too much trouble. 
We therefore restricted ourselves to the consideration 
of mixtures of spin-orbit and central forces. 

It is tempting to identify the 6.63-Mev level of Li® as 
%P,. If this is done, however, there is no way to fit the 
observed experimental difference of 1.32 Mev between 
%P, and *D, with any combination of spin-orbit and 
central forces and still fit the observed "Dz, "8D; split- 
ting. This is seen from the J=2 matrix, 


%P, 317), 


%P.) A a/V2, 
1D.| a/v2 B 


which, when solved for the difference between the eigen- 
values, gives 


hy.—-A_=1.32=[(A—B)*+4(a/v2"}. (4) 


The maximum value of a, i.e., if (A—B)=0, gives a 
value of a=—0.94 Mev,'too small to fit the observed 
8D), =D; splitting of 2.33 Mev."* We assume then that 
the 6.63-Mev level is due to some higher configuration. 
_ Since we have only two diagonal levels, and no P 
states are identified, we must try to calculate the values 
for the various matrix elements from experimental 
energy level data. We proceed as follows in fitting the 
Li® energies. 

2 Allen, Almqvist, and Bigham, Phys. Rev. 99, 631(A) (1955). 


13 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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Tas Le IV. Selected numerical matrix elements of the J=5/2, 7=1/2 matrix. All matrix elements are in units of Mev. The first 
three Li’ elements are calculated with the Rosenfeld force, the next three with the Serber-like force. The numerical Li® matrix elements 
listed, already have their central force contributions multiplied by 3 and their spin-orbit parts multiplied by 1.5. For example, the 
8D, *D, entry=3 [—5.55]+1.5[2.12]=— 13.47. In the listed matrix elements, the experimental "=D, and "3D; energies have been used, 











Lit 
Li)\, a 


S$, 3S, 


—27.17 —13.47 9.62 6.8. 


BD, BD; UPY VP, BP BP, 4S, UP, 8D, "PP; BDe BD, 
83 —1.73 1.93 


D3 4Dz 


BP2BPy UD2"D;, UD; BP, 
4.72 ~—18.81 


—14.96 —9.98 —1.50 





—3.14 0 
—0.04 0.85 

0.34 0 
—14.48 2.17 —1.02 

—3.38 0 
—0.04 —-0.13 O 
0.37 0 0 


21 "P52 [21 * Psy. — 6.04 
3} F 2 [21 ]}*P ove 0 


b —28.53 
(3? F se (3 PF v2 0 
[21 P52 [21 Poe — 6.34 
[3 "P52 [21 Ps 0 


igs [3 Fs 0 


0 
0 
0 
—1, 


—499 0 —0.49 
—4,39 
0.32 

— 20.14 
—0.52 
—4.70 
0.34 


0 —360 0 

0 —0.62 1.77 0 0 

0 —0.63 0 0 0 
2.09 —16.57 —3.32 -—10.76 —1.62 
0 —-39 0 —5.38 0 

0 —0.69 —1.24 0 0 

0 —0.70 0 0 








*® Numerical values of Li* matrix elements with Rosenfeld force. 
>» Numerical values of Lit matrix elements with Serber-like force. 


First we assume a force mixture for Li‘, and calculate 
the matrix elements in terms of radial integrals. We 
assume some reasonable numerical values for these 
integrals and obtain the numerical transformation 
matrices which diagonalize the Li® matrices expressed 
in terms of the radial integrals. This process yields a 
set of equations linear in the various radial integrals. 
The equations are then matched with the known ex- 
perimental results, differences are taken and a least 
squares solution of these equations is undertaken for 
the best values of the radial integrals. With this new 
set of integrals we can evaluate the matrix elements 
numerically, diagonalize the matrices and compare our 
results with experiment. For better accuracy the 
approximation process may be repeated. 

Two force mixtures were used in fitting the Li® data. 
The first mixture used was the Rosenfeld mixture with 
Vu=0.8, Ve=0.2 or a=—0.1, a,=—0.1, a,=—0.2, 
a,,;= —0.2. The a’s are the coefficients used in Elliott® 
and are related to the V’s by Eq. (5.32) of Blatt and 
Weisskopf.* The Li® levels used to fit the data were 0, 
2.189, 3.57, 4.52, 5.35, and 5.6 Mev. The resulting 
parameters and calculated level positions are listed in 
Table III. A similar calculation was carried out re- 
placing the 5.6-Mev level by 5.4 Mev, but almost no 
difference in parameters resulted. The 5.6-Mev value 
was taken from Allen,’ the 5.4-Mev from Ajzenberg 
and Lauritsen." In both these calculations the ™D, 
falls slightly below the "Dz, a fact which is not too dis- 
tressing in view of the inaccuracy of the *D, and *S» 
levels, both of which are too low by ~0.3 Mev. As 
Inglis” points out, the P states are ~5 Mev above the 
D states. 


Ill. NUMERICAL CALCULATION OF p? MATRIX 
ELEMENTS OF Li’ AND CHOICE OF FORCE 


Using the ~” matrix elements as computed from the 
parameters obtained in our Li® fitting, we form the Li’ 
numerical matrices and diagonalize them. Listed in 
Table IV are the contributions of the various p* matrix 
elements to the ~* J=5/2 matrix, which are relevant 


4 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


to the discussion. In the tables we have already multi- 
plied the central force contribution by 3 and the spin 
orbit part by 1.5. 

In an attempt to introduce as much experimental 
data as possible, we use the experimental "D, and "D, 
energies rather than the computed D, and "=D; matrix 
elements, inasmuch as they are single levels. In appor- 
tioning their central and spin-orbit contributions, we 
use the same relative amounts as those calculated from 
the radial integrals. The various Li’ matrices were 
diagonalized by use of a desk computer and the results 
are shown in Table V. The calculations were also carried 
through with the computed D, and "D; elements, but, 
as may be seen from Table V, this did not cause a sig- 
nificant change. 

Table VI shows the experimentally observed states 
of Li’. Also shown are some recent measurements by 


TABLE V. Calculated energies of Li’. All energies are in units of 
Mev. Results are listed for Rosenfeld and Serber-like potentials. 
Columns headed a are results obtained using observed “D, and 
132); energies, those headed 6 used calculated "D2 and "D; energies. 
It is not expected that the higher state energies are very significant 
due to lack of precision in potential and radial integrals, and also 
due to the omission of configuration interaction. 











Rosenfeld Serber-like 
a b a b 





26.52 
24.43 
17.28 
16.54 
16.53 
16.34 
15.84 
15.39 
14.93 
13.77 
13.22 
13.18 
12.82 
11.76 
11.72 
11.27 

9.71 

6.02 

4.32 


26.54 
24.46 
17.31 
16.58 
16.60 
16.36 
15.79 
15.18 
14.96 
13.80 
13.12 
13.09 
12.80 
11.76 


20.77 
18.44 
14.68 
14.26 
14.12 
13.72 
13.22 
12.54 
12.31 
10.93 
10.30 
10.48 
10.03 


20.82 
18.48 
14.72 
14.29 
14.10 
13.76 
13.32 
12.58 
12.35 
10.97 
10.28 
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Chromchenko and Blinov.'® Our calculation gives good 
agreement with the 0.477 Mev, J=3 level. The 4.61- 
Mev level seems to have J=7/2. According to our 
calculation the next two levels should have J=5/2. 
Experimentally, the 7.46-Mev level is identified as 
5/2-, but the level at 6.56 Mev is 1/2*, 3/2+. The (d,p) 
experiments of Chromchenko and Blinov give a level 
at 6.53 Mev with undetermined parity and J. Until 
angular-distribution studies of this 6.53-Mev level are 
made, it cannot be ruled out as a possible candidate for 
being the [3 }*Fs/2 level. Such a choice gives a fairly 
reasonable value of 1.92/0.477=4.0 for the ratio of the 
the ?F separation to that of the *P separation. The *F 
separation in the LS limit, as Inglis’ points out, should 
be 7/3 as great as the *P separation. Other possible 
candidates for the low J=5/2- state might be the 
states, mentioned by Stoll,!® at 5.5 Mev or 6.8 Mev. The 
5.5-Mev level would give 1.9 for the separation ratio. 
Inasmuch as it is difficult to separate the 6.8-Mev level 
in Stoll’s experiment from the 7.46-Mev peak, it is 
doubtful whether his 6.8-Mev level could be the level 
sought. 

Although the existence of the positive parity level at 
about 6.6 Mev is well established, it is still possible that 
a negative parity level may be masked by this rather 
broad positive parity level. 

We shall make the assumption that the 7.46-Mev 
level is the [21 ?4Ps5)2 level and that there should exist, 
somewhere between 4.61 Mev and 7.46 Mev, a J=5/2- 
level which arises from the [3 }’F'5/2. We now ask the 
question, “How shall we modify our nuclear potential 
so as to bring the computed [21 }*Ps/2 energy down 
from the 9.71 Mev calculated with the Rosenfeld 
potential into agreement with the experimental value 
of 7.46 Mev?” Using Tables I and IV we consider the 
composition of the matrix elements [3 "P52 [3 P52 
and [21 ]}*Ps2[21}*Ps2 (called elements a and 6 
hereafter). Element a arises only from the D states of 
Li’, all of which are known fairly well. Element 8, on 
the other hand, has 1/2 of its value arising from P 
states, whose magnitudes vary with the force con- 
sidered. The off-diagonal element connecting states a 
and 8 depends only on S and D states and will be little 
affected by a new potential choice. 

In order to change the spacing of the two J=5/2- 
levels we must, therefore, alter the potential so as to 
modify the P state contribution. To decrease the 
spacing, the P state contributions which are positive 

18 |, M. Chromchenko and V. A. Blinov, J. Exptl. and Theoret. 
Phys. (U.S.S.R.) 28, 741 (1955). 

16 P. Stoll, Helv. Phys. Acta. 27, 395 (1954). Note added in proof. 
—A recent experiment [R. W. Gelinas and S. S. Hanna, Bull. Am. 
Phys. Soc. 30, 7 (1955) ] indicates that with a Be®(d,«)Li’ reaction, 
no 5.5-Mev level of Li? was found. A Li®(d,p)Li’ reaction [S. H. 
Levine, R. S. Bender and J. N. McGreuer, Phys. Rev. 97, 1249 


(1955) ] shows a level of Li’ at 6.56 Mev, but no angular distribu- 
tions were done. 


TABLE VI. Observed levels of Li’. All energies are in units of Mev, 








Energy J © 





17.5 
14.0 


1/2 
3/2 








* From Chromchenko and Blinov (reference 15). 


must be made less positive or perhaps even negative. 
Looking at the *P, *P; matrix element® we see that 
inasmuch as L—3K is negative, the *P; *P, contribu- 
tion can be made less positive by changing the coefficient 
of L—3K toa less negative number than the Rosenfeld 
value —3/5, or perhaps to a positive number. A po- 
tential of the Serber type, which also includes spin 
exchange, satisfies this requirement. After modifying it 
to decrease the J=5/2 separation by the proper mag- 
nitude, we arrived at the mixture Vy=Vw=0.4, 
Vzp=0.2, or ao=0.4, a,=0, a, = —0.1 and a,,= —0.1. 

Having chosen this potential we went through the 
same procedure as for the Rosenfeld case, fitting the 
Li® data anew, calculating the radial integrals and then 
evaluating the Li’ matrices. The various values obtained 
in this calculation are tabulated in the same tables 
used in the Rosenfeld mixture calculations. Table V 
shows the first two lines of the J=5/2 matrix for the 
Serber-like calculation. We see that the contributions 
of the S and D states vary only slightly, whereas the 
P state contributions actually change sign. 

The result of this calculation is to reduce the J=5/2 
spacing too much, so that now the 7.46-Mev level is 
reduced to 6.97 Mev and the lower 5/2 level is raised to 
6.38 Mev. In addition, the ?P splitting is increased. A 
less extreme shift of potential would place the 6.97- 
Mev level closer to the experimental 7.46 Mev and 
would thus represent a better nuclear potential. When 
the levels of Li’ are more definitely fixed experimentally, 
the potential may be chosen with more assurance. 
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Scattering of 22-Mev Alpha Particles by N'“f 
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The inelastic scattering of 21.5-Mev alpha particles by nitrogen has been investigated. Previously un- 
reported levels at 7.94+-0.07, 8.45+-0.07, and 10.05+0.07 Mev in N™ are observed. Levels at 2.31, 7.4, 7.7, 
8.06, and 9.49 Mev reported in other reactions are not observed. This confirms the isotopic spin T=1 
assignment to the 2.31- and 8.06-Mev levels, and suggests such an assignment for the 9.49-Mev level. The 


status of the 7.4- and 7.7-Mev levels is uncertain. 





I. INTRODUCTION 


HE concept of “isobaric” or “isotopic-spin’! has 
proved to be very useful in attempts to relate 
states of neighboring isobaric nuclei having the same 
space and spin nucleonic configurations but different 
charges. For example, in the isobaric triad C“-N“-O", 
the 2.31-Mev excited state of N™ has been assigned? 
total isotopic spin T= 1, since it is presumed to corre- 
spond to the ground-state configurations of C and O". 
For several isobaric triads, the first isotopic spin T= 1 
state of the nucleus having ground state T=0 has been 
identified, and in some cases (for example, N") higher 
T=1 states have been found. It is of interest to locate 
additional states of N™ which correspond to states in 
C* and O", these N™ states representing the 7;=0 
members of the appropriate isotopic-spin triplets (T= 1). 
Since alpha particles have T=0, inelastic scattering 
of alphas by nuclei with ground state T=0 cannot, to 
the extent that isotopic spin is a good quantum number, 
excite higher states with isotopic spin T=1. With this 
in mind, the levels of N“ have been investigated in two 
experiments. In the first, a nitrogen gas target was used.* 
This allowed unambiguous assignment of scattered 
groups to,N™, but for various reasons the energy 
assignments at higher N™ excitations were somewhat 
uncertain. In the second,‘ a melamine target was em- 
ployed to allow more accurate energy assignments in 
the region above 7-Mev excitation of N'. These two 
experiments are reported together in this article. 


Il. GAS-TARGET INVESTIGATION 
A. Experimental Arrangement 


The details of the experimental equipment are de- 
scribed in an earlier paper.’ 21.5-Mev alpha particles 


t Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

* Now at DuPont Savannah River Plant, South Carolina. 

t Now at Bartol Research Foundation, Swarthmore, Penn- 
sylvania. 

1E. P. Wigner, Phys. Rev. 51, 106 (1937); R. K. Adair, Phys. 
Rev. 87, 1041 (1952). 

? Bockelman, Browne, Buechner, and Sperduto, Phys. Rev. 92, 
665 (1953). 

3B. M. Carmichael, Indiana University Ph.D. thesis, 1953 
(unpublished). 

4 Miller, Gupta, Rasmussen, and Sampson, Phys. Rev. 98, 
1184(A) (1955). 

5 Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 


accelerated by the Indiana University cyclotron passed 
through a focusing magnet and an analyzing magnet 
before striking a target placed at the center of the 
target chamber. Inelastic alphas scattered from the 
target were observed by a 20-inch radius point-focusing 
180° magnetic spectrometer of the type designed at the 
California Institute of Technology.* The particles were 
counted by a proportional counter placed just beyond 
the image slits of the spectrometer. 

For this part of the study, the target consisted of 
nitrogen gas contained in the gas cell shown in Fig. 1. 
The beam entrance and exit windows were one-inch 
in diameter and consisted of 0.05-mil nickel and 1-mil 
aluminum foil, respectively. The exit window for the 
scattered particles was a multiple-layer zapon lacquer 
film 0.75 inch in diameter with a thickness of about 
0.13 cm air-equivalent. It was oriented so that a 
particle scattered at 90° in the lab system into the 
center of the spectrometer acceptance area passed 
normally through the center of the window. The target 
volume viewed by the spectrometer was defined by a 
pair of slits directly outside this window. A thorium B 
deposit on a button attached to a long rod could be 
inserted in the gas cell through the gas-inlet pipe to 
enable the exit-window thickness and the amount of 
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Fic. 1. Gas cell employed in the first part of the present investi- 


gation. For a detailed description of the three windows in the cell 
and the slit system, see text. 


® Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950); W. Whaling and C. W. Li, Phys. Rev. 81, 150 (1951). 
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Fic. 2. Spectrum of 21.63- 
Mev alphas scattered from a 
nitrogen gas target at a lab 
angle of 89.2°. The statistical 
error in each point may be in- 
ferred from the ordinate scale 
(counts per ycoul) and the 
amount of charge collected per 
point (4.5 wcoul for the elastic 
group, 7.5 ycoul for other 
groups). Note the complete 
absence of a group exciting the 
2.31-Mev T=1 state of N¥. 
The Q values for the groups 
labelled (2) through (6), ob- 
tained with the gas target, are 
listed in Table I. The pane 
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labelled (7) through (10) were 
studied with a solid melamine 
target in the second part of the 
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investigation. 


gas between the beam path and the window to be 
measured in terms of the energy loss of 8.78-Mev alphas. 

The gas cell could be rotated around the gas-inlet 
pipe, which coincided with the axis of spectrometer 
rotation. Even at the extreme available angles of 75° 
and 105°, the beam hit only the thin exit and entrance 
windows as verified both by visual observation through 
the beam-defining slits and by marks left on these 
windows by the beam. Neither of these windows was 
viewed by the spectrometer. 

The nitrogen gas employed had a purity of 99.9 per- 
cent, according to the manufacturer’s analysis (The 
Matheson Company). A search for elastically scattered 
alphas by contaminants at a lab angle of 89.2° revealed 
no trace of carbon, but variable amounts of oxygen were 
found with up to two mole percent abundance (as 
subsequently checked using CO: in the gas cell). This 
oxygen impurity was probably due to slow leaks or 
desorption of air from the walls of the gas-cell filling 
system. It seems very unlikely that it contributed any- 
thing but the elastic peak to the observed spectrum. 


B. Results 


The alpha spectrum from the nitrogen gas target was 
obtained at three laboratory angles of observation: 
75.0°, 89.2°, and 104.7°. A typical spectrum of the 
scattered alpha groups is shown in Fig. 2. The elastic 
group from N"™, which was found to be the highest 
intensity group at all three angles, was used throughout 
the experiment to determine the beam energy. In 
general, the elastic group was run before and after each 
lower-energy group. Each excited state was checked 
two or more times by this procedure. The data from 
the separate runs (adjusted to a standard beam energy) 
were combined to produce the spectrum shown in 
the figure. 

The groups in Fig. 2 labeled (1) through (6) repre- 
sent elastic and inelastic excitation of N“ to most of 
its known excited states up to and including 7-Mev 
excitation. The Q-values calculated from the group 


5 7 7 

ALPHA ENERGY (Mev) 

energies are compared in Table I with the excitation 
energies compiled from other reactions.’ Three correc- 
tions have been made in calculating the Q’s of Table I. 
The first two are the usual corrections for relativistic 
effects and target thickness. The third correction is for 
a nonlinear relation between the average magnetic 
field in the spectrometer and the field indicated by the 
fluxmeter. The magnitude and sign of this correction 
suggest that at high fields, the average field is some- 
what higher than that at the fluxmeter coil position, 
which is probably an indication that the fluxmeter coil 
is too close to the edge of the field region although 
there is some possibility that local inhomogeneities in 
the field may also contribute. The magnitude of this 
nonlinearity has been checked by comparing the 6.042-, 
6.082-, and 8.776-Mev alpha lines from a ThB deposit.* 
If the 6-Mev lines are taken as the standard, a correc- 
tion of 17 kev must be added to the value obtained for 
the 8.78-Mev line. A check covering a much wider 
range was obtained by slowing the 6-Mev alphas from 
ThB down to around 4 Mev with an. aluminum foil, 
and observing both He+ and He** ions. This gave a 
correction for 16-Mev alphas of 200 kev.® The accu- 
rately measured Q of —3.945+0.005 Mev for the 
second excited state of N'* quoted by Bockelman et al.” 
and the gas-target data for the corresponding alpha 
group at 75°, 90°, and 105° were then used to interpolate 
between these corrections. The correction curve below 
6 Mev remains somewhat uncertain. However, the 
results obtained with C” recoil ions, as shown in Fig. 7 
of reference 5 (where the 6+, 5+, and 4+ charge states 


( 7F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 

8 Bp values of 354.11, 355.26, and 426.83 kilogauss-cm were 
used. See W. B. Lewis and B. V. Bowden, Proc. Roy. Soc. 
(London) A145, 235 (1934) and G. H. Briggs, Proc. Roy. Soc. 
(London) A157, 183 (1936). 

®It should be mentioned that because the equilibrium ratio of 
He* to He** is very rapidly established, the two charge states 
will have identical energy spectra and thus should be focussed 
at magnetic fields differing by exactly a factor of two, except for 
the minor correction resulting from the electron in Het. 
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TABLE I. Excitation energies for states of N“ obtained in the 
gas-target investigation, as compared with those obtained from 
other reactions.* Because of possible systematic errors, the error 
assigned to the average Q is taken as the error on a typical run. 








Present investigation 
89.2° 104.7° 


Other 


Alpha 
group 75.0° Average reactions 





5.98 £0.04 3.95 £0.04 
5. 1240.07 


S. 79 £0. 07 


(2) 3.92 £0: 0S 
(3) 5. 16 +0. 08 
(4) 5. 84 +0.08 


5. 1540.07 
5. 7740.07 


(S) 6.45 +0.10 
(6) 7.00 +0.08 








* See reference 7. 


fall at fluxmeter currents that are quite close to the 
required 6:5:4 ratio), indicate that there is no gross 
error down to an equivalent alpha-particle energy of 
around 4 Mev. 

Groups corresponding to several of the known levels 
of N* below 7 Mev are not observed. The 2.31-Mev 
T=1 level is among these, as expected (the intensity of 
the corresponding alpha group is <5 percent that of 
the group exciting the 3.95-Mev level at 75°). The 
other missing groups fall close to observed groups, so 
that not too great a reduction in intensity would 
account for the failure to observe them. In fact, the 
“background” on which groups (3) through (6) are 
superimposed suggests that additional unresolved groups 
must be present. 

Above 7-Mev excitation in N“, the correspondence 
between known levels and observed alpha groups be- 
comes more difficult to establish. There are two reasons 
why this is not unexpected. First, the corrections for 
energy loss of the scattered alphas in the target gas and 
the exit window become rather large (for 8.78-Mev 
alphas, these losses are 83 kev and 58 kev, with sig- 
nificant uncertainties due in part to lack of knowledge 
of the exact beam location and size). Second, the 
fluxmeter linearity corrections become more important 
since the immediate reference group, that is the elastic 
group used to establish the beam energy, is quite far 
away.’ 

In view of these uncertainties, one is inclined immedi- 
ately to identify groups (7) and (8) in Fig. 2 (calculated 
Q’s from gas-target data of —8.01 and —8.52 Mev) 
with known N"* states at 8.06 and 8.62 Mev. However, 
the 8.06-Mev state has been assigned isotopic spin 
T=1," so that no group corresponding to excitation of 
this state should be found in the present experiment if 
isotopic spin is rigidly conserved. This raises the 
following basic question: (a) does the observed group 
actually result from inelastic excitation of N™ to 8.06 
Mev, which would mean that the selection rule is being 
violated, or (b) does the observed group result from 
inelastic excitation of N“ to a new state, previously 

Further, the correction curve used is now believed to have 


been somewhat in error in the low-energy region 
4 A B. Clegg and D. H. Wilkinson, Phil. Mag. 44, 1269 (1953). 
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unreported, which would mean that no selection-rule 
violation is indicated? The melamine-target investiga- 
tion was undertaken partly to answer this question and 
partly to investigate the other groups representing 
excitation of N™ higher than 8 Mev. 


Ill. MELAMINE-TARGET INVESTIGATION 
A. Experimental Arrangement 


Melamine was chosen for the solid target material 
because of the relatively high concentration of nitrogen 
present in the compound (N¢C;He).” It had the further 
advantage that the well-known 4.43- and 9.61-Mev 
states in the carbon present in the melamine provided 
convenient alpha groups for the determination of the 
beam energy. The beam-calibration and Q-determina- 
tion groups were therefore much closer together than 
in the gas-target work, where the beam energy was 
always calculated from the position of the elastic peak 
from nitrogen. 

To prepare the solid targets, melamine powder was 
compressed into a thin slab and warmed by radiation 
heating in vacuum." At relatively low temperatures, 
the melamine sublimed and deposited on thin target 
backings of aluminum evaporated on zapon. These 
melamine targets had a total thickness of about 45 kev 
for beam alphas. They stood up well under bombard- 
ment in most cases, although slight flaking occurred on 
some of the targets. The experimental arrangement for 
the melamine-target work was identical with that used 
in the gas-target experiment, except that the gas-target 
assembly was replaced by a sliding multiple-target 
holder. 

Although the gas-target observations were limited to 
an angular range from 75° to 105° lab, the melamine- 
target observations could be carried out at any lab 


TABLE II. Excitation energies for states of N™ obtained in the 
melamine-target investigation. Because of possible systematic 
errors, the error assigned to the average Q is taken as the error 
on a typical run. 








Lab obser- 


vation angle Calculated Q 


7.02+0.05 
6.99+0.07 
7.93+0.07 
7.930.05 
7.95+0.06 
7.93+0.05 
7.99+0.09 
7.92+0.08 
8.45+0.07 
8.45+0.07 
8.45+0.08 
10.05+0.07 


Average Q 


7.01+0.06 





7.94+0.07 


8.45 
8.45+0.07 
10.05+0.07 


10.05 90.0° 








2 Suggested by F. Ajzenberg, Phys. Rev. 94, 409 (1954), and 
private communication. 

18 Melamine powder, of high purity, was obtained from Dis- 
tillation Products Industries (Division of Eastman Kodak), 
Rochester 3, New York. It might be mentioned that it was 
necessary to remove all oil from the pumps and clean the vacuum 
system thoroughly after a series of melamine evaporations before 
it could be used for other types of evaporations. 





SCATTERING OF 


22-MEV a 


PARTICLES BY N'¢ 





Fic. 3. Portion of the 
spectrum of 21.5-Mev 
alphas scattered inelasti- 
cally from a melamine 
target at a lab angle of 
90°. The peak at the 
right of the figure repre- 
sents the alpha group 
exciting C” to 4.43 Mev, 
which was used to deter- 
mine the beam energy, 
while the two peaks at 
the left represent groups 
exciting N™ to 7.01 and 
7.94 Mev, and corre- 
spond to groups 6 and 7 
of Fig. 2. There is no evi- 
dence for a group (at A) 
exciting N™ to its well- 
known 8.06-Mev state, 
nor for groups (at B 
and C) exciting N™ to 
states at 7.72 and 7.40 
Mev as quoted in refer- 
ence 7. 
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angle between 10° and 145°. However, because of the 
overlapping of groups scattered by carbon and nitrogen, 
the only laboratory angles used were 90°, 78.5°, and 
10.4°. The 78.5° position was especially useful because 
at this angle the inelastic alpha group (from the 4.43- 
Mev C® state) used for determining the beam energy 
falls at the same magnetic field as the 8.78-Mev ThC’ 
alpha group used for calibrating the fluxmeter, and 
because the most interesting N“ group lies between this 
field and the field corresponding to the 6-Mev ThB 
lines. Any possible effects of fluxmeter nonlinearity 
were thus minimized. All Q determinations were made 
by first running the calibration C” group, then the N"4 
group in question, and then the C” group again, in 
order to guard against beam shifts, etc. When portions 
of the spectrum that could be compared with the gas- 
target data were run, the results were essentially identi- 
cal except for the carbon groups, thus verifying the 
nitrogen group assignments. 


B. Results 


A summary of the Q-values calculated from accept- 
able group runs is shown in Table II. It will be noted 
that no consistent shift of the calculated Q-values with 
change of angle is observed. The same three corrections 
discussed in the gas-target experiment have been applied 
in obtaining the Q’s in Table II. However, the linearity 
correction here is much less important because the beam 
energy and Q-determination groups were much closer 
together. Because of the way in which the experiment 
was performed (using C” and N“ groups from the same 


65 
ENERGY (Mev) 


melamine target), errors due to angle determination 
(probable error +}°) and target-thickness measurement 
are negligible. Because there is always the possibility 
that unknown systematic errors might enter in, the 
error assigned to the average Q quoted in each case is 
essentially the probable error on a single run. 

A typical curve obtained at a laboratory angle of 90° 
is shown in Fig. 3. The large peak widths indicated in 
the figure (1.6% in momentum) may be accounted for 
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Fic. 4. Portion of the spectrum of 21.5-Mev alphas scattered 
inelastically from a melamine target at a lab angle of 10.4°. 
Arrow D represents the location of the alpha group exciting C” to 
7.68-Mev, as determined by a graphical subtraction, which was 
used to calculate the beam energy. The predicted locations of 
alpha groups exciting N“ to 8.45 and 7.94 Mev are shown by 
arrows A and C respectively, along with the predicted location of 
a group exciting N™ to 8.06 Mev (B) which is not observed. 
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almost entirely by the variation in energy of the 
scattered particles over the large solid-angle accepted 
by the spectrometer. The inelastic alpha group at the 
right in Fig. 3, leaving C” in its 4.43-Mev excited state, 
was used for the beam-energy determination. The 
central alpha group in the figure results from excitation 
of N“ to 7.01+0.06 Mev, calculated from a Q-run at 
78.5° and one at 90° lab. This result is in good agree- 
ment with the excitation energies of 7.00+0.04 quoted 
by Benenson," who observed neutron groups from the 
C3(d,n) reaction, and 7.05+0.04 quoted by Bent ef a/.!® 
who observed 7 rays from the C8(d,n) reaction. 

The alpha group studied most carefully in the present 
investigation was the group at the left of Fig. 3, since 
it falls close to the location expected for a group leaving 


4 R. E. Benenson, Phys. Rev. 90, 420 (1953) 
16 Bent, Bonner, and Sippel, Phys. Rev. 95, 649(A) (1954) and 
private communication quoted by reference 7. 
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Fic. 5. Portion of the spectrum of 21.5-Mev alphas scattered inelastically from a melamine target at a lab angle of 90°. The 
peak at the right of the figure represents the alpha group exciting C” to 4.43 Mev, which was used to determine the beam energy. 
The arrows represent predicted locations for alpha groups exciting N“ to the following known states: A—9.49 Mev, B—9.17 Mev, 
C—8.98 Mev, D—8.90 Mev, E—8.70 Mev, and F—8.62 Mev. A group exciting C” to 7.68 Mev is also predicted at the position 
indicated by X. Two new states (or multiplets) at 8.45- and 10.05-Mev excitation in N™ are indicated. The three nitrogen groups 
correspond to groups 8, 9, and 10 of Fig. 2. Statistical errors for representative points are indicated by vertical lines. 
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N* excited to the known state at 8.06 Mev. On the 
basis of the six acceptable Q-runs (three at 90° and 
three at 78.5° lab), the calculated Q for the group 
observed at the left of Fig. 3 is —7.94+0.07 Mev. 
For comparison, a group corresponding to the 8.06-Mev 
state would be predicted to occur at the position indi- 
cated by A in Fig. 3. 

Further confirmation for the Q-assignment to the 
7.94-Mev state is given by Fig. 4, which shows the 
inelastic alpha spectrum ata lab angle of 10.4°. This 
figure clearly does not allow any accurate estimate of 
the Q to be made because of the overlapping of the 
alpha groups leaving C” at 7.68-Mev excitation (indi- 
cated by D in Fig. 4) and N“ at 7.94-Mev excitation 
(indicated by C in Fig. 4). On the other hand, since 
under these conditions the separation of the two groups 
depends sensitively only on the two Q-values involved, 
and since the 7.68-Mev level in C” seems to be fairly 
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accurately located,'® it is felt that the data of Fig. 4 
require a level in N™ below 8.0 Mev so that the alpha 
group in question cannot be identified with the known 
8.06-Mev level. 

Two other states have been reported in N™ in the 
region of excitation covered in Fig. 3 by Benenson" at 
7.50+0.04 (questionable) and 7.72+0.04 Mev, while 
Bent ef al.!® report a 7.30+0.05 Mev y ray. If one 
assumes’ states at 7.40 and 7.72 Mev, the corresponding 
alpha groups in the present reaction should occur at 
the positions indicated by C and B respectively in 
Fig. 3. It might be mentioned that a state at 7.94-Mev 
excitation would probably have been obscured in 
Benenson’s C*(d,n) work by C® contamination. 

Figure 5 shows the alpha spectrum at 90° lab corre- 
sponding to higher excitation of the residual N"™ 
nucleus. The rise at the left of Fig. 5 corresponds to 
the rise around fluxmeter 72 in Fig. 3. The arrows in 
Fig. 5 represent expected locations for groups leaving 
N* in its known excited states (see figure caption). The 
8.70-Mev excited state (Z) has been assigned isotopic- 
spin T=1, but its width of 500 kev would make it 
unobservable in this experiment even if a corresponding 
group existed. The peak around fluxmeter 76 in Fig. 5, 
whose center corresponds to a calculated Q of —9.03 
Mey, is believed to be a composite of groups leaving C” 
at 7.68-Mev excitation (X) and N*™ at 8.90 (D), 


8.98 (C), and possibly 9.17-Mev (B) excitation (if the 
9.17-Mev state is T=1 as suggested,’” a new level 
above 9.03-Mev may be required to explain the peak 
shape). 

The group near fluxmeter 73 in Fig. 5 has a width 
which is consistent either with one or with more than 
one close-lying levels in N'. On the basis of three 


acceptable Q-runs, one each at 90°, 78.5°, and 10.4° 
(lab),'* the calculated Q for this group is —8.45+0.07 
Mev. This result is inconsistent with any previously 
reported state in N™. 

The very broad peak at the left of Fig. 5 may also 
represent an average over two or more groups, although 
no states have been reported’ near this excitation in 
other reactions. On the basis of a single Q-run only, 
taken at a lab angle of 90°, the Q calculated for the 
center of this peak is 10.05-+0.07 Mev. 

It should be pointed out that even in runs with im- 
proved statistics no clear evidence for the existence of 
a group corresponding to the 9.49-Mev excited state is 
indicated at position A in Fig. 5. On the other hand, 
the existence of a sizeable experimental background in 


16 Dunbar, Pixley, Wenzel, and Whaling, Phys. Rev. 92, 649 
(1953); A. Sperduto and W. J. Fader, Massachusetts Institute 
of Technology Progress Report, May, 1953 (unpublished). 

17 Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953); 
R. F. Christy, Phys. Rev. 89, 839 Hoss 

18 The 4.43-Mev C” group was <n to determine the beam 
energy at the first two angles and the 9.61-Mev C® state at 10.4°, 
but the calculated Q came out the same in all three cases. 
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this region precludes ruling out a group from the 
9.49-Mev state entirely. 


IV. DISCUSSION 


The investigation of the inelastic scattering of alpha 
particles by a nitrogen gas target gives results that are 
consistent with the known level scheme of N™ below 
7 Mev. Above 7 Mev there are certain inconsistencies 
that are troublesome, the most important being the 
possible observation of the T=1, 8.06-Mev state, 
which should not be excited in this reaction.!® This 
region was investigated further with a solid nitrogen 
target, and results in essential agreement with the gas- 
target work were obtained. 

The alpha group that might have corresponded to 
excitation of N™ to 8.06 Mev was investigated most 
thoroughly. It was established with considerable cer- 
tainty that this group involved excitation of N™ to a 
new level at 7.94+0.07 Mev rather than the 8.06-Mev 
level. Further new levels in N“ are also found at 8.45 
and 10.05 Mev. Such observations in a region that has 
previously been carefully searched in the C"(,y) and 
C(d,n) reactions are somewhat surprising. The diffi- 
culty may be explained, however, when it is remembered 
that levels of considerably higher spin are available in 
the present experiment (the center-of-mass kinetic 
energy is equal to the barrier height for incoming alphas 
with L=7) than in the comparatively low-energy 
proton and deuteron experiments. 

Several previously reported levels in N™ are not 
observed in this experiment. In some cases this is 
merely an effect of the comparatively poor experimental 
resolution and therefore of no significance. On the other 
hand, levels at 2.31, 7.4, 7.7, 8.06, and 9.49 Mev should 
have been observed if they can be excited by inelastic 
alpha-scattering. For the levels at 2.31 and 8.06 Mev, 
the present experiment gives confirmation of the 
isotopic-spin T7=1 assignments that have already been 
made. 

A T=1 assignment for the 9.49-Mev level is also 
suggested. The status of the 7.4- and 7.7-Mev states is 
less clear, since if they are characterized by T=1, 
their analogs in C should have been observed, and if 
they are T=0, they should have been observed in the 
present experiment. 
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The conversion electron spectra of Cm** and Cm™ have been studied by means of two 180° photographic 
recording beta-ray spectrographs. Conversion coefficient ratios in the L and M subshells have been measured 


for several £2 transitions in the decay of these nuclides, and the values so obtained compared with theoretical 
ratios. Accurate energy determinations of the first three excited states in Pu** are reported, and the validity 
of the Bohr-Mottelson rotational energy formula, including the vibration-rotation interaction term to 
describe these states, is discussed. A more accurate value is reported for the energy of the first excited state 


in Pu. The decay of I"* is discussed briefly. 





I. INTRODUCTION 


HE study of low-energy conversion electron 
spectra among elements of high atomic number 
is especially attractive because here the energy separa- 
tion between atomic levels is large and one is able, at 
moderate resolution, to obtain information regarding 
internal conversion in the several L, M, and N subshells 
for a given gamma ray. Such information can be of value 
not only insofar as the precise measurement of gamma 
ray energies is always helpful in the solving of complex 
decay schemes, but also because the determination 
of the relative probabilities of internal conversion in 
the various subshells can lead to an elucidation of the 
multipolarities of the transitions; or, in those cases 
where theoretical calculations of the conversion coeff- 
cient ratios have not yet been made, one can hope that 
experimental measurements with gamma transitions of 
known multipolarities will provide some basis for 
further theoretical work. 

The systematic behavior of the excited states of 
even-even nuclei in the heavy element region has been a 
subject of much interest and relevance to current 
nuclear models; thus it is also desirable to obtain a 
more detailed knowledge of the energies of these 
states than is presently enjoyed. 

In this paper we report on the following: (1) precision 
measurements of the energies of the first excited states 
in Pu™* and Pu, (2) determination of the L, M, and N 
shell internal conversion ratios for E2 transitions in the 
above nuclei and comparison with theoretical predic- 
tions, and (3) measurement of the energies of the 
second and third excited states in Pu** and a comparison 
with the energies expected for these states from the 
Bohr-Mottelson rotational model. 


Il. INSTRUMENT DESCRIPTION 


Two flat 180° spectrographs of the permanent 
magnet type have been constructed, which employ 
photographic recording of the conversion lines. 
Mihelich! and Slitis? have pointed out the advantages 

¢ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


* Present address: Physics De Ti ce ch Indiana University. 
1J. W. Mihelich, Phys. Rev. 87, 646 (1952). 


? H. Slatis, Arkiv Fysik 6, 415 (1953). 
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of this type of instrument for conversion electron 
studies: (a) moderately high resolution is readily 
available, (b) very good stability of the field is obtained, 
provided that the magnet temperature is held constant, 
and (c) the photographic film records line positions 
accurately and integrates the entire spectrum simul- 
taneously, providing a permanent record of primary 
data. Disadvantages of this method are principally 
that: (a) photographic film is an extremely nonlinear 
exposure recording device and can be used for obtaining 
relative intensities of lines only after extensive cali- 
brations and (b) to approach optimum resolution 
with these instruments one needs thin sources deposited 
on fine wires, a condition which is often difficult to 
meet in practice. 

The two spectrographs used in this work have field 
strengths of ~53 gauss and ~99 gauss, respectively. 
Their vacuum chambers and cameras are a modification 
of the Brookhaven design.® 

The maximum radius of curvature is about 20 cm, 
which corresponds to maximum electron energies in the 
two instruments of ~80 and ~275 kev, respectively. 
No provision is made in the cameras for rapid source 
placement or film removal because only relatively 
long-lived isotopes are being studied at the present 
time. 

Eastman No-Screen x-ray film on glass backing 
3 150.04 inch has been used to record the lines. 


III. SOURCE PREPARATION 


The spectrograph sources were prepared by electro- 
deposition of the active materials upon 10-mil or 
14-mil platinum wires using a procedure suggested by 
B. G. Harvey, in which M(OH); (where M is the 
actinide cation) is deposited on the wire cathode of an 
electrolysis cell using NH,HSO, at a pH of 3.6 as the 
electrolyte. A drawing of the electrolysis cell is shown 
in Fig. 1. The active wires are mounted in a special 
source holder whose position in the camera could be 
adjusted and reproduced within several mils. 

3 We are indebted to Dr. G. Friedlander and Dr. J. W. Mihelich 
for their kindness in furnishing us with drawings of their instru- 
ments. Dr. M. I. Kalkstein and Dr. I. Bergstrém were also of 


great assistance in the adaptation of these designs to the present 
use. 










CONVERSION ELECTRON SPECTRA OF Cm?*?, C 


TABLE I. Calibration standards.* 








Standard 
ThB 


Energy or Hp Reference 


A line, Hp = 534.11 b 
F line, Hp= 1388.5 b,c,d 
I line, Hp =1754.0 b,c,d 
pa 80.164 kev e 
284.307 kev 

33.20 kev 

43.46 kev 

59.57 kev 





Am* 








* Electron binding energies used both in calibration and in subsequent 
experiments were taken from the table by Hill, Church, and Mihelich, Rev. 
Sci. Instr. 23, 523 (1952). 

b> D. I. Meyer and F. H. Schmidt, Phys. Rev. 94, 927 (1954). Internal 
consistency of the Cm™? and Cm conversion line energies (using the 
binding energies of Hill e¢ al.) could not be obtained when the Meyer and 
Schmidt value for the Hp of the ThB A line was used. On the other hand, 
the Am™! gamma-ray energies given by Day did provide such consistency. 
It has been called to our attention that Lindstrém is currently examining 
the ThB A line at resolution greater than 0.1%, and that he finds it to be a 
doublet. From our work at ~0.1% resolution, the doublet is not resolved, 
and an average value of 534.5 gauss cm is suggested. 

eG. Lindstrém, Phys. Rev. 83, 465 (1951). 

4H. Craig, Phys. Rev. 85, 688 (1952). 

eH. C. Hoyt and J. W. M. DuMond, Phys. Rev. 91, 1027 (1953). 

'P. P. Day, Phys. Rev. 97, 689 (1955). 


IV. INSTRUMENT CALIBRATION 


Calibration of the spectrographs consisted in the 
determination of the effective magnetic field at various 
p values, using accurately known gamma-ray energies of 
I! and Am*™! and conversion line energies of ThB. 
The energies used for calibration are given in Table I. 
The effective field in this instrument is known to about 
0.1% from p=9 cm to p=19 cm; the field in the 99- 
gauss spectrograph is known to a similar accuracy. 

As part of the calibration procedure, a series of 
accurately machined notches was cut into the film 
holder so as to render a permanent set of light and dark 
reference edges exposed into each photographic plate. 
With this device, similar to that described by Slitis, 
the notch distances and other dimensions pertinent to a 
determination of p are all constants of the spectrograph 
camera and need be measured only once. In subsequent 
experiments only the distance of each electron line to 
the nearest notch shadow need be measured; in no case 
will this distance be greater than 2 cm, the distance 
between notch edges. For the energy determinations we 
have used an ordinary x-ray diffraction film comparator, 
with which the distances could be measured re- 
producibly to +0.01 cm. 

The resolution (full width at half-maximum) Ap/p 
obtained in the 53-gauss spectrograph for the I'*' (80 
kev) K line is 0.17% and for the Ly line 0.13%; in the 
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Fic. 2. Photographic efficiency vs electron energy (kev). 


99-gauss spectrograph the best resolution has been 
0.17%. The instruments are located in a room whose 
temperature variation is only a few degrees Fahrenheit ; 
better thermostating is being planned, so that loss in 
resolution due to temperature variation will be 
minimized.” 


V. FILM CALIBRATION AND RELATIVE 
INTENSITY DETERMINATIONS 

In order to determine relative intensities of lines one 
must study several features of the photographic action 
of electrons: (a) the density vs exposure relation, (b) 
the dependence of line intensity on p, and (c) the 
photographic efficiency as a function of electron energy. 

Previous experimenters have shown that the D vs E 
curve is linear to at least D=1; we have verified this 
experimentally for the film used in this study. 

We have assumed, with Slitis,? that the intensity is 
an inverse function of p. Rutledge ef al.4 have found 
that this approximation is not exact over a wide range 
of p; however, the present experiments are concerned 
with intensity ratios of lines which are very close 
together in p. Over such small changes in radius, a 
simple inverse relationship should be valid. 

For the photographic efficiency as a function of 
electron energy, we have normalized and combined 
the curves of Cranberg and Halpern’ and Dudley® to 
obtain the curve shown in Fig. 2. We have assumed 


Fic. 3. Densitometer plot of Cm*® lines. 


‘ Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 
5 L. Cranberg and J. Halpern, Rev. Sci. Instr. 20, 641 (1949). 
®R. A. Dudley, Nucleonics 12, 24 (1954). 
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TaBLe II. Energies of Cm** conversion electrons, in kev. 








Standard 
Exp. on same 


No. wire Conversion subshell and electron energies 


Lu Mu Mim Nu Niu Our M1(?) 





yi 26.05 
as d 26.06 
ThB 26.05 

vee 26.04 


43.00 
43.01 
42.95 
42.96 


43.90 38.23 
43.85 +>. 
43.88 
Average 

electron 

energy 


Binding 
energy 


Transition 
energy 








that the glass-backed and celluloid-backed No-Screen 
x-ray films behave similarly. 
The relative intensity of an electron line is given by: 


I=Ap/n, 


where A =area under line, p=radius of curvature, and 
n=efficiency of film. In our experiments, the area A 
(as obtained from a densitometer plot of the blackening) 
was determined by the method of Mladjenovic and 
Slitis.” 

It should be emphasized that many of the uncertain- 
ties usually associated with photographic relative 
intensitity determinations, for example, the fraction 
of total line area located in the (unscattered) peak, 
disappear when one studies relative intensities of lines 
whose energies and radii of curvature are very close. 
These effects can then be considered as constant. 


VI. EXPERIMENTAL RESULTS 
A. Iodine-131 


I*! was used primarily as a calibration standard, 
but some observations made with very active sources of 
this isotope are perhaps worth reporting. 

In addition to the K, Ly, My, and N lines of the well- 
known 80.16-kev transition, we have observed in low 
intensity the Ly line of this transition, previously 
unreported. Its intensity, relative to that of the Ly 
line, appears from the densitometer tracing to be 
roughly 0.10. This figure had previously been given 
as an upper limit by Mihelich. This transition is known 
to be a magnetic dipole, and the theoretical calculations 


TABLE III. Relative intensities of conversion lines from 44.1-kev 
transition of Cm. Theoretical value: Ly /Zy11=1.2. 








Mu/Mu 


1.25 ~1 
1.22 ~1 
1.20 ~1 


Lu/Liut 


1.23 
1.27 
1.16 


Nu/Nu Ly/Mz/Nz 
2.5/1.0/0.3 
2.9/1.0/0.3 
2.4/1.0/0.3 











7M. Mladjenovic and H. Slitis, Arkiv Physik 8, 65 (1954). 


SMITH AND J. 


M. HOLLANDER 


of Rose ef al.§ predict an Ly/L; ratio (for Z=55, 
E=75 kev) of 0.07. 

Three other novel lines were also seen. These were 
the K and Ly lines of a 163.8+-0.1-kev transition, and 
the K line of a 177.140.1-kev transition. The 164-kev 
level has been assigned to the 12-day Xe" ™2 isomeric 
level, and its energy was previously determined by 
Bergstrém® to be 163.9 kev. The 177-kev K line has 
been sporadically reported" but it does not fit into 
the presently accepted” decay scheme of I". 


B. Curium-242 


The energy of the first excited state of Pu”, 
populated by the alpha decay of Cm, has been 
measured in several ways. O’Kelley™ and Passell'* 


Fic. 4. Cm** decay scheme. 











using a double-focusing beta spectrometer observed 
conversion electrons corresponding to a gamma ray of 
44.9 kev. Asaro ef al.,! using a magnetic alpha spectro- 
graph, have studied the complex alpha spectrum of 
Cm and have found an energy difference between 
the most prominent alpha groups which corresponds 
to an energy of 44.3 kev for the first excited state of 
Pu**, More recently, Rasmussen, Slitis, and Passell'® 
have studied the beta decay of Np™* using a double- 
focusing spectrometer at 0.5% resolution and have 
found the energy of the first excited state of Pu®* to 
be 44.0 kev. 

Our present data, from four separate one-day 


® Rose, Goertzel, and Swift, privately circulated tables of 


conversion coefficients calculated with relativistic, screened 
electron wave functions. 

*]T. Bergstrém, Arkiv Fysik 5, 268 (1954). 

1 J. Bergstrém and R. D. Hill, Arkiv Fysik 8, 21 (1954). 

4 J. M. Cork, Nucleonics 7, 24 (1950). 

12 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

3G. D. O’Kelley, PhD thesis, University of California Radia- 
tion Laboratory Report UCRL-1243, May, 1951 (unpublished). 

4 T. O. Passell, PhD thesis, University of California Radiation 
Laboratory Report UCRL-2528, March, 1954 (unpublished). 

16 Asaro, Thompson, and Perlman, Phys. Rev. 92, 694 (1953); 
and private communication. 

ad ussen, Slatis, and Passell, Phys. Rev. 99, 42 (1955). 
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TABLE IV. Conversion electrons from decay of second and third excited states of Pu. 











78.8 
~).2 
Ly 
23.1 
101.9 


83.8 
1.0 
Lin 
18.1 
101.9 


Electron energy (kev) 
Relative intensity 
Subshell 

Binding energy (kev) 
Transition energy (kev) 


96.3 97.3 100.7 
NutNin 
1.2 


101.9 


135.5 
Ly 
22.3 

157.8 


Miu 
5.6 
101.9 


Min 
4.6 
101.9 


Lin 
18.1 








exposures in the 53-gauss spectrograph, are given in 
Table II. From these experiments a best value for the 
energy of the first excited state of Pu™* is given as 
44.11+0.05 kev. The absolute limit of error placed on 
this measurement is 0.02 kev smaller than the total 
maximum error possible assuming errors of +0.01 
cm and +0.05 gauss in the radii of curvature and 
effective magnetic field measurements, respectively. If 
one considers each conversion line energy determination 
as a separate measurement, a total of 27 measurements 
were made of this gamma ray. In addition, on some 
exposures the internal standards ThB and/or I'* were 
placed on the same wire with the Cm™ providing lines 
of known energy very close to the unknowns. This error 
does not include absolute binding energy errors, but 
these might be expected to be very small for the M, N, 
and O shells. 

This transition, like most transitions from the first 
excited state to ground state in even-even nuclei, is of 
multipole order £2. It has been so characterized by 
measurements of the total conversion coefficient'® and 
from the LZ subshell ratios. Previously reported values 
for the Ly;/ZLi intensity ratio as studied from the 
beta decay of Np** are Freedman ef al.'” 1.91, Passell'* 
1.44, and Rasmussen et al.'® 1.37. From the decay of 
Cm*”, Passell'* obtained a value of 1.26. We have 
measured the LZ and M subshell ratios for this transition 
and have estimated the JN ratios. A linear tracing of one 
of the densitometer plots is shown in Fig. 3. The relative 
intensity determinations, which are summarized in 
Table III, indicate that the Ly/Lin and My/Min 
ratios for this transition are identical, to within about 
10%, and have the value 1.2+0.1. Miy and My 
conversion is not observed, and My conversion is 





extremely weak. Rasmussen ef al.'® also observed 
identical Ly/Lin and My /Min ratios. 

Our M ratios should be somewhat more reliable than 
our L ratios for this transition because the parameters 
p and » remain practically constant over the small 
energy range of the M lines and hence any uncertainty 
in their absolute values will cancel out in the ratio; 
however, in the region of the L electron energies the 
slope of the efficiency-energy curve is steep and there- 
fore the accuracy of the Ly;/Ly ratio depends strongly 
on the accuracy of this calibration. The Ny and Ny 
lines were not completely resolved, but their intensities 
were estimated visually to be about equal. 

The theoretical L1;/Li ratio given by extrapolation 
or interpolation from Rose et al.§ and Gellman et al."* 
for an £2 transition of 44 kev in Z~94 is 1.2. The 
LIy/Lim ratio obtained in these experiments is in 
good agreement with their theoretical value. There are 
at present no theoretical calculations of M subshell 
conversion coefficients with which to compare the 
experimental results other than the “threshold” 
calculations of Church and Monahan” which indicate 
that £2 radiation converts primarily in the My and 
Mi shells. It appears that such calculations would be 
of value especially in the study of higher multipoles 
where Myy and My conversion becomes important. 

It was desirable to study also the conversion lines 
from the higher excited states of Pu**. Since the popula- 
tion of the second and third excited states from the 
alpha decay of Cm™ is only 0.035% and 0.009%, 
respectively,'® an exposure of one month’s duration 
was taken in the 99-gauss spectrograph in an attempt 
to record these weak lines. Although many “extra” 
lines appeared on this plate because of very small 


TABLE V. Energies of Cm™ conversion electrons, in kev. 








Li Lu 


Lin M1 


Electron energies 


Mu Mut 





19.76 
19.77 


20.60 
20.64 
20.60 


24.80 
24.84 
24.80 


a 
b 
c 


Average electron 
energy 


Subshell binding 
energy 


Transition energy 


19.77 20.61 24.81 


23.10 
42.87 


22.25 
42.86 


18.06 
42.87 


36.93 


38.28 
38.35 
38.29 


37.31 
37.36 
37.32 


37.33 38.31 


5.56 
42.89 


4.56 
42.87 








and Wagner, Phys. Rev. 79, 410 (1950). 
and Stanley, Phys. Rev. 85, 944 (1952). 


17 Freedman, Jattey, 
18 Gellman, Griffith, 
9 FE. L. Church and J. E. Monahan, Phys. Rev. 98, 718 (1955). 








transition of Cm™. Theoretical value: Zn /Zi1= 1.2. 











Exp. Lu/Lit Miu/Mut Nu/Niv Lz/Mz/Nz 
A 1.08 1.15 ~1 2.5/1.0/0.3 
B 1.13 1.06 ~1 2.4/1.0/0.3 








amounts of Cm** and Am™! in the sample, a series of 
lines could be assigned to a 101.9+0.3-kev transition 
and a 157.7+0.5-kev transition in Pu™*. The electron 
energies and their assignments are given in Table IV, 
and the level scheme is shown in Fig. 4. 

We have measured the relative intensities of the 
subshell electron groups from the 101.9-kev transition, 
with the result L1/LZn/Liu1=~0.2/1.4/1.0. These 
ratios confirm the predominantly E2 nature of this 
transition and check with the theoretical values of 
Rose et al.§ and Gellman ef al.'* for E=100 kev and 
Z~94, which are L;/Ly/Lim=0.14/1.8/1.0. The 
subshell ratios indicate an upper limit for possible 
M1 mixing of about 15%. As was the case with the 
44-kev transition, the M subshell ratios are here similar 
to the L ratios; the M lines were weak, but a rough 
value is My. /Myn=1.5/1.0. Also L:/Ms~3. 

The excited states of Pu** form a band which is 
characteristic of the heavy even-even nuclides.” 
These levels are described by the unified nuclear model 
of Bohr and Mottelson™ as rotational states of a 
deformed nucleus. The configurations expected are 
I=(0+), (2+), (4+), etc., and the energies are 
approximately equal to (#?/2$)J(I+1), where & is the 
effective moment of inertia of the deformed nucleus. 
Deviations from this strict J(J+1) dependence are 
predicted* for the higher excited states where 
centrifugal distortions slightly increase the equilibrium 
nuclear deformation; the correction term is of the form 
AE=—2(1/hw)*(h?/S)*2?(I+1)?, where fw is the vibra- 
tional quantum. 


J. Perlman and F. Asaro, Ann. Revs. Nuclear Sci. 4, 157 
(1954). 

214, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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The measurements reported here for the energies of 
the (2+), (4+), and (6+) states in Pu™® allow two 
independent calculations to be made of the constants 
A and B in the Bohr-Mottelson equation E= AJ(I+1) 
— BI’(I+1)*. From the energies of the (+2) and (+4) 
states one has A=7.37 kev and B=0.0035 kev; from 
the (2+) and (6+) states one finds A=7.37 kev and 
B=0.0033 kev. This close agreement, unless fortuitous, 
indicates that the Bohr-Mottelson formulation 
accurately describes the energies of the first four 
rotational states in Pu%’. With the above constants, 
the equation may be used to predict the energy of the 
fifth rotational state, the (8+) state, to be at 513.1 kev. 


C. Curium-244 


A sample of Cm™ containing a few percent Cm™ was 
plated onto a 10-mil platinum wire, and several 
exposures were made in the 53-gauss spectrograph. The 
energies of the electron lines so obtained are summarized 
in Table V and indicate that the first excited state of 
Pu has an energy of 42.88+0.05 kev. The Cm™ in 
this sample served as an internal standard. 

Relative intensities for L, M, and N subshell conver- 
sion were measured, with the results given in Table VI. 
These results are essentially the same as obtained with 
Cm™“ and again support the theoretical Ly/Li1 
ratios of Rose et al. and Gellman ef al.'* for an E2 
transition. Z; and My; conversion lines were observed 
but were so weak that their relative intensities could 
not be measured quantitatively. 
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First 0+ Level in C’* and O1* 
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A model is proposed to explain the electric monopole (0+-+0*) matrix element for the transition between 
the ground and 7.68-Mev state in C” and between the ground and 6.06-Mev state in O'*. In this model 
the first excited 0* state in C? and O' is described by an independent-particle wave function which is 
identical to the ground-state wave function except for the fact that one of the 1s nucleons in the “alpha- 
particle core” is replaced by a 2s nucleon. The calculation is performed using harmonic-oscillator wave 
functions and the results are found to be in excellent agreement with the present experimental information. 





I. INTRODUCTION 


N a recent paper by Schiff! the electric monopole 
(0*— 0") transitions between the ground and 7.68- 
Mev level in C!? and the ground and 6.06-Mev level in 
O'* were discussed. These transitions require that the 
matrix element of the electric monopole operator >» 7,” 
between initial and final 0* states be approximately 
3.8X 10-** cm? for both nuclei, where r, is the distance 
of a proton from the center of the nucleus. He shows 
that calculations based on collective models, the alpha- 
particle model and A. Bohr’s liquid drop model yields 
values for this matrix element which are too large by a 
factor of three to five. In addition, a calculation for C! 
is performed based on the j-j coupling independent- 
particle model in which the excited state differs with 
respect to two p-particles from the ground state. In 
order to get a nonzero result for the matrix element it 
is necessary to consider the effects of the internucleon 
forces. Nevertheless, the calculation yields a value too 
small by a factor of approximately six. There is every 
reason to believe that a similar calculation for O'* 
would also yield too small a value. 


II. DISCUSSION 


These results are not surprising. We shall see that 
it is possible to get excellent agreement with the 
experimental results in terms of a transition involving 
a single particle. Collective models involving the corre- 
lated motion of several nucleons would be expected to 
give a value larger than the single-particle value, as 
they do. Also, any calculation based on the independent- 
particle model which describes the excited state by a 
configuration which differs from the ground-state con- 
figuration by two or more particles, can give a non- 
zero value for the matrix element only by virtue of the 
fact that the nucleon-nucleon interaction mixes the 
ground state with states which differ from the excited 
state by at most one nucleon and mixes the excited 
state with states which differ from the ground state by 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1L. I. Schiff, Phys. Rev. 98, 1281 (1955). This article contains 
references to the experimental evidence determining the required 
value of the matrix element. 


at most one nucleon.? If the first-order perturbation 
upon which such a calculation is based has any validity, 
these admixtures must be small and “therefore the 
matrix element must be smaller than the single-particle 
value. The fact that Schiff’s calculation yields a result 
which is too low confirms the expectation. 

Another argument against describing the excited 
state of C'? and O"* in terms of multiple excitation of 
the p-shell can be advanced. Experimentally the matrix 
element of >°,7,? is approximately the same in both 
nuclei. However, the zero-order configurations that 
might be chosen and the configurations that are likely 
to be mixed in by the nucleon-nucleon forces are very 
different in the two cases. It would be very surprising 
if the two calculations gave approximately the same 
results. 

We are thereby led to postulate the following con- 
figurations for the first excited 0* states of C'? and O'* 
respectively: (1s)°2s(1p)8, (1s)*(2s)p'*. The excited 0+ 
state is imagined to be identical in every way with the 
ground state except that one of the nucleons in the 
“alpha-particle core,” (1s)*, of the ground state is 
replaced by a 2s particle. We shall try to show that this 
configuration is reasonable for O'* where the experi- 
mental evidence is most reliable. In C!, this con- 
figuration does not seem as “natural” as in O'* but it 
will be postulated because of the failure of the more 
straightforward configuration assignments to explain 
the experimental data. 

If the central potential for the shell model is chosen 
to be a harmonic-oscillator well, the configurations 
(1s)*(2s)(1p)'*, (1s)*(1p)!(1d)?, (1s)*(1p)'°(2s)*, and 
(1s)*(1p)°(1d)(2s) are all degenerate. The first con- 
figuration is the one we have chosen and the last three 
are the lowest configurations involving two-particle 
excitation which can give a 0* state. The degeneracy 
between these configurations is removed by the inter- 
particle forces. In the state we have chosen the sym- 
metry of the excited state is identical to the ground 
state symmetry and the p-shell particles are completely 
undisturbed. The “‘pseudo-alpha particle” (1s)*2s might 
also be expected to make effective use of the inter- 
particle force since it is so similar to the true alpha 


* This can be most clearly seen by referring to Eq. (8) in Schiff’s 
paper. 
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particle which has the highest binding energy per bond 
‘of any nucleus. Thus it may not be unreasonable to 
expect this state to be lower in energy than the other 
candidates. 


III. CALCULATION AND RESULTS 


The electric monopole operator is 
2= Di r2(3—12i), (1) 


where 7,; is the z-component of isotopic spin for the ith 
nucleon. Since the initial and final states have 7=0, the 
isotopic spin part of this operator gives no contribution. 
The calculation of the matrix element is straight- 
forward, and we find 


(Q) 05 (4) Ds, ls 


=, 127. (2) 


The factor of (4)! arises essentially’ because the 2s 
particle can change into any one of the four 1s particles 
present in the ground state. We shall evaluate this 
using harmonic oscillator wave functions whose range 
is chosen so as to give a mean squared radius for the 
nucleus which is the same as for a uniform distribution 
of nucleons up to a nuclear radius R=rA}. 

The following easily derived relationships valid for 
harmonic oscillator wave functions will be useful. 


12s, = (2/3) ris, Tip, 1p? = (5/3)ris, ws. 


The mean squared radius for a nucleus of mass A 
in the p-shell, using the above assumption, is 


(r?)A = [ris wet (A ate 4)rip, ip? V/A = (3/5)ro2A i, (5) 


Using Eqs. (3), (4), (5) we can solve for ro in terms of 
the observed value of the matrix element 2;;. Thus 


r92= (5/9) (3/2)#A-¥8(5A —8) Qi. (6) 


Substituting 2Q;,=3.8X10-** cm? and A=12 and 16 
respectively, we find for C!, r9>=1.45X10-" cm; and 


(3, 4) 


3 The possibility that the independent particle model can lead 
to transition rates substantially larger than one particle values 
when the initial and final state are similar is discussed in by 
A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 
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for O'*, ro=1.35X10-" cm. These results are perfectly 
reasonable values for ro. It should also be noted that 
within the framework of this calculation the lifetime is 
very sensitive to ro (Taro), and the experimental un- 
certainty of 10% in the lifetime of O° restricts 7 to 
1.35+0.04X 10-* cm. 


IV. CONCLUSION 


The success of the model in explaining the lifetime of 
the 6.06-Mev level in O'* and its consistency with the 
much less reliable data on the 7.68-Mev level in C'? 
suggests its application to other nuclei in the p-shell. 
Taken literally the model suggests that, for all low- 
lying states which can be described by a configuration 
which does not involve any 15-particle excitation, there 
should exist analogous states with the same spin, 
parity and isotopic spin. From the nature of the model, 
the energy separation of the analogous states might be 
expected to vary smoothly with mass number. A change 
in the energy separation may be expected since the 
difference in the interaction energy of the 1s and 2s 
particles with the p particles would vary with the 
number and state of the p particles. In addition, there 
might be a variation in the size of the alpha particle 
and the pseudo-alpha particle cores. Other effects 
which would have to be considered in trying to predict 
the energy separations, such as interconfigurational 
mixing, would tend to make the energy separation 
change from nucleus to nucleus and from state to state. 

Recent work‘ suggests that the 6.89-Mev level in C" 
has positive parity. Other evidence’ that its spin is 0 
suggests that this is the analog of the ground state of 
C™ and is the isotopic spin counterpart of the 8.62-Mev 
state in N“ which is known to be 0. It is interesting 
to note that the separation of analog states in C™, 
6.89 Mev, is almost exactly the arithmetic mean of the 
corresponding excitations in O'* and C! (6.06 and 
7.89 Mev, respectively). 

Attempts have been made to identify other analogous 
pairs but unfortunately there is not sufficient evidence 
in the regions of interest to test the model. 


~ 4McGruer, Warburton, and Bemder (unpublished). 
5 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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Radiations from Four Radioactive Isotopes of Platinum* 


V. R. Pornts,t C. E. MANDEVILLE, AND J. S. Burtewt 
Bartol Research Foundation of The Franklin Institute, Swarthmore, Pennsylvania 


(Received September 22, 1955) 


The gamma radiations of the 18-hr Pt” have been examined with scintillation counting methods and have 
been found to consist of 77- and 191-kev quanta in coincidence and a 279-kev gamma ray which is nonco- 
incident with other gamma rays. Beta-gamma coincidence studies have been performed and values of log ft 
have been obtained for the three beta-ray spectra of Pt’. The radiations of Pt include gamma rays of 
energies 31, 99, and 130 kev. The latter gamma ray is not to be confused with the highly converted one 
emitted in the 3.8-day isomeric transition and is the cross over of the 31-kev-99-kev cascade. Pt!" emits a 
gamma ray of energy 130 kev. No quantum radiations of higher energies were detectable. Some coincidence 
measurements have been performed on the complex gamma-ray spectrum of Pt, 





INTRODUCTION 


HE radioactive isotopes of platinum have been 
produced by slow-neutron irradiation of plati- 
num,! by fast-neutron bombardment of mercury,? and 
by deuteron bombardment of various heavy elements.* 
Three of the radionuclides so produced have approxi- 
mately the same lifetimes (about 3.5 days). In the 
above mentioned studies, naturally occurring elements 
were usually employed as the target materials; so 
uncertainties existed in the determination of the radi- 
ation characteristics of the various radioelements. More 
recently, Cork et al.® have studied the radiations of 
Pr, Pt”, and Pt", produced by slow-neutron 
irradiation of isotopically enriched targets of platinum. 
A magnetic spectrometer and scintillation counter were 
employed in these investigations.° To obtain the present 
measurements, four enriched isotopes of platinum of 
even mass number were irradiated by slow neutrons in 
the Brookhaven pile. The active materials were subse- 
quently purified for the removal of any Hg, Au, and Ir. 
The radiations of Pt!*”, Pt!%™, Pt!%™ and Pt! have 
been studied with single scintillation spectrometers and 
by pairs of scintillation spectrometers in coincidence. 
Cylindrical crystals of NaI(T1) of height 3.5 cm and 
diameter 3.5 cm were employed for detection of gamma 
rays. Beta rays were counted in an anthracene crystal 
of thickness 1.16 cm. Uniformly thin beta-ray sources 
were deposited upon “Nu-Skin” foils of surface density 
less than 0.5 mg/cm?. The scintillation spectrometers 
for gamma-ray measurements were calibrated at 
quantum energies of 87, 279, and 661 kev, the mono- 
chromatic radiations of Cd’, Hg®*, and Cs'*’ respec- 
tively. The anthracene beta-ray counter was calibrated 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Research Fellow, Bartol. Permanent address, Gwalior (M.B.) 
India. 

t The Franklin Institute, Philadelphia, Pennsylvania. 

! McMillan, Kamen, and Ruben, Phys. Rev. 52, 375 (1937). 

2 Sherr, Bainbridge, and Anderson, Phys. Rev. 60, 473 (1941). 

3 J. M. Cork and E. O. Lawrence, Phys. Rev. 49, 788 (1936). 

4R. S. Krishnan and E. A. Nahum, Proc. Cambridge Phil. Soc. 
37, 422 (1941). 

§ Cork, Brice, Schmid, Hickman, and Nine, Phys. Rev. 94, 1218 
(1954). 


at 625 kev by the conversion line of the gamma ray 
of Cs, 


PLATINUM-197 


To obtain quantities of radioactive Pt'*’, four samples 
of metallic platinum of weight 6 mg each were irradiated 
in succession at the Brookhaven pile. The isotopic 
enrichment of Pt'* was 66%. Pt!*” (T1;2~18 hr) decays 
by negatron emission to excited states of Au’. The 
pulse-height distribution of the subsequently emitted 
gamma rays is shown in Fig. 1. Three gamma rays are 
clearly present with energies of 77, 191, and 279 kev, 
respectively. The relative intensities of the unconverted 
quantum radiations were calculated to be, in order of 
ascending energy, 30, 3.9, and 1. These gamma rays 
have been previously reported by Mihelich and 
de-Shalit® in the decay of Hg'®” to Au’®’. Earlier,’ only 
the two softer gamma rays had been reported as 
emitted in the decay of both Hg" and Au’. The two 
harder quanta have also been observed in Coulomb 


6x10" 





191 kew 
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Fic. 1. Spectrum of the gamma rays of Pt!%’. 
. Mihelich and A. de-Shalit, Phys. Rev. 91, 78 (1953). 


*j.W 
7 Huber, Humbel, Schneider and Zunti, Helv. Phys. Acta 24, 
127 (1951). 
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Fic. 2. Coincidence stud- 
ies of the gamma rays of 
Pt'*?; Curves in (A) with 
one counter fixed at 77 kev; 
Curves in (B) with one 
counter fixed at 191 kev. 
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excitation of gold by protons** and by alpha particles.*® 
On initially considering the various gamma-ray energies 
and the accuracy of the measurements, it might be 
concluded that the 279-kev radiation is in actuality the 
cross-over transition of the 77-kev to 191-kev cascade. 
These latter two gamma rays have been previously 
reported to be in coincidence.’ To determine accurately 
the energy of the hardest gamma ray, a careful com- 
parison of the position in energy of its photopeak was 
made with that of the photopeak of the monochromatic 
279-kev gamma ray of Hg™*. The positions were found 
to be identical. Precautions were taken to eliminate 
any possible gain shifts which might arise from differing 
counting rates of the two sources by equalizing their 
integral rates. From a consideration of the channel 
width of the scintillation spectrometer, it was concluded 
that the energies of the two gamma rays must differ at 
most by 3 kev. This fact, combined with the previously 
accurately determined values of the energies of the two 
softer gamma rays,*’ led to the conclusion that the 
279-kev gamma ray could not be emitted in the cross 
over transition. A search was made for gamma rays of 
higher energies by setting the channel of the analyzer 
so that only gamma rays of 500 kev or more could be 
counted. No harder quanta were detected. From the 
background counting rate of the spectrometer, it was 
possible to conclude that any gamma rays present with 
a quantum energy of about 550 kev’ could be emitted 
only with a probability of less than 10~ per disinte- 
gration. 


TABLE I. Experimentally determined conversion coefficients 
of the gamma rays of Pt”, 








Energy (kev) 774 191 279 

Multipole order M1+£2 ma M1 

ar 3.66" 2.92 0.315" 

Relative intensity 
of the transition 1.32 


139.8 15.0 








* See reference 6. 
> Present measurements. 


8N. P. Heydenberg and G. M. Temmer, Phys. Rev. 93, 906 
(1954). 

® Class, Cook, and Ejisinger, Phys. Rev. 96, 658 (1954); W. I. 
Goldburg and R. M. Williamson, Phys. Rev. 95, 767 (1954). 
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The results of gamma-gamma coincidence measure- 
ments are shown in Fig. 2. To obtain the data of Fig. 
2(A), the channel of one spectrometer was fixed at the 
photopeak of the 77-kev radiation while the channel of 
the other was moved over the entire region between 1 
and 20 volts. Radiation falling in the fixed channel is 
clearly coincident with the 191-kev gamma rays. 
Coincidences were also observed as shown between the 
fixed channel and the K x-rays of Au which follow 
internal conversion of the 191-kev gamma ray. An 
escape peak is also in evidence at ~38 kev on the 
coincidence curve, resulting from escape of the iodine 
K-line after detection of the x-rays of gold. To observe 
the coincidence curve of curves in Fig. 2B), the channel 
of one spectrometer was fixed at 191 kev while the chan- 
nel of the second was moved through the region of the 
77-kev radiation. Coincidences were observed which are 
peaked at 77 kev with a few coincidences at lower ener- 
gies which are related to escape radiation of the 77-kev 
quanta. Thus, the curves of Fig. 2 have established 
with complete certainty by the scintillation counter 
method the cascade relationship between the 191-kev 
and 77-kev radiations. The previously measured value’ 
of 1.7 for the K-shell conversion coefficient of the 191- 
kev gamma ray has been shown to be incorrect by 
Mihelich.* This coefficient can be estimated from the 
curves of Fig. 2(A) and is calculated to have the value 
ax=2.5. This result was obtained by dividing the area 
on the coincidence curve under the photopeak of the 
191-kev gamma ray into that portion of the area under 
the x-ray peak which results from coincidences between 
77-kev gamma rays counted in the fixed channel and 
gold K-x-rays counted in the moving channel. This 
value of ax is somewhat greater than the theoretically 
expected value!’ of ~1. Were the 191-kev radiation an 
E2—M1 mixture, the K-shell conversion coefficient 
would be less than the theoretically indicated value. 
Thus, an assignment of M1 as the nature of the 191-kev 
transition is favored and furthermore agrees with the 


measured K/L ratio obtained by Cork ef al." The 


1 Rose, Goertzel, Spinrad, Harr, and Stone, Phys. Rev. 83, 79 
(1951). 

Cork, LeBlanc, Stumpf, and Nester, Phys. Rev. 86, 415 
(1952). 








RADIATIONS FROM FOUR RADIOACTIVE ISOTOPES OF Pt 


relative intensities of the three transitions involved 
may be calculated with the use of the previously quoted 
intensities of the unconverted quantum radiations and 
the total conversion coefficients given in Table I. The 
transition intensities so obtained are also included in 
Table I. 

An intensive search was conducted to determine 
whether the 279-kev gamma ray might be in sequence 
with any other gamma rays. No coincidences between 
it and any other radiations were detected. 

Using an anthracene counter as a beta-ray detector, 
beta-gamma coincidences were measured between the 
beta rays and each of the three gamma rays of Pt'*’. To 
obtain coincidences, the gamma-ray channel was fixed 
upon a single photopeak while the beta-ray channel 
was moved over the beta-ray spectrum in differential 
intervals. The three sets of data are shown in Fig. 3 
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Fic. 3. Beta-gamma coincidences in the decay of .Pt!*”; Curve 
A, with the gamma-ray counter fixed at 279 kev; Curve B at 191 
kev; Curve C at 77 kev. 


where the beta-gamma coincidence curves are lettered 
in order of decreasing quantum energy. The end points 
of the beta-spectra are 468, 479, and 670 kev, the spectra 
terminating at levels in Au’ which are 279, 268, and 
77 kev above the ground state. The relative intensities 
of these beta-ray spectra can be obtained from a con- 
sideration of the related gamma-ray transition in- 
tensities. These data are shown together with their 
respective values of log ft in Table II. 

The disintegration scheme of Pt!®’ is shown in Fig. 4. 
The ground-state spin of Au’? has been previously 
measured” as 3/2, consistent with a shell model pre- 
diction of d3/2. The same model moreover indicates d5/2 
as a possible orbital assignment for the 279-kev level. 
The two spin assignments for the above two levels are 


2 R. M. Elliot and J. Wulff, Phys. Rev. 55, 170 (1939). 





TABLE II. Beta spectra of Pt’. 





log ft 


7.80 
6.88 
6.36 


Energy (kev) Relative intensity (%) 


468 0.9 


479 10.6 
670 88.5 











consistent with designation of the 279-kev transition 
as M1. Assignment of spins 1/2+ and 3/2+ to the 
77-kev and 268-kev levels is also in agreement with shell 
model considerations and with the assigned multipole 
orders of the 77-kev and 191-kev gamma rays. The 
values of log ft for the various beta spectra are consistent 
with a first forbidden classification in each case. This 
forbiddenness is consistent in each- case with that 
indicated by the spin values of the decay scheme. The 
absence" of a beta-ray transition to the ground state 
of Au'®’ (p1/2—>ds;2) is difficult to explain if only the last 
odd particle is considered as having a role in determining 
the nature of the transition. The orbitals of the ground 
state transition are such as to suggest a first forbidden 
transition of an intensity comparable with that of the 
three observed spectra. In a beta transition such as that 
of Pt'*’, the last eight neutrons participate in a re- 
arrangement of the core, (i13/2)8—>(p1/2)"(i13/2)®. How- 
ever, this alteration very likely also occurs in the tran- 
sitions to the excited states, and therefore cannot 
explain the absence of the ground-state transition, unless 
it is for some reason more difficult to bring about in the 
case of the ground state. This large change of the 
orbitals of a pair of neutrons, (i13/2)*>(p1/2)* may offer 
some clue as to the absence of the transition. 
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The radiations of Pt'*® have been observed in the 
decay®"* of Pt!” (74;2=3.8 days) as well as in de- 
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Fic. 4. Disintegration scheme of Pt!*’. 


13 de-Shalit, Huber, and Schneider, Helv. Phys. Acta 25, 279 
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Fic. 5. Gamma rays of Pt, 


excitation of Pt'** formed as the decay product'*® of 
Au, The various gamma-ray energies reported have 
been 31.1, 99.1, and 129.9 kev in triple cascade’; 29, 
97, and 129 kev in triple cascade and a 126-kev gamma 
ray as cross-over transition of the 29-kev—97-kev 
cascade’; 95-kev and 129-kev gamma rays noncoin- 
cident; and 31, 99, and 129 kev, the latter transition 
being considered within the limits of error of the 
measurements, to be the cross-over transition of the 
two softer gamma rays in cascade.'® Because of the 
energetics of the decay of Au’, only one of the two 
129-kev gamma rays could possibly be observed in the 
decay of that element.—® 

In the present investigations, sources of Pt!” were 
obtained by irradiating quantities of Pt' (isotopic 
enrichment 65%) in the Brookhaven pile. The observed 
gamma-ray spectrum is shown in Fig. 5 where photo- 
peaks are in evidence corresponding to quantum 
energies of 31, 65, 99, and 130 kev. The 65-kev radiation 
is interpreted as x-radiation following internal con- 
version of some of the gamma rays in platinum. A large 
portion of the area of the 31-kev peak may be ascribed 
to the presence of escape radiation associated with 
detection of the 65-kev x-rays. It might be expected 
that about 10% of the x-rays give rise to pulses which 
would fall in the escape peak. 

Some coincidence studies of the decay of Pt'®™ are 
shown in Fig. 6. To obtain the curves of Fig. 6(A) one 
channel of the coincidence arrangement was fixed at the 
peak location of the 31-kev radiation while the other 
channel was moved over the region of higher energies. 
The coincidence peak at 31 kev arises from coincidences 
between any 31-kev gamma rays and the pulses of the 
escape peak of the x-radiation. Coincidences between 
coincident x-ray escape peaks also contribute heavily 

44 Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 


46 Gillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 


to the coincidence rate observed in this region. Pre- 
cautions were taken by the use of a proper geometry 
and a copper absorber of thickness 0.6 g/cm? to elimi- 
nate any coincidences which might arise from detection 
of pulses of the x-ray escape peak in one counter and 
the iodine Ka escape radiation in the other. The 
coincidence peak at 65 kev derives from coincidences 
between radiations near 31 kev and the 65-kev x-rays. 
In the case of these particular measurements, the co- 
incidence peak appears to be shifted slightly to a lower 
energy than that at which appears the peak of single 
counts. This effect results from the presence of some 
77-kev gamma rays of Pt'*’ which were also present 
in the exposed sample. Curve A of Fig. 6 also indicates 
the presence of coincidences between the 31-kev radi- 
ations and the 99-kev?gamma ray. Beyond these 
coincidences lie a few arising from coincidences between 
130-kev radiation and radiations in the vicinity of 31 
kev. These particular coincidences are thought to be 
due to detection of 130-kev gamma rays (cross overs of 
the 31-kev—99-kev cascade) and the x-ray escape radi- 
ation of x-rays which are emitted following internal 
conversion of the additional 130-kev gamma ray of the 
3.8-day isomeric transition. In the curve of Fig. 6(B) are 
presented coincidences between the 65-kev x-rays and 
the remainder of the gamma-ray spectrum. To obtain 
coincidences between the x-rays and the harder gamma 
rays, absorbers of carbon and copper were introduced 
before the counters so that the integral counting rates 
could be maintained at a satisfactory level, though a 
strong source was employed to provide a sufficient 
number of the hard gamma rays. From Fig. 6(B) it is 
clear that (x-ray)-(x-ray) coincidences are present as 
well as coincidences between x-rays and the harder 
gamma rays. Below the (x-ray)-(x-ray) coincidence 
peak in energy appears an additional peak of coin- 
cidences which apparently arises from detection of the 
full energy of the x-ray in one counter and the escape 
peak of the 65-kev x-ray in the other. 

The gamma-ray spectrum of Fig. 5 shows the presence 
of a considerable amount of unconverted radiation at 





Singles (x10">) 


Coincidences 


Singles 
(x10°5) 


COUNTS PER MINUTE 


Coincidences 


130 kev 














VOLTS 


Fic. 6. Gamma-gamma coincidences in the decay of Pt; 
(A): with one counter fixed at 31 kev; (B): with one counter fixed 
on the Ka-line of gold. 











RADIATIONS FROM FOUR RADIOACTIVE 


130 kev. Absorption measurements were performed to 
show that the peak at 130 kev did not merely result from 
additive simultaneous detection in the crystal of the 
99- and 31-kev radiations. The source strength was 
measured by noting the intensity of the 99-kev radi- 
ation and correcting for its total conversion coefficient 
which has been previously measured as having values 
ranging from 3.1'* to 9. Using these values of (ar)o9 
to obtain estimates of the source strength, the total 
conversion coefficient of the 130-kev radiation was 
calculated to lie between values of 10 and 23 with the 
assumption that one 130-kev transition occurs in each 
disintegration. In other words, it was for the moment 
assumed that the 130-kev radiation detected in the 
curves of Fig. 5 was actually emitted in the 3.8-day 
transition rather than in the cross-over transition of the 
31-kev—99-kev cascade. With this assumption, a co- 
incidence experiment was performed in which coinci- 
dences were sought between the presumed 130-kev 
gamma rays of ar~23 and the 99-kev gamma. The 
calculated coincidence rate was ~300 coincidences per 
minute whereas the actual observed coincidence rate 
was 0.30.3 coincidence per minute. In this manner 
it was established that the observed unconverted 
quantum radiations of Pt'®" at 130 kev are not emitted 
in the isomeric transition but more probably in the 
cross over transition of the 31-kev—99-kev cascade. 
These results are consistent with the characterization 
of the isomeric transition as M4 and having a corres- 
pondingly large conversion coefficitnt so that its 
quantum radiations are not detectable. The cross-over 
transition has been previously reported with an in- 
tensity of 10%." It appears not to have been detected 
in more recent studies."-!® 

The disintegration scheme of Pt'**™ is shown in Fig. 
7. The spin of the ground state of Pt'® has been pre- 
viously measured'® as 1/2. The shell model would 
indicate a ground state orbital of 1/2 in agreement with 
this measurement. If the excited states of Pt'® are also 
considered to be single particle levels, the 99-, 130-, 
and 260-kev levels would have respectively orbitals of 
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Fic. 7. Decay scheme 
of Pt, 




















16 B, Jaeckel and H. Kopfermann, Z. Physik 99, 492 (1936). 
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Fic. 8. Some gamma rays from neutron capture in platinum. 
The 130-kev peak is from Pt". This spectrum was observed 
through 1.3 g/cm? of cadmium and 1.5 g/cm? of copper to reduce 
x-ray intensity. 


psj2, fsy2, and 4143/2. The 31-kev gamma ray is placed 
above the 99-kev transition in the decay scheme, 
because it has been previously observed that the 31-kev 
gamma ray is the less intense as noted’® in the K- 
capture decay of Au. From a consideration of con- 
version coefficients, lifetimes, etc., the 31- and 99-kev 
transitions have been classified" as M1 in accord with 
the decay scheme. The measured conversion coef- 
ficients'*-"* of the 130-kev cross-over transition, though 
not completely in agreement with, are, nevertheless, 
not totally inconsistent with classification of the 
transition as E2. The isomeric transition of energy 130 
kev and lifetime 3.7 days has been identified by its 
K/L ratio" as M4, again consistent with the shell model 
prediction that the isomeric state have an orbital 
assignment of 1413/2. 


PLATINUM-193m 


The radiations of the 4.3-day Pt'® have been pre- 
viously examined, with varying results.5!*!® In the 
present investigation, the isotopic enrichment of Pt!®, 
the target material, had been increased to 13%. After 
exposure in the Brookhaven pile, the platinum fraction 
was separated from gold, mercury, and iridium. The 
gamma-ray spectrum subsequently obtained is shown in 
Fig. 8. Absorbers of cadmium, copper, and carbon were 
employed to reduce the x-ray intensity. The remaining 
three photopeaks were interpreted as being emitted in 
the decay of Pt!" (99 kev), Pt!*™ (130 kev), and Pt™ 
(175 kev). Coincidences were sought between the 
various possible pairs of photopeaks, but none were 
found, consistent with the various assignments given 


117M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

18 G. Wilkinson, Phys. Rev. 73, 252 (1948). 

19 Mandeville, Scherb, and Keighton, Phys. Rev. 74, 601 (1948). 
Earlier references to measurements on Pt may be found in this 


paper. 
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Fic. 9. Gamma-ray spectrum of Pt. 


above. The 130-kev gamma ray is heavily converted 
and has been classified as emitted in an M4 transition.® 

A search was carried out to determine whether any 
gamma rays of quantum energies greater than 700 kev 
might be present in the decay of Pt'™™,. None were 
detected, and from the source strength and crystal 
detection efficiency it was conservatively estimated that 
if any gamma rays are present on the energy interval 
0.7 Mev<hv<2 Mev, they must be emitted with a 
frequency of less than one in every three thousand 
disintegrations. Gamma rays of energy 1.6 to 1.7 Mev 
have been previously reported.** 


PLATINUM-191 


The radiations of Pt! have been investigated prev- 
iously*!89-21 and as many as twenty-six gamma rays 
have been detected with the use of high resolution 
magnetic spectrometers. For the present study, Pt'® 
(isotopic abundance enriched to 0.76%) was irradiated 
by neutrons in the Brookhaven reactor. In the scintil- 
lation spectrometer of the present investigation, it was 
possible to resolve only seven photopeaks, shown in 
Fig. 9. Present also is an intense x-ray peak at ~63 kev. 
Its position in energy is perhaps shifted somewhat by 
the presence of nuclear gamma rays. Virtually all of 
these peaks displayed half-widths larger than would be 
expected from the known resolution. This observation 


Swann, Portnoy, and Hill, Phys. Rev. 90, 257 (1953); 
Tomlinson, Naumann, and Mihelich, Phys. Rev. 94, 794 (1954). 

21 E. P. Tomlinson and R. A. Naumann, Phys. Rev. 100, 955(A) 
(1955). 


is in agreement with the reported complexity of the 
gamma-ray spectrum.” 

With the resolution available, it was, nevertheless, 
decided to investigate insofar as was possible the cascade 
relationships among the gamma rays. Such measure- 
ments also at times serve to resolve the two or more 
gamma rays of a complex photopeak. The coincidence 
curves relating to Pt are shown in Fig. 10. In Fig. 
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Fic. 10. Gamma-gamma coincidences in the decay of Pt; 
(A): with one counter fixed at 130 kev; (B) : with one counter fixed 
at 175 kev. 


10(A) are plotted coincidences with one channel fixed at 
the photopeak of the 130-kev gamma ray while the 
other was moved over the spectrum. The curve shows 
this gamma ray to be in cascade with radiation at 220 
and 409 kev. The 220-kev line was not evident in the 
gamma-ray spectrum of Fig. 9. The coincidences of 
Fig. 10(B) are between the 175-kev gamma and the 
remainder of the spectrum, showing peaks at ~175 kev 
and 355 kev. These measurements have demonstrated 
the complexity of the 175-kev line. The results of this 
study of Pt are in substantial agreement with a 
previously proposed decay scheme.® 
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The angular distributions of the neutrons scattered elastically by Li’ have been measured at four energies 
in the vicinity of the p-wave resonance at 256 kev. Pronounced departures from symmetry are observed, 
the scattering being predominantly forward below resonance and backward above resonance. These de- 
partures are analyzed for information on the nature of the s-wave “background” interaction. By taking 
into account the known values of the coherent and incoherent scattering cross sections at zero energy, it is 
possible to conclude that the parallel-spin (J =27) s-wave interaction is the stronger. Several other examples 
are cited from the literature on light nuclei which also indicate a stronger parallel-spin s-wave interaction, 
the magnitudes of the splittings being of the order of 1 Mev. 





I. INTRODUCTION 


HE neutron scattering length provides a measure 

of the s-wave neutron-nucleus interaction at zero 
energy. A large negative value is indicative of a reso- 
nance at low, positive neutron energies whereas a value 
which is positive and larger than the interaction radius 
indicates that there is at least one bound state of the 
compound nucleus with the same spin and parity as the 
compound nucleus formed in the interation ; an absolute 
value which is small compared with the radius indicates 
that the interaction at zero energy is effectively small. 
Shull and Wollan' measured the slow-neutron co- 
herent scattering lengths of a large number of elements. 
For Li’ they obtained a value a= —2.2X10-" cm; a 
negative sign had previously been reported by Fermi 
and Marshall.? Since the spin of Li’ is $, compound 
states of spin J equal to 1 and 2 are involved in the 
s-wave interaction, and the scattering length is therefore 
a sum Q=Qi0i+ e202, where a, 2 are the scattering 
lengths and g:=3, g2=% are the statistical factors 
associated with the respective states. Solutions can be 
obtained for the individual a; and a2 with the additional 
knowledge of the zero-energy total neutron cross section, 
which is given by 4(g:0:°+ 20"). The total cross 
section of Li? was measured by Adair*® for neutrons in 
the range @.2 to 1.4 Mev; an extrapolation of his results 
to zero energy gives 1.1 barns. More recently measure- 
ments were made in the range 1 to 340 kev by Hibdon,‘ 
which indicate a value of 1.07+-0.04 barns for the zero- 
energy cross section. Because of the quadratic nature 
of the total cross-section expression, two sets of solu- 


¢ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Summer student from the University of Wisconsin, Madison, 
Wisconsin. 
1C, G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

2 E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 

8 Robert K. Adair, Phys. Rev. 79, 1018 (1950). 

4 We are grateful to Dr. Carl Hibdon for supplying us with his 
results prior to publication ; some of them now appear in the third 
supplement to the Neutron Cross Section Compilation, Atomic 
Energy Commission Report AECU-2040 (Technical Information 
Division, Department of Commerce, Washington, D. C., 1954), 
Neutron Cross Section Advisory Group, April 1, 1954. 


tions are found to be consistent with these data®: 
(I) a:= —4.654+0.20, a2=—0.7540.25; (ID) a,=0.25 
+0.35, d2=—3.67+0.08, the units being 10-" cm. 
Figure 1 displays the graphical method! for arriving at 
these solutions. There the permissible ranges of values 
of —a,(=' sindio, where 6; is the phase shift for 
channel spin 7, angular momentum /,° and & is the wave 
number) and of —a.(=&"' sind.) are graphed, the 
region between the parallel straight lines being com- 
patible with the coherent scattering datum and the 
region between the two ellipses being compatible with 
the total cross section (incoherent scattering) datum. 
The two permissible sets of solutions are shown as the 
common, shaded areas I and II. The distinctive feature 
of these two sets is that whereas in the case of I there 
is indication of an appreciable interaction in the anti- 
parallel-spin state of J=1 and effectively none in the 
parallel-spin state of J=2, in the case of solution II 
just the converse is true. Thus, with solution I, 97.4% 
of the zero-energy scattering intensity arises from the 
antiparallel-spin interaction whereas with solution IT, 
99.5% arises from the parallel-spin interaction. 

One may hope to be able to determine which solution 
is the correct one by measuring the extent of the asym- 
metry in the angular distributions of the neutrons 
scattered elastically by the nearby p-wave resonance, 
the resonance parameters of which are now known with 
considerable certainty. The purpose of this note is to 
present the results of such a measurement and an 
analysis showing that solution II corresponding to the 
parallel-spin s-wave interaction is likely to be the correct 
one. Other evidence from the literature on light nuclei 
is cited which also indicaies a stronger parallel-spin 
s-wave interaction. The present result on Li’ may also 
be helpful for interpreting the interactions at higher 
energies where there is evidence of a broad resonance’ 
and for considering the usefulness of Li’ as an analyzer 
of neutron polarizations. 


5 See D. C. Peaslee, Phys. Rev. 85, 555 (1952) and R. G. Thomas, 
Phys. Rev. 84, 1061 (1951). 

§ Note that when /=0, the total spin J is the same as the channel 
spin j. 

7 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951); Freeman, Lane, and Rose, Phil. Mag. 46, 17 (1955). 
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Fic. 1. The permissible ranges of k™! sind;y and of k~! sind2o for 
the s-wave interaction through the spin states 1 and 2, respec- 
tively, are graphed in units of 10- cm. At zero energy the 
quantities reduce to the negatives of the respective neutron 
scattering lengths. The region between the two ellipses is com- 
patible with the total cross section data extrapolated to zero 
energy, while the region between the parallel straight lines is 
compatible with the thermal-neutron ccherent scattering datum; 
the common areas I and II are thus compatible with both sets of 
zero-energy data. The region to the right of the two straight lines 
which are designated as a=0.4 is compatible with the angular 
distribution data reported herein. 


Concerning the Li’+-n,p-wave resonance, Adair® was 
the first to report it at about 270 kev with a width of 
45 kev. Subsequently measurements with improved 
resolution were made by Stelson and Preston® who noted 
that a J=3, p-wave assignment is the only one con- 
sistent with the height and shape of their resonance 
curve. The width which they observed was 40 kev and 
the resonance position 256 kev. By applying the Wigner 
limit to this width, one may indeed verify that /<2, 
while, as noted by Adair, the absence of an interference 
minimum below the resonance implies that /~0. Al- 
though the peak cross section observed by Stelson and 
Preston was about 1} barns below the predicted value 
for a J=3 resonance, the more recent measurements by 
Hibdon‘ with even better resolution are in excellent 
agreement with the prediction and indicate a somewhat 
smaller width of about 32 kev. 

The “nonresonant” background of the total cross 
section is constant at about 1 barn up to 0.6 Mev, at 


® P. H. Stelson and W. M. Preston, Phys. Rev. 84, 162 (1951). 
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which energy it begins a monotonic rise to 2.5 barns 
at 4 Mev.’ It was noted by Adair that this rise could be 
interpreted as a broad J=2-, s-wave resonance in the 
vicinity of 1.1 Mev. However, in view of the con- 
tinuation of the rise which was observed later, it is 
evident that p and higher partial waves must be con- 
tributing, and it is not now possible to conclude with 
certainty that there is such a resonance. 


Il. THE ANGULAR DISTRIBUTION FORMULAS 


For the purpose of analyzing the s-wave background, 
the J=3, p-wave resonance assignment is a fortunate 
one because the resonance can have only a j7=2 channel 
spin component, and therefore interference with the 
background will occur only if there is a similar com- 
ponent in the background. Thus, neglecting for the 
moment a possible energy dependence of the relative 
contributions to the background from the two channel 
spins, solution I, which is essentially pure 7=1, would 
give rise to a nearly symmetrical angular distribution 
whereas solution II, which is essentially pure 7=2, 
would give rise to a large asymmetry. However, owing 
to a possible energy dependence of the relative contri- 
butions, the selection of the correct zero-energy solution 
is somewhat more involved than merely determining 
experimentally whether or not there is an asymmetry. 

According to the general formulas of Blatt and 
Biedenharn,”® the form of the differential scattering 
cross section per unit solid angle for these interactions 
is 


ka (0) = (Ro,/4r)+ (7/8) sin*5e: 
+ (7/4) sindeo sind2; cos (521—520)P1(cos#) 
+ (21/50) sin*é2:P2(cos6), (1) 


where 6,; refers to the phase shift for the interaction 
through channel spin j, angular momentum /, and the 
total cross section of the isotropic background is 


oo= (4a/k?) (2 sin’d10+$ sin2520). (1a) 


The contributions from the higher partial waves, as 
well as from the non resonant p-waves, can be neglected 
at the low energies of concern. It is convenient to intro- 
duce a quantity a for the j=2 fraction of the s-wave 
scattering intensity : 


ago= (4r/k*) (5/8) sin*de0. (ib) 


For the phase angle 520 in the interference term of (1), 
one may then substitute 


de0= sin (2ac,k?/5m). (1c) 


If the ratio sindso/sind;. were the same in the vicinity 
of the resonance as it is at zero energy, then solution I 
would correspond to a value of a=0.04 and solution II 
to a value a=1. 

*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 90 
(1955) 


» Jj. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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The phase shifts may be expressed in terms of the 
R functions by means of the relation" 


6j:= tan (RyPi/1— RS) —$1 (2) 
where 


Ra=Lanit/(E,—B), (2a) 


and S;, P:, and ¢; are the shift, penetration, and hard- 
sphere-phase factors, respectively, for angular mo- 
mentum 7. In the case of s-waves, Po=do=ka=p, 
where a is the interaction radius, and So=0, so that 


5jo= tan (pRjo)—p. (2b) 


The scattering length a is defined in the limit k=0: 
a;=—limk sindjo= al. 1— Rjo(0) J. (3) 


The p-wave phase shift may be approximated by the 
one-level formula 


62:= tan (31)/E,+4,—£), (4) 
where 
31, = Pry’ =p*(1+9")"y’, 
Ay=—Sry"= (1+?) 2. 


At the low energies of concern, ¢; and the contributions 
from the distant levels are small and of opposite sign, 
so that they may safely be neglected. The values of the 
parameters of (4a) which fit Hibdon’s data are y,? 
=0.307 Mev and E,=—0.043 Mev for an assumed 
interaction radius of a= 4.0 10—" cm. 


(4a) 


III. EXPERIMENTAL PROCEDURES 


As the experimental procedures used in the measure- 
ments were essentially the same as those previously 
described," only a brief description need be given here. 
Neutrons were produced by bombarding a 15-kev 
thick Li target with protons from an electrostatic 
generator. A cylindrical sample of normal lithium, 3.8 
cm in diameter and 5.1 cm long, was placed 30 cm from 
the neutron source, and the neutrons scattered by the 
sample were observed at various angles by a detector 
situated at an effective distance (d) of about 9 cm from 
the scatterer. The axis of the sample was perpendicular 
to the plane defined by the beam and the detector. The 
detector was shielded from the neutron source by paraf- 
fin wedges, the shapes of which were appropriate to the 
scattering angle. The counting rates of the detector 
were observed with the scattering sample in position 
(C), with the sample removed (B), and with the de- 
tector in the position normally occupied by the scat- 
terer (D). Apart from the corrections which are dis- 
cussed below, the differential scattering cross section 
is expressed in terms of these rates and the distance d 


11 EF. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); the 
present notation is that of R. G. Thomas, Phys. Rev. 97, 224 
(1955). 

12M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
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according to 
a(6)= (C—B)d/DN, (5) 


where WN is the total number of nuclei in the sample. 

The detector was of the hydrogen-filled recoil type 
having a 1.9-cm outer wall and 5.1-cm long, 1.3 10-*- 
cm diameter center wire. It was operated at 10 at- 
mospheres at 2700 volts. The discriminator bias was 
set just high enough to reject most amplifier noise. 
However, even at such a low setting, the sensitivity 
varied over the full energy range of the neutrons counted 
by as much as 40%, as determined by comparison with 
an energy-insensitive long counter. 

Measurements were made at 15-degree intervals from 
30 to 135 degrees in the laboratory system and with 
incident neutron energies of 229, 259, and 275 kev. 
These energies were uncertain by about +2} kev, on 
account of the lack of precise knowledge of the target 
thickness and of the proton bombarding energy. 

After completion of the measurements and of the 
analyses for these three energies, it was realized that 
an additional measurement at 210 kev with somewhat 
better resolution would be desirable. As the original 
equipment had been dismantled, another setup, which 
had then been designed and constructed for low-energy 
angular distribution studies, was employed. In this 
setup the scattering sample was a 1.9-cm diameter 
sphere of the pure Li’ isotope placed 8.5 cm from the 
neutron source. A hydrogen-filled recoil counter was 
situated at an effective distance of 58 cm from the 
sample and was immersed in a barrel full of oil to pro- 
vide shielding from the direct neutron beam, the entire 
assembly being free to rotate about the sample. The 
lithium target used as the source was 10-kev thick, and 
the neutron energy was considered as uncertain by 
+2} kev. Measurements were made at laboratory 
angles of 30, 60, 90, and 120 degrees. 


IV. REDUCTION OF THE DATA 


In addition to a correction to (5) for detector sensi- 
tivity, several others had to be applied. In order to 
obtain sufficient counting rates it was necessary to use 
rather large samples, and a Monte Carlo procedure was 
used to correct for the resulting attenuation “and 
multiple scattering. In this procedure the theoretical 
formulas of Sec. II [otneor(8)] were assumed to be the 
correct ones, and about 3X10‘ neutrons were traced 
through the sample for each of the three highest 
bombarding energies. The emerging angular distri- 
butions (omc) obtained by this Monte Carlo procedure 
were then compared with the assumed ones, and an 
approximate correction to the observed distribution 
(cobs) Was made in the manner 


a (6) = [otheor (0)/ome (0) Joobs (6). (6) 


This procedure will in general not lead to the actual 
angular distribution unless the assumed one should 
happen to be the same as the actual one. Nevertheless, 
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the probable error of this correction is estimated as 
being in no case greater than 25% of the value of the 
correction. These values varied from 0 to 100%, 
depending on the energy of the emerging neutrons, the 
largest being for those neutrons of the resonance energy 
which were subject to severe attenuation. Figure 2 
displays the nature of the correction at the resonance 
energy; at 229 kev the correction factor varied from 
0.80 to 1.15, and at 210 kev it was even less important. 
The indicated errors of the reduced data, which are 
presented in Figs. 3, 4, and 5, include the estimated 
uncertainty of this correction. In the cases of the meas- 
urements at 275, 256, and 229 kev, a correction was 
also made for the small fraction of Li® in the sample 
using the measured values of the scattering distributions 
for Li®. 

As there was uncertainty in the cases of the three 
highest-energy measurements in the value of the 
effective distance d to the detector and its possible 
dependence on neutron energy, the integrals of the 
computed differential cross sections were normalized 
to agree with the accurately known total cross sections. 
The effective distance indicated by this procedure 
agreed within 15% with the distance measured to the 
center of the active volume of the detector. However, 
with the setup employed at 210 kev, the effective dis- 
tance was believed to be known accurately and the 
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Fic. 2. The effect of multiple scattering. The dashed curve is 
the assumed differential cross section in the laboratory system at 
259 kev. The solid curve was obtained by a Monte Carlo calcu- 
lation and represents the cross section which would be measured 
experimentally if the assumed curve were the true one. The two 
curves are normalized to have equal areas. 


3M. Walt (unpublished data). 
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Fic. 3. The differential cross section 2ra(@) in the c.m. system 
in barns plotted as a function of the scattering angle @ in the c.m. 
system. The open circles represent the data taken at the laboratory 
bombarding energy of 259 kev and the closed circles at 275 kev 
each set being corrected for multiple scattering and other effects. 
The two upper curves are the theoretical predictions at 259 kev 
for the values 1.0 and 0 of the interference parameter a, and the 
three lower ones are the predictions at 275 kev for the values 1.0, 
0.3, and 0; the 15-kev beam energy spread has been taken into 
account. 
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points plotted on Fig. 5 are the absolute values as 
calculated directly from (5) with the appropriate cor- 
rections. As a check, the differential cross section of 
carbon was measured at 30 and 120 degrees. The values 
obtained indicated isotropy, as one would expect," and 
agreed to within 5% with the values computed from 
the total cross section.» The area under a smooth 
curve passing through the four experimental points of 
the lithium data is 1.8 barns, which compares favorably 
with the total cross-section value of 1.9 barns. 


V. INTERPRETATION OF THE DATA 


It is evident from Fig. 3 that nothing can be learned 
from the 275- and 259-kev data about the value of the 
interference parameter a, the data being reasonably 
consistent with the predictions for any value between 


“4 Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955); see 
also R. G. Thomas, Phys. Rev. 88, 1109 (1952). 

16 Kiehn, Goodman, and Hansen, Phys. Rev. 91, 66 (1953); 
D. W. Miller, Phys. Rev. 78, 806 (1950); Fields, Russell, Sachs, 
and Wattenberg, Phys. Rev. 71, 508 (1947). 
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0 and 1.0. The distribution at resonance is not ex- 
pected to show much asymmetry, and the above- 
resonance distribution is subject to rather large un- 
certainties in the forward scattering because some of 
the neutrons are degraded in energy into the region of 
the resonance maximum where they are severely at- 
tenuated and scattered. The 229- and 210-kev distri- 
butions, however, show an appreciable asymmetry and 
should be reliable for interpretation because the 
multiple scattering corrections there are relatively 
small. The 229-kev distribution shown in Fig. 4(a) is 
evidently consistent with a=1.0 corresponding to the 
parallel-spin solution II if one considers the uncertainty 
of the neutron beam energy. Values of a equal to or 
less than 0.4 do not appear to be consistent with the 
data as presented in Fig. 4(b). Similar statements con- 
cerning a follow from the data of 210 kev which is 
shown in Fig. 5. If the relative contributions to the 
background intensity from the two channel spins could 
be regarded as energy-independent, this conclusion 
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Fic. 4. The differential cross section 2xa(@) in the c.m. system 
in barns plotted as a function of the scattering angle @ in the c.m. 
system for the data taken at 229 kev. (a) The upper curve is the 
theoretical prediction for 230 kev and the lower for 227 kev, the 
interference parameter a being set equal to 1.0 in each case. 
(b) The theoretical predictions for the same energies as in (a) 
but with a=0.4, The 15-kev beam energy spread has been taken 
into account for both sets of curves. 


16 The tendency towards backward scattering above the reso- 
nance has also been observed by H. B. Willard, as reported in 
reference 9; see also Willard, Bair, and Kington, Phys. Rev. 94, 
786(A) (1954). 
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Fic. 5. The differential cross section 270(@) in the c.m. system 
in barns plotted as a function of the scattering angle @ in the c.m. 
system for the data taken at 210 kev. The smooth curves are the 
theoretical predictions for the values 0, 0.04, 0.3, 0.6, and 1.0 of 
the interference parameter a. 





would rule out solution I, as is evident from Fig. 1 
where straight lines with slopes corresponding to a=0.4 
have been included to represent the interference lower 
limits. 

In the consideration of the possibility of a large 
energy dependence of a, it is first noted that the fact 
that the background cross section is about the same 
near resonance as it is at zero energy implies that the 
representative point of the (A sindy0,k~! sindgo) plane 
for the resonance energy still lies between, or at least 
close to, the two ellipses. If solution I were the correct 
one, then &~ sindss would have to increase by more than 
1.5 10~" cm as the energy increases from zero to the 
resonance. The following argument shows that such a 
large increase is not reasonable and therefore that 
solution II is very likely the correct one. 

The energy derivative of k-' sind may be deduced 
from (2b); in the zero-energy limit it is given by 


d(p~ sind) /dp*=R—4—}(R-1)(R*+1), (7) 
where p?=2Ma?E/h?, R=dR/dp*, and R is the value 
of R at zero energy. From (2a) one obtains 

R= (#?/2Ma*) Syy*/(E,— E)’. (8) 


Since Li® has no bound, odd-parity levels, the distance 
D,=E,-—E to the first 2~ level is positive and so is its 
R value at zero energy. It is therefore possible to state 
that 

R< (#?/2Ma*)(R/D)). 


There is also the inequality 
R>0, 


(9a) 


(9b) 
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which is the so-called causality condition,'’ so that the 
variation of k~siné is restricted in both directions 
according to 


0<$+3(R—1)(R°+1)+d(p" sind)/dp? 
< (##/2Ma*)(R/D,). (10) 


From the value of az for solution I, one obtains a value 
of 1.2 for Roo; the behavior of the total cross section 
indicates that D,>0.9 Mev. By substituting this 
information into (10), one finds from the upper limit 
that d(k~ sindso)/dE<5.3X 10- cm/Mev, whereas the 
correctness of solution I implies that d(&™ sind20) 
/dE>6.0X10-" cm/Mev, thus excluding solution I. 

By applying (10) to the interaction data for the J = 1- 
state of solution II, it is possible to conclude that in the 
vicinity of the resonance —0.8<k™ sind <1.1X10-" 
cm, and, because the representative point must lie 
between the two ellipses of Fig. 1, it can also be stated 
that 3.5<k™ sindeo<3.8X10—-* cm. These conclusions 
indicate that near the resonance energy the value of a 
presumably lies between 1.0 and 0.94. 


VI. CONCLUSIONS: THE SPIN DEPENDENCE OF THE 
s-WAVE NEUTRON INTERACTION WITH Li’ 
AND OTHER LIGHT NUCLEI 


The present result indicates that the parallel-spin 
interaction is the stronger in the case of the s-wave, 
T=1 Li’+n interaction. Equivalent square well .po- 
tentials consistent with the interaction parameters 
indicate that the splitting is of the magnitude of 1} 
Mev. Several other examples from the literature on 
light nuclei may be cited which also indicate that the 
parallel-spin interaction is the stronger of the s-wave, 
T=1 nucleon-nucleus interactions and that the split- 
tings are of a similar magnitude. C"+m and C¥+ p: In 
C™ the 0~ state is 0.80 Mev above the I~ state; the 
state in the mirror nucleus N™ corresponding to the 
0- of C" is about 0.64 Mev above the state in N™ 
corresponding to the 1- state of C.'* B"+ p: The most 

~ 4? Eugene Eugene P. Wigner, Phys. Rev. 98, 145 (1955) and Am. J. 
Phys. 23, 371 (1955). 

Note added i in ei —Similar angular distribution measurements 
have been reported recently by Willard, Bair, Kington, and Cohn 
[Elastic Scattering of Neutrons by Li® and Li’ (to be published) } 
who find that a “statistical” mixture (a= %) gives the best fit 
to the below-resonance data, the predicted cross sections for a=1 
being inconsistent with the data. While our experimental results 
are not inconsistent with theirs, we have been unable to arrive at 
a satisfactory interpretation of their data using the above in- 
equalities together with the thermal data. 

18 Mackin, Mims, and Mills, Phys. Rev. 98, 43 (1955); R. G. 
Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 


THOMAS, WALT, WALTON, AND ALLEN 


probable assignments indicate that there is a J=2-, 
T=1 level at 16.57 Mev excitation in C” and a J=1-, 
T=1 level 0.65 Mev above it.® Be®+-n: The fact that 
the scattering lengths for both s-wave interactions are 
about the same, positive, and greater than the nuclear 
radius implies that there are bound, T=1, J/=1- and 
2- levels, the binding energies of which are < 1.7 Mev." 
Levels in Be” at 5.96, 6.18, and 6.26 Mev” have binding 
energies satisfying this condition. In the formation of 
these levels by means of the (d,p) reaction, the inten- 
sities of the first and third of these are observed to be 
much greater than that of the second. One would 
expect to be able to form readily the predicted 1~ and 
2- levels by stripping reactions with /,=0, and ac- 
cording to the stripping theory their intensities should 
be proportional to 2/+-1. Indeed, the small-angle yield 
of protons associated with the 5.96-Mev level is about 
twice that associated with the 6.26-Mev level when 
14-Mev deuterons are used.”* Although both proton 
distributions are observed to be peaked forward, neither 
gives a quantitative fit to the theoretical stripping 
theory for /,=0, and the distribution associated with 
the 5.96-Mev level actually appears more like /,=1.” 
However, both levels are weakly bound, and it is known 
that in the case of /,=0 capture, the stripping theory 
gives poor and sometimes incorrect assignments when 
the binding is weak or negative.” It is perhaps rea- 
sonable to conclude then that there may also be evi- 
dence in Be" for a stronger parallel-spin interaction. 

The spin-spin interaction has been discussed theo- 
retically by de-Shalit.* The present observation may 
have some bearing on the empirical rule of Nordheim.” 

The writers are grateful to R. L. Bivins, E. D. 
Cashwell, and C. J. Everett for formulating and coding 
the Monte Carlo calculation, to Max Goldstein for 
supervising some of the numerical work, and to Roger 
Perkins for assistance in taking data. 

9 See F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 
344 (1952). 

2” J. J. Jung and C. K. Bockelman, Phys. Rev. 96, 1353 (1954). 

21 K. B. Rhodes and J. N. McGruer, Phys. Rev. 92, 1328 (1953). 

2 J. N. McGruer (private communication). 

** R. Huby, Progr. Nuc. Phys. 3, 204 (1953). 

Note added in proof.—On the basis of the observation of a 
5.96-Mev gamma radiation from the Be®+H? interaction and of 
no 6.26-Mev gamma radiation, it is suggested [Bent, Bonner, 
McCrary, Ranken, and Sippel, Phys. Rev. 99, 710 (1955) ] that 
the former level is spin 1 while the latter is 0 or >2, contrary to 
our suggestion. 

% A. de-Shalit, Phys. Rev. 91, 1479 (1953) ; see also C. Schwartz, 
Phys. Rev. 94, 95 (1954). 

2 L. W. Nordheim, Phys. Rev. 78, 294 (1950) and Revs. Modern 
Phys. 23, 322 (1951). 
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Differential cross sections for elastic scattering of neutrons by Li® and Li’ have been measured in the region 
of 200- to 600-kev incident energy. The results for Li® confirm the assignment of 5/2~ for the 7.46-Mev level 
in Li™ and indicate that the s-wave potential scattering has a statistical channel spin mixture and negative 
phase shift. Similarly in the case of Li’, the 2.28-Mev level in Li* is indeed 3*, the s-wave potential scattering 
has very nearly a statistical channel spin mixture, but the phase shift is positive. 





I. INTRODUCTION 


EUTRONS interacting with Li® undergo a 
strong resonance at 255-kev bombarding energy 
which has been observed in the emission of alpha 
particles! and in the total cross section.’ Analysis of the 
two sets of data, assuming only elastic scattering and 
the (n,a) reaction take place, leads to the conclusion 
that the compound level in Li’ at 7.46-Mev excitation 
is formed by p-wave neutron capture to form a state 
of 5/2-. The observed total width of this level is 100 
kev in the laboratory system. 

Total cross-section measurements*~® of Li’ show a 
strong resonance at 256-kev bombarding energy with 
an observed width of 32 kev in the laboratory system. 
Since only elastic scattering and capture radiation 
(which can be neglected at this energy) are energetically 
possible, analysis of the data leads to the conclusion 
that the level in Li® at 2.28 Mev is formed by p-wave 
neutron capture to form a state of 3*. 

These two p-wave scattering resonances can produce 
strong interference terms with the s-wave potential 
scattering which would be observable in the angular 
distributions. Therefore to check the above assignments 
and to study this interference, differential cross-section 
measurements were made for several energies and angles 
for the two lithium isotopes. 


II. EXPERIMENTAL PROCEDURE 


Monoenergetic neutrons up to 0.6 Mev were produced 
by the Li’(p,m)Be’ reaction and scattered by cylindrical 
samples located 10 inches from the target in the forward 
direction in a manner similar to that described earlier.® 
Li® samples enriched to 93.8% (chemical purity 
99.97%) were produced by the Stable Isotopes Division 
at Oak Ridge. Dr. P. S. Baker of that division super- 
vised the casting of the lithium metal into cylindrical 


1J. M. Blair and R. E. Holland, data reproduced in Neutron 
Cross Sections, Atomic Energy Commission Report AECU-2040 
(Office of Technical Services, Department of Commerce, Wash- 
ington, D. C., 1952). 

2 Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954). 

3R. K. Adair, Phys. Rev. 79, 1018 (1950). 

4P. H. Stelson and W. M. Preston, Phys. Rev. 84, 162 (1951). 

5 C, Hibdon, data reproduced in Neutron Cross Sections, Sup- 
plement 3, Atomic Energy Commission Report AECU-2040 
(Office of Technical Services, Department of Commerce, Wash- 
ington, D. C., 1954). 

6 Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 


cans of stainless steel with 10-mil wall thicknesses. Two 
samples were used : (a) 1-cm diameter by 7.5-cm length, 
and (5) 2-cm diameter by 3-cm length. Li’ samples of 
normal isotopic abundance (chemical purity 98.4%) 
were prepared in a similar manner with sizes (a’) 1-cm 
diameter by 7.5-cm length, and (b’) 2.5-cm diameter 
by 10-cm length. Samples (a) and (a’) were used at 
and near resonance; (b) and (b’) were used off reso- 
nance. 

Scattered neutrons were detected by recoil counters 
filled to 0.5 and 1 atmosphere with propane gas. These 
counters of diameter 1 inch and sensitive length 4 
inches were located a mean distance of 5 inches from 
the samples. At the incident neutron energies used 
here it was not possible to set the bias of these detectors 
for a flat response. Accordingly, corrections were applied 
to the data to compensate for the decreasing sensitivity 
for neutrons scattered through increasing larger angles. 
This was done by obtaining relative efficiency curves 
with respect to the long counter, assumed flat from 100 
to 600 kev. 

Paraffin wedges were used to shield the detector from 
neutrons coming directly from the target. Backgrounds, 
measured by replacing the samples with duplicate 
empty cans, varied from 10 to 75%. The latter figure 
is for the lowest neutron energy and the largest scat- 
tering angle. 

All cross sections were transformed to the center-of- 
mass system and corrected to 100% isotopic abundance. 
No corrections were made for multiple scattering or for 


TABLE I. A list of the constants used in the calculations. All 
energies are in the laboratory system. 








Lit Li? 





Interaction radius 
r=1.40(A!+1)X10-8 cm 
Resonance energy Eo 
Characteristic energy E) 
Neutron width at £o,T’, (Eo) 
Alpha width (constant) Ty 
Reduced p-wave neutron 
width +? 
Potential scattering opor” 
Background alpha cross 
section oq 0.50 barn 
M st 5/2- 3* 
Observed total width I, 100 kev 32 kev 


3.94 10-3 cm 
255 kev 
—710 kev 
95.8 kev 
50.3 kev 


1100 kev 
0.85 barn 


4.08X 10-8 cm 
256 kev 

—49 kev 
35.8 kev 


351 kev 
1.00 barn 
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Fic. 1. The theoretical coefficients Bz for the Legendre ex- 
pansion of the differential elastic neutron scattering cross section 
(center-of-mass system) of Li® are shown as a function of incident 
neutron energy (laboratory system). 


the large solid angles employed. Errors shown are 
statistical only. 

Angular distributions for Li® were taken with 20-kev 
resolution at 210, 258, and 300 kev, and asymmetry 
data were taken at 220, 258, 300, and 400 kev with the 
same resolution. 

In the case of Li’, distribution measurements were 
taken with 20-kev resolution at 200, 255, and 600 kev. 
Asymmetry ratios were made with 5-kev resolution at 
200, 220, 255, 287, 400, and 510 kev. (All neutron 
energies quoted are the incident values in the laboratory 
system.) 


Ill. DISCUSSION 


Since both resonances are produced by p-wave 
neutrons with a single channel spin orientation, the 
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Fic. 2. The theoretical coefficients Bz, for the Legendre ex- 
pansion of the differentia] elastic neutron scattering cross section 
(center-of-mass system) of Li’ are shown as a function of incident 
neutron energy (laboratory system). 


7 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
(1952). 
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calculation of the expected angular distributions can 
be made with a minimum of adjustable parameters. 
The method of Blatt and Biedenharn’ was used. It was 
assumed that the potential scattering was pure s-wave 
with a statistical channel spin mixture. The result, in 
the center-of-mass system, is 


7a(¢)= BoPo(cosp)+ BiP; (cosp)+ B2P2(cos¢), 


where 


or" Spot” +-Cres” 
f, Nema Rene aisha 


4r 4 





2J+1 r,2/4 
Yi) (FA. Sa 
I ci r,/2 

(2i-+1)(27+1) [(E,+4,—E)?+12/4}! 
Xsingo sin(B— go), 


= x| sin? 
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Fic. 3. Differential cross sections for elastically scattered 
neutrons from Li® at 210, 258, and 300_kev. Solid curves are 
theoretical, see text. 
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Fic. 4. The ratio of the measured Li® differential cross section 
for cos@=0.58 to that for cosp=0.58 as a function of the incident 
neutron energy. The dotted curve is theoretical. Solid curves are 
shown for o; and ag. 


In the above formulas, the notation of Blatt and 
Biedenharn’ is used, but in addition or” is the total 
cross section for elastic neutron scattering; opo" is the 
total cross section for potential neutron scattering; 
Ores" iS the total cross section for resonance neutron 
scattering; 


r',/2=[24/(1+2*) hy’, 


where «=kR, y’ is the reduced width in energy units, 
and x*/(1+.2*) is a penetrability factor for p-wave 
neutrons; E, is the characteristic energy associated 
with the level shift A, for p-wave neutrons, and 


An=7'/(1+2), 


The sign of the s-wave potential phase shifts & can 
be determined from the angular distributions or from 
thermal scattering data. Thomas® has shown that £p is 
negative for Li® and positive for Li’. Using these signs 
and the constants shown in Table I, the coefficients 
B, have been calculated as a function of incident 
neutron energy (laboratory system). The results are 
plotted in Figs. 1 and 2. It will be noted that the 
constants used for Li® are not the same as the original 
paper on the total cross-section measurements.? They 
were altered to give a more reasonable interaction 
radius, but the fit to or and o,,4 remains equally good. 


Ey+A)(Eo)— Ey=0. 


IV. RESULTS 
A. Li® 


The center-of-mass differential elastic scattering cross 
sections at 210, 258, and 300 kev are plotted in Fig. 3 
as a function of cos, the center-of-mass angle with 
their statistical errors. The agreement with the solid 
theoretical curves is quite good, although the absolute 
cross sections seem a little high at 258 kev. A more 


8 R. G. Thomas, Phys. Rev. 84, 1061 (1951), and R. G. Thomas 
(private communication). 
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Fic. 5. Differential cross sections for elastically scattered 
neutrons from Li? at 200, 256, and 600 kev. The open circles for 
the 600-kev data are the results of an early run with a 2-in. 
diameter, 3-in. high scattering sample. Solid curves are theoretical, 
see text. 


sensitive test of the interference term can be made by 
plotting the ratio of the cross sections at cosp=+0.58 
and —0.58. The results shown in Fig. 4 agree very well 
with the theoretical dotted curve. The calculated values 
of or and o, are also shown for reference. It is concluded 
from these data that only the assignment of 5/27 is 
correct, the s-wave potential scattering phase shift is 
indeed negative, and the potential scattering channel 
spin mixture is statistical. 
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Fic. 6. The ratio of the measured Li’ differential cross section * 
for cos¢ = 0.58 to that for cos = — 0.58 as a function of the incident 
neutron energy. The dotted curve is theoretical. o; is also shown. 
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B. Li’ 


Angular distributions at 200, 256, and 600 kev are 
shown in Fig. 5. Agreement at 200 and 600 kev is quite 
good. In order to compare the on resonance results with 
the theoretical curve, shown solid, a correction was 
made for the 20-kev resolution used, shown dotted. 
Again agreement is quite good. 

Thomas et al.° have shown from the thermal scattering 
data that the potential scattering must be either all 
channel spin 1, or all channel spin 2. Extrapolating to 
the energies under consideration, this would lead in 
the case of s=2 to a much stronger interference term 


® Thomas, Walt, Walton, and Allen, Phys. Rev. 101, 759 (1956). 
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than that obtained using a statistical mixture. If the 
potential scattering were all channel spin 1, there 
would be no interference term. Accordingly, asymmetry 
ratios were measured with 5-kev resolution for bom- 
barding energies of 200, 220, 255, 287, 400, and 510 kev 
as shown in Fig. 6. The dotted curve is theoretical for a 
statistical mixture. All channel spin 1 would produce 
no asymmetry; all channel spin 2 would have a ratio 
of 5 at 220 kev. Multiple-scattering corrections would 
tend to raise the experimental values below 260 kev 
but not enough to agree with all s=2 potential scat- 
tering. It is concluded that J=3* is correct, the s-wave 
scattering phase shift is positive, and a statistical 
channel spin potential scattering mixture gives the best 
fit to the data. 
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The reaction O'*(p,n)F'* has been studied using monoenergetic protons from the Rockefeller electrostatic 
generator. Resonances in the neutron yield in the forward direction are found at proton energies E,= 2.657, 
2.732, 2.778, 3.045, 3.170, 3.268. 3.386, 3.495, 3.600, and 3.755 Mev. The angular distribution of neutrons 
from this reaction at proton energies Ep= 3.045, 3.170, 3.268, and 3.386 Mev has been measured with a pro- 
ton recoil counter. The most probable values of the spins of the excited states in F® corresponding to these 


resonances are J = }*, 3+, }*, and }* respectively. 


I. INTRODUCTION 


NGULAR distribution experiments may be used 
in several ways to study the dynamics of a nuclear 
reaction. If the reaction goes through a compound 
system with well-defined energy levels, it may be possi- 
ble to determine the angular momentum quantum 
numbers of these levels.'? On the other hand, if the com- 
pound system has broad, overlapping energy levels, 
then a knowledge of the angular distribution of the 
reaction products as a function of energy may lead to 
information regarding the competing states by which 
the reaction may take place.** 
The reaction O'*(p,n)F'* has been studied previously 
by several workers. Blaser et al.* measured the neutron 
yield between proton energies of 2.5 and 7.0 Mev with 


+ This work has been supported by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* Now at Department of Physics, University of California, 
Berkeley, California. 

1S. Devons, Proc. Roy. Soc. (London) A62, 580 (1949). 

2R. Day and J. Perry, Phys. Rev. 81, 662(A) (1951). 

3 R. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 (1948). 

4 Willard, Bair, and Kington, Phys. Rev. 90, 865 (1953). 

5 Blaser, Boehm, Marmier, Preiswerk, and Scherrer, Hale Phys. 
Acta 22, 598 (1949), 


relatively poor resolution and found seven broad 
resonances in this region. Richards et al. measured the 
neutron yield with much better resolution between 
2.5 and 3.75 Mev and were able to show that some of the 
broad resonances observed by Blaser ef al. are actually 
due to the superposition of several sharp, well-defined 
resonances in the yield. These authors also made an 
accurate determination of the O'*(p,n)F'® threshold. 
The sharp resonances in the yield and the relatively 
large cross section make this reaction well suited for a 
more detailed study. 


II. TARGETS 


The target used in the experiment was obtained by 
oxidizing a 10-mil tantalum disk in an atmosphere of 
enriched (20% O"*) oxygen. It was found that the 
amount of oxygen deposited could be varied by con- 
trolling the pressure of oxygen in the chamber. In this 
manner it was possible to obtain targets with a surface 
layer containing a known amount of oxygen. The 
target used in this experiment had roughly 10" atoms 
of O'* per square centimeter. 


® Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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Fic. 1. Neutron yield from O'*(p,n)F"* in the forward direction obtained with the BF; counter. The observed 
resonances are numbered in order of increasing energy and the observed properties are listed in Table I. 


Ill. TOTAL NEUTRON YIELD 


Monoenergetic protons (0.1% resolution) from the 
Massachusetts Institute of Technology—Rockefeller 
electrostatic generator were used to bombard the en- 
riched O'* targets described above. The total yield of 
neutrons in the forward direction from the reaction 
O'8(p,n)F'® was measured as a function of proton energy 
in 5-kev intervals between threshold and 3.8 Mev. A 
BF; counter of the type described by Hansen and 
McKibben’ was used to detect the neutrons. The 
machine was calibrated by using the Li’(p,m)Be’ reac- 
tion threshold® at E,= 1881.4+1.1 kev. The yield curve 
is shown in Fig. 1. Ten resonances are observed in the 
neutron yield which correspond to excited energy levels 
in the compound nucleus F. The threshold of the re- 
action O'*(p,n)F!§ was determined as E,= 2.584+0.010 
Mev, in good agreement with the value E,;= 2.590+-0.004 
Mev reported by Richards ef al.° The energies of reso- 
nances 1, 3, 4, 5, 6, 7, and 8 are also in reasonably good 
agreement with the results obtained by these workers. 
Table I summarizes the data obtained. The half-widths 
T' quoted in column 3 are the experimental half-widths 
obtained directly from Fig. 1. No attempt has been 
made to correct these values for the finite thickness of 
the target since the thickness of the oxide layer was not 
known. 


IV. ANGULAR DISTRIBUTIONS 
A hydrogen-filled (65 psi) proton recoil counter was 
used to measure the angular distribution of neutrons. 
7 A. O. Hansen and J. L. McKibben, Phys. Rev. 72, 673 (1947). 


8 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 


The response of this counter relative to that of the BF; 
counter as a function of neutron energy is shown in Fig. 
2. Since the response of the BF; counter is roughly 
independent of neutron energy in this region,’ the curve 
shown in Fig. 2 closely approximates the actual response 
of the recoil counter over this energy region. The output 
from the counter was biased so that pulses correspond- 
ing to neutrons with energies less than 100 kev were 
not counted. Above 300 kev, the response varies roughly 
as the total neutron scattering cross section of hydrogen. 
The pronounced dip in the response curve at roughly 
450 kev is probably due to the oxygen in the glass cap 


TaBLe I. Summary of data. The resonances are numbered as 
shown in Fig. 1. Column 2 shows the proton energy in kev at which 
the peak of the resonance appears. Column 3 lists the experimental 
widths at half-maximum; column 4 gives the neutron yield, Ye, 
relative to resonance 6; column 5 gives the excitation energy 
E,, compound nucleus, F”, for each resonance; and column 6 
indicates the most probable spin, J, assigned to the excited levels 
in F® obtained from the angular distribution data. 








Resonance Ep, (kev) IT’ (kev) Yer Ez (Mev) 





0.399 
0.109 
0.160 
0.807 
0.420 
1.000 
0.932 
0.580 
0.966 
0.966 


10.471 
10.542 
10.586 
10.839 
10.957 
11.050 
11.162 
11.265 
11.365 
11.511 


265742 
273246 
277842 
304542 
3170+2 
326842 
338642 
349544 
3600+ 20 
3755420 


40+2 
3545 
60+2 
45+10 


6542 
45+2 


85420 
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not 








® Willard, Preston, and Goodman, Massachusetts Institute of 
Technology, Laboratory of Nuclear Science and Engineering 
Technical Report No. 45, 1950 (unpublished). 





H. MARK AND C. GOODMAN 





wn 


> 


RELATIVE COUNTING RATE 
fe : 





| 


i 
300 


Fic. 2. Sensitivity 
of the proton re- 
coil counter as a func- 
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neutron energies. 
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of the counter tube. Oxygen has a large resonance in the 
scattering cross section at this neutron energy. The 
recoil counter was used as a neutron detector because 
it is insensitive to the background of scattered slow 
neutrons and because its response is relatively inde- 
pendent of neutron energy over the region of interest. 
For a given bombarding-proton energy, the energy of 
the outgoing neutrons will be a function of angle be- 
cause of center-of-mass motion. The experimental re- 
sults must therefore be corrected for this effect by using 
the curve shown in Fig. 2. 

The angular distribution measurements were made by 
mounting the proton recoil counter on a goniometer 
which made it possible to swing the counter in a hori- 
zontal arc around the direction of the proton beam from 
0° to 140° in the laboratory system. The experimental 
geometry is shown in Fig. 3. At each angle, the number 
of neutron counts for a constant number of micro- 
coulombs of protons on the target was determined. A 
BF; monitor was used to make certain that the number 
of neutrons per unit proton current remained constant 
throughout each run. 

The curves shown in Fig. 4 are the angular distribu- 
tions of neutrons in the center-of-mass system at proton 
energies corresponding to resonances 4, 5, 6, and 7. 





Fic. 3. Experimental geometry. The recoil counter is mounted 
on a goniometer ‘which permitted measurements on either side of 
the beam axis. 


These results have been corrected for the changing 
sensitivity of the recoil counter to neutrons emitted 
from the target at various angles. It was not possible to 
measure angular distributions from resonances 1, 2, and 
3 because the neutron energy is too low and from 
resonances 8, 9, and 10 because the machine could not 
be held steady at these energies for the rather long time 
required for each run. Measurements were made on 
both sides of the target in order to eliminate systematic 
errors in alignment. 

The results were analyzed using the statistical 
methods given by Rose.” The highest order of P,(cos@) 
necessary to fit the data was determined by calculating 
all coefficients and errors up to [= 4 and then discarding 
all those with errors equal to or larger than the coeffi- 
cient itself. The solid curves in Fig. 4 are drawn from the 
best fit (calculated for Linax=2 for resonances 4 and 6) 
obtained from the experimental points which are shown. 
Table II summarizes the results. The large errors in the 
coefficients are a result of the inefficiency of the recoil 
counter which makes the counting time for good 
statistics prohibitively long. 


V. INTERPRETATION OF RESULTS 


The results described in the previous section may be 
used to obtain information regarding the angular 
momentum quantum numbers of the excited levels in 
F” which correspond to the resonances in the neutron 
yield. The methods of Blatt and Biedenharn" have been 
used to make the analysis. The quantum numbers of the 
ground states of O' and F'® are J=0+t and J=1* 
respectively.” The zero ground-state spin of O'* simpli- 
fies the calculation since only one incoming channel spin 
(s=4) need be considered. Two outgoing channel spins 
are possible and hence the angular distribution will be 


1 M. E. Rose, Phys. Rev. 91, 610 (1953). 

J. Blatt and L. Biedenharn, Revs. Modern Phys. 24, 258 
(1952). 

2, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 








ANGULAR DISTRIBUTION OF NEUTRONS 


the incoherent sum of the contributions from each 
channel. In all calculations, only the neutron group 
going to the ground state of F'* need be considered since 
the first excited state of F'® is at 1.05 Mev.” 

The distributions obtained from resonances 5 and 7 
are isotropic within the experimental uncertainty. The 
excited levels in F(E,=10.957 and 11.162 Mev) cor- 
responding to these resonances should therefore have 
angular momentum J=}4* or 4-. It should be pointed 
out that these results are not entirely trustworthy. As 
can be seen from Fig. 4, both of these distributions 
actually have a small systematic anisotropy. However, 
no coefficients can be calculated because of the large 
experimental errors. No parities can be determined from 
these data. 

The anisotropic distributions obtained from reso- 
nances 4 and 6 indicate that for these levels (E,= 10.839 
and 11.050 Mev)J>4. Resonances 4 and 6 both also 
exhibit angular distributions which are not symmetric 
about 90°. Odd orders of Pz(cos@) appear in angular 


TaBLe IT. Angular distributions. The best fit of the experimental 
data to a series of Legendre polynomials, W (6)= Po+ (a:/ao)Pi 
+ (a2/ao)P2. The errors in the coefficients include only the statisti- 
cal deviations in the counting rate and the statistical errors made 
in the corrections for the sensitivity of the recoil counter. 








Resonance WwW) 





Po+(0.12+0.02)P:i— (0.5240.03) Ps 
0 

Po+(0.3340.02)P:— (0.14+0.03)P2 

P. 


0 


4 
5 
6 
7 








distributions if the reaction proceeds through two states 
of the compound nucleus which have opposite parities. 
It is probably, therefore, that the angular distributions 
at these resonances is influenced by a broad energy level 
of opposite parity on which these resonances seem to be 
superposed (see Fig. 1). 

Since the highest order of Pz(cos@) necessary to fit 
the data for these angular distributions is L=2, the 


50° 120° 90° 60 30 O 30° 60° 2 120° 150° 180° 


ANGLE IN CENTER-OF-MASS SYSTEM 
Fic. 4. Angular distributions. This figure shows the angular 
distribution of neutrons in the center of mass system at proton 
energies Ep= 3.045, 3.170, 3.268, and 3.386 Mev, corresponding to 
resonances 4, 5, 6, and 7 respectively. These results have been cor- 
rected for the change in sensitivity of the counter for neutrons 
emitted from the target at various angles. 


probable value of the spin for the states in F” corre- 
sponding to these resonances is J=$* or $-. A more 
detailed analysis of the data does not seem fruitful in 
view of the large experimental uncertainties and the 
large number of unknown parameters in the theoretical 
formulas. 

The authors wish to express their sincere thanks to 
Professor A. O. Nier who provided the O"* for the target 
and to Miss Mida Karakashian who made the least 
squares analysis of the angular distribution data. 
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Angular Distribution of Proton Groups from the Reaction F!*(d,p)F*° 


S. Taxemoto, T. Dazar, R. Curpa, S. SUGANOMATA, AND S. Ito 
Department of Physics, Faculty of Science, Tohoku University, Sendai, Japan 
(Received August 1, 1955) 


The angular distribution of proton groups from F"(d,p)F™ has been studied by means of nuclear emulsion 
with deuterons of energy 0.75 to 1.45 Mev. Distributions were found for each of three proton groups from 
fluorine, corresponding to the ground state (Po), 0.65-Mev (P:), and 0.99-Mev (P3) +1.06-Mev (P,) 
levels in F®, respectively. Group P; and P;+P, show stripping effect, and from a Butler analysis, /,-values 
for these groups are 2 and 0, respectively. In the case of group Po, the stripping effect is obscure. 





ROMLEY ¢ al.! have measured the angular distri- 
butions of several proton groups from F'*(d,p)F™, 
using 3.6-Mev deuterons. From the results of their 
observations they conclude that the ground state and 
the 0.65-, 2.05-, and 3.49- (including 3.53-) Mev 
excited states of F® are formed by capture of s- plus 
d-neutrons, d-, d-, and s-neutrons, respectively, and 
accordingly that these states have even parity and the 
ground-state spin is unity. 

We have observed the angular distributions of three 
proton groups with deuterons in energy range from 0.75 
to 1.45 Mev and investigated the energy dependence 
of the distributions. The experimental apparatus and 
procedures were identical with those described else- 
where,” except that the Al foils used formerly, which 
were inserted just in front of the emulsion plates, were 
replaced by thicker ones in order to cut off protons of 
energy lower than that of the C"(d,p)C" group (Q 
=2.72-Mev). Bombardments were performed at 0.75, 
1.00, 1.20, and 1.45 Mev. A typical example of the 
proton range spectrum obtained is shown in Fig. 1. 
Owing to the rather close level spacing of excited states 
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Fic. 1. Range spectrum of protons at 6;.)= 20° from F"(d,p)F™ 
(Eg=1.20 Mev). A thin PbF, target was prepared by vacuum 
evaporation on silver backing. 


t Bromley, Bruner, and Fulbright, Phys. Rev. 89, 396 (1953). 
2? Takemoto, Dazai, , Ito, Suganomata, and Watanabe, 
J. Phys. Soc. Japan 9, 447 (1954). 


in F*, not all groups could be resolved by our present 
technique. The observed groups, however, were assigned 
as indicated in Fig. 1 by arrows with the aid of the 
range-energy relation in Sakura nuclear emulsion.’ 
The groups Po and P; were clearly resolved. P2: was 
found to be much weaker than its neighbors and could 
be safely neglected. Ps and P, could not be resolved 
from each other. Although it is known that P; is three 
times weaker than P, in the 90° direction at 1.8-Mev 
deuteron energy,‘ there has hitherto been no experi- 
mental observation in other directions at other energies. 
In some of the plates, P; appeared as a weak peak, but 
it was not distinct in the other plates. Since this group 
was weak and suffered from the effects of the neighbor- 
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Fic. 2. Angular distribution of proton groups from F™(d,p)F* 
at Eg=0.75 Mev. Curve for Po group is the expansion 





(8 


1+ > A;(Ea)P:(); 
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l,=2 stripping curve for P; group; /,=0 stripping curve for 
P;+P, group. Stripping curve was calculated by Born approxi- 


mation with R= 6.96 X 10- cm. 


bd 5 by Konishiroku Film Company. 
( A. Watson and W. W. Buechner, Phys. Rev. 88, 1324 
1952). 
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Fic. 3. Angular distribution of proton groups from F¥(d,p)F™ at 
Ea=1.00 Mev; for each curve, see Fig. 2. 


ing intense groups, this part of the energy spectrum was 
rejected, perhaps without introducing any serious error 
in the determination of P;+/P, group. Eventually the 
peaks in Fig. 1 were assigned to Po, P:, P3+P,4 and P, 
groups, respectively. A few tracks were also observed 
which were presumably due to target contaminations. 
As they were quite few, they were neglected. 

The angular distributions are shown in Figs. 2, 3, 4, 
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Fic. 4. Angular distribution of proton groups from F"(d,p)F™ at 
a= 1.20 Mev; for each curve, see Fig. 2. 











OF PROTON GROUPS 





B+B Group 





R GRouP 


RELATIVE INTENSITY 





R GROUP 











30 60 40 130 150180 
C.M. ANGLE IN DEGREES 
Fic. 5. Angular distribution of proton groups from F"(d,p)F” 
at Eg=1.45 Mev. Curve A; Born approximation (R=6.96X 10- 


cm), Curve B; Butler’s theory (ro=5.32X 10-8 cm); for Po, see 
Fig. 2. 


and 5. Though absolute cross sections were not meas- 
ured, the relative intensity of these groups was ob- 
tained. Relative intensities at @,.,=90° are shown in 
Table 1, together with those reported by Watson and 
Buechner.‘ In Table II, relative center-of-mass total 
cross sections are tabulated. 

The angular distribution of Py does not vary re- 
markably with energy, except that the forward maxi- 


TABLE I. Intensity ratio of 
from F"(d,p)F"(Q 


roton groups at @4,=90° 
=4.38 Mev). 








Ezin 
F®(Mev) 


Ea(Mev) 
=0.75 











® See reference 4. 
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TABLE II. Relative total cross section in c.m. system. 








1.45 


CHIBA, SUGANOMATA, AND ITO 


TaBLE III. Coefficients in the expansion, 


1+ 3 a(BaPc@. 





1.00 
4.71 


2.21 3.32 








mum becomes more flat at 1.45 Mev. At this low bom- 
barding energy, we could not find the obvious effect 
of the stripping process as did Bromley ef al. The 
angular distribution of Py) was expanded into series of 
Legendre polynomials up to P,(@). The coefficients are 
given in Table III. The group P; shows a large peak at 
about 60° (c.m.) and it seems to be caused by the 
stripping process of d-neutrons, in agreement with the 
result of Bromley ef al. The agreement of experimental 
points with the theoretical] curve becomes better as the 
bombarding energy increases. Unexpectedly, this proc- 
ess contributes to the main part of the total intensity 
at these low bombarding energies. The distribution of 








(Mev) a a: a3 : % 


0.75 +0.3540.05 +0.45+0.06 +0.13+0.07 —0.06+0.08 
1.00 +0.38+0.03 +0.31+0.04 —0.06+0.05 —0.12+0.05 
1.20 +0.56+0.03 +0.19+0.04 —0.06+0.05 —0.06+0.06 
145 +0.22+0.04 +0.0740.05 —0.04+0.05 —0.01+0.06 











the group P3+P, is composed of two patterns, namely 
the forward peak and backward maximum. The former 
does not change its shape with deuteron energy, in 
contrast with the latter, and may be interpreted as the 
stripping peak of s-neutrons, the latter is considered as 
due to the compound-nucleus formation process. If 
this is true, then either the third or the fourth excited 
state would be 0* or 1*. 

It is a great pleasure to thank Professor M. Kimura 
for his helpful discussions and encouragements. 





PHYSICAL REVIEW VOLUME 101, NUMBER 2 JANUARY 15, 1956 


Beta Decay of Ne” 


H. J. GerBer, M. Garcia MuNoz,* anp D. MAEDER 
Eidgenissische Technische Hochschule, Ziirich, Switzerland 
(Received September 16, 1955) 


The disintegration of Ne* was formerly considered to contribute to the few examples of superallowed 
transitions in negative beta decay. We have reinvestigated this decay, using scintillation techniques for 
measuring beta and gamma rays. No gamma ray of ~3 Mev is found; however, a gamma ray of 440+5 
kev occurs in 36+4% of the beta decays. For both transitions, to the ground state as well as to the 440-kev 
level of Na®, logft~5.2. Upper limits for the intensity of higher energy gamma rays show that log/t> 5.0 


for possible transitions to other levels in Na”. 


N the 6 decay of 40-sec Ne*, a branching with 

exceptionally high transition probability (log fi 
=3.8) to an ~3-Mev excited state in Na™ has been 
reported,' based on the observed shape of the beta 
spectrum and an absorption curve of the gamma 
radiation. In view of the scarcity of superallowed 
transitions in negative beta decay, it seemed desirable 
to verify the presence of the high-energy y ray by 
scintillation measurements, which should, at the same 
time, give information about the possibility of beta 
decay to the 440-kev state in Na™. This level is known 
from inelastic scattering of protons’ and alpha 
particles’ on sodium. 

*On leave from the Institute of Nuclear Studies (Junta de 
Energia Nuclear), Madrid, Spain. 

1H. Brown and V. Perez-Mendez, Phys. Rev. 78, 812 (1950); 
V. Perez-Mendez and H. Brown, Phys. Rev. 78, 812 (1950). 

2 Stelson, Preston, and Goodman, Phys. Rev. 86, 629 (1952); 
Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 

3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
(1954); 96, 426 (1954). 


The Ne* activity has been produced in sodium 
targets by (n,p) reaction, using Li(d,n) neutrons from 
our 600-kev accelerator. The scintillation techniques 
used for the investigation of 8 and y rays and their 
coincidences were the same as described previously.‘ 
A logarithmic energy deflection circuit has been added 
which facilitates the detection of weak high-energy 
components in y-ray scintillation spectra.° 

y Spectrum—The pulse amplitude distribution 
reproduced in Fig. 1 shows a mixture of the different 
activities produced in thick targets (~5 g Na, enclosed 
in iron capsules). Similar photographs taken at different 
times after irradiation indicate that the three photo- 
peaks appearing at 440+5, 860410, 1630415 kev 
are due to Ne*, Mn**, and F™ respectively. During 
these exposures, pulses were also counted in eight 
amplitude channels indicated below the spectrum in 
Fig. 1. In order to separate the expected high-energy 


*D. Maeder and P, Staehelin, Helv. Phys. Acta 28, 193 (1955). 
5D. Maeder, Rev. Sci. Instr. 26, 805 (1955). 





B DECAY OF Ne? 


component belonging to Ne” from the contributions of 
other activities, decay curves in the counting channels 
were followed for two hours after irradiations of different 
duration (10 sec, 1 min, and 10 min). The analysis 
given in Fig. 2 for the channels 2 and 8 is based on the 
known half-lives of F%(11 sec), Ne*#(40.5 sec), and 
Mn**(2.6 h). A slight indication of a possible 40-sec 
component is left in channel 8 after subtraction of the 
extrapolated F” and Mn* counting rates, and effects 
of the same order are observed in channels 4 to 7. 
However, no 40-sec contribution was found in the 
region 2 1780 kev, which should contain ~50% of the 
total counting rate produced by a 3-Mev ¥ ray. There- 
fore, if a hard y ray is emitted in an appreciable fraction 
of the Ne* disintegrations, its energy must be <1.7 
Mev. The subtraction procedure mentioned above 
places upper limits for the intensities of possible 
~1.7- and ~3-Mev y rays at 10% and 1% of the 
number of 440-kev quanta. 


Fic. 1, Naly-scintillation spectrum (logarithmic in energy, 
linear in intensity), integrated from 10 seconds to 10 minutes 
after neutron irradiations of a sodium target in an iron container. 
Photopeaks from Ne®—Na*™ (440 kev), Mn**-+Fe®* (850 kev), 
and F®—Ne” (1630 kev) are visible. Below the spectrum the 
limits of the eight counting channels have been marked with 
artificial pulses, regulated automatically to the proper pulse 
height for each pair of adjacent channels. 


B Spectrum.—Na targets 0.5 mm thick, covered with 
cellophane foil, yielded satisfactory counting rates in 
the 8-ray counter. Decay analysis permitted to separate 
the Ne* spectrum from that of F* and to use the latter 
for energy calibration (5.41 Mev). We thus obtain an 
end point of 3.9+0.3 Mev for the Ne® 6 rays, in 
reasonable agreement with previous results.' 

Branching ratio.—The [By(0.3+0.55 Mev)/8] coin- 
cidence rate, measured between 90 and 150 sec after 
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Fic. 2. Decay of the y activity produced by a 1-min irradiation 
(average of 2 runs), as measured in the counting channels 2 and 
8. These two channels contain the photopeaks of 440 and 1630 
kev respectively. 


1-min irradiations, was compared with the coincidence 
rate produced by a Au'®® source. Since the y-counter 
sensitivity is nearly the same at 440 and 412 kev and 
the contributions of higher energy y rays are very 
small in both cases, the evaluation is straightforward. 
(36+4)% of the 8 rays from Ne” are thus shown to be 
in coincidence with 440-kev quanta, and for both 
8 transitions (to the ground state as well as to the 
440-kev level) log ft~5.2. Using the upper limits given 
above for the relative intensity of higher energy y rays, 
we conclude that log ft2 5.0 for any possible transitions 
to other levels in Na”™.® 

A detailed report will be published in Anales de la 
real sociedad espaniola de fisica y quimica (Madrid). 


6 When our experiments had been completed, an abstract on the 
same subject came to our attention: J. R. Penning and F. H. 
Schmidt, Bull. Am. Phys. Soc. 30, No. 5, 8 (1955). Absence of the 
F® contamination from their sources permitted these authors to 
identify a y ray of 1647 kev in the Ne* activity. Their results are 
essentially in agreement with ours. 
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Radiations from P*°, Cl**, and K**} 


Davip GREEN* AND J. REGINALD RICHARDSON 
Department of Physics, University of California, Los Angeles, California 
(Received September 6, 1955) 


Results are reported on the measurement of the radiations from the 2.55-min activity in P®, the 32.40 
+0.04 min activity in Cl* and the 7.7-min activity in K** by means of a large double-lens spectrometer and 
a Nal scintillation spectrometer. P® has a simple positron spectrum with end point at 3.24+-0.04 Mev and 
no gamma rays or conversion electrons. C]* has a complex positron spectrum with end points at 4.50+0.03 
Mev 2.48+0.07 Mev, and 1.330.10 Mev. K* has a simple positron spectrum with end point at 2.68-++0.04 
Mev and no conversion electrons. These results indicate an ft value for the ground (7'=1) state of Cl™ of 
3160+-120 sec, and indicate that the ground states of P® and K* are probably the T=0 states. 





HE odd-odd N=Z nuclei are of special interest in 
nuclear structure consideration because they 

have more than one T value among their low-lying 
states.'~* In addition, they furnish examples of positron 
transitions of the type 0-0 (no). This paper reports 
experimental measurements® on the beta and gamma 
radiations from three of these nuclei, P®, Cl*, and K*. 


EXPERIMENTAL TECHNIQUES 


A magnetic split-lens spectrometer’ utilizing a 
variable-width ring focus was used in these investi- 
gations. Sources were prepared by evaporating solutions 
on 0,0005-inch aluminum foil before bombardment in 
the UCLA FM cyclotron and had an average areal 
density of about 10 mg/cm’. All activities from the 
aluminum died out in less than a minute. This type 
of source preparation was necessary for the short-lived 
activities, particularly for the study of the 2.5-min P*® 
activity. Checks were made to be certain that the 
thickness of the source was not great enough to affect 
appreciably the shape of the 8-ray spectra in the region 
of interest here. The instrument was calibrated with 
conversion electrons from gamma rays of widely 
differing energies: the 0.6616-Mev gamma ray from 
Ba, the 1.278-Mev gamma ray from Ne”, and the 
4.43-Mev gamma ray from C”. The latter radiation was 
furnished by a RaD-Be source. The Ba®’* gamma 
ray was internally converted; the other two were 
externally converted in thorium foils. The calibration 
constant of momentum 2s coil current was found to be 
indeed constant within the uncertainty in the energy of 
the C”® gamma ray (0.02%). A scintillation spec- 


t Work supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 
* Now at Hughes Aircraft Company, Culver City, California. 
10. Kofoed-Hansen, Phys. Rev. 92, 1075 (1953). 
2 P, Stihelin, Phys. Rev. 92, 1076 (1953). 
3S. A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
1954). 
: 4 J. P. Davidson and D. C. Peaslee, Phys. Rev. 92, 1584 (1953). 
5 R. J. Finkelstein and S. A. Moszkowski, Phys. Rev. 95, 1695 
1954). 
*An abridged report was given by D. Green and J. R. 
Richardson [Phys. Rev. 96, 858(A) (1954) ]. 
7L. Ruby and J. R. Richardson, Phys. Rev. 83, 698 (1951). 


trometer was used to investigate the gamma-ray 
spectra of P® and K*. 


ps 


The most recent measurements on P® are those of 
Koester’ who found a half-life of 2.55+-0.02 min and a 
positron end point from absorption of 3.23+-0.07 Mev. 

In this experiment P® was produced by the 
P*!(p,pn)P® reaction in sources made by evaporation of 
water solutions of P,S; on }-mil aluminum foil backings. 
Chemical separation after bombardment was im- 
practical with this isotope because of its short half-life. 
Therefore a number of runs with the magnetic spec- 
trometer set at different currents were made to deter- 
mine whether conflicting half-lives were present. The 
activity was pure enough so that half-life runs extending 
over periods of at least six half-lives were possible. 
The average of five runs gives a value of 2.56-+0.15 
minutes which is in good agreement with the best value 
mentioned above. 

Data were taken on the positron spectrum of this 
isotope, using the magnetic spectrometer. The mean 
value of the positron end point obtained from Kurie 
plots of the four best runs is 3.24+0.04 Mev. 

As part of the general investigation of this isotope, a 
prolonged and careful search was made for a conversion 
line. This search was unsuccessful, which was to be 
expected in the light of calculations made by Kofoed- 
Hansen.! 

The first excited state of Si*® lies 2.32 Mev above the 
ground state and so the possibility of beta decay to this 
state from P® was investigated by looking for a gamma 
ray of this energy, using the scintillation spectrometer. 
No gamma ray was found, indicating that there is no 
appreciable branching in the beta decay from the ground 
state of P®, 


Cl34 


Ruby and Richardson’ using a spectrometer found 
three positron components in the 33-min decay of Cl™, 
with end point energies of 4.45, 2.58, and 1.3 Mev. 
Three gamma rays accompanied the decay, with 


®H. K. Ticho, Phys. Rev. 84, 847 (1951). 
°L. Koester, Z. Naturforsch. 9a, 104 (1954). 
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RADIATIONS FROM 


TABLE I. Beta spectrum from Ci*. 








Beta energy 


(Mev) Branching ratio 


0.47 
0.26 
0.26 





4.50+0.03 
2.48+0.07 
1.330.10 








energies of 0.145, 2.13, and 3.30 Mev and the 0.145-Mev 
line was strongly internally converted. Ticho* used a 
scintillation spectrometer to measure the gamma rays 
more accurately, and found them to be 2.10 and 3.22 
Mey, respectively. He also found a new gamma ray 
with an energy of 1.16 Mev. Stihelin® was able to 
produce by (y,m) reaction a 1.58-sec energetic positron 
activity which had to be assigned to Cl* and which 
from the previous work he deduced must be the ground 
state characterized by 0+ and T=1 with positron 
upper limit presumably the 4.45-Mev component 
mentioned above. It followed that the 0.145-Mev line 
was M3 radiation corresponding to a transition in 
Cl* from the (3+) 33-min isomer to the 0+ ground 
state and the experimental results of Ruby and Richard- 
son then yield an internal conversion coefficient of 0.14 
which is in reasonably good agreement with the theo- 
retical value for M3 radiation. 

Cl* was produced by the Cl**(p,pn)Cl* reaction. 
The half-life and beta spectrum were investigated with 
the magnetic spectrometer using aluminum foil-backed 
sources on which water solutions of NaCl were evapor- 
ated. Repeated half-life runs were made and analyzed 
by the method of least squares. Some of these runs 
extended over a period of eight half-lives. The mean 
value was measured to be 32.40+0.04 min. Results on 
positron component end points and branching ratios 
were in good agreement with those of Ruby and 
Richardson; they are summarized in Table I. 

In an effort to check the constancy of the ft-values 
of 0-0 transitions, the Cl* high-energy positron end 
point was redetermined in the following fashion. Four 
samples of pure NaCl were evaporated over hot 
tantalum filaments in vacuum on 3-mil aluminum foil 
backings covered by masks with a }-in. hole to define 
the target. Different targets were bombarded instead 
of rebombarding a single target, in order to see whether 
target thickness could influence the Kurie plot of the 
high-energy component. A least-squares analysis was 
made on each of the four Kurie plots. The results are 
summarized in Table II. 

The average of these values and the mean square 
deviation is 9.816-+-0.022, which, expressing the kinetic 
energy in Mev is 4.504+0.010. Making allowance for 
possible systematic errors, we consider that the end- 
point energy with an estimated maximum error may be 
written as 4.50+0.03 Mev. The Kurie plot for the upper 
part of the positron spectrum was found to be a straight 
line from 3.0 to 4.5 Mev using the allowed Fermi 
function Fo(Z,E). 
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TaBLE II. Results on the high-energy positron limit of Cl. 
Ep is the beta end-point total energy expressed in units of me’. 








Source No. Eo Deviation 





1 0.008 
2 9.847 
3 9.803 
4 


0.031 
0.013 
0.028 








K*# 


This isotope was produced by the K®(p,pn)K* 
reaction. The magnetic spectrometer was used to 
investigate the half-life and positron spectrum. Sources 
were made by evaporating water solutions of KI on 
aluminum foil backings. No conflicting activities were 
encountered. Half-life runs over periods of about seven 
half-lives were made at different energies in the spec- 
trometer, and gave a mean result of 7.70.3 min. 

The positron spectrum was investigated and one 
component with a straight-line Kurie plot was found. 
The average of the eight best runs gives a value for 
the end point of 2.68+0.03 Mev. 

A careful search for an internal conversion line gave 
negative results. This search was prompted by the fact 
that a very weak radiation above the 2.68-Mev energy 
seemed to be present with the 7.7-min half-life, indi- 
cating that perhaps a J=0, T=1 level is really the 
ground state of K**, as in the case of Cl*. Theoretical 
estimates indicate that the 0—0 transition from such a 
level would have an end-point energy of about 4.9 Mev. 
An upper limit for the branching ratio of the two 
components was experimentally determined on this 
basis as 0.006:1. This observation, together with the 
fact that no conversion line can be found indicates that — 
such a level must lie either above the J=3 level or not 
more than about 80 kev below it. This reasoning is 
based upon the assumptions that M3 radiation would 
be involved and that the transition probability would 
differ from that in C]* by the seventh power of the 
transition energy. 

The very small counting rate above the 2.68-Mev 
energy beta end point may be due to gamma-ray 
leakage through the spectrometer. Naturally, this 
leakage would have the same half-life as the 2.68-Mev 
positron spectrum. 

A scintillation spectrometer with an integral dis- 
criminator was used in an additional effort to determine 
whether positrons with an end point higher than 2.68 
Mev are emitted with the 7.7-min half-life. The dis- 
criminator was set to accept pulses corresponding to 
energies of 3.0 Mev and above, and a half-life run was 
made. Enough time elapsed between the end of the 
cyclotron bombardment and the start of the half-life 
run to insure that none of the 0.95-sec activity dis- 
covered by Stihelin was present. The half-life obtained 
was 4.6+0.4 min. The sample decay was followed down 
to the background counting rate, and no longer half-life 
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was evinced. It was concluded that the half-life obtained 
was due to pileup of pulses with lower energy; such 
pileup should display a half-life of one-half the 7.7-min 
half-life. 

The lack of an observed internal conversion line 
indicates that the 0+, T=1 level? probably lies above 
the J=3, T=0 level. This would require a positron 
end point for the 0.95-sec activity in K** of energy > 4.84 
Mev. In any case the above argument indicates that 
the energy of the transition is greater than 4.76 Mev. 


CONCLUSIONS 


The experimental results reported in this paper 
together with the half-life measurement of Kline and 
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Zaffarano” lead to an ft value for the ground (T=1) 
state of Cl* of 31604120 sec. This is in reasonably 
good agreement with the result for the other accurately 
measured 0-0 (no) transition in O*, namely 
ft=3275475 sec." 

In the other two cases (P® and K**), the experimental 
evidence indicates that the ground state is probably 
not the J=0, T=1 state. The log ft values in these 
cases are 4.8, for P® and 4.9. for K** corresponding to 
transitions from the T=0 states. 

We are indebted to Professor S. A. Moszkowski and 
Professor Byron T. Wright for helpful discussions. 


1 R. M. Kline and D. J. Zaffarano, Phys. Rev. 96, 1620 (1954). 
"J. B. Gerhart, Phys. Rev. 95, 288 (1954). 


NUMBER 2 JANUARY 15, 1956 


Mass-Ratio Method Applied to the Measurement of Z-Meson Masses 
and the Energy Balance in Pion Decay* 
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(Received October 3, 1955) 


We report a comprehensive series of measurements made on the 
masses of L-mesons produced by the 184-inch cyclotron. A general 
ratio principle of measurement is employed which largely elimi- 
nates systematic errors. The particular method that we have 
developed is described in detail. The theory of nonequilibrium 
particle orbits in the cyclotron field is worked out to provide 
formulas from which momenta may be calculated, and to obtain 
the momentum distribution functions determined by the target 
and detector dimensions. The energy-loss processes in nuclear 
track emulsion, which is used as a stopping material and detector, 
are studied and the range-momentum exponent g is found. Several 
small corrections to the mean range are made. A number of range 
straggling effects are evaluated. The theoretical distribution of 
the quantity Rp? (R being the range and » the momentum) is 
studied, and the first three moments of the distribution are calcu- 
lated explicitly. The distribution is found to be closely gaussian. 
From the theory of the distribution of Rp~*, the best estimate and 
the statistical uncertainty of the mass ratio (e.g., of meson to 
proton) are evaluated. A number of effects influencing the ratio 
are studied, but all the corrections found are very small. The 


L INTRODUCTION 


HE determination of pion and muon masses 
presented special problems which slowed the 
convergence of the numerous early measurements.! 
One of the various reasons that precision is difficult to 
attain is that no known comparison particles with 
approximately the same specific charges as those of 
L-mesons are available, so that we cannot utilize 
doublets analogous to those of atomic mass spec- 
trometry. Therefore, absolute measurements of quanti- 
ties determining the mass usually were employed. 
* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
1 Many of the earlier measurements are reviewed in: J. A 


Wheeler and R. Ladenburg, Phys. Rev. 60, 754 (1941); C. F. 
Powell, Repts. Progr. in Phys. 13, 350 (1950). 


measurement of the momentum acquired by the muon when a 
pion decays has also been treated. Several important relations 
connecting this quantity with the particle masses are then intro- 
duced. Apparatus developed for the application of the ratio 
principle is described. A number of experiments in which mesons 
and protons of similar velocities were detected in the same nuclear 
track plate are reported. Each experiment was repeated a number 
of times. The measurements of particle ranges and orbit param- 
eters, the magnetic field measurements, the dimensional tolerances, 
the calculations, and other important details are discussed. 

The following mass ratios are reported: ++/proton=0.1488; 
+0.00011, r—/r*=0.998+-0.002, x*+/u*= 1.321+-0.002. The center- 
of-mass momentum acquired by the muon in positive pion decay 
was measured as 29.80+0.04 Mev/c and its energy, 4.12+0.02 
Mev. All the results are consistent if the rest mass of the neutral 
particle in the pion decay is zero. With this assumption, the 
measurements further imply that the positive pion-muon mass 
difference is 66.41+0.07 electron masses. The derived masses, in 
units of the electron mass, are: *=273.3+0.2, r-=272.8+0.3, 
u*=206.9+0.2. 


It was noticed,?~" however, that the mass normalizes 
a number of measurable quantities so that when divided 
by the mass, they become functions of the velocity 


? The development of this mass-ratio method has been partially 
reported in references 3~11. 

3 W. H. Barkas, University of California Radiation Laboratory 
Memorandum, May 12, 1949 (unpublished). 

‘W. H. Barkas, Proceedings of the Echo Lake Cosmic Ray 
Symposium, June 23, 1949 (unpublished). 

5 Barkas, Smith, and Gardner, Phys. Rev. 82, 102 (1951). 

6 Birnbaum, Smith, and Barkas, Phys. Rev. 83, 895(A) (1951). 

7W. H. Barkas, Am. J. Phys. 20, 5 (1952). 

§ Smith, Birnbaum, and Barkas, Phys. Rev. 91, 765 (1953). 

° W. H. Barkas, University of California Radiation Laboratory 
Report UCRL-2327, 1953 (unpublished). 

© F. M. Smith, University of California Radiation Laboratory 
Report UCRL-2371, 1953 (unpublished). 

4 Wallace Birnbaum, University of California Radiation Labo- 
ratory Report UCRL-2503, 1954 (unpublished). 








MASS-RATIO METHOD 


alone. For particles of the same charge, the energy 
(total or kinetic), the momentum, the range, the total 
ionization, the reciprocal of the mean scattering angle, 
and the range variance are such quantities. For nuclear 
track emulsion, further quantities of this sort are 
obtained from the several different measures of the 
total amount of developed silver in the track.!* The 
frequent appearance of the mass as a scale factor sug- 
gests a means for determining the ratio of the meson 
mass to that of a comparison particle from relative 
measurements. For example, if the ratio of meson 
momentum to proton momentum is adjusted to be 
equal to the ratio of the mean meson range to the mean 
proton range, then the velocities are equal, and the 
mass ratio is equal to the ratio that is common to the 
ranges and momenta. The same argument applies for 
any pair of quantities each of which can be expressed 
as a product of the mass and a function of the velocity. 

Perkins" first suggested such a principle for deter- 
mining ratios of meson masses from the observed 
numbers of developed grains in emulsion tracks as 
functions of the residual range. The derived mass in 
this example is unfortunately very sensitive to counting 
errors, which may be both statistical and systematic, 
so that the grain count and residual range are not the 
most satisfactory pair of observable quantities for 
application of this principle. For use with existing 
techniques, the momentum and the range in emulsion 
are the most satisfactory quantities in spite of the 
inherent limitation set by range straggling. An im- 
portant feature of our analysis is the selection for 
statistical treatment of a function of the measured 
quantities whose distribution is substantially normal, 
and of which the moments are calculable. 

Prior to this measurement program, there had been 
considerable development of range and momentum 
methods® for determining particle masses, particularly 
by R. B. Brode and his collaborators. Because it was 
necessary for them to use cosmic rays, however, they 
did not enjoy a number of advantages that are gained 
when one can work with controlled particle sources in 
vacuum while using the strong and extensive magnetic 
field of the cyclotron for momentum measurements. 
Range plus ionization’ measurements, and range plus 


12 Some of the early meson mass measurements by grain count 
and range were made by the following: Lattes, Occhialini, and 
Powell; Proc. Phys. Soc. (London) 61, 173 (1948) ; L. Van Rossum, 
Compt. rend. 228, 676 (1949); and J. K. Bowker, Phys. Rev. 78, 
87 (1950). 

13 R. B. Brode, Revs. Modern Phys. 21, 37 (1949); Phys. Rev. 
75, 904 (1949); W. B. Fretter, Phys. Rev. 70, 625 (1946); J. G. 
Retallack and R. B. Brode, Phys. Rev. 75, 1716 (1949); Merkle, 
Goldwasser, and Brode, Phys. Rev. 79, 926 (1950); G. M. 
Nonnemaker and J. C. Street, Phys. Rev. 82, 564 (1951); C. 
Franzinetti, Phil. Mag. 41, 86 (1950); I. Barbour, Phys. Rev. 78, 
518 (1950); G. Ascoli, Phys. Rev. 90, 1079 (1953). 

4 Examples: E. J. Williams and E. Pickup, Nature 141, 648 
(1938); D. R. Corson and R. B. Brode, Phys. Rev. 53, 215, 773 
(1938); and J. C. Street and E. C. Stevenson, Phys. Rev. 52, 
1003 (1937). 
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scattering’® measurements, as well as a few observations 
of momentum and momentum loss, momentum and 
electron collision, etc., have also been used to estimate 
meson masses. 

Parallel to the application of direct means for 
measuring meson masses, precise indirect methods have 
recently been developed which invoke the conservation 
laws for processes in which the meson is created or 
destroyed or which depends on calculations of the 
energy states of the meson in a mesonic atom. Such 
methods ultimately may provide measurements of the 
highest precision, but it is important to insure at the 
outset that the phenomena themselves are fully under- 
stood. Agreement of indirect results with those ob- 
tained directly may be put forward as strong evidence 
for the correctness of the hypothetical reaction (and 
equally for the validity of the assumptions employed in 
the direct method). Examples of such indirect meson 
mass measurements are the following: (a) mass of the 
u* meson from the end point of its positron spectrum"; 
(b) mass of the + meson by analysis of its production in 
proton-proton collisions'?; (c) mass of the #~ meson 
from the energy of photons associated with its capture 
in hydrogen'*; and (d) masses of negative mesons from 
energies of mesonic-atom x-ray transitions.” 

Aside from the intrinsic importance to be attached 
to knowledge of the meson masses, the mass-energy 
balance is an obvious test of the correctness of the 
assumed decay process. Into the conservation equations 
for pion decay enter not only the masses but also the 
center-of-mass muon momentum. As part of this com- 
plete report we have, therefore, included measurements 
of this quantity in addition to mass-ratio measurements. 
A study has been made of the energy balance of the 
pion-muon decay scheme, #+—y*+ ». All the mass and 
kinetic-energy relations connected with the dynamics 
of the decay contain the mass ratio and the c.m. mo- 
mentum acquired by the muon at the time of creation. 
This phase of the work yields a precise value for the 
positive pion-muon mass difference, and a new upper 
limit for the mass of the neutral particle v. 


15S. Lattimore, Nature 161, 518 (1948); and Goldschmidt- 
Clermont, King, Muirhead, and Ritson, Proc. Phys. Soc. (London) 
61, 183 (1948). 

16 Leighton, Anderson, and Seriff, Phys. Rev. 75, 1432 (1949); 
A. Lagarrigue and C. Peyron, Compt. rend. 233, 478 (1951); 
Davies, Lock, and Muirhead, Phil. Mag. 40, 1250 (1949); 
Bramson, Seifert, and Havens, Phys. Rev. 88, 304 (1952) ; Sagane, 
Gardner, and Hubbard, Phys. Rev. 82, 557 (1951); and Sagane, 
Dudziak, and Vedder, Phys. Rev. 95, 863 (1954). 

17 Peterson, Iloff, and Sherman, Phys. Rev. 81, 647 (1951), 
and W. F. Cartwright, Phys. Rev. 82, 460 (1951). 

18 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951); 
and K. M. Crowe and R. H. Phillips, Phys. Rev. 96, 470 (1954). 

19 M. B. Stearns e/ al., Phys. Rev. 97, 240 (1955) ; 96, 804 (1954) ; 
95, 1353 (1954) ; 93, 1123 (1954); Koslov, Fitch, and Rainwater, 
Phys. Rev. 95, 625 (A) (1954); Camac, Platt, and Schulte, Phys. 
Rev. 89, 905 (A) (1953); 88, 134 (1952); A. D. McGuire e¢ al., 
Phys. Rev. 95, 625 (1954). 
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II. OUTLINE OF METHOD 


The principle of the mass-ratio method is sketched 
in this section; the detailed treatment of each phase of 
the analysis is taken up as a separate topic. 

The theory” of energy loss of a charged particle 
penetrating matter leads to the expression 


dT/dR= (8). (1) 


This form is valid in good approximation for the mean 
rate of energy loss by all particles that carry the same 
charge and that are massive compared to the electron. 
In Eq. (1), (8) is a function of the particle velocity, 
R is the residual range, and T is the kinetic energy. 
Since T is equal to the rest mass, yo, times a function 
of the velocity, Eq. (1) can be integrated. One obtains 


R/wo=G(8). (2) 


A number of small corrections to Eqs. (1) and (2) 
are disregarded for the moment. They are treated later. 
Since the velocity is a function of p/uo, where p is the 
particle momentum, one can also write 


R/wo= F (p/uo). (3) 


In our experiments, Ilford C2 emulsion was the 
material in which ranges were measured. Converting 
the range-energy relation for protons in emulsion to a 
range-momentum relation, one finds that the proton 
data can be expressed by 


R=cp*. (4) 


The exponent g is a slowly varying parameter which 
remains remarkably constant, with a value of about 
3.44 for protons of 25 to 40 Mev. 

Combining Eqs. (3) and (4), one obtains 


R/M=c(p/M)*, (S) 


where M is the mass expressed in units of the proton 
mass. 

In determining a mass ratio, one eliminates ¢ by 
measuring ranges of test particles (e.g., pions) and com- 
parison particles such as protons in the same nuclear 
track plate. Priming quantities associated with the 
comparison particle and taking its mass to be unity, 
one obtains the following expression for the unknown 
mass: 


M**= R/R'(p/p')~*. (6) 


It is important to notice that when we have the 
ratio R/R’= p/p’, a special situation exists in which M 
must be equal to this ratio no matter what value of ¢ 
is assumed. This condition is attained when the velocity 
of the test particle is that of the comparison particle. 
In principle this equality can be approached experi- 
mentally by a method of successive approximations.” 

”H. A. Bethe and J. Ashkin in Experimental Nuclear Physics, 
— . E. Segré (John Wiley and Sons, Inc., New York, 1953), 


*t Such a procedure was carefully worked out by the late Dr. 
Eugene Gardner. 
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In Eq. (6), only the ratios of ranges and momenta 
appear. Important systematic errors are eliminated by 
the mass-ratio method when the ranges of both types 
of particles are measured in the same body of stopping 
material and when both momenta are measured in the 
same magnetic field. 

For the statistical treatment of the data, a function 
of the measured quantities is sought that is distributed 
almost normally and with calculable moments about the 
mean value. Such a quantity [see Eq. (6)] is the 
particle range divided by the gth power of its apparent 
momentum. The value of g is determined by the condi- 
tion that the expectation value of the quotient not 
depend on the momentum in the velocity interval 
selected for the measurements. From the ratio of such 
expectation values for different particles at nearly 
equal velocities, one obtains a measure of the ratio of 
their masses which does not depend on the exponent g, 
on the stopping material, nor on the absolute value of 
the magnetic field employed to measure the momenta. 


Ill. PARTICLE MOMENTUM 
A. Orbit Calculations 


In order to find particle masses by this method, one 
must measure momenta with good accuracy. The 
following calculations apply to all particles of charge e. 
The discussion, when it must be specific, relates to the 
situation in which the source of particles is a small 
target bombarded by the internal cyclotron beam, and 
particles emerging from the target are detected in 
nuclear track emulsion. One can observe the point 
where the particle enters the surface of the emulsion. 
He can also measure the angles describing the direction 
of particle motion at the point of detection. With the 
empirically known magnetic field intensity function, 
these data are sufficient to determine the momentum, 
but because the field is not uniform, the precise calcu- 
lation of the momentum requires a somewhat elaborate 
treatment. 

It is simplest to describe the particle motion in 
cylindrical coordinates (r,,z) coaxial with the cyclotron 
field (see Fig. 1). The cyclotron field is assumed for 
these calculations to have axial symmetry. The validity 
of this assumption must be verified by appropriate 
measurements. First one considers orbits confined to 
the median plane, where the magnetic field intensity is 
a function only of r. Then particles with small mo- 
mentum describe trochoidal*”® paths reaching a mini- 
mum radius R; and a maximum radius R; (the libration 
limits). Let (71,61) be the point of origin (the target) 
and (72,62) the point of detection. The quantity 
(rd@/dr)2 is also obtained from the direction of the 
track at the point of detection. The dynamical problem” 
is then treated by introducing the Lagrangian for the 


2 J. Thibaud, Phys. Rev. 45, 781 (1934). 
3 W. H. Barkas, Phys. Rev. 78, 90 (1950). 
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particle motion: 


r+r%g? 4 


L=— ws |+wos f rH(r)dr. (7) 
0 


Now 7?-+17¢?= 6c? is one constant of the motion. 
Since ¢ is an ignorable coordinate, (d/dt)(@L/d¢)=0, 
and 

bor? 


(1-8)! 


is also a constant of the motion. If we define tand 
=<dr/rdd, this constancy is expressed by 


+(e/ of rH (r)dr 


1 r 
r cOosA=ri cosk—— f rHdr, (8) 
K 


where for the momentum poSc(1—8?)—4[ = (e/c)Hp |, we 
have written (e/c)K. Since the point of detection lies 
on the orbit, we obtain 


T2 
J rHdr 
Tl 


K= : 
1, COSA1— 2 COSA» 





In this expression everything is observable except Aj. 
The equation of the orbit is 


" cota 
——dr, 
Ri f 


in which A is the function of r given by Eq. (8). 

The poles in the integrand may be avoided and the 
integration carried out® by introducing a parameter r 
given by 

cost = (R.2+R?— 2r?)/(R2— 


The integrated form of the orbit is 


(11) 


Po sint ~ . 
¢=arc sin +aor+ > a, sinnr. 


n=] 


r 


The a, and po are defined below. If the magnetic field 
between R; and R; is described by an even polynomial 
in r (that odd powers do not enter may be inferred 
from the behavior of the cyclotron field at r=0) as 
follows: 


(H(r)— 


then 


Ho \/Ho=hot he? +heg*: + -hor’"=h(r), 


Re 


Reo 2 
f rhdr=0 when Hy»=——— f 
R R2—R;? Ri 


1 


rHdr. 


Now po=(R2:—R:)/2, so Hopo=K. We also define 
R=(R1+R;)/2. In terms of these quantities the a, may 
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CYCLOTRON 
CENTER 


Fic. 1. Diagram illustrating the trochoidal type of median- 
plane orbit followed by a charged particle in the radially de- 
creasing magnetic field of the cyclotron. The orbit is periodically 
tangent to the libration limits at radii R; and R2. The quantities 
needed for an analysis of the orbit are labeled. 


be calculated. Expressions for the first three follow: 


ado= po*Lht2+ 2hs(R?+ po”) +3 (R'+ 3R*po?+ po') 
—3po%h2—hahy(7R*po?+G6po')+ - - «J, 
qQ=-— Roel (4/3) l4— $h?+4heg (R?+ po?) ‘ 
— (6R?+ 10p0?)hohs+ +], 
a2=R°po'[$he— hala +++ J. 


The first term of Eq. (11) describes a circular orbit 
The second superimposes a precession around the axis 
of symmetry, and the Fourier sum adds an harmonic 
perturbation of the precessing circular orbit. The orbit 
is periodically tangent to the libration circles of radii 
Ry and Ro. 

Equation (11) for the orbit may be used to evaluate 
\1 under arbitrary conditions; for approximately 180° 
bending in a slowly varying field, with ¢:=¢2.~0, 
the calculation is particularly simple. In this case, 
= Rri/n; w—2=R(x—72)/12; so A= (w—do+Ao), 
where \o~ $%(H2— H)/(H2+4A)). Then, from Eq. (9), 


f rHdr 
r1 


§ [ri cos(w—Ao+Ao) +72 cos(—Xz)] 


In Eq. (12), all quantities needed to determine K are 
measurable. A bending of ~180° also enables one to 
measure momenta with the minimum error, as, in first 
approximation, the diameter of the orbit is observed 
directly, and the derived momentum is insensitive to 
the observed angle, As. 

To simplify the momentum calculations one intro- 
duces a rectangular coordinate frame with the x-axis 
lying along a radial line extending toward larger radii 
and with the z-axis parallel to the field axis. The origin 
is at the center of the target and measurements are 
made with apparatus constructed so that the center of 
the detecting plate lies along the line z= — 2» in the xz 
plane. The angle 6’, defined below, and xo, the x-coordi- 


(12) 
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nate at which the orbit crosses the x-axis, are then 
found with negligible error from the track position and 
direction. 

For a particle starting at the center of the target, 


ritzo 
f rHdr 
r1 (13) 





K= ; 
[71 cos(@’+Xo)+ (r1+20) cos” ] 


In this expression, 6’ is the angle to the y-axis measured 
in the xy plane at which the orbit crosses the x-axis; 
# is positive when the orbit has not yet reached the 
outer libration limit. In our experiments, Apo is entirely 
negligible for the meson orbits but not for the proton 
orbits. For mesons, therefore, 


rit+zo 
sec’ f rHdr 
® (13’) 
(2r; a Xo) ' 


K= 





If the angle of the orbit to the median plane (the xy 
plane) is y, then (e/c)K secy is the total momentum of 
the particle. A nominal value of y is yo=arc tan(2z9/mx0). 


The quantity 
ritzo 
SeCYo f rHdr 


Tl 


4 riag ris) 


may be expressed graphically as a function of xo, so that 
the momentum calculations become much simplified. 

Some attention must be given to the constancy of the 
component of particle motion perpendicular to the 
median plane. In our experiments this component of 
velocity is always small and the composition of it with 
the component parallel to the median plane is accom- 
plished in multiplying eK/c by secy, where y has been 
assumed constant along the orbit. To test the validity 
of this procedure, it will suffice to estimate the deviation 
from constancy of the velocity component perpendicular 
to the median plane. 

If Z; is the initial component of velocity parallel to 
the z axis and Az is the maximum change in this com- 


POINT AT WHICH ORBIT ENTERS 
EMULSION (Xp,¥p,~Zor€ Ye) 


POINT OF ORIGIN 


(%,,% 2s) (Xo,0,-Z)) 





CENTRAL RADIAL LINE j 


i id 
TARGET 


| 
FIOUCIAL LINE 














Fic. 2. Schematic diagram of a particle orbit extending from 
the target and terminating on the plate. The point at which the 
particle originated (x,,y:,2,), and the point at which it is detected 
(x2, Y2, —20—€y2), are shown. The quantity e is the tangent of 
the angle of tilt of the plate, and the coordinate system employed 
is a local rectangular frame with origin at the center of the target. 


BARKAS, BIRNBAUM, AND SMITH 


ponent, then it is readily shown that 
| Az/21| + (x/2—1)pon/R, 


where n= —(r/H,)0H,/0r. Here n has been assumed 
constant. Actually it varies slowly, but it has a maxi- 
mum value in our experiments of 0.07, so even for 
proton orbits with po~R/3, the maximum deviation 
from constancy of 2 is not more than 1%. Therefore 
one can safely treat the two components of velocity as 
independent. 


B. Finite-Target and Detector Effects 


The apparent momentum ? is calculated on the 
assumption that the particle starts at the center of the 
target and that its orbit crosses the xz-plane at a 
definite height (—2o) with y=yo. The target has 
usually been made in the form of a rectangular parallelo- 
piped of finite dimensions 2a, 26, and 2c in the x-, y-, 
and z-directions, respectively. Furthermore, particles 
are accepted for measurement with 6’ lying in a finite 
interval, and they strike the surface of the emulsion 
anywhere in the searched area, which is symmetrically 
located with respect to the x-axis. Particles with a 
distribution of true momentum #, therefore contribute 
to the group with apparent momentum p. Consequently, 
one must study the function U(p:,p), which gives the 
probability U(p,p)dp: that the true momentum lies 
between p; and ~:+d 1, when the apparent momentum 
is p. The question may be treated in a general manner 
by calculating 


(p")= f pr'U(pup)dpr=pr(1+e,). (14) 


In the design of the experiments the w, are made as 
small as possible. They are evaluated as follows: With 
the origin at the center of the target, the orbit is 
assumed to begin at the point (%1,¥1,21) and is observed 
to cross the x-axis near the outer libration limit at 
x= 29, making an angle 6’ with the y-axis. The emulsion 
surface is assumed to lie in the plane z= —zo— ey with 
xo>>zo and e1. The particle is observed to enter the 
emulsion at a point having a y coordinate equal to yz as 
illustrated in Fig. 2. The w, have been calculated’ for 
each experimental situation by first expanding the 
expression for the mth power of the momentum 
through terms of third order in the small quantities 
Zo/x0, x1/X0, ¥1/%X0, 21/%0, yo/xo, 6’, and ¢«. Then the 
appropriate mean values are introduced. 

The distributions of & and y2 are observed. The 
distributions of x, yi, and 2; can be inferred from the 
geometry of the target and other information relating 
to the problem. For u*+ mesons coming from the target," 
all the particles are assumed to arise from the decay of 
a+ mesons that stop in a very thin layer on the surface 
of the target. Because the only muons accepted for 
measurement are those which have nearly the charac- 
teristic decay velocity, such particles could not have 
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emerged from deep in the target. No negative values 
of @ can be associated with muons coming from the 
surface x=-+-a, and no positive values of # are associ- 
ated with muons coming from the surface x= —a. One 
actually observes a number NV+ with @’ positive and N~- 
with @ negative. For protons and pions it is assumed 
that the orbits start with equal probability anywhere 
in the target. This is a justified assumption because 
on the one hand measurements of the radioactivity 
throughout the target show the activity to be uniform, 
and on the other hand the nature of the low-energy 
pion spectrum is fairly well described by stating that 
the number of mesons per unit range interval is approxi- 
mately constant. The energy loss in the target, then, 
has little effect on the distribution of positions from 
which the mesons come. In all cases the finite-target 
effects are small, and for the protons, as will be shown, 
they are almost completely negligible. 


IV. PARTICLE RANGE 
A. Energy-Loss Processes 


Three effects contribute to the average rate of energy 
loss of a charged particle penetrating matter. For our 
experiments they are, in ascending importance, (a) radi- 
ation loss, (b) energy loss to nuclei, and (c) energy 
loss to electrons. We must examine these processes in 
sufficient detail? that we may make appropriate cor- 
rections where necessary to the basic equations (1) and 
(2). 

1. Energy Loss by Radiation 


The initial velocity was selected to be about 0.27c. 
For such a velocity the total energy loss by radiation 
is about 1.5X10~® Mev irrespective of mass.™ It is an 
entirely negligible part of the total energy lost in 
coming to rest. 


2. Energy Loss in Nuclear Collisions 


The energy loss in nuclear collisions? is about (M/100) 
Mev (M being the mass in units of the proton mass). 
This does not alter the form of Eq. (1), and the whole 
effect is small in any case, so no special allowance for 
the energy loss to nuclei is required. 


3. Energy Loss to Electrons 


Interaction with electrons is the predominant energy- 
loss process for fast charged particles penetrating emul- 
sion, and here the Bethe-Bloch theory”:*® expresses the 
rate of energy loss quite well. At low velocities no known 
analytic expression is strictly correct. The initial particle 
velocity chosen by us is higher than that of any of the 
stopping electrons except the K electrons of Br, Ag, 
and I. Consequently, the theory has reasonable validity. 
However, one of the fundamental advances made in 

*W. Heitler, Quantum Theory of Radiation (Oxford University 


Press, Oxford, 1944), p. 172. 
5 L. Vigneron, J. phys. radium 14, 145 (1953). 
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this method of mass measurement is an avoidance of 
any real dependence on the nature of the stopping 
material or on a detailed theory of stopping. The 
existence of an explicit stopping formula is more a 
convenience than a necessity. 

For a composite material such as emulsion, the usual 
theoretical expression for the mean rate of energy loss 
of a fast particle to electrons becomes 


aT 4r/ e? \? 2mc? 
dx B? \ me? i vy 


1 8? exp(—8”) 
x 
(1+m/u)? 


(15) 


mc?/cm. 





1—6? 


In this expression J is defined by 


t+Vied 


where J; is the appropriate mean ionization potential 
of the ith type of atom in the emulsion. J;/Z; is a 
slowly varying function of Z. Using the data of Bakker 
and Segré,?* we determined J; graphically for each 
element in the emulsion from the curve of J;/Z; vs Z;. 
Assuming the stated composition of Ilford C2 emulsion, 
we found J to be 270 ev. 


B. Sign Dependence of Stopping Cross Section 


In a preliminary report we called attention® to the 
possible difference in stopping cross sections for par- 
ticles of opposite sign. The late Professor Enrico Fermi?’ 
provided us with an estimate of this difference. The 
result of his calculation is to raise the apparent mass 
of the negative pion in our experiments by 9 parts 
in 10. We make this correction in the final results 
quoted in this paper. 


C. Determination of the Momentum Exponent 


Suppose protons of momentum /; have a mean 
range R;. Then we may write the momentum-range 
relation in the vicinity of the point (p:,R;) as R/R; 
= (p/pi)", and, regarding g as a function of 8, 


*(=) 
~ R\dp 


B? 


dT B Bdg 
CT i 
dR 0 (1—87)!(dT/dR) 

26 C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 

27 Communicated in a letter dated October 8, 1953, to W. H. 
Barkas. Professor Fermi pointed out that the Mott theory of 
scattering [see G. Wentzel, Handbuch der Physik (Verlag Julius 
Springer, Berlin, 1933), Vol. 24, Sec. 1, p. 708] may be applied to 
the scattering of negative electrons by both negative and positive 
mesons (in the coordinate frame in which the meson is at rest). 
He found in this way that the average impulse transmitted to the 
negative meson is less than that received by a positive meson. 
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TABLE I. Computed values of g. 








T (Mev) 10 15 20 25 30 35 40 45 


qn =: 3.356 3.447 3.446 3.440 
Qvig. 3.41 3.465 3.461 3.456 





3.43 
3.45 


3.40 3.43 3.444 
3.44 3.460 3.465 








The quantity d7/dR=—(dT/dx) depends on 8, J, and 
the effective density m, of electrons. One or both of the 
quantities m, and J must be regarded as a function of 8 
when fc is comparable to the velocity of any of the 
emulsion electrons. A semiempirical evaluation of the 
energy loss function in emulsion has been made by 
Vigneron.” He states that the value of J must be taken 
considerably higher than that implied by the data of 
Bakker and Segré. He extrapolated the proton range 
curve to energies beyond the accurate measurements 
known to him, using a value of J=332 (+25) ev in the 
high-energy region. His calculations predict precisely 
the proton range (4580+18 microns) at 33.64 Mev 
observed incidentally to the mass measurements re- 
ported here. At higher velocities, however, the measure- 
ments by Heinz** favor a mean ionization potential of 
276+ 28 ev. The behavior of g when J=270 ev is used 
in Eq. (15) is compared with g as determined from 
Vigneron’s data for protons in Table I. The stability 
of q is remarkable. The slope, dg/d7, passes through 
zero in the vicinity of the velocity interval employed 
for the mass measurements. In this region g depends 
only on J and is very insensitive to it. The mass calcu- 
lations were actually carried out using g=3.44 from 
an earlier estimate.’ Because the derived mass is insensi- 
tive to the value of g employed, it makes no difference 
in the results obtained whether 3.44 or 3.46 is adopted 
for the value of g. Since the Vigneron value of g and 
that obtained on assuming a value of J=270 ev are 
near the limits within which g may reasonably lie, an 
estimated error of 0.03 in g is adequate. 


D. Range Straggling 


The particle mass and momentum are connected 
through Eq. (5) with the mean range of the particle. 
Our experiments measure the distribution of a random 
variable, Rp~* (the normalized range), and the particle 
mass ratios are calculated from the observed mean 
values of such quantities. For the mass calculation to 
be trustworthy, however, it is necessary that one be 
able to account for all the significant contributions to 
the variance of Rp~*. In particular, it is important that 
the measured particles originate only at the target. 
Using our theoretical distributions of R and #, we are in 
a position to compare the expected distribution of the 
normalized range with that observed. In this way, 
contamination of the mesons with particles that could 
not have come from the target has been detected in the 
distribution of Rp~* observed in an earlier experiment.§ 


*8 QO. Heinz, Phys. Rev. 94, 1728 (1954). 


The background mesons had the effect of raising the 
apparent mass by an amount that exceeded the statisti- 
cal probable error of the measurements. Our present 
results, however, are understandable in terms of the 
known sources of variance. This is a satisfactory situa- 
tion for the reliability of the data, and it is submitted 
also as evidence that the mass values are discrete. 

A charged particle is brought to rest in matter by 
numerous collisions, chiefly with electrons. The number 
of these interactions per unit path and the amount of 
energy lost in each collision are governed by chance, 
so that the distances traveled by individual particles 
of a monoenergetic group in coming to rest will vary. 
The fact that emulsion is not a rigid homogeneous 
stopping material complicates this behavior, so that for 
a full understanding of the range straggling in emulsion, 
we carried out a supplementary investigation.” The 
contributions to the variance of Rp~* in a typical plate 
(No. 28 849) are quoted briefly in Table II. The total 
variance anticipated is found by calculating the sum 6} 
the squares of the separate straggling effects, each of 
which is discussed in reference 20. In our experiments, 
the emulsion distortion was measured in most of the 
plates. It seldom introduced an important contribution 
to the straggling. Where a distortion effect was detected 
in the mean range, corrections were made to the final 
mass values. (See Sec. VIII.) 

As pointed out by Lewis,®® the mean range is not 
given exactly by Eq. (2), but the right side of the 
equation is slightly dependent on the mass. The 
range is increased™ by the factor 1+¢, where 
e:~0.41/(T(dT/dR)). In this expression e; is dimen- 
sionless, T is in Mev, and R in cm. This effect, which is 
closely related to the range straggling, has been evalu- 
ated and the appropriate correction (which is very 
small) made in the mass calculation (Sec. VIII). For a 
particle whose mass is very large compared to that of 
an electron, we write Eq. (5) in the form 


R/M=co(p/M)%. 


Then g and gp will differ by ~ p:de;/dp;. In our experi- 
ments this is only about 10~ for mesons, so that 
correction of q for this effect is trivial. 

A statistical effect extending the mean range, similar 
to the Lewis effect, arises from the heterogeneity of 
the emulsion. This range extension has also been esti- 
mated. It is a very small fraction of the range when the 
range is large, only about 0.1 micron. It has been 
neglected. On the other hand, a correction of 0.9 micron 
has been made for the finite grain-spacing effect.” 

A further effect on the mean range and on the 
apparent range straggling is introduced if the factor by 
which the emulsion shrinks in processing is incorrectly 
estimated. If Sp is the correct shrinkage factor and the 
shrinkage factor assumed is S, then we symbolize the 


® Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 
*» H. W. Lewis, Phys. Rev. 85, 20 (1952). 
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error in the shrinkage factor by AS=S— Sp». From an 
independent series of experiments*! we take S= 2.3, and 
for its uncertainty we estimate AS?=¢5?=0.01. 

These effects, which influence the mean range, lead 
us to distinguish between the ideal quantity R of Eq. (2) 
and the actual measured range Rj. 


V. STATISTICAL CALCULATION OF MASS RATIOS 


Equation (6) provides the basic formula for the 
calculation of the mass of a particle in units of the mass 
of a comparison particle. Measurements on a single 
meson track when compared with similar data from 
the track of another particle yield an estimate of their 
mass ratio, but because of range straggling, the finite 
target size, and the finite area of detector that must be 
scanned, the measurement of particle masses can be 
made with much higher precision if one understands the 
distribution of the quantity R:p~*. The empirical distri- 
bution function is found, of course, by measuring the 
track length R; and the apparent momentum #p for 
many particles. 

If we use the average value of the observed quantity 
Rip~ instead of Rp~* in Eq. (6), it leads to an apparent 
mass ratio M,, defined by 


Mi'*=(Rip-*)/{Ri'p’*), (17) 
where again the prime refers to the comparison particle. 
The connection between M, and the true mass ratio M 
can be obtained by utilizing the information we possess 
regarding the various distribution functions. 

As in Sec. III, let U(p1,p)dp1 be the probability that 
the true momentum lies between p; and ~:+d; when 
the apparent momentum is #. Also, let V(R1,p1)dR: be 
the probability that the observed track length will lie 
between R; and R;+dR, when the momentum is fi, 
and let W(p)dp be the fraction of the measured values 
of the apparent momentum which lies between » and 
p+dp. Then the mth moment of the distribution of 
Rip~* may be calculated: 


arro= ff a (p)U (p1,p) 


1 
XV(Ri,pi)dpdpdRi. (18) 


For carrying out the integrations, we define 


(p)= f pW(p)dp and o,?= f (p—(p))"W (p)dp. 


Both these quantities are obtained from the observed 
distribution of ». In our experiments o,&(p). We also 
note that the sign of the error in q is unknown, so 
(q—-go)=0. For the same reason we take (S—S»)=0. 
We describe the uncertainty in g by an estimated 
standard deviation o,, and in S by as. 


31 A, J. Oliver, Rev. Sci. Instr. 25, 326 (1954). 
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TABLE II. Percentage standard deviation of Rp~* for positive 
muons, positive pions, and protons at 8~0.27 in plate No. 28 849. 
Data quoted from reference 20. 








Macro- 
scopic 
Propor- distor- Calcu- 
Bohr tional tion u lated Observed 
Particle straggling straggling straggling straggling straggling straggling 


pt 4.0 1.0 1.3 0.0 4.3 4.6+0.4 
xt 3.5 0.9 0.2 0.7 3.7 3.7+0.4 
proton 1.35 0.36 0.16 0.24 1.42 1.5+0.3 


Momen- 











Then from Eq. (18) we obtain several quantities of 
interest : 
(a) The mean value of Rip~*, 


(Rip~*) =coM-*(1+e1+0,), 


where w, and e; have been defined above; 
(b) The variance o? of Rip, 


o*=(Rip-™)—(Rip 4)? 
=(p)-*Lon?+(Ri)*(w2q— 2un4) J; 
(c) The asymmetry A* of Rip~¢, 
A®= (Rip) — (Rip *X{Ri*p-™*) + 2( Rip), 


(19) 


(20) 


or 


At= Core] BeH(R (ou Sweet 3w, 


439(2 +=) (21) 
ee OAR" 


We then obtain for the mass, M: 
e:— ey Wg— Wa! : 
maar i+ (22) 
q-1 q—-1 
If there are m observations of Rip~* and n’ observations 
of Ri'p’~4, the variance oy? of this calculated mass is 


2 





oM 


M? | a a”? 


n(Rip-) n!(Ry'p'-*)? 


of {ts ¢y* xr) 
—( ~———-—--2r 


4 \(p)? (’)? 


~ (@-1)! 


+= (Gin’) —(sin’6’))? » (23) 


where (p)/(p’)=M (1+,1) and 6 and 4’ are the respective 
dip angles in the emulsion of the measured tracks as 
defined in reference 20. 

Since the observed distributions of 6’ and yz are 
employed in calculating the mass variance, it would be 
incorrect to make a further statistical allowance for 
observational errors in these measurements. 

Errors in determining the linear dimensions of the 
apparatus and the shape of the magnetic field distribu- 
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tion have not been included in Eq. (23). The experi- 
ments were designed so that these effects would not be 
large enough to affect the results by more than a few 
parts in ten thousand. 

We have assumed that the absolute magnitude of the 
electric charge of the various kinds of mesons is the 
same as that of the proton, and it has also been assumed 
that the stopping is solely an electromagnetic effect. 
Should these assumptions be inexact, this inexactness 
may be revealed by discrepancies between the results 
reported here and precise measurements made by 
other means. 

To obtain the pion mass in units of the muon mass, 
a ratio which we call a, one uses the equations above 
with the muon as the comparison particle. The groups 
of particles are measured in the same plate, and their 
momentum intervals are selected so that the ratio of 
their momenta is close to a. The ratio of the negative 
pion mass to that of the positive pion is found in an 
analogous manner. Although in these experiments the 
proton mass is usually taken as unity and the funda- 
mental positive pion/proton mass ratio is measured, it 
is a matter of convention eventually to express all 
results in electron mass units. 


VI. ANALYSIS OF PION DECAY 
A. Relations Derived from Conservation Laws 


A careful study of the energy and momentum balance 
of the assumed mode of pion decay not only tests the 
validity of the assumption, but also yields accurate 
meson-mass relations in terms of observable quantities. 
The pion, 7, is supposed to decay into a muon, yp, and 
a neutral particle, v, usually assumed to be a neutrino. 
The process of decay requires the sudden creation of a 
high-velocity muon which must be accompanied by a 
continuous photon spectrum. Therefore, kinetic energies 
of the muon from zero to the full energy 7» are possible. 
Several authors** have obtained expressions for the dis- 
tribution function P(7,W)dTdW, for the probability 
that the muon energy will lie in the interval dT and 
be accompanied by a photon with energy in the interval 
dW. Tf one integrates P(T,W)dTdW with respect to W, 
he obtains the probability Q(7)dT that the muon 
possesses a kinetic energy lying between T and T+dT. 
The ratio of the probability of soft-photon decay to 
radiationless decay for T<3.5 Mev is calculated to be 
=1.3 to 2.0X10~. Fry,* examining anomalously short 
muon tracks which cannot be explained by decay in 
flight, has obtained an experimental value for this 
probability of (3.3+1.6)X10~, which is in agreement 
as to order of magnitude. In any event, the probability 
of obtaining a “low-energy” » meson is very small. 
If one calculates the mean energy of the muon, allowing 


®H. Primakoff, Phys. Rev. 84, 1255 (1951); Nakano, 
Nichimura, and Yamaguchi, Progr. Theoret. a (Japan) 6, 
1028 (1951) ; T. Eguchi, Phys. Rev. 85, 943 (1952). 

BW. FP. Fry, Phys. Rev. 91, 1930 (1952). 
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for the presence of the complete bremsstrahlung spec- 
trum, it is found to be but a few hundred electron volts 
less than the radiationless value of ~ 4.1 Mev. Since no 
anomalously short-range tracks are included in the 
analysis given here, the effect of the inner brems- 
strahlung process is felt even less and is too small to be 
detected in our experiments. Therefore, the decay of 
the pion may be treated as a simple two-body problem. 
We write the relativistic equations for the conservation 
of energy and momentum for a pion decaying while at 
rest as follows: 


mc? = (porc?-+-m,2c*)*+ (p,2c?-+-m,2ct)! 
=m,c+T,+mc+T,, (24a) 


po= pr. (24b) 


For clarity we distinguish between the momentum , 
of a w meson coming from the target and entering the 
emulsion, and the momentum fp of the » meson acquired 
at the instant of its creation. 

From Eq. (24), 


=m,{a?+ 1—2al1+ (po/ 


with a=m,/m,. 

One eannot hope by measuring a, m,, and fo to 
obtain a value for the rest mass of the presumed 
neutrino with an accuracy comparable to that obtained 
in beta-decay studies, because, as shown in Eq. (25), 
the mass of the neutral particle is obtained from the 
difference of two comparatively large numbers. One 
can merely derive a new limit for the mass of the neutral 
particle and decide if there are any inconsistencies in 
the presumed mode of decay. 

On the other hand, certain quantities can be obtained 
which are very insensitive to the mass of the neutral 
particle if it is indeed quite small. Hence, assuming 
m,=(, we have several important relations as follows: 


‘myc)* }}', (25) 


1. Pion-Muon Mass Difference 


(26) 


2a 
“ae c). 


As is shown later, very good accuracy can be obtained 
in the estimate of the mass difference. This difference, 
coupled with the value of the mass ratio a enables one 
to derive absolute values of the positive pion and 
muon masses, independent of any other comparison 
particle such as the proton. 


2. Masses of the Muon and Pion 
2a? 


mM,=am,= 
at~ 


: (po/c). 


3. Kinetic Energy of the Muon 


(a—1)? 
poc=—————m, c’. 
a+1 2a 


a-—1 


To= 
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From the usual relativistic relations, one can also 
write the kinetic energy with no assumptions regarding 
the mass of the neutral particle, 


To= (porc?-+-m,2ct))— m,c?. (29) 


B. Absolute Muon Decay Momentum 


The conservation relations for the decay process 
involve the mass ratio a and the decay momentum fo. 
The details of determining a have been discussed, and 
we now concern ourselves with the evaluation of the 
other important parameter, po. 

The » mesons entering the detector from the target 
come from the decay of pions that stop in the target. 
They no longer have their full decay energy, owing to 
energy losses within the target. The ranges of « mesons 
created within the emulsion itself, however, also are 
measured. These mesons are referred to as ‘‘u completes” 
with momentum 0, while the muons coming from the 
target we term “‘p mesons” with momentum #,. 

Two methods involving the fundamental Eq. (6) are 
employed to determine fo. In the first method, the 
u completes are compared with the p mesons. Then the 
masses are the same. In Eq. (6) let p= po and p’= ,, 
with associated residual ranges Ry and R,, respectively. 
Solving for the absolute decay momentum, we get 


po= [Ro Rup eye, 


Now, however, the determination of an absolute value 
for po requires an absolute measurement of the magnetic 
field of the cyclotron. The velocities of the two sets of 
mesons are to be chosen as nearly equal as is consistent 
with having adequate statistics for the analysis. This is 
desirable, once again, to insure that the uncertainty in g 
not be a significant source of error. Using the mean 
range of the u completes as well as the mean value of 
the normalized range, R1,p,-*, and introducing the 
various corrections, one obtains 


(Ro) YG ew—e10 was 
p-[———] [14 (31) 
(Rus) q q 


The subscripts 0 and yu identify the groups of muons to 
which the symbols refer. 

If we define ¢ by the relation /= ((p,)— po)/ po, where 
(py) is the mean momentum of the p mesons that are 
selected for range measurements, the uncertainty in Po 
may be expressed by 


(30) 


1 TR” Oy o," Pu 
po RO, gp oa + +2) 
po® gq? no( Ro)? m,(Ryps*)? 4 \(p,)* 


os on? 
+“ F(sin’s,)—(sin*8)] |+— (32) 
S? H? 


where op,” is the observed variance or range straggling 
of mo u-complete events. The additional term, oy*/H?, 


represents the uncertainty in the magnitude of the 
absolute value of the magnetic field. 

In the second method, the mean range and mo- 
mentum of the u completes are compared with the 
ranges and absolute momenta of x mesons originating 
at the target and entering the emulsion detector. Again 
the velocities of the two particles are to be chosen 
approximately equal. Applying the fundamental Eq 
(6), we solve for po, obtaining 
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Thus, knowing the value of the mass ratio a from an 
independent study, we have another method for evalu- 
ating the absolute decay momentum of the muon. If we 
take (p,)/po=a(1—s), we now express the uncertainty 
in Po as follows: 
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where o,” measures the uncertainty in the value of the 
a/u mass ratio. 


Vil. EXPERIMENTS PERFORMED 
A. General Description 


Only the three final experiments of an extended mass 
measurement program are described in this paper. 
These were made with the 184-inch cyclotron. The 
program was directed specifically to measurements of 
particle mass ratios and the muon decay momentum. 
These experiments made use of apparatus and tech- 
niques developed in a long series of earlier experiments. 
The measured quantities are so inter-related that, taken 
together, the experiments provided rather complete 
information on the meson masses and the energy 
balance in positive pion decay. Some of the quantities 
were actually over-determined in the process. It should 
be understood, however, that the negative muon mass 
was not measured, nor was the decay of the negative 
pion studied. 

Experiment 1.—In this experiment, positive and 
negative pions and protons, all in the same velocity 
interval, were simultaneously detected in a single 
nuclear track plate. The experiment was carried out 
three times, yielding data on plates numbered 27 152, 
27 153, and 27 154. The information obtained enables 
one to calculate x+/proton and 2~/x* mass ratios. 

Experiment 2.—In this experiment conditions were 
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made favorable for comparing the masses of the positive 
pion and proton, but negative pions were not detected. 
The center-of-mass momentum of the muon, fo, was 
also measured by utilizing the measured r+/u* ratio 
from Experiment 3, along with the muon range Ry and 
the pion normalized range. Experiment 2 was carried 
out three times, yielding plates numbered 28 848, 
28 849, and 28 853. 

Experiment 3.—The 2*/y* mass ratio, a, was deter- 
mined by using pions and muons coming simultaneously 
from a single target to the detecting plate. By measuring 
pions of appropriately greater momentum, we obtained 
data for the two kinds of mesons at the same velocity. 
Also, by comparison of the ranges of muons created by 
the decay of pions in the emulsion with the ranges of 
muons coming from the target with measurable mo- 
mentum, the characteristic decay momentum fo was 
determined. This experiment was repeated five times, 
yielding data from plates numbered 25 957, 25 958, 
25 959, 25 961, and 25 967. 

The detector used in all these measurements was 
1- by 3-inch glass-backed nuclear track emulsion. Ilford 
C2 emulsion 200 microns in thickness was chosen be- 
cause its sensitivity was sufficient to detect the particles 
whose tracks were to be measured, and a greater thick- 
ness would have led to more error from the distortion 
and shrinkage effects. Emulsion is well suited to these 
measurements as it performs the functions of both 
absorber and detector. It provides visual evidence of 
the progress of the particle and thus allows an accurate 
determination of the éofal range. The fairly high 
stopping power permits absorption of particles of 
moderate energy within a relatively short distance. 
The different kinds of particles were rather easily 
recognized by their appearance in emulsion. Thus, each 
a+ meson was seen to decay into a muon on stopping, 
and for a particle to be accepted for measurement as a 
~ meson, it was required to make a star. 
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Fic. 3. Basic plan view of the apparatus for Experiments 1 
and 2, showing the two targets and the detector plate. The targets 
were not in place simultaneously during the bombardments. The 
surface of the emulsion was somewhat below the level of the 
circulating beam so that the particles entered the emulsion 
through the upper surface with a small angle of dip. 
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The magnetic field intensity of the 184-inch cyclotron 
decreases gradually and nearly linearly from a nominal 
value of 15000 gauss at the center to 94.6% of this 
value at a radius of 80 inches. Therefore, all particle 
orbits except the equilibrium orbits precess about the 
center of the cyclotron. The small orbits followed by 
particles in these experiments are trochoidal (see Fig. 1). 
Vertical oscillations also are present, and the median 
surface at which the radial component of the field 
vanishes is not precisely a plane, so that the level of the 
circulating proton beam varies as it expands radially. 
The beam loses stability at a radius of 81 inches and 
targets are not placed beyond this point. 

To take full advantage of the ratio principle, it was 
necessary that the particles be compared approximately 
at the same velocity. Since the velocity acquired by the 
muon when the pion decays at rest is fixed, all other 
particle velocities were matched to it, thus determining 
the apparatus dimensions. The velocity differences were 
small enough so that the uncertainty in g contributed 
only a negligible amount to the uncertainty of the mass 
ratios or to the absolute momentum measurement. 

All the experiments were carried out in darkness, as 
it was necessary that the plates be exposed without any 
wrapping. Light from arcs to the dee and light ema- 
nating from the hot cathode of the ion source caused 
trouble. The apparatus was designed, therefore, so as 
to shield the plates from light as well as from stray 
protons and neutrons. The curved channels in the 
shielding through which the particles to be measured 
reached the plates were blackened on the inside. 


B. Apparatus Details 


In order that the protons and mesons could all 
experience 180° focusing and reach a single plate at 
the same velocity, it was necessary to provide separate 
targets as sources for protons and mesons. The arrange- 
ment is shown schematically in Fig. 3 and in somewhat 
more detail in Fig. 4. This apparatus was employed for 
both Experiment 1 and Experiment 2. The difference 
between the apparatus for these experiments was chiefly 
in the construction of the plate holder and in the re- 
placement of the negative channel of Experiment 1 by 
copper shielding in Experiment 2. 

The particles, having left the target in a fairly flat 
downward-spiraling trajectory, entered the surface of 
the emulsion with a slight dip angle (which we called 6). 
The target-detector assembly was so constructed that 
a straight line from the center of the cyclotron passed 
through the centers of both targets and along the long 
axis of the plate. We called this the central radial line. 
For purposes of reference and calculation a local 
rectangular coordinate system was adopted with the x 
axis extending from the target along the central radial 
line. In the calculation of the momentum, it should be 
emphasized that the locations of the target and de- 
tector are considered with reference to two coordinate 
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Fic. 4. Detailed sketches of the top and side view of the appa- 
ratus for Experiments 1 and 2 mounted on the probe cart, showing 
(a) the proton target; (b) the stop for defining the amount of 
extension of the proton target; (c) elastic member which extends 
the proton target when (i) is not in contact with the lock door; 
(d) the pion target ; (e) the positive-pion channel; (/) the negative- 
pion channel; (g) the proton channel; (4) nuclear-track plate on 
top of the plate holder; and (i) the end of the extensible rod that 
contacts the airlock door. 


systems. The local reference frame has its origin at the 
center of the target. In this frame, the distance between 
the target and detector is known to high accuracy 
(~1 part in 10*), and the entire target-detector assembly 
remains fixed on its base for a particular exposure. The 
error in the target-to-detector distance introduces an 
equal percentage uncertainty in the momentum. The 
second frame of reference has its origin at the center of 
the cyclotron, for the absolute value of the magnetic 
field was measured as a function of the cyclotron radius. 
The proton probe cart carrying the target-detector 
assembly can be set at any desired radius to an accuracy 
of +4 inch. Since the inhomogeneity of the field in this 
region is about 10 gauss per inch, the error in the 
location of the cart gives an error in the momentum 
about one part in 104. 

Limitations of space and considerations of back- 
ground made it advisable to receive pions and protons 
on different parts of the plate. Consequently, after 
exposure to protons the proton target was removed and 
the entire assembly was moved two inches farther away 
from the center of the cyclotron so that the pions also 
would be received at 80 inches. This was chosen as the 
radius for reception of the particles in order to obtain 
the highest bombardment energy on the targets and 
yet confine the orbits to the region where the field 
varies slowly. 

The apparatus was carefully designed to avoid con- 
tamination by pions not from the target and by those 
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that scattered from the channel walls. The pion channels 
were built of copper around a central orbit 7 inches in 
diameter. The channels admitted orbits having angles 
up to + 10° with respect to the local y-axis. The channels 
were designed so that particles scattered from their 
walls could not enter the emulsion at an acceptable 
entrance angle and still lie near the chosen velocity 
interval. The proton channel was built around a central 
orbit 46.6 inches in diameter. The channel aperture 
allowed entry of orbits emitted within 2° of the y-axis. 
The walls of these copper channels were lined with 
polyethylene, with the idea that the scattering of par- 
ticles hitting the walls would be reduced. The channel 
assembly including the two targets and the nuclear 
track plate constituted the particle camera. 

The camera was built on a cart mounted on rails 
affixed to the end of a radial probe extending into the 
cyclotron vacuum chamber. The probe was a cylindrical 
shaft of brass which passed into an air lock through a 
vacuum seal in the door. When the air-lock door had 
been clamped into place and vacuum had been estab- 
lished, the door to the vacuum chamber was opened 
and the whole apparatus was inserted into the cyclotron. 
Because the dimensions of the necessary proton orbit 
were greater than those of the air lock, the proton 
target was mounted on an extensible rod which was 
retracted while the equipment was in the air lock. When 
the cart was moved toward the center of the vacuum 
chamber, the rod was extended (by means of a length 
of strong vacuum-hose rubber under tension) until it 
was brought up against a positive stop when the target 
was the proper distance from the plate. 

The target in which pions were produced (see Fig. 5) 
consisted of a small block of copper of width 2a=0.044 
inch, length 2/=0.238 inch, and height 2c=0.361 inch. 
The width was parallel to the central radial line and 
the length was parallel to the bombarding proton beam. 
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holder for Experiments 1 
and 2. 
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The holder was a thin 8-inch bar of brass with 1.25-inch 
arms projecting at each end. The target was suspended 
between the ends of these arms by means of 0.001- 
inch tungsten wire, which was under tension to keep 
the copper target in place. No orbits from the body of 
the target holder could terminate on the plate; no 
particles from the bottom of the channel could enter 
the surface of the emulsion; any particle that scattered 
from the top of the channel and entered the emulsion 
would have too large a dip angle to be accepted. The 
proton target was an 8-inch cylinder of 0.125-inch 
tungsten, fitted tightly into a vertical hole on the end 
of the extensible rod (see Fig. 4). It was firmly seated 
by means of a setscrew which clamped it into position. 
The effective height 2c of the target was obtained from 
the vertical spread of radioactivity over the cylinder 
after bombardment. The activity was found to be 
strong over a distance of 1.5 inches. Therefore c=0.75 
inch. The distribution of the bombarding beam must 
also be considered in pion production. There is a possi- 
bility of pion emission from the 0.001-inch tungsten 
wires that suspend the pion target. Consideration of the 
volumes involved, however, leads one to expect only 
one pion from the wire for every 1000 from the target. 
In addition, a mock pion target, consisting of four 10-mil 
copper pieces pressed together, was bombarded to check 
the radial distribution of the beam on the target. Each 
section when separated showed essentially the same 
induced radioactivity. 

The plate holder, designed for Experiment 1, was 
altered slightly to provide for a tilt of the plate in 
Experiment 2. It was made from a brass block 1 by 3 
by ? inch. Attached to the top edges were three small 
phosphor-bronze leaf springs, which served to align the 
detector plate with respect to the top of the holder as 
well as to clamp it tightly in place. 

Experiment 1.—Both positive and negative pions 
were to be detected; therefore, the top of the plate 
holder was in a horizontal plane. The height of the plate 
holder was governed by our choice of about 7° for the 
pitch angle +o of the central orbits originating from the 
center of the target. The center of the pion target was 
a distance 2 of 1.36 inches above the plane of the 
emulsion. The corresponding distance for the protons, 
however, was 0.61 inch (owing to the radial variation 
of the beam level). Thus yo for the protons was about 
0.5°. Accepted angles 6’ were from —10° to 10° for 
mesons and — 2° to 2° for protons. 

Experiment 2.—In this experiment positive pions and 
protons were observed. The pitch angle of the central] 
orbits was reduced in order to reduce the error in the 
momentum arising from the uncertainty in its vertical 
component. This was accomplished by raising the 
channel assembly (with the plate holder) 0.38 inch. 
However, we wanted the pions to have about the same 
angle of dip as before. Therefore a 2° slant toward the 
positive channels was put in the top of the plate holder. 
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The height 29 for pions was 0.98 inch and for protons 
0.23 inch. 

The positions of the targets with respect to the 
entrance points of the particles were established by 
means of fiducial marks photographed directly on the 
emulsion. This was accomplished with a slit system 
built into the plate holder. The system consisted of two 
cross-shaped slits spaced 2 inches apart with the center 
of each 0.5 inch from the edges and the adjacent end of 
the plate. The arms of the slits were aligned with the 
central radial line to better than 0.2° on a milling 
machine. Behind each of these slits was a small flash- 
light bulb. The bulbs were lighted for a few seconds 
after the detector plate was mounted (emulsion up) on 
the plate holder. A latent image of the slits was thereby 
left on the bottom surface of the emulsion. These lines 
not only give a permanent record of the exact position 
of the detector at the time of exposure, but also enable 
the investigator to locate quickly the proper regions of 
the plate to be scanned under the microscope (i.e., mo- 
mentum intervals that give approximately equal veloci- 
ties for the various particles). In Experiment 2, the 
accepted angular interval of 6’ was the same as in 
Experiment 1. 

The distances from the targets to the respective 
fiducial slits were measured with respect to lines in- 
scribed on a long brass measuring bar. The bar was 
aligned parallel to the central radial line and clamped 
tightly to the apparatus. Three lines had been inscribed 
on the bar: one was near the pion fiducial slit, another 
near the pion target, and the last near the proton target. 
The small distances from these objects to their adjacent 
scribe lines were measured with the targets in place by 
means of a micrometer microscope. The microscope was 
aligned so that its travel was parallel to the central 
radial line. The distances between the lines on the brass 
bar were measured to better than one part in 10000 
on a jig-boring machine. The distance between the pion 
and proton fiducial slits was measured separately with 
a traveling microscope. The pion fiducial slit was the 
principal reference slit. The proton fiducial slit was 
chiefly for the purpose of alignment. The uncertainty 
in the distances from the targets to the respective 
fiducial slits was ~1 part in 10 000. 

For Experiment 3, the proton target was not re- 
quired. The channels and meson target also were some- 
what different. (Actually Experiment 3 was performed 
before the other experiments and the target mount for 
Experiments 1 and 2 represents a somewhat improved 
form.) The target, channel, and plate assembly used 
for Experiment 3 are shown in Fig. 6. The entire 
apparatus was mounted upon a dura! base and placed 
on the cart. As in Experiments 1 and 2, considerable 
care was given to the establishment of the central radial 
line passing through the centers of the target and 
plate holder, and the critical distances were measured 
similarly. 

The meson target of copper had the dimensions 0.041 
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Fic. 6. Perspective view of the apparatus of Experiment 3. 


by 0.25 by 0.5 in. and was supported by a narrow 
copper stem. The target center was located at a height 
of 0.44+0.06 inch above the surface of the emulsion. 
A wedge-shaped carbon absorber was placed in the 
channel to shield the detector from mesons that origi- 
nated in the stem. 

Positive pions leaving the target with energies ac- 
ceptable to the defining channel spiral down under the 
influence of the cyclotron magnetic field and enter the 
detecting emulsion. Because of the channel width, the 
points of entry of the pions are distributed more or 
less uniformly over the entire plate. The positive pions 
that come to rest within the target decay into muons. 
The muons created near the surface of the target leave 
with only small energy losses and can be accepted by 
the channel, but since their momentum does not exceed 
po, they enter the emulsion in a more limited region of 
the plate. The pions reaching the detecting plate stop 
within the emulsion, giving rise to muons, approxi- 
mately 17% of which come to the ends of their ranges 
before leaving the emulsion. 

Previous estimates of the z/u mass ratio indicated a 
value of about 1.3. In order to apply the equal-velocity 
principle, we therefore chose the orbit diameters in 
this ratio. 

As described previously, the channels were so de- 
signed that any meson that scattered from the wall 
would either enter the detector with the wrong angle or 
would have a considerably lower or higher energy. Such 
mesons were separable from the main distribution by 
the range measurement. This is illustrated by Fig. 7, 
which shows the distributions of the normalized ranges 
of the mesons measured on a typical plate. A certain 
amount of decay in flight occurs that cannot be pre- 
vented from reaching the detector. In contrast to 
Experiment 3, no background mesons were found in 
Experiments 1 and 2. 

The detecting plate was mounted on a 1-by-3-inch 
plate holder having an inclination angle of 5° with 
respect to the horizontal xy-plane. It was similar to 
those used in Experiments 1 and 2, and the fiducial 
marking was carried out in the same way. Accepted 
angles 6’ were —11° to 11° for pions, and —15° to 11° 
for p mesons, 
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Fic. 7. Normalized range distributions from one of the plates of 
Experiment 3. Note that the small amount of background is well 
separated from the main distribution. (R; in units of microns and 
p in gauss-mm.) 


C. Exposures 


The exposures consisted of bombarding the various 
targets for 30 to 45 seconds with a circulating proton 
beam of about 10-7 ampere. The beam energy at the 
proton target was about 70 Mev and at the meson 
target about 290 Mev. During exposure to pions in 
Experiments 1 and 2 the proton channel was plugged 
to reduce background. Since the emission of high-energy 
protons in the backward direction is improbable, only 
a low flux of suitable protons was obtained. The detected 
positive pions were also emitted in the backward direc- 
tion, while the negative pions were emitted in the 
forward direction. The r+/z~ ratio in a given direction 
usually considerably exceeds 1, but with this experi- 
mental arrangement and for this low-meson energy, 
the ratio was near unity. 

Before an exposure, the magnetic field was stabilized 
by permitting the cyclotron magnet to warm up for 
several hours. During an experiment the current was 
maintained at a standard value; a potentiometer was 
used to monitor it. Fluctuations of about one part in 
1000 were experienced. 


D. Microscope Work 


The exposed plates were developed and examined 
under high-power microscopes, magnification about 
1200, using oil-immersion objectives. The long axis of 
the plate (the x-axis) was aligned with the lateral 
motion of the microscope stage by lining up the centers 
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TaBLe III. Positive pion/proton mass ratio determinations with corrections for systematic effects. AR and AR’ are the respective 
extensions of pion and proton ranges (in microns) caused by emulsion distortion. 
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of the fiducial marks. The coordinates, on the micro- 
scope stage, of the fiducial centers were recorded and 
the plates were scanned for the tracks of the desired 
particles. When these were found the coordinates of 
the first developed grain in the track were taken as the 
point of entry. The microscope stages used enabled one 
to read the x- and y-coordinates of a point to one micron, 
but because the fiducial lines were somewhat diffuse 
and about 20 microns in width, the absolute location of 
a point was known only to about 10 microns. Emulsion 
distortion also contributed to this uncertainty. The 
angle 6 of the track with respect to a local y-axis through 
the point of entry was measured with an eyepiece 
goniometer. The standard error of the angle measure- 
ment was about 1°. This uncertainty was caused largely 
by the scattering of the particle in the emulsion. The 
range of the particle was measured by recording the 
lengths of successive straight segments of track as 
measured either on a calibrated eyepiece reticle or by 
the stage coordinates. The distance between the be- 
ginning and end of each segment of track was measured. 
A correction was applied to the depth measurement for 
the shrinkage. The total range was corrected 0.9 micron 
for the finite grain spacing.” 

Three observers took data. One measured tracks by 
means of the eyepiece reticle, the other two used the 
stage coordinates. Great care was taken to insure that 
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Fic. 8. Distributions of the normalized ranges of the positive 
pions in the three plates of Experiment 2. 


all three were using comparable standards. Many cross 
checks were made: One observer measured a track 
using his microscope and method and then the plate 
was given to another observer who used his technique 
to measure the same track. In all cases the difference 
found was of the same order as the error in measure- 
ment for a single observer (about 0.1 R! microns). 
Since any one observer measured all ranges by the same 
method, an absolute calibration of his range scale was 
not necessary for finding the ratio of the masses nor for 
determining the absolute momentum, since only range 
ratios are required. The dip angle 6 was also recorded. 
Although the measurement of this quantity offers some 
difficulties because of particle scattering and emulsion 
shrinkage, it was measured with a standard deviation 
of about 1°. On the basis of abnormal dip-angle meas- 
urements, some tracks were not measured in Experi- 
ment 3, but Experiments 1 and 2 were remarkably free 
of stray particles. This is illustrated by Fig. 8, which 
shows the distribution of normalized ranges of all the 
positive pions found in Experiment 2. The measured 
average dip angle, when compared with that derived 
from the dimensions of the apparatus, provides an over- 
all check of the geometry, shrinkage factor, and the 
z-axis calibration of the microscope. 


E. Magnetic Measurements 


Absolute measurements of the magnetic field were 
carried out by use of a Varian Associates Nuclear 
Induction Fluxmeter. In the preliminary experiments, 
the proton-moment head, containing the water sample 
and coils, was mounted directly on top of the channel, 
and the Larmor frequency was measured at the same 
time as the plate was exposed. This arrangement proved 
very cumbersome for efficient operation. The pre- 
liminary measurements showed that the magnetic field 
intensity (for the same excitation current) on different 
days remained constant to within a few gauss. This is 
not particularly surprising, as the magnet operated near 
saturation. A simpler procedure could therefore be 
adopted. After the plate exposures were completed, the 
field measurements were made within a few hours. The 
magnet excitation current was kept constant during 
this period by means of a Leeds and Northrup potenti- 
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ometer. The proton-moment head was inserted into 
the cyclotron by means of a special probe. The measure- 
ments were made in vacuum. In addition to measure- 
ments along a radial line, measurements were made 
along the proton orbit, and along the mirror image of 
the proton orbit. It was found that the radial behavior 
of the field along the proton orbit was the same as that 
along the central radial line, but an azimuthal variation 
of up to 0.1% was found on the mirror-image orbit. 
This perturbation was probably caused by the proximity 
of the vacuum tank wall. The azimuthal effect was too 
small to measure when the positive and negative pion 
orbits were compared. 

Measurements of the absolute field intensity as a 
function of cyclotron radius were made many times in 
the period 1950-53. After the magnet current had been 
set for 5 or 6 hours, the individual values obtained all 
fell within +0.1% of the mean value even when the 
measurements were repeated on widely different dates. 
The Larmor frequency, and therefore the value of the 
field, was read with about 0.03% error for any one 
determination. 

VIII. RESULTS 


A. Positive Pion/Proton Mass Ratio 


The six plates of Experiments 1 and 2 each yielded 
values for this ratio. Corrections were made for (a) the 
finite size of target and detector, (b) the Lewis effect, 
and (c) the emulsion distortion. To illustrate the magni- 
tudes of the corrections, they are itemized in Table ITI 
along with the mass ratios found. It may be seen that 
the corrections are small, but not quite negligible. We 
obtain the weighted mean result 


m,*/m,=0.14887+0.00011. 


The error indicated is the probable error. The chief 
contribution to the uncertainty, here as in the subse- 
quent experiments, arose from the inherent Bohr 
straggling in the ranges. As seen in Figs. 7 and 8, the 
Rp~* have the expected normal distributions, and 
Table II lists the sources of variance. 

The internal-external consistency is good, since the 
ratio of the two errors is unity. 

If the proton mass is taken equal to 1836.1 electron 
masses,®* then the mass of the positive pion in units of 
the electron mass is 


m,+=273.3+0.2. 


B. Negative Pion/Positive Pion Mass Ratio 


Three plates studied in Experiment 1 yielded data for 
the calculation of this ratio. Since the particles came 
from the target during the same bombardment interval 
and the apparatus was symmetrical for reception of the 
two types, a number of sources of error were eliminated. 

*R. T. Birge, Phys. Rev. 40, 213 (1932). 


35 J. M. Du Mond and E. B. Cohen, Revs. Modern Phys. 25, 
691 (1953). 
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TABLE IV. Negative pion/positive pion mass ratio determinations. 








Mass ratio 
corrected 
for distortion 


0.9919+0.0021 
0.9992+0.0023 
1.0006+-0.0023 
Weighted mean= 0.9969 

(with Fermi correction for stopping difference)= 0.9978 
Probable error (internal consistency) = +0.0014 

Probable error (external consistency) = +0.0018 


Uncorrected 
mass ratio 


0.9908 
0.9993 
1.0009 


Plate n n’ 





27152 as. & 
27 153 49 49 
27 154 44 51 








Geometrical factors were excluded and the only sig- 
nificant corrections were (a) the difference in stopping 
power for positive and negative particles, and (b) the 
emulsion distortion. Table IV lists the mass ratios 
determined in the individual plates and the final 
weighted mean corrected for the difference in stopping 
power of the positive and negative pions in emulsion. 
(Sec. IV-B.) The final result obtained is 


m,-/m, =0.998+0.002. 


We may also compute the negative pion mass directly 
from the w~/proton mass ratio observed in Experi- 
ment 1. Making all corrections, we obtain in electron- 
mass units 

m,-= 272.8+0.3. 


C. Positive Pion/Positive Muon Mass Ratio 


In Experiment 3, the data were obtained from five 
plates. Corrections have been made for the Lewis 
effect and for the finite target and detector dimensions. 
Since the emulsion peeled off the glass backing, ade- 
quate distortion measurements were not completed. 
Fortunately this ratio is very insensitive to the dis- 
tortion, since the pions and muons enter the emulsion 
from the same direction with residual ranges differing 
only by about 30%. Furthermore, the distortion effect 
varies in sign and magnitude from plate to plate, so 
that it can be treated as a random variable of mean 
value zero. The mass ratio, uncorrected for distortion, 
has been calculated for each of the five plates and a 
weighted mean obtained. These figures are given in 
Table V. We have derived the uncertainty in the mass 


TABLE V. Measurements of ratio of masses of positive pions 
to masses of positive muons. 








Corrected 
mass ratio 


Uncorrected 
mass ratio 
1.326, 
1.325; 
1.322, 


Plate 
25 957 


25 958 
25 959 


1.3255+0.004, 

1.3265 +0.003, 

1.320; +0.003, 
25 961 1.321; 1.3229+0.003, 
25 967 1.311 1.307)+0.004; 

n, and n, are the respective numbers of pions and muons measured 
on each plate 





Weighted mean = 1.321+0.002 
Probable error (internal consistency) = +-0.001, 
Probable error (external consistency) = +0.002 
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Fic. 9. Graphical solution to estimate the neutrino mass from 
Eq. (6). The hatched region is the area defined by the probable 
errors in the +/u mass ratio and the quantity po/m,c. 


ratio from the external consistency of the results. It is 
quoted as a probable error in the following: 


m,*/m,*=1.321+0.002. 


It is of interest to note in Table V that the statistical 
probable error as calculated from internal consistency 
is essentially equal to that derived from external con- 
sistency, indicating that no large systematic errors are 
present. 

If we employ this pion-muon mass ratio with the 
measured positive pion mass of Sec. VIII-A, we have 
m,*=206.9+0.4 in units of the electron mass. 


D. Absolute Muon Decay Momentum 


Experiments 2 and 3 each yield data from which to 
calculate the center-of-mass momentum, fo, acquired 
by the muon when the pion decays. The information is 
summarized in Table VI. The finite target-detector 
corrections were again made in both experiments. The 
Lewis effect was corrected for in Experiment 2 [see 
Eq. (33) ]. In Experiment 3, however, the Lewis effect 
correction vanishes as muons are compared with muons 
[see Eq. (31) ]. In neither case was a correction made 
for emulsion distortion. The argument here is the same 
as in the determination of the pi/mu mass ratio. The 
ratio of the internal to external probable errors is again 
equal to unity within the statistics of the experiment. 
The final probable error quoted below is calculated 
from the external consistency of the data. Since the 
determination of a final mean value for po from both 
runs involves interrelated and dependent quantities, 
a simple averaging of the two values is not valid. The 
process of deriving the most probable value for po and 
its error is rather too detailed for presentation kere, but 
is treated in reference 11. We quote: 


po= 29.80-+0.04 Mev/c. 


BIRNBAUM, AND SMITH 


E. Mass of the Neutral Decay Particle 


If we employ the method of least squares to calculate 
the weighted mean value for m, with its associated 
probable error, we are led to a cumbersome algebraic 
expression. The derived mass of the presumed neutrino 
is extremely sensitive to slight variations in a, po, 
and m,. Therefore, because of the statistical uncer- 
tainties in the values of these parameters, the exact 
analytical solution is not attempted and a graphical 
method is applied. Higher accuracy is also achieved if 
one replaces m, in Eq. (25) by the quantity m,/a, 
where m, is the value for the pion mass. The graphical 
solution is presented in Fig. 9. A family of curves for 
different values of m,/m, can be plotted as a function 
of a and the quantity po/m,c. The hatched region is 
the area subtended by their probable errors. If one 
substitutes the final weighted means given above for 
these parameters into Eq. (25), one finds (m,/m,)? 
=0.0001, but with an error of +0.0004. Examination 
of Fig. 9 indicates a probable upper limit to the mass 
of the neutral decay particle of 7-electron masses. 


F. Pi-Mu Mass Difference and the Mass 
of the Muon 


As mentioned previously in Sec. VI-A, certain mass 
relations are insensitive to the mass of the neutral 
decay particle if m, is small. Therefore, if we assume 
m,=(, we obtain the following results (in units of the 
electron mass): 


Expt. 2: m,+—m,+=66.53+0.10, 
Expt. 3: m,+—m,+=66.32+0.10, 
Mean: m,+—m,+=66.41+0.07. 


Introducing the pion value into our final weighted 
mean value for the r—y mass difference, we have 


m,+=206.9+0.2. 


This value represents the most accurate determination 
of the mass of the positive muon in this series of 
experiments. 


G. Absolute Kinetic Energy of the Muon 
Assuming m,=0, we have, from Eq. (28), 


Expt. 2: To=4.126+0.017 Mev, 
Expt. 3: To=4.117+0.023 Mev, 
Mean: 7)=4.123+0.016 Mev. 


The kinetic energy of the muon can also be deter- 
mined from the usual relativistic energy-momentum- 
mass relation, Eq. (29), with no assumptions being 
made about the mass of the neutrino. One uses the 
above determinations of po, m,*, and the m,*+/m,* mass 
ratio. Here, also, the evaluation of the error in the calcu- 
lation is complicated because these quantities are to 
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some extent dependent. The complete analysis em- 
ploying a graphical method once again is given in 
reference 11. One finds 


T)=4.12+0.02 Mev. 


IX. DISCUSSION 


We conclude by making some general statements 
regarding the philosophy of these measurements and 
some specific remarks about the results. 

In planning a precise physical measurement, it is 
important to anticipate the distribution of the statistics 
to be obtained so that spurious events (background) or 
excessive variance can be detected. It may be possible 
to construct a function of the quantity to be measured 
that is normally distributed with a calculable standard 
deviation. In such cases, all the statistical theory of 
the gaussian distribution is available to test the con- 
sistency of the results. In our experiments the quantity 
Rp~* was introduced for this purpose. Measurements of 
this quantity had the predicted distribution; this dis- 
tribution provided direct information on the statistical 
reliability of the data. The variance arose chiefly from 
the inherent straggling of ranges. 

For the reduction of systematic errors, two useful 
principles of physical measurement are applicable. 
These are the ratio principle and the null principle.** 
Both have been utilized in the experiments. Only ratios 
of like quantities are measured, and when the equal- 
velocity condition is introduced, the momentum ex- 
ponent g drops out of the equations and a “‘balance”’ is 
attained in which the ratio common to the ranges and 
the momenta is equal to the mass ratio. While the 
approach to the “null” condition can always be made 
by successive approximations, the initial momentum 
ratios we chose were already satisfactory, so that 
nothing was to be gained by closer matching of the 
velocity intervals in which the particles were selected. 

It is noteworthy that the most precise indirect meas- 
urements now are in complete accord with these results. 
The residual difference that remains in the above- 
quoted positive and negative pion masses has a very 
low significance level. Possibly a further study of the 

% Tt is noted that these features are combined in the Wheat- 


stone bridge, and make it in simplicity and elegance perhaps the 
most perfect example of a physical instrument. 


TABLE VI. Summary of absolute decay momentum measurements. 








Statistical* 
probable error 


Corrected 
momentum 


" Uncorrected 
Experi- omentum 


ment 


m 
(10-5 gauss-mm) (10-5 gauss-mm) (10-5 gauss-mm) 


Plate 


28 848 
2 28 849 
28 853 


25 957 
25 958 
25 959 
25 961 
25 967 





9.947 
9.913 
9.924 


9.946 
9.967 
9.911 
9.945 
10.019 


9.948 
9.912 
9.924 


9.954 
9.961 
9.930 
9.943 


+0.016 
+0.018 
+0.018 


+0.026 
+0.020 
+0.017 
+0.019 
+0.026 








* Does not include uncertainty in absolute value of magnetic field. 

> Expt. 2: Weighted mean =9.958 X105 gauss-mm. Statistical probable 
error (internal consistency) = +0.009 X105 gauss-mm. Statistical probable 
error (external consistency) = +0.011 X105 gauss-mm. (fo): =29.85 +0.05 
Mev/c (including uncertainty in absolute magnetic field). 

© Expt. 3: Weighted mean =9.929 X105 gauss-mm. Statistical probable 
error (internal consistency) =0.010 X105 gauss-mm. Statistical probable 
error (external consistency) =0.007 X105 gauss-mm. (fo); =29.77+0.05 
Mev/c (including uncertainty in absolute magnetic field). 


relative stopping powers of matter for particles of 
opposite sign may be justified, however. 

Our analysis of the r—y decay requires a “neutrino”’ 
to account for the missing mass-energy, momentum, 
and angular momentum. A fermion with momentum in 
Mev/c equal to its energy in Mev is required to balance 
the conservation relations. 

The results also imply that the magnitude of the 
electric charge carried by mesons is identical to the 
electronic quantum of charge, for the apparent mass 
values obtained by different methods are very sensitive 
to the charge and depend on it in different ways. 

This work stems from early experiments of Gardner 
and Lattes,®’ and their ideas have been retained in 
some of the experimental procedures. Before poor 
health forced the discontinuance of his work, many 
aspects of these experiments were planned in discussions 
with Dr. Gardner. Throughout the extended period 
during which this work was carried on, we enjoyed the 
invaluable cooperation of many individuals in the 
Radiation Laboratory. In particular, we are indebted 
to Mrs. T. Griswold for aid in plate measurements, to 
James Vale and Lloyd Houser for reliable cyclotron 
operations, and to the computing group, under the 
leadership of John Killeen, for aid in the reduction 
of data. 


37 FE. Gardner and C. M. G. Lattes, Science 107, 270 (1948). 
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Phase-Space Integrals for Multiparticle Systems* 
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The total phase-space integrals, occurring in the Fermi statistical theory of meson production, for 2-, 3-, 
4-, and 5-body final states are reduced to forms suitable for numerical evaluation by hand computation. 
In addition, the momentum spectrum of any one particle, as derived from the statistical factor, is evaluated. 
For the 3- and 4-body systems, the Q distribution for any two of the particles (effective mass minus the 
rest masses of the 2-particle subsystem) is derived. Numerical results are presented for nucleon-nucleon 


collisions at 0.8-, 


1.5-, and 2.7-Bev bombarding kinetic energies. 





PPLICATION of Fermi’s statistical theory'~* of 
meson production to Cosmotron and Bevatron 
energies requires an exact relativistic evaluation of the 
phase-space integral for the final multiparticle state. 
Because of the complexity of the integrations, various 
approximations'* have been employed, but none has 
yielded sufficiently accurate solutions in this inter- 
mediate energy region. In this note, we present for- 
mulas for general 2-, 3-, 4-, and 5-body systems, from 
which one can obtain accurate numerical results for the 
following: (a) total volume in momentum space per 
unit energy; (b) differential momentum spectrum for 
any one of the particles; (c) distribution in the Q value 
between any two particles, 7 and j, of the system 
{Qis=L(E:+E,)?— (pit p,)*}!— (mi+m))}.® 
The fundamental integral to be evaluated for an 
n-body system is p,, the volume in momentum space 
per unit energy, given by 


d n—1 
pr=— I] dpi, (1) 
dE i=1 


where E is the total energy of the system, and p; is the 
momentum of the ith particle, of mass m; and total 
energy E;. In writing (1), we have utilized momentum 
conservation to eliminate one particle. All integrals 
will be evaluated in the center-of-mass system defined 
by }>:-1" pi=0. The momentum spectrum of particle 1 
is given by 
dpn n— 
m tepid I 


pi dE i=2 


dpi, (2) 


where ~i:=|p:i|, and the 4% comes from the angular 
integration over p;. The distribution in Q,; will be 
obtained in IT and ITI for the 3- and 4-body cases. 


* This work was supported by a joint Office of Naval Research 
and U. S. Atomic Energy Commission contract. 

1 E. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 

2E. Fermi, Phys. Rev. 92, 452 (1953); Phys. Rev. 93, 1434 
(1954). 

3 J. V. Lepore and R. N. Stuart, University of California Radi- 
ation Laboratory UCRL-2386, 1953 (unpublished); Phys. Rev. 
94, 1724 (1954). 

4R. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 

5C. Yang and R. Christian, Brookhaven Cosmotron Internal 
Report (unpublished). 

* Units are chosen so that c=1. 


I. TWO-BODY SYSTEM 


The integration of (1) is well known for the two-body 
system, yielding 


FE (m—m?*)? 
ai 
2 F4 


Il. THREE-BODY SYSTEM 


The solution of (2) for the 3-body system was found’ 
to be 


dp3 2x 
Oe are 
x {{r- 2(m?+m:;?) 2 (mz?— m;?) }| 
(E—E,?’—p? [(E—-E,)?— pr? 
x {38-5 1- 
((E—E,)— pF 
2(m2-+m;) (m2?— m;*)? 


|: (4) 
(Ai— E,)—p? ((E- ~E,)'— p?P 


The total momentum space volume is given by the 
integration of (4) over p: between the limits 


{LE —(m+m+ ms) LP —m2— ms)" }}# 
2E 





aa pr 1 





(1) max = 


and 


(P1) min =0. 


Unless the rest mass of one of the particles is zero, this 
integral involves elliptic integrals of the first, second, 
and third kind. 

At this point, let us determine the “effective-mass” 
distribution® for the system containing particles 2 and 3. 


7A complete derivation of the formulas contained here is given 
in a report by M. M. Block, Duke University, 1955 (unpublished) ; 
which will be available upon request. 

§ For a discussion and application of the concept of Q values 
to particle pairs emitted from nuclear collisions see Fowler, 
Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 1026 (1954). 
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PHASE-SPACE 


If we define the “effective mass” IN to be [(E£:+E;)? 
—(po+ps)?]}!, then IN=Qe;+m2+ms3, and thus the 
distribution in 9M is essentially the distribution in Q. 
We note however that from energy and momentum con- 
servation, E.+E;=E—E,, and p2+p3;=—p. There- 
fore, M=(E*+m,—2E(pr+m,’)*]}!, and it is clear 
that the distribution in 9; will specify the Q distribution. 
Now, 


dps dp3 dps\| Op. 
(- ~)dQn= ( ) am ( =) dm 
dQo3 dm dp, | oom 


dp3\| Opi 
= ( ‘) + dQ23, 
dp, Rep) (6 


|dpi} mM Ey 


where 


lam| E py 
Thus, combining (4), (5), and (6), we obtain 
wr MM 


(E?+m?— mM?) 
FE 


x {L2— (m+ m,)? LE — (Mn —m,)* }} 


2(m2+m3?) (m2—m;*)? 7} 
fey 
A) (s 9) 


(m2? — m;?)? 
4 | 3(— mire _ | 
(ba 


—[F— (m—m)* LE (m+)? ] 


2(m2-+m3") (me—m;7)? 
Mt? 9 ( 
Ill. FOUR-BODY SYSTEM 


For the 4-body system, (1) and (2) are simple con- 
ceptually, but become extremely complicated because 
of the manifold integrations. The results’ are given in 
two forms, in terms of the momentum spectrum of 
particle 1, and in terms of the distribution of the 
effective mass IN of particles 3 and 4. The latter dis- 
tribution is given by 


dps CE2+92 — (mi+m2)?)/2E 
(2) amo f 
adm M 


xdW (W?—-a)! 


Xr (W?2, W2—N, m3?, me) 


xI'((E—W), W2—9n?, m2, m2)} dom, (8) 


INTEGRALS 


where 


T(x? ,y?,m?2,m?) 


1 (m?—m,;)? 2(m?+m;) 


2 v—¥ r—¥ 


2(m?+m;*) 


9 2 


Noga 
{ 2—m?)? j 
eT en 


We obtain the total phase space by integrating (8) 
over SW between the limits Imax=H—m:—m, and 
Minin = 3+ m4. 

The momentum spectrum of particle 1 can be shown’ 
to be 


(m2?—m;)? 
+--— 


dps pa 
rt 16m'ps| f polG((E— E,— E2)?, (pi+ p2)®, 4m?) 
¢ pr 0 


~G((E-E,—E:)?, (pi— ps)*, 4m?) dp» 
(P2) max 
+f pALG((E— E,— E:)*, 
pe’ 
(E— E,— E,)?—4m?, 4m?) 
—G((E- Ey _ E;)?, (pi- p2)*, 4m?) |d p> . (10) 


where we have restricted ourselves to the case that 
m3=m,=m. The function G is defined as 


G(x*,y?,4m?) 


1 4m? \3 
=— (t—y9r(1 phi ) 
12 e— 
4m? \! (x2—~y*)? 
ee 
—? 16 


4m? \)) 4m? 4m? \! 
md le Oe 
x2— 4? 32 — +? 


(4m?)? 


+— log[ (a?— *)!— (a?—-y?—4m?)!]. (11) 
32 


Also, 


(p2) max > (: 


2 


2(m2?+4m?) 





(m?— 4m?)? ) 4 


(E-+-m3—2EE,)?) | 2 cree} 





——p-p COLLISION 
——n-p COLLISION 


PERCENTAGE IN FINAL STATE 


" i 
T (BEV) 


Fic. 1. The fraction of final states containing 0-, 1-, and 2-meson 


production for p-p and n-p collisions, as a function of the labora- 
tory kinetic energy of the bombarding nucleon. 


and 


E-E, 
- 
ais 


2(m?+-4m’) 
F?+m?—2EE;, 
—4m’)? m?e—4m? 
)- “(14 ). (13) 
2EE,)* F*+m?—2EE, 


To obtain the total phase space, (10) is integrated 
over p; between the limits. 











mae 


(P1) max 
{LE (mt mst 2m) LE (m— 


2E 


ms— 2m)? }}} 





and (P1) min=0 
IV. FIVE-BODY SYSTEM 


Because of the extreme complexity of the 5-body 
system, we restrict ourselves to the case of m;=m.=M, 
m,= m,= m, and only evaluate the momentum spectrum 
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Fic. 2. The momentum spectra for nucleons and the pion in a 
3-body final state (single pion production) at laboratory kinetic 
energies of 0.8, 1.5, and 2.7 Bev. The curves are normalized to 
unit area. 
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BLOCK 
of particle 3, whose mass, however, can be different 


from m and M. The momentum spectrum can be shown’ 
to be given by 


(dps/dps)dps=32m'p; 
-~ 
x | f [G(W?, W?—4m?, 4m*)—G(W?,0,4m?) ] 


xX lG((E—E;—W)*, (W+£;)?— 
~G((E—E;—W)?, 0, 4M?) aw 


(Es+2m)?, 4M?) 


+f (G(W2, W2—4m?, 4m) —G(W?, 0, 4m?)] 
w’ 


X(G((E— E;—W)?, (E— E;— W)?*— 
—G((E— E;— W)?, 0, 4M?) JdW 


E—E3;—2M 
+f 


(G(W?, (E—W)?— (E;+2M)?, 4m?) 
—G(W?2,0,4m) |[G((E— E;— W)?, (E— E;— W)? 


4M?, 4M?) 


—4M?, 4M?)—G((E—E;—W)?, 0, sary lip, 


(14) 
where G is defined in (11). 
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Fic. 3. Q distributions in single pion production, between the 
pion and either nucleon, and the two nucleons, at 0.8 Bev. The 
curves are normalized to unit area. 


The integration limits over W are given by 


F?— E?—4ME;—4M?+4m’* 
Wo= ; 
2E 


(E—E;)?-+-4mE3—4M?+-4m? 
W'= se “ (16) 





(15) 





If we desire to obtain the total phase space from 
(14), we integrate over p; from 
(Ps) max 
{ E2— (m3+2m+2M)?*] [E*— (m3—2m—2M)?*}}! 


2E 





O (Ps) min =0(. 
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V. APPLICATION OF THE FERMI THEORY TO 
NUCLEON-NUCLEON COLLISIONS 


In the preceding sections, we have developed formulas 
suitable for hand computation of p,, the exact rela- 
tivistic phase space factor for n=2-, 3-, 4- and 5-body 
systems. Using these results, we now obtain detailed 
numerical applications of the Fermi statistical theory 
of meson production for the case of nucleon-nucleon 
collisions. Following Fermi,':? the probability for the 
production of s mesons in a final state containing n 
particles (m=s+2) is proportional to Q”""p,f,,/ 
(2xh)*"-), where Q is the spatial volume in which sta- 
tistical equilibrium is supposed to take place. We choose 
Q to be (4/3)mr’(2M/E), where M is the nucleon rest 
mass, E is the total center-of-mass energy and r is 
taken as the Compton wavelength of the pion, 1.2 
X10-" cm. The factor 2M/E reflects the Lorentz con- 
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Fic. 4. Q distributions for single and double pion production at 
1.5 Bev. The curves are normalized to unit area. 


traction of the sphere. The term f, arises from the 
assumption of charge independence and is proportional 
to number of final independent isotopic spin states 
that can be formed. If we denote R, as the probability 
of producing s=n—2 mesons, then 


R, fn 


: (17) 

Ry-1 (2rh)* Pn—-1 Jus 
Using Milburn’s‘ results on charge independence and 
neglecting triple and higher-order meson emission (very 
small at Cosmotron energies), the relative multiplicities 
were computed from (17), using (3) and numerically in- 
tegrating (4) and (8) for 0-, 1-, and 2-meson production 
at laboratory bombarding kinetic energies up to 3 Bev. 
The results are shown in Fig. 1 for p-p and n-p col- 
lisions. The reason for the differing predictions for n-p 
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Fic. 5. Q distributions for single and double pion production at 
2.7 Bev. The curves are normalized to unit area. 


and p-p collisions is that the former are mixtures of 
isotopic spin states 0 and 1, whereas the latter are in a 
pure isotopic-spin-1 state. 

Since experiments on p-p scattering are currently in 
progress at the Brookhaven Cosmotron at kinetic 
energies of 0.8, 1.5, and 2.7 Bev, we have evaluated 
momentum and Q distributions for these particular 
bombarding energies. The momentum spectra for the 
final state pion and either of the two nucleons, for the 
case of single meson production, have been calculated 
from (4) at the above beam energies and are presented 
in Fig. 2. The Q distributions between the two nucleons, 
and the pion and any one of the nucleons have been 
computed from (7) for the 0.8-Bev case and are plotted 
in Fig. 3. Figure 4 shows similar results for 1.5-Bev 
bombarding energy; in addition, the Q distribution 
between the two nucleons in a collision producing 2 
mesons, calculated from (8), is shown for comparison. 
At 2.7 Bev, all possible Q combinations have been 
evaluated for both 1- and 2-meson production and 
these distributions compiled from (7) and (8) are shown 
in Fig. 5. It should perhaps be noted that both the 
momentum and (Q distributions do not involve any 
knowledge of the parameter r, the radius of the sphere 
in which Fermi envisualized the statistical equilibrium 
taking place, and thus perhaps are simpler to compare 
directly with experiment than the predictions on multi- 
plicity, whose results depend rather strongly on the 
radius. 
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The intensities of the primary cosmic-ray alpha particles and protons at geomagnetic latitude 55°N are 
determined from measurements of the ionization and range of the charged cosmic-ray particles observed at 
atmospheric depths of 8 g/cm? and deeper. The measurements were made with a balloon-borne Geiger- 
proportional counter telescope which contained absorbers of mercury or lead. Showers of particles in the 
telescope were detected by out of line counters and eliminated. The particles having residual ranges between 
1.5 g/cm? and 43 g/cm? are shown to be secondary electrons and secondary protons. The penetrating par- 
ticles having range greater than 43 g/cm? divide into singly and doubly charged particles. Extension of the 
penetrating particle intensity curves to zero depth yields values for the primary intensities of 0.19 (cm? sec 
sterad) for protons and 0.032 (cm? sec sterad)~ for alpha particles. The alpha particles are absorbed 
exponentially in the atmosphere and the slope of the absorption curve yields the value 3527 g/cm? for their 
mean free path in air. Data obtained by removing the absorbers in flight indicate that the net results are 
free of shower effects. Other systematic uncertainties in the values of the primary intensities are estimated 
to be +10%, which is larger than the statistical uncertainties. 








INTRODUCTION the particles into three ranges. The six out of line 


HIS paper is a report of measurements of the Counters S were paralleled to form a shower detec- 


intensities of primary cosmic-ray protons and 
alpha particles at geomagnetic latitude 55°N. The 
measurements were made with a balloon-borne counter 
arrangement similar to the one used by Perlow, Davis, 
Kissinger, and Shipman! in a rocket flown at 41°N. 
Proportional counters and absorbers were used to 
measure the specific ionization and range of particles 
selected by a Geiger counter telescope. Low-energy 
secondary particles could be identified by their limited 
range and eliminated, and the primary protons and 
alpha particles could be resolved by the difference in 
their specific ionization. Out of line counters were 
included to determine corrections for showers. 

The results are based on two flights, made September 
16, 1952 and October 20, 1952, using “Skyhook’- 
type plastic balloons that reached maximum altitudes 
corresponding to 20 g/cm? and 8 g/cm’, respectively. 
The principal results are the primary intensities of 
alpha particles and protons which are obtained by 
extrapolating the measured intensities to zero depth. 
The data also allow a determination of the mean free 
path in air of the primary alpha particles and the in- 
tensities of secondary electrons and secondary protons 
down to depths of 500 g/cm* and 300 g/cm?, re- 
spectively. 


I. APPARATUS 


The counter-absorber arrangement used in the experi- 
ment is shown in Fig. 1. A telescope formed by Geiger 
counter trays A, B, and C selected charged particles 
which passed through proportional counters P;, Po, 
and P;. The proportional counters were used to measure 
the specific ionization of each selected particle. Counter 
trays D and E and absorbers 1 and 2, which covered 
the solid angle below the telescope, were used to separate 


1 Perlow, Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
(1952). 


tion tray. 

The block diagram of Fig. 2 shows the system used 
to analyze the counter data. Four Rossi-type coinci- 
dence circuits determined when the coincidences A BC, 
ABCD, ABCE, and SABC occurred. Amplifiers P;, Ps, 
and P; amplified the proportional counter pulses about 
1000 times and shaped the pulses so that they peaked 
in 8 usec. The amplified pulses were applied to the 
inputs of a threefold diode coincidence circuit? which 
selected the smallest pulse. Each A BC pulse intensified 
a cathode-ray tube for 20 usec. During this time the 
selected proportional counter pulse was displayed as a 
vertical trace on the cathode-ray tube. Coincidence 
pulses ABCD and ABCE were shaped into pulses of 
different size and opposite polarity, mixed, delayed 
15 ysec, and displayed as horizontal deflections of the 
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Fic. 1, The counter-absorber arrangement. 


2C. Y. Johnson, Naval Research Laboratory Report No. 4432, 
1954 (unpublished). 
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return trace. In this way coincidence-anticoincidence 
combinations involving ABC, D, E, and the selected 
proportional counter pulse were formed with resolving 
times of about 7 usec. Coincidence SA BC was indicated 
by flashing a neon bulb. The cathode-ray tube and the 
neon bulb were photographed continuously on 35-mm 
film. Coincidences between the traces and SABC light 
could be formed on the film with a resolving time of 
about 0.2 sec. 

The proportional counter tubes were 2 in. in diameter 
and had walls of 20-mil aluminum which were plated 
inside with a layer of copper. They were permanently 
joined by copper tubing to maintain a common gas 
mixture. The gas was an argon—2% COz mixture at 
slightly more than atmospheric pressure. The center 
wires were 0,003 in. tungsten. At the operating potential 
of 1970 volts the gas multiplication was 2000. The 
Geiger counters were filled with 27 cm Hg of argon and 
1.2 cm Hg of isobutane. Their plateaus extended from 
about 1000 volts to over 1400 volts and had a slope of 
less than 5% per hundred volts. The active lengths of 
the Geiger counters were determined by glass skirts 
placed inside the counters. In the A, B, C, and S 
counters these skirts were spaced 3.0 in. apart. The 
walls of these four counter sets were 4-mil stainless 
steel. All of the Geiger counters had 0.59 in. inside 
diameters. 

The apparatus was housed in a pressurized cylindrica] 
gondola made of 35-in. sheet aluminum. The telescope 
was mounted vertically in the upper end of the gondola 
and no other equipment was placed above the level of 
the absorbers. 
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Fic. 2. Block diagram of the balloon-borne electronics. 
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Fic. 3. Atmospheric depth-time curves for the two balloon flights. 


The counter walls and the gondola skin set a lower 
range limit of 1.5 g/cm? for particles incident from 
above. This material was mostly aluminum (1.1 g/cm? 
Al and 0.4 g/cm? Fe). The next range limit was de- 
termined by the gondola skin, the counter walls, and 
the first absorber, which was 9.5 g/cm? of lead on the 
September 16 flight and of mercury on the flight of 
October 20. The second absorber was 32.0 g/cm? of 
mercury on both flights. Thus the coincidence-anti- 
coincidence combinations ABC-(DES), ABCD-(ES), 
and A BCDE-(S) correspond to particles having residual 
ranges between 1.5 and 11 g/cm*, 11 and 43 g/cm? and 
greater than 43 g/cm’, respectively. 

On both flights attempts were made to determine the 
effects of showers generated in the absorbers on the 
telescope counting rates. Tanks of mercury were used 
as absorbers and an alarm clock was arranged to un- 
clamp a rubber hose at a preset time, allowing the 
mercury to drain into a bottle below the telescope. The 
clock released about one hour after the balloons had 
reached their peak altitudes and a little over one hour 
of data was obtained with the mercury removed. The 
shower effect was determined by comparing the tele- 
scope counting rates before and after the mercury was 
removed. 

The previous paper’ noted the advantage of making 
several ionization measurements on each particle and 
selecting the smallest. Briefly it is effective in reducing 
the fluctuations in ionization associated with knock-on 
electrons. In the previous experiment the pulse from 
each proportional counter was amplified and recorded, 
and the smallest pulse then selected. In the present 
experiment the pulses were separately amplified, the 
selection done electrically and only the selected pulse 
recorded. In order that the selected pulse correspond to 
the smallest ionization or energy loss in the counters, 
the amplifiers were adjusted to give, on the average, 
equal height pulses when the counters were exposed to 
the 10.5-kev x-rays from a Se” source.’ Calibrations, 


3P. Rothwell and D. West, Proc. Phys. Soc. (London) A63, 
541 (1950). 
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Fic. 4. Counting rates of the telescope events divided according to residual range; 1.5 g/cm? to 11 g/cm’, 11 g/cm? 
to 43 g/cm?, and greater than 43 g/cm*. The solid curves are for the events detected as single particles. The dotted 


curves are for the events detected as showers. 


made both before and after the flights, show that this 
adjustment was maintained to within +5%. 

The ionization system was calibrated using the sea- 
level hard component. A pulse-height distribution of 
ground data is shown by the dashed line in the bottom 
of Fig. 5. We assume that the pulse height at which the 
distribution peaks corresponds to Jmin, the minimum 
most probable ionization of singly charged particles. 

The area-solid angle product of the telescope (geo- 
metrical factor) was accurately determined by com- 
paring the telescope counting rate on the ground with 
that of a large test telescope. The value so determined 
is 1.01 cm*-sterad corrected to correspond to the case 
of an isotropic flux of particles incident from above. 
We estimate that the geometry of the test telescope is 
known to within +5%. Sufficient counts were obtained 
to reduce the statistical uncertainty in the counting 
rate ratio to +1%. It should be noted that the same 
telescope was used on both flights, only the absorbers 
were changed. 

Atmospheric pressure, time, and gondola temperature 
were recorded by periodically illuminating a large bore 
mercury manometer, a watch, and a thermometer 
which were viewed by the 35-mm camera. The tempera- 
ture changes that occurred on the flights were about 
10°F. The manometer furnished data above 40000 
feet, for lower altitudes the readings of the meteoro- 
logical type radio sonde were used. The errors in the 
pressures are estimated not to exceed +5%. 

Figure 3 shows the atmospheric depth-time curves of 
the two flights. The slower decrease in depth (slower 
ascent) on the September 16 flight was a result of the 
balloon being ripped in launching. Because of this, 
somewhat more statistically significant data were ob- 
tained during the ascent of this flight than on the flight 
of October 20. 


Il. EXPERIMENTAL RESULTS 


Counting rates for each type event are shown in 
Fig. 4 as a function of atmospheric depth. The A BC- 
(DES) and ABCD-(ES) curves show the intensity 
variation of particles in the soft component having 
residual ranges in the intervals 1.5 to 11 g/cm? and 11 
to 43 g/cm?, respectively. The ABCDE-(S) curve 
shows the intensity variation of the penetrating com- 
ponent, particles of range greater than 43 g/cm.? The 
SABC-(DE), SABCD-(E), and SABCDE curves are 
the counting rates of the shower events. The data for 
the September 16 flight are shown as circles and the 
data for the October 20 flight are shown as crosses. 
The errors indicated by the vertical bars are the 
statistical probable deviations. From the figure it can 
be seen that there is good agreement between the results 
of the two flights. 

Ionization distributions for each type event are shown 
in Fig. 5 for one hour of October 20 data at 8 g/cm? 
depth. The data is shown on a semilog plot so that 
distributions of monoenergetic particle groups of differ- 
ent most probable ionization will have about the same 
form and width.‘ The histogram of ground data is 
dashed in to show the form and width of a group 
known to ionize approximately as a monoenergetic 
group. The first interval in each histogram shows the 
number of events that recorded with ionization less 
than 0.25 Imin, most of which are “zero” events. These 
events would occur when any one of the proportional 
counters was missed and are presumably due to showers 
even in the cases where there were no counts in the S$ 
tray. Calculated intervals in which the value of the 
most probable ionization must lie for particles in each 
range interval are shown for electrons (e), u-mesons (x), 
protons (P), and alpha particles (a). The ABCDE-(S) 


«L. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 
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histogram has a singly charged particle peak at Imin 
and a reasonably well-resolved alpha-particle peak at 
4 Imin. The width of the singly charged particle peak is 
little if any wider than the ground data distribution 
showing that most of these particles ionized at the 
minimum rate. The A BCD-(ES) histogram has a peak 
that can be due to electrons or » mesons and a proton 
peak. The A BC-(DES) histogram has an electron peak 
and a proton peak but no u-meson peak. 

Histograms similar to Fig. 5 for two samples of 
September 16 data are shown in Fig. 6, data at 20 to 
26 g/cm?, and Fig. 7, data at 80 to 270 g/cm*. These 
figures show that the distributions changed significantly 
with increasing atmospheric depth, for example, in the 
ABCDE-(S) histogram of Fig. 7 there is no alpha- 
particle peak and the singly charged particle peak is 
wider than it was at 8 g/cm? (see Fig. 5). This widening 
of the singly charged particle peak shows that there is 
a fairly large intensity of secondary protons at this 
depth. 

In using this data to compute particle intensities we 
have discarded the shower events. Experimental justifi- 
cation for this procedure is given in the section on 
shower events. 


A. Penetrating Particles 


Had the resolution of the ionization measurement 
been good enough the intensity of the penetrating 
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Fic. 5. Ionization distributions of data obtained at 8 g/cm? depth, 
10:40 a.m. to 11:40 a.m. on October 20 flight. 
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Fic. 6. Ionization distributions of data obtained at 20 g/cm? 
to = g/cm? depth, 10:40 a.m. to 11:40 a.m. on September 16 
flight. 


alpha particles and the penetrating singly charged par- 
ticles could be obtained simply by counting the number 
in each peak. In our data the peaks are not completely 
resolved since, as the ground data distribution shows, 
the tail of the singly charged particle peak extends into 
the alpha particle peak. In the ground data 1.3% of 
the events recorded in the alpha particle region, i.e., 
with ionization greater than 2.5 Imin. We have estimated 
the number of singly and doubly charged particles by 
dividing the flight histograms at 2.5 Zmin and then 
applying a correction for overlap equal to 1.3% of the 
events below 2.5 Imin. The resulting intensities are 
shown plotted as a function of atmospheric depth in 
Fig. 8 for alpha particles and Fig. 9 for singly charged 
particles. In the case of the alpha particles the correc- 
tions reduced the intensities by an amount approxi- 
mately equal to the statistical uncertainties which are 
shown in the figure. The corrections increased the singly 
charged particle intensities and never amounted to 
more than half the corresponding statistical uncertainty. 

It is known that the primary cosmic-ray particles are 
protons, alpha particles, and heavier nuclei and that at 
depths as small as those reached on our flights these 
penetrating particles reflect the properties of the pri- 
mary radiation. The accuracy with which our measure- 
ments can be related to the primary intensities is 
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Fic. 7. Ionization distributions of data obtained at 80 g/cm? 
to 270 g/cm* depth, 8:00 a.m. to 9:00 a.m. on the flight of 
September 16. 


governed by a number of factors of which the following 
are important: (1) While most of the primaries will 
penetrate to 8 g/cm? depth without colliding with air 
nuclei the fraction colliding is large enough to require 
a correction. The mean free path in air of the primary 
protons is known to be at least 70 g/cm? (geometrical) 
and Bradt and Peters® have given an empirical formula 
that predicts a value of 45 g/cm* for primary alpha 
particles. According to these values, 9% of the protons 
and 20% of the alpha particles would interact before 
reaching 8 g/cm? depth. As will be shown, the present 
data allow a direct determination of the alpha-particle 
mean free path. 

(2) Studies of primary cosmic-ray interactions in 
emulsions® show that secondary singly charged particles 
having sufficient energy to penetrate 43 g/cm? Hg are 
produced with an average multiplicity of roughly two. 
Assuming this same average multiplicity for the inter- 
actions in air, the intensity of the penetrating singly 
charged particles should initially increase with in- 
creasing atmospheric depth and at 8 g/cm? be roughly 
9% greater than the primary intensity of protons. 

(3) In the case of penetrating alpha particles just the 
opposite would be true, since studies of primary proton 


5H. L. Bradt and B. Peters, Phys. Rev. 77, 54 (1950). 
® Camerini ef al., Phil. Mag. 42, 1241 (1951). 
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interactions in emulsions’ show that penetrating alpha 
particles are produced rarely if at all, and since Peters® 
has shown that the fast alpha particles produced in the 
breakup of heavy cosmic-ray particles would amount to 
only a few percent of the primary alpha-particle in- 
tensity. Thus the alpha-particle intensity should vary 
as [(X)=I(0) exp(—X/Asir), where X is atmospheric 
depth, 7(0) is the primary alpha-particle intensity, and 
\,ir is their mean free path in air. 

(4) Of the primary particles entering the telescope, 
about 30% of the alpha particles and 24% of the 
protons would interact in the absorbers. For these to 
record as penetrating events, at least one energetic 
charged secondary must penetrate the remaining ab- 
sorber and strike the E-tray. Rough calculations based 
on emulsion® show that over ¢ of the primary protons 
interacting in the absorber would record as penetrating 
events and therefore that more than 94% of the 
primary protons recorded as penetrating events. While 
there are no data on secondaries produced in alpha- 
particle interactions, it seems reasonable to assume 
that more would be produced than in proton inter- 
actions and therefore that a similar high percentage of 
the primary alpha particles would record as penetrating 
events. Since the calculated percentage is a lower limit 
we assume that all primaries entering the telescope 
recorded as penetrating events. 

We assume that the primary intensity of protons can 
be obtained from the penetrating singly charged particle 
data by simply extending the curve in Fig. 9 to zero 
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on the two flights. 


7S. O. C. Sorenson, Phil. Mag. 42, 188 (1951). 
®B. Peters, Progress in Cosmic Ray Physics (Interscience 
Publishers, Inc., New York, 1952), Chap. 4. 
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depth. This yields the value 0.19 (cm? sec sterad)~ for 
primary intensity of protons with a statistical uncer- 
tainty of a few percent. 

The measured intensities of the penetrating alpha 
particles shown in Fig. 8 are on a semilogarithmic plot. 
The straight line fitted to the experimental points can 
be represented by the equation J (X) =0.032e-*'**. Since 
agreement between this line and the experimental 
points is satisfactory, the data are in accord with (3). 
Therefore we adopt the value 0.032 (cm? sec sterad)~ 
for the primary intensity of alpha particles and the 
value 35 g/cm? for their mean free path in air. The 
statistical uncertainties for these values are +5% and 
+20%, respectively. 

The accuracies of these results are of course limited 
by a number of systematic uncertainties. The more 
important sources of these uncertainties appear to be 
the imperfect calibration of the telescope factor, the 
assumption that all primaries entering the telescope 
recorded as penetrating events, the incomplete resolu- 
tion of the alpha particles, the extrapolation made in 
determining the primary intensity of protons, and the 
correction for shower effects. Excluding shower effects 
which are discussed below, the above discussions indi- 
cate that the resulting systematic uncertainties in the 
values of the primary intensities are about +10% for 
both the protons and the alpha particles. 


B. Soft Particles 


The soft particles shown in the ABC-(DES) and 
ABCD-(ES) histograms can be divided into two groups, 
(1) electrons plus » mesons and (2) secondary protons. 
Since » mesons are not resolved in the ABC-(DES) 
histograms and since using Sands’ u-mesons momentum 
spectra’ it can be shown that no more than a few percent 
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Fic. 9. Vertical intensity curve of singly charged particles 
having range greater than 43 g/cm’. 


9M. Sands, Phys. Rev. 77, 180 (1950). 
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Fic. 10. Vertical intensity curves of secondary electrons 
and protons, range 1.5 g/cm? to 43 g/cm’. 


of either the ABC-(DES) or the ABCD-(ES) events 
are due to u mesons, we assume that the events are all 
due to electrons and protons. 

The computed intensities of the soft particles (range 
1.5 to 43 g/cm?) are shown in Fig. 10, where the upper 
curve is for electrons and the lower curve is for protons. 
These intensities were computed without applying a 
correction for the overlap between the two peaks. 
However, the resulting errors should be small compared 
to the statistical uncertainties since (1) most of the 
electrons recorded as ABC-(DES) events and were 
completely resolved and (2) the number of A BCD-(ES) 
electrons does not greatly exceed the total number of 
soft protons. 


C. Shower Events 


The counting rates of the shower events are shown in 
Fig. 4 and ionization histograms of the shower events 
are shown in Figs. 5, 6, and 7. As may be seen in these 
figures, a fairly large fraction of the total counting 
rates is due to shower events, $ at 8 g/cm?. 

We have corrected for showers by simply discarding 
all the shower events. This reduced the intensities of 
primary protons and alpha particles by 9% and 20% 
respectively. It is possible that these corrections are 
too large since primary particles can pass through the 
telescope and produce secondaries that trigger the 
S-tray. 

Auxiliary experiments were conducted on both flights 
near peak altitudes to determine the extent of shower 
production in the absorbers and to determine the effect 





806 DAVIS, CAULK, 


TaBLE I. Counts recorded in the one-hour periods before and after 
the absorber was removed on the October 20 flight. 








Total number with 
shower counts 


I <3 Imin I >3 Imin 


202 47 
132 32 


Total number without 
shower counts 


I<3 Imin I>3 Imin 


1011 189 
1017 182 


Total Total 


1200 
1199 





249 
164 








of the absorbers on the nonshower event counting rate. 
During the flight of October 20, all of the upper absorber 
and over 90% of the lower absorber was removed. The 
total nonshower events and total shower events. re- 
corded in one-hour periods before and after removal are 
tabulated in Table I. The table also lists the sub- 
totals of events that recorded with ionization greater 
than and less than 3 Jmin. AS may be seen, the number 
of shower events decreased by } when the absorber was 
removed, showing that showers were generated in the 
absorbers. The most significant result to be noted is 
the absence of any significant change in the number of 
nonshower events, either in the totals or the sub- 
totals. This result shows rather conclusively that the 
total particle intensity was unaffected by the presence 
of the absorbers. Since most of the nonshower events 
were either penetrating singly charged or doubly 
charged particles, this also strongly indicates that their 
intensities were unaffected, i.e., that few of the shower 
events were due to primary protons or alpha particles 
that passed through the telescope and produced showers 
in the absorbers. 

On the September 16 flight, only the lower absorber 
was removed, and while the results cannot be simply 
interpreted they do not appear to contradict the con- 
clusions drawn from the above data. 


Ill. CONCLUSIONS 


The primary intensities of protons and alpha particles 
at geomagnetic latitude 55°N have been determined by 
extrapolation from counter measurements of the in- 
tensities of penetrating singly and doubly charged 
particles down to 8 g/cm? depth. The primary intensities 
and the intensities measured at 8 g/cm? depth are 
summarized in Table II. The systematic uncertainties 
in the primary intensities are estimated to be +10%. 
The statistical uncertainties are approximately the same 
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as those shown for the measured intensities of pene- 
trating singly and doubly charged particles, i.e., +3% 
for protons and +6% for alpha particles. 

The mean free path in air of the primary alpha par- 
ticles has been determined from the slope of the alpha- 
particle absorption curve. The resulting value, 357 
g/cm’, is somewhat lower than the value predicted by 
the empirical formula of Bradt and Peters,’ i.e., 45 
g/cm’. 

The present values of the alpha-particle intensity are 
to be compared with the value 0.028 (cm? sec sterad)~ 
measured at about 10 g/cm? by Ney and Thon" and 
the value 0.032+0.004 (cm? sec sterad)~' reported by 
Waddinton" who extrapolated his results to zero depth. 


Taste IT. Summary of the vertical intensities of charged 
particies at geomagnetic latitude 55°N. 








Intensity* 





Measured at 8 g/cm? atmospheric depth: 
Range 2 43 g/cm*/Singly charged particles 
{Doubly charged particles 
43 g/cm? >range > 1.5 nfo nie? protons 
Secondary electrons 


0.206 +0.005 
0.027 +0.002 


0.029 +0.002 
0.060 +0.003 


Total intensity of particles having ranges > 1.5 g/cm? 0.322 +0.006 


Extrapolated to zero depth: 


Primary protons 
Primary alpha particles 


0.19 
0.032 


Total primary intensity 0.22 








* The intensities are in (cm? sec sterad)~!, and the errors are the statistical 
standard deviations. 


The primary proton intensity is the same as the value 
reported by Ney and Thon” and by Clark.” 
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Proton-Induced Fission Cross Sections for U***, U**®, Th?*, Bi?®*, and Au!’ 
at 100 to 340 Mev* 
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We have measured the total fission cross sections of U**, U*, Th*, Bi, and Au’ for high-energy 
protons. A cancellation-type ionization chamber was used to detect the fission fragments. The observed 
fission cross sections are compared to the total inelastic cross sections in order to obtain the relative fission 


probability as a function of proton energy. 


I. INTRODUCTION 


N recent years, several experiments have been carried 
out in the general field of high-energy proton- 
induced fission in heavy elements.'~* Most of these 
experiments were designed primarily to measure the 
mass yield distribution of fission products as a function 
of the energy of the bombarding particles. In some 
cases the yields were integrated to give total fission 
cross sections; however, these were usually subject to 
rather large errors because of uncertainty in absolute 
counting of beta activities and also in beam monitor 
calibration. The experiment described here was designed 
to measure the total fission cross sections of U**, U™®, 
Th*, Bi™, and Au’*’, using a cancellation-type fission 
chamber to detect the ionization produced by the fission 
fragments. It was considered of interest to compare 
these fission cross sections with the total inelastic proton 
cross sections for the above elements in order to deter- 
mine how the fission probability changed as a function 
of the energy of the incident protons. 

The source of protons used in this experiment was the 
184-inch synchrocyclotron at the University of Cali- 
fornia Radiation Laboratory. The cross sections were 
measured in the energy region from 100 to 340 Mev. 


Il, APPARATUS 
A. Fission Detector 


A cancellation-type ionization chamber of 2% geom- 
etry filled with 1 atmosphere of hydrogen gas was used 
to detect the fission fragments. This type of fission 
chamber was first used by Baldwin and Klaiber,® and 
was independently suggested by Clyde Wiegand and 
used by John Jungerman! for charged-particle fission 
studies. As shown in Fig. 1, it consisted of three elec- 
trodes, A, B, and C, arranged so as to form two adjacent 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 J. Jungerman, Phys. Rev. 79, 632 (1950). 

2G. N. Harding, Atomic Energy Research Establishment 
Report AERE/NR-1438 (unpublished). 

3 Folger, Stevenson, and Seaborg, Phys. Rev. 98, 107 (1955). 

4W. F. Biller, thesis, University of California Radiation Labora- 
tory Report No. UCRL-2067, January 1953 (unpublished). 

5G. G. Baldwin and G. S. Klaiber, Phys. Rev. 71, 3 (1947). 
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parallel-plate ionization chambers of approximately 
equal capacitance. The spacing between the electrodes 
was 4.5 centimeters, and under usual operating condi- 
tions plate A was operated at zero potential, plate B 
at about +1500 volts, and plate C at about +3300 
volts. Electrode B, which served as the high-voltage 
electrode of chamber B-C, was coupled by means of a 
100-yuf capacitor to the grid of the first tube of a pre- 
amplifier. When equal amounts of ionization were 
produced simultaneously in both reg’ons A—B and B-C, 
the net signal on electrode B could be made less than 
one percent of the ionization pulse from one region 
alone. A beam of charged particles passing through the 
fission chamber produced almost equal amounts of 
ionization in both these regions if care was taken to 
make the electrodes as thin as possible. The high- 
voltage electrodes were therefore made out of 140 
ug/cm? of aluminum foil. The degree of cancellation 
could be adjusted by varying the high voltage on elec- 
trode C. This affected the saturation in the region B-C, 
so that under optimum conditions almost complete 
cancellation of the pulses caused by the beam ionization 
could be obtained. (See Figs. 2 and 3.) Upon achieve- 
ment of the best possible cancellation, a sample of 
fissionable material was placed in the beam at electrode 
A. The ionization produced by a fission fragment did 
not cancel for two reasons: (a) the range of a fission 
fragment in hydrogen is about 7 to 9 cm,® so that most 
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Fic. 1. Schematic drawing of the cancellation-type ionization 
chamber used to detect the fission fragments. 


~ 6N. O. Lassen, Phys. Rev. 75, 1762 (1949). 
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Fic. 2. Photograph showing typical pulses observed in an oscil- 
loscope during various stages of cancellation of the pulses due to 
beam ionization. The cancellation of the beam pulses was adjusted 
by varying the voltage on electrode C with respect to electrodes 
A and B. (a) A=0 volt, B=1500 volts, C=1750 volts; beam 
pulse largely uncancelled; (b) A =0 volt, B= 1500 volts, C=3000 
volts; beam pulse almost canceled; (c) A =0 volt, B= 1500 volts, 
C=3290 volts; minimum beam signal; (d) A=0 volt, B=1500 
volts, C=4500 volts; beam pulse reappears with opposite sign. A 
fission pulse on same scale would be approximately 2 cm high on 
the oscilloscope (full scale ~4 cm). 


of the fragments spent all of their range in the region 
A-B;; (b) a fission fragment ionizes most heavily at the 
beginning of its path so that even if the fragment were 
to get into the cancellation region B-C, it would already 
have lost most of its energy in the region A—B. The 
beam usually entered the chamber in the direction 
C-B-A, so that most of the reaction products made by 
the beam in the 0.001-inch aluminum sample backing 
were knocked out of the sensitive part of the ionization 
chamber. Approximately four times as many back- 
ground pulses were observed when the orientation of 
the chamber was reversed. A periodic check was made 
of the cancellation and background by inserting a blank 
piece of 0.001-inch aluminum foil in place of the fission- 
able sample. The number of background beam pulses 
remained quite constant for a given beam intensity at 
a given energy, and thus could be subtracted with good 
reliability. The number of such background pulses was 
less than 1% of the number of fission pulses for U™8, 
U™>, and Th™, less than 10% of the number of bismuth 
fission pulses, and less than 25% of the number of fission 
pulses from gold for all proton energies. 

The signal from the preamplifier was fed into a linear 
pulse amplifier that had a clipping time of 5 micro- 
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seconds. From there it was distributed into six scalers 
whose voltage discriminators were set at 5, 7.5, 10, 12.5, 
15, and 20 volts respectively under usual operating con- 
ditions. In this way a counting-rate-versus-bias curve 
was obtained at each point. (See Fig. 4.) The true count- 
ing rate was obtained by extrapolating this curve to 
zero bias. 

The pulses recorded as fission pulses in this experi- 
ment were observed to have the same form and magni- 
tude as slow-neutron-induced fission pulses. Such pulses 
were observed with the above-described chamber when 
a Po-Be source encased in paraffin was placed adjacent 
to the fission chamber with the U™* sample in place. 


B. Samples 


The samples were prepared by either painting or 
evaporating the fissionable materials onto pieces of 
0.001-inch aluminum foil. The areas of all samples were 
about 2 by 2 inches. The painting technique is described 
elsewhere.’~* The thickness of each sample was deter- 
mined by both alpha counting and weighing when- 
ever possible, and by weighing only for bismuth and 
gold. To check for uniformity in alpha-active samples 
all but a 0.75-cm? area of each sample was masked, and 
the exposed part of the sample was then alpha counted. 
The emission of alpha particles was measured with an 
ionization chamber from about six regions on the sur- 
face of each sample. The alpha activity in all cases was 
found to be uniform to within +3%. For U™* both 
painted and evaporated samples were prepared and 
used. No difference was observed between the cross 
sections for the painted and evaporated samples. Also, 
for uranium, a quantitative chemical analysis of two 
samples was made which showed agreement, within the 
experimental error of 3%, with the thicknesses as 
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Fic. 3. Voltage on electrode B (collector) versus voltage on 
electrode C (cancellation) in order to achieve the best possible 


cancellation of pulses caused by beam ionization in the fission 
chamber. 


7 T. Jorgensen, Atomic Energy Commission Report MDDC-467, 
1946 (unpublished). 

§W. C. Bright, Atomic Energy Commission Report MDDC-91, 
1946 (unpublished). 

* B. B. Rossi and H. H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 210. 
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Fic. 4. Integral bias curves for various voltages on the collector 
electrode (electrode B). Electrode C was always adjusted to give 
the best possible cancellation of beam pulses. (See Fig. 3.) 


determined by alpha counting. All the targets used 
ranged in thickness from 0.6 to 1.1 mg/cm’. In order to 
correct for sample thickness effects, thinner samples 
of U**®, Th, Bi, and Au were also prepared. These samples 
ranged from 0.1 to 0.4 mg/cm? in thickness. Cross sec- 
tions were measured by using these thin samples at a 
proton energy of 336 Mev. These results were compared 
with the cross sections as measured with the thicker 
samples. In this way, sample-thickness correction fac- 
tors were determined for the thicker samples. It was 
assumed that these sample-thickness corrections were 
independent of the energy of the proton beam. The 
sample-thickness correction factors used in these experi- 
ments ranged between 8 and 14%. 


C. Beam Monitor 


The beam was monitored by a parallel-plate ioniza- 
tion chamber filled with one atmosphere of argon. This 
method of monitoring the beam is described in detail by 
Chamberlain, Segré, and Wiegand.” The accuracy of the 
beam calibration using the above method is estimated to 
be +3%. 


Ill. EXPERIMENTAL METHOD 
A. Arrangement 


The general experimental arrangement is shown in 
Fig. 5. The high-energy protons were magnetically 
deflected out of their circular orbits in the 184-inch 
synchrocyclotron, and passed through a premagnet 
collimator, a steering magnet, and a collimator 1-inch 
in diameter by 48 inches long into the experimental 
area (cave). The full-energy proton beam was essentially 
monoenergetic, with a probable energy spread about the 
mean of less than 1%. To reduce the energy of the beam, 
internal absorbers were placed on a movable probe that 
could be positioned so that all the beam from the 
magnetic channel had to pass through these absorbers. 
Beryllium was used as the absorbing material in order 


#0 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 
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that the multiple Coulomb scattering effects could be 
kept small, thus keeping the beam intensity as high as 
possible. The current to the focusing magnet was then 
adjusted so as to guide the reduced-energy particles 
down the 48-inch collimator. The steering magnet also 
acted as a momentum selector, and thus reduced the 
energy spread introduced by range straggling in the 
absorbers. Upon entering the cave the beam first passed 
through the monitoring ionization chamber (No. 1) and 
then through the fission chamber. The beam next 
passed through a variable copper absorber and finally 
through a second ionization chamber (No. 2). From the 
ratio of the charge collected in ion chamber No. 2 to the 
charge collected in ion chamber No. 1, with various 
amounts of copper absorber in between the chambers, a 
a Bragg curve was obtained, and hence the energy of the 
beam could be determined. 


B. Procedure 
1. Alignment 


The alignment of the fission chamber was checked 
with photographic film. These pictures were taken 
every time the current in the steering magnet was 
changed. 


2. Variation of High Voltage on Electrodes B and C 


Under usual operating conditions the high voltage 
on electrode B was +1500 volts. If this voltage was 
changed to 1000 volts (with a simultaneous reduction of 
the voltage on electrode C, so that cancellation was 
maintained), the slope of the integral bias curve would 
increase; however, the extrapolated end point at zero 
bias would remain the same within statics. Con- 
versely, when the voltage on B was increased to + 2000 
volts, the slope of the bias curve decreased but the end 
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Fic. 5. Schematic diagram of the experimental arrangement at 
the cyclotron. (The representation of the experimental equipment 
in the cave is not to scale.) 
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Fic. 6. Counting rate plotted against the reciprocal of the beam 
intensity. The ordinate shows the number of counts observed 
while the beam monitor collected 1 microcoulomb of charge. The 
abscissa shows the time necessary to charge the beam monitor to 
1 microcoulomb. 


point was still unchanged. (See Fig. 4.) Unfortunately, 
when the voltage on electrode C was set at values above 
400 volts, occasional spark breakdowns occurred which 
registered as fission pulses. We therefore decided to 
operate electrodes B and C at +1500 and +3300 volts 
respectively. 


3. Pile-up of Fission Pulses 


The 184-inch synchrocyclotron has a repetition rate 
of 60 pulses per second, and each pulse of the scattered 
beam has a duration of 20 microseconds. These 20- 
microsecond pulses have a radio-frequency fine struc- 
ture ; however, this fine structure is of no importance to 
us, since the resolving time of the electronic equipment 
used in conjunction with the fission chamber was 5 
microseconds. In order to keep the loss of fission events 
due to pile-up of fission pulses to less than 1%, we chose 
the beam intensity so as to give less than 300 fission 
counts per minute. This number was determined by 
making a curve of the counting rate per microcoulomb 
of charge collected on the beam-monitoring ionization 
chamber, versus the reciprocal of the beam intensity. 
Such a curve is shown in Fig. 6. No change was observed 
in either the total number of observed fission pulses or 
the shape of the integral bias curves when the clipping 
time of our amplifier was changed from 5 microseconds 
to 1 microsecond. 


4. Gating of Scalers 


In order to minimize the effects of pulses due to 
electrical disturbances in the cyclotron building, an 
electronic gate was employed that allowed the scalers to 
count only while the beam was on. This was helpful 
because occasionally electrical transients would cause 
spurious pulses to be detected during the 5-microsecond 
resolving time of our electronics when the gate was not 
used. In order to insure that no fission counts were 
being lost because of the gating procedure, the gating 
circuit could be switched so as to allow the scalers to 
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count only during the time that the beam was not on. 
No counts above background were ever observed. 


5. Geometry of the Fission Chamber 


The geometry of the fission chamber was tested by 
placing an alpha standard in place of one of the fission- 
able samples on the ladder-shaped frame in the chamber. 
The diameter of the alpha standard was about 1.25 
inches, which was approximately equal to the beam 
size at the targets when the chamber was used at the 
cyclotron. Upon comparison of the counting rate of the 
alpha standard as measured in the fission chamber with 
the counting rate as measured in an ionization chamber 
whose geometry was strictly that of flat parallel plates, 
it was found that 1.5-0.5% fewer counts were observed 
in the fission chamber. This is presumably because the 
ladder-shaped frame would position the sample ap- 
proximately #; inch behind electrode A. Hence, the 
effective solid angle was slightly less than 27 steradians. 


6. Neutrons 


The neutron contamination of the beam was checked 
by placing sufficient copper absorber to completely 
stop the proton beam immediately in front of the 
fission chamber. This check probably overestimated the 
neutron contamination, because of the additional neu- 
trons produced by the protons in the copper absorber. 
In any case, the fissioning effect of these neutrons was 
less than 1% of the proton-induced fission rate for all 
samples except U**. For U5, this effect was approxi- 
mately 2%. 


7. Momentum Transfer to Struck Nucleus 


The usual orientation of the fission chamber was 
chosen in such a way that the fission fragments were 
observed in the backward hemisphere with respect to 
the beam direction. Since a fission fragment is a rather 
slowly moving object (e.g., an 80-Mev fission fragment 
of A=100 has 8=0.04, where @ is the velocity of the 
fragment divided by the velocity of light), a small 
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Fic. 7. Fission cross section of U** as a function of proton 


energy. The errors indicated on the points are standard deviations 
due to counting statistics only. 
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amount of momentum transferred to the target nucleus 
appreciably distorts the angular distribution of the 
fission fragments in the laboratory system. For example, 
if a 340-Mev proton were to transfer all of its momen- 
tum to a target nucleus of U**, then the target nucleus, 
which is the center-of-mass frame for the fission frag- 
ments, would have 8=0.0039. If we assume (a) that the 
fission fragments are emitted isotropically in their 
center-of-mass system, and (b) that we have a thin 
sample, then the motion of the fissioning nucleus would 
cause about 10% fewer fragments to enter the sensitive 
region of the ionization chamber than when the fission 
occurs with the nucleus at rest. In other words the 
center-of-mass motion causes the effective solid angle 
available to the detected fission fragments to be reduced 
by 10%, when the beam passes through the chamber in 
the direction CBA. On the other hand, if the orienta- 
tion of the chamber is ABC with respect to the beam 
direction, 10% more fragments enter the sensitive 
region of the ionization chamber. Here, though, no 
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Fic. 8. Fission cross section of U**® as a function of proton 
energy. The errors indicated on the points are standard deviations 
due to counting statistics only. 


increase in the counting rate is observed, since only one 
pulse will be detected, whether it is caused by only one 
fragment or by both fragments emitted simultaneously. 

If (a) we have a sample of finite thickness in which a 
fraction » of the fragments is self-absorbed when the 
fission occurs with the nucleus at rest, and if (b) there is 
a fractional change £ in the effective solid angle due to 
the center-of-mass motion then if the beam direction is 
CBA the fraction of the fissions observed in our chamber 
is 1—n—£. On the other hand, if the beam direction is 
ABC, this fraction is approximately 1—n+é—(#/4n) 
for 0O< €< 2n, and 1 for ¢> 2». In this experiment, we had 
£<2r in all cases. Hence, by taking the ratio of the 
fissions observed when the chamber is oriented in the 
direction CBA to the fissions observed when the 
chamber is oriented in the direction ABC, we can 
determine §; i.e., 


CBA/ABC=1—2é+ (#/4n). 
It was noted that at E,=336 Mev approximately 
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Fic. 9. Fission cross section of Th*” as a function of proton 
energy. The errors indicated on the points are standard deviations 
due to counting statistics only. 


743% fewer fissions were observed in the backward 
hemisphere (with respect to the beam) than in the for- 
ward direction. This corresponds to &~0.037+0.011. 
Since 


£=(target nucleus) /@(fission fragment), 


A(target nucleus)~0.037 X0.04=0.0015, which implies 
that on the average approximately one-third of the 
proton’s initial momentum is transferred to the ura- 
nium nucleus. At a proton energy of 192 Mev, 
&=0.020+0.012, which again corresponds to a momen- 
tum transfer of approximately one-third of the proton’s 
initial momentum. 

Besides the difference in the number of fission events 
observed when the orientation of the chamber was 
changed by 180°, we also found that the slope of the 
integral bias curves was steeper when the fissions were 
observed in the backward direction with respect to the 
beam than in the forward direction. An effect of this 
kind is again consistent with the interpretation that an 
appreciable amount of momentum is transferred to the 
fissioning nucleus. 
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Fic. 10. Fission cross section of Bi® as a function of proton 
energy. The errors indicated on the points are standard deviations 
due to counting statics only. 





H. M. 





e 





9 
~ 


0 IN UNITS OF I10**CM" 
° 
S a 








150 200 250 300 


PROTON ENERGY (Mev) 


350 


Fic. 11. Fission cross section of Au’ as a function of proton 
energy. The errors indicated on the points are standard deviations 
due to counting statistics only. 


IV. RESULTS 


The fission cross sections of U**, U5, Th, Bi, and 
Au’ as a function of proton energy are presented in 
Figs. 7 through 11. Only standard deviations due to 
counting statistics are indicated on the graphs. In addi- 
to the statistical errors the following systematic errors 
may be ascribed to the experiment: (a) determination 
of sample thickness, +3%; (b) uniformity of sample 
thickness over the area of the sample, +3%; (c) 
self-absorption of fission fragments in the sample 
material, +5%; (d) extrapolation to zero bias, +5%; 
(e) momentum transfer to the target nucleus, +1.5%; 
(f) determination of beam energy, +1%; (g) calibration 
of beam monitor, +3%; (h) geometry of the chamber, 
+0.5%. When these errors are compounded, a total 
systematic error of 9% may be ascribed to the experi- 
ment. The accuracy of the absolute cross sections may 
be obtained by combining the above systematic errors 
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Fic. 12. Ratio of the fission cross sections oy of U**, U5, and 
Th* to the total inelastic cross section of natural uranium o;. 
The total inelastic cross sections were obtained from the data of 
Millburn ef al." The shaded regions indicate the limits of error. 
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with the errors due to counting statistics shown in 
Figs. 7 through 11. 


V. DISCUSSION 


Upon comparing the fission cross sections to the 
total inelastic cross sections as measured by attenuation 
experiments," we find that for U** and U™* fission is 
the most probable inelastic process at all energies 
investigated. A graph of the ratio of the fission cross 
section to the total inelastic cross section as a function 
of proton energy is shown in Figs. 12 and 13. For 
uranium bombarded by 340-Mev protons the dif- 
ference between the total inelastic cross section of 
about 1.75 10-* cm? and the fission cross section of 
1.35X10-* cm? is approximately 0.4 10-* cm?. This 
value is not in disagreement with a chemical deter- 
mination of the spallation cross section of U¥* bom- 
barded with 340-Mev protons.” 
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Fic. 13. Ratio of the fission cross sections oy of Bi® and Au’? 
to the total inelastic cross section of lead, o;. The total inelastic 
cross sections were obtained from the data of Millburn ef al."! The 
shaded regions indicate the limits of error. 


The results of this experiment are significantly higher 
than those obtained by one of us (J.A.J.) in an earlier 
experiment.' The reason for this discrepancy is not 
entirely clear. However, we believe that the results 
given here are correct and the old ones in error; a 
possible reason for assuming the earlier work to be in 
error is that is was done with an electrically deflected 
proton beam which had pulses of about 0.1 microsecond 
duration. This small-duty-cycle beam created a much 
larger amount of ionization in the fission chamber 
during the resolving time of the fission detector than in 
the newer experiment. These large bursts of ionization 
may have caused the ion chamber used in the previous 
experiment to operate unreliably. 

The present cross section for U** at 147 Mev is about 
12% below that obtained by Harding.? Chemical in- 

4 Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 95, 


1268 (1954). 
2M. Lindner (private communication). 
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vestigations of the fission yields of U** when bombarded 
by 340-Mev protons have been carried out by Folger 
et al.* Upon integrating these yields they find a fission 
cross section of 2.0X10-* cm?, which is somewhat 
higher than the result reported here. 

The bismuth fission cross section at 340 Mev as 
measured in this experiment is in fair agreement with 
the value of 0.239--0.03 X 10-*4 cm? obtained by Biller‘ 
by integration of the fission yields. 

The following conclusions may be drawn from this 
experiment : 

(a) The high-energy fission cross sections of uranium 
seem to be independent of whether U™** or U** is used. 

(b) The relative fission probabilities as well as the 
fission cross sections seem to decrease strongly with de- 
creasing atomic number. 

(c) The fission cross sections of uranium and thorium 
seem to be fairly constant as a function of proton energy 
in the energy region of 100 to 340 Mev. 
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(d) On the average approximately one-third of the 
proton’s initial momentum is transferred to the fission- 
ing nucleus at proton energies of 190 and 340 Mev. 
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The solution of the cascade equations, obtained previously by 
Bhabha and Chakrabarty, is rearranged in a form suitable for 
numerical calculations. Although the solution is still in the form of 
an infinite series, the first term alone gives practically the entire 
contribution to the number of particles in a shower for all values of 
the energy of the shower particles. The results are compared with 
the values given previously by Bhabha and Chakrabarty and also 
by Snyder. The defects in the analysis of Snyder are discussed. 

Values of N(E,t), the total number of particles in a shower 
having energies greater than £, are obtained for different values 


I. INTRODUCTION 


HE development of the theory of cascade showers 

has been made by various authors at different 
times after the original works of Bhabha and Heitler' 
and Carlson and Oppenheimer.’ An accurate estimate 
of the number of shower particles or photons and of 
their energy spectrum is very important for the inter- 
pretation of the different results of observations. In 
previous papers the solution of the cascade equations 
has been obtained by Bhabha and Chakrabarty’ in the 
form of an infinite series, and it was shown that the 


* This work forms a part of a research project financed by the 
Department of Atomic Energy, Government of India, and we are 
indebted to the Government for the financial support. 

1H. J. Bhabha and W. Heitler, Proc. Roy. Soc. (London) A159, 
432 (1937). 

2J. F. Carlson and J. R. Oppenheimer, Phys. Rev. 51, 220 
(1937). 

3H. J. Bhabha and S. K. Chakrabarty, Proc. Roy. Soc. 
(London) 181, 267 (1943), hereafter denoted as (A); Phys. Rev. 
74, 1352 (1948), hereafter denoted as (B). 


of E, t, and Eo. By the evaluation of a single integral it is now 
possible to obtain the values of N(£,t) for any value of E in the 
entire range (0,E£»), and also the nature of the energy spectrum 
of the shower electrons at different depths. Asymptotic values to 
which P(E,t) and N(E,t) merge, when E tends to zero and 
infinity, are derived from the general expression. It is shown that 
the values of No(t)+N2(t), derived previously by Bhabha and 
Chakrabarty, is a fair approximation to the value of N(E,f) if 
we take E=2mce’. 


first term in the series solution alone gives the major 
contribution. The subsequent terms are of importance 
only at large thicknesses and at the tail end of the 
shower where their contribution is mainly to the number 
of electrons whose energy is much smaller than the 
critical energy, a region where the cross sections for the 
radiation loss and pair creation are not well represented 
by their asymptotic forms assumed in the analysis. 
Thus the subsequent terms in the series are negligible, 
except in the region where the basic physical assump- 
tions are not precise. The rate of ionization loss assumed 
in the analysis should also be modified in that region, 
which will again considerably reduce the number of 
particles in the actual shower. It was thus suggested 
that the figures given in (B) were sufficiently accurate 
unless improvements could be introduced in the basic 
physical assumptions made in deriving the cascade 
equations. Snyder* has modified the previous calcu- 


*H. S. Snyder, Phys. Rev. 76, 1563 (1949). 
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lations of Snyder’ and Serber* and has obtained a 
solution which, except for notation, is the same as 
derived in (B). He has, however, later rearranged the 
expression for the number of particles in a form which 
is not correct, as will be shown later, for any value of E, 
the energy of the shower particles, except when E is 
zero, in which case the infinite series reduces to the 
first term. In the derivation of the energy spectrum of 
the shower particles, all the other terms appear except 
the first in the series, and hence the results obtained by 
Snyder‘ differ entirely from those deduced in (B). The 
major contribution to P(E,), the number of particles 
at depth ¢ with energies in the range (E, E+dE), arises 
in Snyder’s analysis from the second term in the series 
for N(E,t), the total number of particles at depth ¢ 
having energies greater than E£. But it is easy to see 
that the first two terms in the series for V(E,/) give a 
negative value for V (Z,t) even for E of the order of B/e. 
In the present paper we rearrange the solution ob- 
tained in (B) in a form suitable for numerical calcula- 
tions. Even now the solution is an infinite series, but 
the first term alone gives practically the entire con- 
tribution. In a later section we give the values of N (E,t) 
for some values of £ and ¢ and for different energies of 
the primary particle. We also derive the values of 
P(E,t) for some values of E and for a particular value 
of the energy of the primary particle and compare them 
with the results obtained by Snyder. We also give the 
reasons for the existence of the difference between the 
results of Snyder and that of the present paper. 


Il. MATHEMATICAL SOLUTION 


As in (A) and (B), we denote by P(E,#)dE the mean 
number of electrons and positrons in the energy range 
(E, E+dE), to be found in a cascade shower at a depth 
/ in radiation units, and by Q(£,t) the corresponding 
expression for the number of quanta. It has been shown 
in [(B) Eq. (14)] that the solution of the cascade 
equations can be put in the form 


1 Eo\? 
P(E)= f (~) 
2mriEo Cc E 


r 8y* I'(s+n) 
x| > (--) —-+4,(s,f) as, (1) 
n=0 E T'(s) 


where W,(s,t), Xs, and u, have been defined in (B). By 
applying a Laplace transformation in ¢, it can be shown 
that 


1 Eo el 
pEd=-— fas fa(—) Eo» 
4r*8 B n=0 


B\*t"T(s+n) 
x(=) e'brlsp), (2) 
E T(s) 


6H. S. Snyder, Phys. Rev. 53, 960 (1938). 
® R. Serber, Phys. Rev. 54, 317 (1938). 
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where 
$n(5,7) =n-1 (s,r)o0(s+ nN, r) 


=|] go(s+i, r), 
i=0 


and 
0(s,r) = (D+r)/(r+.)(r7-+u,). 


A similar expression for P(E,#) was also derived in a 
previous paper.” 
We now define ¢,(s,r) as a function of p, s, 7, such that 


o>p(s,r) = Lim{go(s +N +1, r)}?4! 
No 
N o(s+i, r) 
4 . , 
m0 bo(s+p+i+1, 1) 


where p is any number. ¢,(s,r) then satisfies the dif- 
ference equation (3). We thus have 





© B stn 
> (— »*(—) I'(s+n)¢,(s,r) 


ytio 
J P(s+p)P(p+1)0(—p) 


‘ ee 
x(—) b(sr)ap, (5) 
E 


where —1<+y<0. Substituting in (2) and simplifying, 
we get 


1 
‘et 


P(E)= 5 Pu(EJ), (6) 
m=0 


where 
1 o+ ico Eo el 1 
P,, (Et) =—— as(—) —~ 
2TiB J 5 ice B 2ri 


«fn nenacngey 





y¥—to 


Pos na 


Bs+-m— Astm 


exp( a Asimt)Gm (s,p) 


a—D 
Peseta exp(—saen)Pals)| 


Met+-m— Asim 
= P,.(E,) +P a*(E,t) (say), 
where 


Gm(s,p) =P (p+1) Lim{$o(s+N +1, —Aoym)}?7 
N20 


N N 
XII d0(s+i, —As+m) IT 1/p0(st+p+i+1, —Ar+m), 
#=0 i=0 
=m 


7S. K. Chakrabarty, Nature 158, 166 (1946). 
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and 


Fru(s,p)=0(p+1) Lim{go(st+N+1, —Hs¢m)}?™ 
No 


N N 
XII 0(st+i, —perm[] 1/b0(st+p+it1, —Herm). (7) 

os i=0 

The solution given by (6) of the diffusion equation 
of the cascade theory is also in the form of an infinite 
series, but it differs from the expansions used in 
previous papers, in particular in (B) [Eqs. (14) and 
(19) ], in at least one important point. From the values 
of , for real values of s given in (A) it is clear that the 
real part of A, increases with s, and hence the contribu- 
tion of terms containing exp(—A,41/) is much smaller 
than that containing exp(—),/). Similarly the term 
containing exp(—A,42/) is smaller than that containing 
exp(—A,41/), and so on. In the expansions used in B(14) 
and B(19), each term of the series contained exp(—A,/) ; 
but in the form (6) and (7) given above P,,(E,/) 
contains exp(—A,;m/), and hence exp(—A,é) is contained 
only in Po(E,t); thus the higher terms in the series are 
insignificant as compared to Po(Z,/). But the form of 
the solution given in (A) and (B) shows clearly one of 
the physical aspects of the shower production, viz., 
that “if we look for electrons with energy E at depth /, 
the majority of them will have been created at ‘—g 
and then had an energy E+8g, where g is of the order 
of unity.” 

In the numerical evaluation of (6) we have evaluated 
the double integral by the saddle-point method. Snyder 
has carried out the p integration by the method of 
residues; each term P,,(E,/) and similarly J,,(E,4), 
where 


N(E)= f P(E,idE 
E 


=) Vn(E,M), (8) 
m=) 


has been obtained in terms of an infinite series. In the 
next section we evaluate the values of V (Z,t) for differ- 
ent values of E and ¢ and compare them with the 
results given by Snyder and also with the results given 
in (B). 


III. NUMERICAL RESULTS 


It has been pointed out in (A) that for all but small 
t, the part of P,,(Z,/) containing exp(—js4m/) makes a 
negligible contribution as compared to that containing 
exp(—A.s4mé), although in (B) we have retained both 
these terms in evaluating .V,,(£,/). A comparison of the 
values of NVo(Z,¢) given in (B) and that in the previous 
paper® will indicate the order of the contribution of the 
terms containing exp(—y.;n/). In the present paper 
we have therefore neglected the terms containing 


8H, J. Bhabha and S. K. Chakrabarty, Proc. Indian Acad. 
Sci. 15, 464 (1942). 
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exp(—js+mt) and have evaluated the double integral 
by the saddle-point method in the usual way. 
From (6) we have easily 


N(E)= > N,.(E,O), (9) 
m=O 
where 


Nn(E,l) 


{ fae mt | oo 
“— =) oni r(s) 


B stp-l D— Xam 
«(2) ee mest 


E Merm—Actm 


Msim—D 
+—_—_—_—¢™+™'F,,.(s,p) |e 


Me+m—Astm 


1 Ey\*" 1 I'(s+p—1)l(—p) 
gg ae 
Dri B Qri T'(s) 


B stp-—l D— sim 
x ( ~) mi, (s,p)dp 
E Me+m—Astm 


=N,>(E,t) (say). 


(10) 


(11) 


Gm(s,p) is a smooth function of s and p for every value 
of m and its exact value for integral values of p, positive 
or negative can be easily obtained. For later calculations 
we need the values of Go(s,p); exact values for some 
integral values of p are given below: 


Go(s,0)=1; 

D-», 
Go(s,1) vo caiethieihiait) alam eiaaiat ee ck 
(As¢1—Az) (Meets) 


D-», 





Go(s,2)=2 


Go(s,1); 


(As+2—As) (Ms+2—Az) 


Go(s,3) = 3— 
(As+3—As) (Us43—Az) 





Go(s,2) : 


Go(s, - 1)= 


(As—As—1) (ue-1—As) 
D-, 


1 (As—As—2) (Ms—2—Azs) 
-Go(s, _ 2). 
2 D-, 





Go(s, = 2) = 


o(s, —1); 





For numerical computations we have utilized these 
exact values of Go(s,p) for integral values of p and 
different s such that (s+p)>0 and have obtained the 
values of Go(s,p) for intermediate fractional values of p 





S. K. CHAKRABARTY AND M. R. GUPTA 


Values of logeGo(s,p) as functions of s and p; 
log.Go(s,0) =0. 








—1.0 1.0 2.0 3.0 


2.3002 -—0.9357 -—1.3917 —1.5564 
1.6313 —0.6332 —0.8264 —0.7657 
1.0679 —0.3323  -—0.3054 —0.0426 
0.8268 —0.1994 —0.0686 0.2846 
0.6471 —0.0983 0.1109 0.5316 
0.4532 0.0131 0.3065 0.8003 
0.3181 0.0901 0.4409 0.9859 
0.2487 0.1320 0.5131 1.0764 


—(s—1) 


0.4883 
0.6359 
0.7689 
0.8268 
0.9423 
1.0434 
1.1549 
1.2338 





3.2023 
2.0773 
1.4974 
1.2338 


0 00 09 FO 0 b> Ft 
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by interpolation. It may be mentioned here that the 
function K,(y, —y) used by Snyder is the same as 
Go(s, —s+1), but in the evaluation of K,(y, —y) he 
has used a different function and the values are slightly 
different from what we have obtained, although their 
effect on the calculation of No(0,f) is not very sig- 
nificant. 

In Table I we have given the values of the function 
Go(s,p) for some different values of s and in the 
region of the saddle point, from which it will appear that 
for the purpose of obtaining the saddle point in evalu- 
ating (11) the variation of G,,(s,p) with s and p may be 
neglected, without introducing appreciable error in the 
final result. 

We define a function w»,(s,p) such that 
wm (S,p) = (s— 1) yo— 29 —Avgml 


(2) (—p) D—s4m 
+log r +log : 


AY Metm—Astm 





(12) 
where 


yo=log(Eo/8), y=log(E/8); 2=st+p—1, 


and determine the double saddle point sp, ~» through 
the equations 
Owm/AP=0, Awm/ds=0. 


Then, as shown in (B), we get 


(13) 


1 
Nw (E,t) =— exp{cm(SmsPm)}Gm(SmyPm) 
2r 


Pam Pam {Pwm\?)- 3 
tee ae 
op? as? Opds 
where Sm, Pm, are the roots of the equations, 


d d 
VYo—V¥—Asym t-+— log®l (z) —— log\®'(s) 
dz ds 
d D—Xasa-m 
+— log—————- = 0, 
ds Horm Nsrm 
d d 
—y+— log! (z)+— log!’ (— p)=0. 
dz dp 
for assumed values of yo, y, and ¢. We have calculated 
the values of Vo(E,¢) from (14) for some different values 
of yo, ¢, and y and they are given in Table II. It can be 
easily shown that the subsequent terms in (9) make 


only an insignificant contribution to V(£,/). From the 
above expressions the values of V(E,#) when E tends 
to zero can also be obtained by taking the asymptotic 
values Of wm, Pwm/dP, Pwm/Is*, Pwm/Apds, when z 
tends to zero; since when E tends to zero y tends to — » 
and z must tend to zero, we then have 


Wm 


—= —y— (1/2) +9(z+1)—¥(—p) =0, 
op 


Om, 1 d D—Xs4m 
——= Yo—Asgm' t— +— log—————-=0, 
as (s—1) ds peym—Notm 

Ow 


"= (1/2) +W (2+1)4+W (—p); 


2 


Own 


Sit nae (1/2*) —Naym t+ (2+ 1) —y (s) 
as? 


a D—).s4.m 
ms log RIND 
ds? Metm—Netm 
wm 
—=(1/2*)+¥'(s+1), 
Opa 


pos 


where 


d d 
¥(z)=—logl'(z); /(z)=—(2), 
dz dz 


so that we get 
Fw wm 07m 2) 1 
_——— (—") =| -a.."4 9 
Op as? Opds z 
d? D—X sam j 
—y'(s)+— log ——"" +0125] ; 
ds? Bo+m—Actm 


Consequently, when z tends to zero we get 


NO)=> N,. (0,1), 
m=) 

where 
Nn(0,1) = Np (0,1) 

= (1/2) exp{ cm (Sm, —Sm°+1)} 

XGn (Sm°, _ Se+ 1){ La(sa®,f) z i, 

and s,,° is the root of the equation 
d D— Xam 


— 2 
(s—1) ds Merm—Nsim 


(18) 


/ 
Vo—Astem t— 


’ 


and 
Wm (Ss, —S+1) = (s—1)yvo+1—Asgml 
D=—Vra-m 
—log(s—1)+log———_,, 
Ms4+-m—Asi-m 
ad? D—Xsim 


+— log 
(s—1)? ds? 


(19) 


L,.(s,t)= —Neam”’ t+ . 
Motm—Asim 
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TABLE II. Values of No(£,t) for different values of Zo, E, and t. Ey=Bev; E=Bev. 








1.0 2.0 4.0 6.0 


8.0 10.0 12.0 





1.96 1.74 0.701 


5.60 
7.71 
9 44 


33.11 
42.66 
52.59 


— © 


—2 4.00 
—4 4.52 
0 4.89 


6.24 
7.67 
8.51 


—2 5.96 
—4 6.68 
— 0 8.71 


14.49 
18.41 
24.00 


—2 8.04 
—4 8.91 
— 11.22 


32.00 
35.50 
50.00 


125.9 
160.3 
201.8 


—2 7.28 
10 —4 10.47 57.60 
—« 16.18 87.30 


45.80 338.6 
457.1 


651.0 








The first term in the series (17), viz., No(0,¢), is easily 
seen to be equal to 


é 
——Go(s0°, —5°+1)N,(6,2), (20) 


(2x)! 

where V,(£,f) is the number of particles in a shower 
having energies greater than £ if ionization loss is 
neglected, and was calculated previously.? Thus, since 
N,(0,t) gives practically the entire contribution of 
N(0,t), it is evident that the effect of introducing the 
ionization loss is to multiply the number of particles 
with energies greater than @ (if ionization loss is ne- 
glected in the calculation) at each depth by the factor 
e(2m)-'Go(so°, —so°+1), which, however, will be dif- 
ferent at different depth since sp depends on ¢ according 
to (19). The values of Vo(0,/) can be easily obtained 
from (18) and (19) using the last column of Table I. 
Some values have been given in Table IT. 

The energy spectrum of the particles in a cascade 
shower can be easily derived from (6) by evaluating 
the integral by the saddle-point method. We have as 
before 


EoPn(E,t)* EoPn(E,l) 


1 
=— EXP{ Gm (SmyPm)}Gm(SmsPm) 
2r 
Pim Pim 0 am\*)— 
(ce) 
Op? ds? Opds 
where 


®m(S,p) ea 5. Bae (s+ p)y—Yssml 


P(s+p)l'(—p) 
+log———-+! 
I'(s) 


D—dXs4m 
eo 
Jot-m—Actm 


(19a) 





1 exp{syo— sy— Astal+ 1 +logl D—d.4 m/Ho-m—Reem]} 





EoP »(E,t) Te 


1.26 
1.90 
2.66 0.797 

1.45 
2.00 
2.85 


29.50 
43.70 
64.60 


4.73 
7.63 
10.47 


10.59 
16.05 
22.39 


20.89 
29.17 
40.74 


85.10 
125.0 
173.8 


144.5 
201.8 
285.1 


195.0 
263.0 
358.9 


436.5 
724.4 
1072 


952.0 
1380 
1950 


1288 
1700 
2291 


1259 
1718 
2388 








Sm and p, are the roots of the equations 
I@n/IP=0; IAwn/ds=0. 


It is easy to see that the saddle point lies within the 
extreme values (s+p)—0 and (— )-—0 and these 
extreme values correspond to the cases when £ tends 
to zero and ©, respectively. Different values of s,, will 
give different values of Ey and ¢. When (— p)—>0, 

OGm 

; =—y+¥(st+p)—¥(1—p)+L1/(—p)] 


= y+ (1/p)=0; 


O@m d D—- Astm 
——= yo— Y—Aatm t-+— log————_= 0 
Os ds etn Astm 


Pam 
oP? 
Pam a? D— Xam 
a —Nsim t+ (s+ p)—y'(s)+ — log : ." , 
os? ds? Ms+ m7 Asin 


y(—p)=1, 


v' (stp)+w (1—p)+[1/(—p)*]; 


OOm 
= (stp), 

Opds 

| Pim Pom 


Pam\? 
Opas ) | 


1 i 
= Lim —| —dspm t-+— log— -}. 
—p-0 (— p)? ds* 


oP 
D- Asim 


Ms -m—Ao+m 


=1, if 
lim Gin(Sm; Pm) 


Pm 0 


m=0, 
=0, if m#0. 


Hence, when E£ tends to infinity, i.e., —p tends to 0, 
we have 


Um (Sm;0). 





2r { —Neem t+ (d?/ds?) logl D—Y 4m; ‘ts+m—Asem_]}* 
“9S. K. Chakrabarty, Proc. Natl. Inst. Sci. India 8, 331 (1942). 
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Fic. 1. Graphs of log8Po(Z,t) against y, for yo=6. Solid curve 
—— for t=10; dashed curve --~— for ¢=5. x and @ are values 
obtained in (B); the upper curves are from Snyder’s analysis. 


Hence 


PME) ~ P)(E,t) 


e 1 Eo\* D—d, 
= SG) eds 
(2a)! 2aiEy EJ wer, 
ms P\(E,A), 
where 
Pr(E,t)=Pm(Et)+P nt (E,t), 
and 
P(E,t) = P(E) + P#(E,). 
It can also be shown that the term containing 
€XP(—He+mé) 


in (6) reduces to P,(£,t) when E is large. In a similar 
way it can deduce from (16) that when E& tends to 
infinity, i.e., (— p) tends to zero, 


é 1 Ep ie 1 
N(Ej)=— — f(-) Pa 
(2a)! 2x E s—1 
D-, 


x eft 
Ms—A, 


u.—D 
eHst bs, 
fez 


Thus when E is large P(E,t) and N(E,t) given by (6) 
and (9), nearly reduce to the values deduced in (A) 
[ Eq. (24) and (34) ] by neglecting ionization loss. 
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In a similar way it can be shown that when E-0, 
(s+p)—0, we have, 


BP.(E,!) (-+<)— V0) | (-) 
m jt) = Gs eae +. @ yt e ey , 
3. J 2V2D—dram ts 7 


and hence 


BP(0,t)~BPo(0,t) 


4 e B, B 
= (+e) — N (0,0) g.(—), 
3 2v2 D—-i, E 


1 d D- , 
yo—A, t———_+— log =0. 
s—1 ds 


where 





Ms—As 


This shows that, when E tends to zero, P(E,t) ap- 
proaches infinity logarithmically. This is due to the 
fact that when (s+)—0, the integrand contains a term 
Astp+iés+p+1 Which goes to Ayu: and thus goes to infinity 
as B,C, when s tends to 1. If we look into the diffusion 
equation it will be apparent that this infinity is associated 
with the assumption that a photon of energy even less 
than 2mc* can create pairs. If thus we restrict the lower 
limit of the photon energy for pair production to 2me*, 
this singularity will be avoided and then P(E,/) will 
tend to a finite limit when £ tends to zero. The above 
expression for P(£,t) represents its value only when 
E=0 and not for any other value of E, and as expected 
it is similar to the expression for P(E,t) derived by 
Snyder. It is thus evident that our solution for the 
cascade equation in the form (6) is valid for the entire 
range of values of EZ, and merges to the two extreme 
values deduced earlier. 

It can be shown easily that the solution obtained by 
Snyder [Eq. (40)], is, except for notation, identical 
with that given by (6) above. The difficulty in the 
analysis of Snyder arises in the evaluation of the integral 
(6) and (10) over p (in Snyder’s notation it is s) by the 
method of residues. It is obvious from (7), (10), and 
(11), that the integral over p may be evaluated by the 
method of residues, the poles of the integrand being at 
p=(—s—1—n) where n is zero or any positive integer, 
provided only that 


B 
Lim —do(s+N+ 1 : —Nsim) > t 


N00 E 


and not only if @>£. But from (3) it is evident that 
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which tends to zero as 1/log. The evaluation of the 
integral over p by the method of residues is thus 
possible only when E is zero. The expression for \ (E,t) 
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given by Snyder [Eq. (42) ] can be used only when E=0, 
in which case the series for V (EZ,/) reduces to the first 
term, which is identical with the expression deduced 
from Eq. (18) given above by making m=0. Similarly, 
the expression for P(E,/) given by Snyder represents 
its value only when E£ is zero. 

In Fig. 1 we have plotted the values of Po(Z,¢) for 
some values of E, t, and yo=6. For purpose of com- 
parison we have plotted the values of Po(Z,/) deduced 
from our previous analysis (B) and also that deduced 
from the results of Snyder. As expected, they indicate 
that our previous values are smaller than the present 
ones and the difference increases as E decreases; we 
also see that the contribution of the higher order terms, 
viz., P2, P3, Ps, etc., in the previous analysis becomes 
more and more significant as we go much below the 
critical energy. The values derived from Snyder’s 
expression are much larger than the present values even 
when E<@ and the expression is not valid when E>8. 
For comparison we have also evaluated the contribution 
of the second term in the series for No(Z,t) given by 
Snyder [Eq. (42) ] and the results are given in Table III 


TABLE IIT. Values of Noo+No: for different values of y, ¢, 
yo=6, from Snyder’s analysis. 








t\y ~1 —2 -3 —4 = ae 





35.29 
42.10 
17.92 


45.16 
57.12 
28.69 


—2.20 
— 11.88 
—16.41 


23.04 
24.00 
5.76 


—48.84 
—73.35 
—47.02 


3.34 
4.74 
8.88 








which indicates that the series given by (42), from which 
Snyder derived the form of the energy spectrum [Eq. 
(45) ], cannot be used, at least without further jus- 
tification. In Fig. 2 we have plotted the values of 
N(E,#) against ¢ for some different values of y and have 
also plotted the values of No+N¢. derived in (B) and 
that derived by Snyder. It is clear from these figures 
that significant differences exist between the results of 
the present paper and that given in (B) only in the 
region where the basic physical assumptions are not 
precise, and the differences will be much reduced even 
if the effect of the ionization loss is properly introduced. 
If we remember that with E=2mc? we have —y equal 
to 1.93, 3.21, 4.00, 4.74, 4.63 for Pb, Fe, Al, H2O, and 
air respectively, then, as long as we consider only par- 
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Fic. 2. Graph of No(EZ,f) againt ¢ for yo=6. Solid curves are for 
y=0, —2, —4, —. Dashed curve (---) represent values ob- 
tained in (B) ; crosses (%) represent points derived from Snyder’s 
analysis. 


ticles with energies equal to or greater than 2mc*, our 
previous values are a very fair approximation for the 
total number of particles in a shower. In many problems 
we are required to use the value of NV (0,/), particularly 
in the calculations of the size frequency distribution of 
bursts produced by mesons under large thickness of 
material, and the adoption of the value of V (Z,/) when 
E tends to 0 instead of that when E tends to 2me? will 
considerably alter the result and the subsequent inter- 
pretation. We therefore feel that unless the basic 
physical assumptions are improved, particularly in the 
region of low energies where E <2me’, it will be better 
to use for E=2mc* the value of N(E,?¢) for the total 
number of shower particle at any depth #, instead of 
N (0,2). 
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An expression is obtained for the leading term in the two-proton contribution to the scattering cross 
section, with a two-proton charge density which is a Yukawa function of the separation between two protons. 
The cross section for scattering from more complicated charge distributions can be generated from this basic 
result by differentiation with respect to the Yukawa range parameter. The two-proton cross section is 
evaluated for a charge density in which short-range correlations in position between two protons appear. 
Results are given for the scattering of 600-Mev electrons by heavy nuclei. 





I. INTRODUCTION 


HE effect of correlations in position among the 
nuclear protons in the elastic scattering of elec- 
trons by nuclei appears in the scattering theory when 
account is taken of the virtual intermediate states of the 
target nuclei. A general discussion of these correlations 
has been given by Lewis.' In the second-order perturba- 
tion theory, the cross section can be expressed as the 
sum of two terms, one of which contains the coordinates 
of the protons taken one at a time (one-proton cross 
section), while the other contains the coordinates of the 
protons taken two at a time (two-proton cross section). 
The two-proton cross section contains information about 
correlations in position between two protons. In a recent 
paper, Schiff? evaluated the one-proton cross section for 
the scattering of high-energy electrons by nuclei and 
estimated the magnitude of the two-proton cross section 
for the large-angle scattering of 200-Mev electrons by 
carbon and gold. For the latter calculation, Schiff made 
no attempt to specify the two-proton charge density or 
to take account of position correlations; instead, he 
relied on certain assumed average properties of the 
charge density. 

The present paper supplements the work of Schiff by 
presenting a detailed evaluation of the leading term in 
the two-proton cross section for a particular two-proton 
charge density. It is the purpose of this paper to indicate 
the extent to which it may be possible to isolate correla- 
tion effects by an examination of the experimental 
scattering data. 

The second-order scattering cross section arises from 
the product of the first-order and second-order matrix 
elements. Assuming that the electrons interact only 
with the electric charges of the nuclear protons, Schiff 
has obtained an expression for the second-order cross 
section o® for the scattering of high-energy electrons by 


2s aan in part by the Air Force Office of Scientific Re- 
search. 

t Present address: Department of Mathematical Physics, Uni- 
versity of Birmingham, Birmingham, England. 

1 Robert R. Lewis, Jr., thesis, University of Michigan, 1954 
i ay ). 

?L. I. Schiff, Phys. Rev. 98, 756 (1955). 


nuclei. For elastic scattering his result is* 
Cd Dad P@) 
8x? (hic)* (hcg)? 
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1 
Xn (R)e**’y.(R’) 2 ———-yo(R’) 


imi [YR 
<dR’dRdr'dr+complex conjugate (c.c.). (1) 


The y¥,(R) are the nuclear wave functions for states 
with energy €n, Yo(R) and e being the wave function 
and energy of the ground state. The radius vector of the 
ith proton is R,, and r is the radius vector of the 
electron. The nuclear integrals extend over the coordi- 
nates of all the nucleons. The sum over extends over 
the virtual intermediate states of the nucleus. The 
electron energy is E, and q=ko—ky;; ko is the wave 
number vector of the incident electron, and k, is that of 
the electron scattered at an angle 6 from the direction of 
ko. The angle between kp and p= r—r’ is @,, and 6,, is 
the angle between k, and 9. The first-order form factor 
is F(q), the complex conjugate being indicated by a bar. 

Schiff has evaluated the sum over in Eq. (1) with 
the closure relation for nuclear wave functions, replacing 
€, by some unspecified, average value of the energy é, 
of the excited states which contribute to the sum over n. 
The evaluation of the sum over m is discussed here in 
somewhat greater detail to indicate the extent to which 


3 See reference 2, Eq. (13); a sign error is corrected. 
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variations in ¢, may influence the two-proton cross 
section. Equation (1) contains the energy ¢, in two 
factors. The factor (1/hc)(E+-e0>—€,) is probably not 
sensitive to changes in e, for large values of the electron 
energy ; this factor is assumed to be constant, and is not 
discussed. The other factor, e~‘‘*/"°)(e»-«) may vary 
appreciably with m. In order to evaluate the sum over n, 
€n is replaced by the nuclear Hamiltonian Hy(R), which 
is considered to operate only on the unprimed nuclear 
coordinates. The y¥,(R) are eigenfunctions of Hy(R) 
with eigenvalues ¢,. After ¢«, has been replaced by 
Hy(R), the exponential factor does not depend upon 
specific values of m; consequently, the sum can be 
evaluated directly by means of the closure relation for 
nuclear wave functions. The resulting nuclear integral 
is put into a convenient form for evaluation by replacing 
e~(ie/he)(HN—«) by its series expansion. The rapidity with 
which the resulting series converges depends upon the 
size of (p/hc) (én— 0). If the average value of the energy 
is not unexpectedly high (€,— 0 is expected to be about 
10 Mev), (p/hc) (€n—€0) should be a small number. The 
largest values of p which make appreciable contributions 
to the n>0 terms of Eq. (1) are expected to be of the 
order of nuclear dimensions. The long-range electron- 
nucleus interaction is contained in the n=0 term of Eq. 
(1) ; and, for n=0, e(‘e/*)(en—«0) — 1, The first term in the 
series expansion does not contain Hy(R); it can be 
obtained from Eq. (1) by setting ¢,= «9 before the sum 
over is performed. It can be shown that the second 
term in the series, which is linear in Hy(R), contains 
only the coordinates of the protons taken one at a time.‘ 
This term does not contribute to the two-proton cross 
section. The two-proton cross section, then, arises from 
the first, third, and higher terms of the series in Hy(R). 
The calculations of this paper are made with the leading 
term of the series, which is obtained from Eq. (1) by 
setting €n=€. 
II. BASIC TWO-PROTON CROSS SECTION 

The leading term in the two-proton part a2” of the 

second-order cross section is® 
cb 

02°?) =___—_—_—_F(q) 


82° (hc)® (hcg)? « 


«fff J [taco +2(e+*)(“*)] 


Xexp{i[q-S+kp— Ko: 9+3q-s8+3q:s' ]}} 


1 
X—poo (Ra,R »)dSds'dsdo+c.c. (2) 
pss 
* Sol |r—Ri | (A —e0) |r—Rj| 7 
+ |r—Rj|-"(Ay— eo) |r—Ri |} pode 
=4SPo(C|r—Ri|>, (Aw, |r—Rj|7 J) 
me —(CHw, |r—Rj|~J, |r—Re|* Dade 
=0,"if ix 


ij. 
5 See reference]2, Eq. (23). 
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Schiff obtained Eq. (2) from the two-proton part of 
Eq. (1) by changing the variables of integration from 
r,r’, R,,and R,tos=r—R,, s’=r’— Ry, S=4(R.+R;) 
and e=r—r after having defined the two-proton charge 
density 


poo (R,Rs) = f yo(R) & 4(R.—R,) 


im] jxi 
6(R»—R,)yo(R)dR. (3) 


It is noted that S is the center of gravity of R, and R,; 
k=ko=ky; is the electron energy divided by fc; 
K,)= 4(ko+k,) > and 2Ko- o/kp=cos8o,+c0s0 s. 

It is assumed that the two-proton charge density has 


the form 
poo (Ra,Rs)= f(S)g(D), (4) 


where D=R,—R,=s—s’—o. With Eq. (4) the four 
integrals of Eq. (2) can be separated; this is the ad- 
vantage of the form just chosen for the two-proton 
charge density. The disadvantage is related to edge 
effects in the nucleus; it is discussed in Sec. III, where a 
specific expression for g(D) is selected. With Eq. (4) the 
S integral of Eq. (2) can be evaluated at once to give 


J exp(iq-S) f(S)dS=5(q). (5) 


In order to separate the remaining integrals of Eq. (2), 
it is convenient to express g(D) as a Fourier integral : 


s(D)= f expl—iy-DIG(y)dy. 6) 


Since g(D) is assumed to be a function only of the 
magnitude of D, the Fourier transform G(y) is a func- 
tion only of the magnitude of y. With Eqs. (4), (5), and 
(6), Eq. (2) becomes 

e6 
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aor OO J Cenre 
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(dq-+)-8" 
x f tee. (7) 


Ss 


In order to evaluate the s and s’ integrals of Eq. (7), 
convergence factors e~** are inserted in the integrands 
with the understanding that the limit b—-0 will be taken 
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at the appropriate time. The use of these factors is 
justified by the (hitherto neglected) screening which the 
atomic electrons provide between the nucleus and the 
scattering electron. The s and s’ integrals yield 


fos- ve ; fav- = (8) 
(y—4q)* (+49)? 


It is noted that the s integral is infinite when y= }$q and 
the s’ integral is infinite when y= —}3q. These infinities 
could be formally removed by retaining the convergence 
parameters 5 until after the y integral of Eq. (7) has 
been evaluated. Retention of the convergence parame- 
ters is unnecessary, however, because the contributions 
to the y integral from the neighborhoods of y= -=+}q are 
finite. 

In order to evaluate the @ integral of Eq. (7), a 
convergence factor e~ °? is also used. The first term in the 
o integral (A) has the value 


(A)= 4rk(1+-cos6) 6) 
~ (y—Ki)?— (+18)? 





The convergence parameter b in Eq. (9) is not discarded 
at this stage as were the corresponding parameters in the 
sand s’ integrals. The parameter b serves two purposes: 
It prevents the denominator on the right-hand side 
(rhs) of Eq. (9) from vanishing at y=-+}$q where the 
denominators in Eqs. (8) vanish, and it defines a contour 
for the eventual + integration. In order to simplify the 
angle integrals in the second term in the p integral (B), 
the Ko in the factor (Ko-p)/kp is expressed as the sum of 
a vector parallel to Ko—+y and one perpendicular to 
K,—y. That part of (B) which arises from the latter 
integrates to zero in the integration over the azimuthal 
angle when the polar axis is chosen to lie along the 
vector Ko—y. The integral (B) has the value 
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The lower limit of the integrals in Eq. (10) was changed 
from 0 to e because both integrands are infinite at p=0 
while their sum is finite. The second term on the rhs of 
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Eq. (10) is dropped at this point; it is of order 5, and it 
does not serve either of the purposes mentioned for the 
retention of the convergence parameter 5. With the 
relations Ko=k cos(6/2) and g=2k sin(6/2), Eqs. (9) 
and (10) are combined to complete the evaluation of the 
p integral. The result is 





ke ig—-y? 
feo==|1+4 i } 
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With the values of the s, s’, and 9 integrals given by 
Eqs. (8) and (11), Eq. (7) becomes 
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(12) 


The angular integrals of Eq. (12) could be evaluated 
first, leaving G(y) unspecified for maximum generality. 
This procedure is undesirable, however, because the 
resulting integrands for the y integrals contain loga- 
rithmic factors the arguments of which vanish for some 
values of ; the evaluation of the y integrals is then 
unnecessarily complicated. It is more convenient to 
introduce a specific function G(y) at this point. The 
G(y) which is used is the Fourier transform of a basic 
Yukawa function go(D), 


go(D)=Ne-®?/D, B>0. (13) 


The function go(D) just chosen offers flexibility. By 
differentiation with respect to 6 and by addition, one can 
generate from go(D) any function of the form g(D) 
= P(D)e-®”; P(D) is a polynomial in D" with n= —1. 
From Eqs. (6) and (13), Go(y) is obtained: 


N 
Go(y)=— : 
2x? (y°+6") 


With G(y) replaced by Go(y) in Eq. (12), the cross 
section is designated by a2, 0”. 

The next step in the evaluation of Eq. (12) is a 
partial-fraction decomposition of the first two denomi- 
nators in each term: 
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2(y-+4e°)L (ya) (r+4q)? 
The contributions to a2, 9 arising from the two terms on 


the rhs of Eq. (15) are identical; therefore, the rhs of 
Eq. (15) is replaced by twice the first term. With Eqs. 
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(14) and (15), Eq. (12) becomes 
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The integrals in Eq. (16) are evaluated with the help of 
two additional partial-fraction decompositions : 
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It is noted that Eqs. (17) and (18) are not valid when 
q= 28; however, use of these equations does not intro- 
duce a discontinuity in the final result at g= 28. 
With Eq. (17) the first integral (C) in Eq. (16) 
becomes 
dy 


(c)=——_ | —_____ 
ows (+409 (y—3a)* 
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In order to simplify the integrals in Eq. (19), an 
auxiliary integration is introduced by the identity®” 
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1 if 4dz 
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With the help of Eq. (20), the angular integrals of Eq. 
(19) can be evaluated at once with a shift of the origin 
to [(1—z)/4]q. The y integrals are evaluated by means 
of a contour integration in the complex y plane, the 
contour being the real axis and an infinite semicircle in 
the upper half-plane. This contour encloses one second- 
order pole for each integrand of Eq. (19). The z integrals 
are evaluated last to give 


2? Bt} 
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where the principal value of the arcsine is to be taken. 


*R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
7R. P. Feynman, Phys. Rev. 76, 769 (1949), 
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With Eq. (18) the second integral (D) in Eq. (16) 
becomes 


4k?—1¢? 
(D)= @ he $q’) 
(6°—}q") 
dy 
(y°+44¢°) (y—24)°L(y— Ko)?— (+16)? ] 
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The angular integrals in Eq. (22) are evaluated with the 
help of Eq. (20), which is used to expand the last two 
factors in each denominator. The angle integrals can 
then be evaluated at once. The y integrals are evaluated 
by means of contour integrations, the contour being the 
same as that described above. This contour encloses 
three first-order poles for each integrand in Eq. (22): 
One of these poles lies to the right of the origin near the 
real axis; one, to the left of the origin near the real axis; 
and one, on the imaginary axis. The first two of these 
poles move to the real axis in the limit 6-0. In the 
limit 5-0, the residues at these two poles give imaginary 
contributions to (D). It is now assumed that both of the 
form factors F(q) and &(q), which appear in Eq. (16), 
are real. This is a reasonable assumption because the 
first-order form factors F(q) usually considered* are 
real, and the form factor §(q) is not expected to be 
much different from F(q). With this assumption, the 
imaginary part of (D) is cancelled when the complex 
conjugate is added in Eq. (16). The real part of (D) 
arises from the residue at the pole of each integrand 
which lies on the imaginary axis. After the y integrals 
have been evaluated, the limit 6-0 is taken. The z 
integrals are evaluated last to give the real part of (D) 
m(4k?— 39") 
byt(G*— 34") 
m(4k?— i¢°+6?) 2pk 
+ ctan———. 
k(8‘§—yeq*) —i¢’) 

In Eq. (23), the arctangent lies between 0 and z. 

With Eqs. (21) and (23) and the assumption that the 
form factors are real, Eq. (16) becomes 
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§ See, for example, L. I. Schiff, Phys. Rev. 92, 988 (1953). 
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Ill. TWO-PROTON CROSS SECTION FOR A 
PARTICULAR CHARGE DENSITY 


The particular function g(D) with which the two- 
proton cross section is calculated is 


(Z—1) 1 
g(D)= ———— | 01m e*D/8ro4. ran (25) 
870 (0.7904) 40 


The normalizing factor VN, which multiplies the square 
brackets in Eq. (25), was determined by the condition 
JS g(D)dD=(Z—1). This normalization of g(D) implies 
that f(S) is normalized by the condition f f(S)dS=Z.° 
The value of g(0) is 1/3.69 times the peak value g(ro) ; 
g(D) has zero slope at D=0. The ratio g(0)/g(ro) was 
chosen in an attempt to take some account of the fact 
that, if the protons in the nucleus are taken in pairs, 
some pairs will be in a triplet spin state and some will be 
in a singlet spin state. On account of the exclusion 
principle, g(0) is zero for the triplet pairs ; for the singlet 
pairs, g(0) is not zero. The function g(D) falls off fairly 
rapidly as D approaches the magnitude of the nuclear 
radius in order to take some account of the possibility 
that either R, or R, or both may be outside the charge 
distribution. Whether or not R, or R, is outside the 
charge distribution depends on the vectors D= R,—R., 
and S=3(R.+R;,). If the center of gravity of R, and 
R, is near the edge of the nucleus, some orientations of 


10! 


Qo 


Fic. 1, The negative of the function Q(gro) which appears as a 
factor in the two-proton cross section. 


® See reference 2, Eqs. (6) and (18). 
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D may mean that both R, and R, are inside the nucleus, 
while other orientations may mean that either R, or R, 
is outside the nucleus. The function g(D) makes no 
distinction between these two cases. The two-proton 
cross section is calculated here for ro= 1.315 10-" cm. 

The basic two-proton cross section o2,9”, which is 
given by Eq. (24), was calculated with go= (N/D)e~®?. 
The cross section a2” for the function g(D) given by 
Eq. (25) is generated from a2, 9” by differentiation with 
respect to 8. 


0 0 
a= ——v02, | wa |- —o2, | 
0g 7/8r0 0g 9/8r0 


1 0 
+_{ -—oas| ° (26) 
40L of 10/ro 


The subscripts on the square brackets indicate the 
values of 8 for which the functions are to be evaluated 
after differentiation. With the normalizing factor 
N= (Z—1)/[8xr0*(0.7904) ], Eqs. (25) and (26) are 
combined to give 


4 
a = 


F(@)s( f (=) — 0 | (27) 
heg)* qs \q gro), | 


c/1.5808kro 
where 


Q (gro) = U(7/8)— U (9/8) + (1/40) U (10). 
The function U (8) is 
! ie ) 
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(eae ke 
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In Eq. (29), the principal value of the arcsine is to be 
taken, and the arctangent lies in the range 0 to x. In the 
function U(8), g, k, and 6 are expressed in units or 79; 
U(8) is dimensionless. 

The function Q(qgro) has been evaluated for kro= 4.00; 
for ro= 1.315 10-* cm, this means an electron energy 
of 600 Mev. The maximum energy presently available 
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for electron-scattering experiments is about 600 Mev. 
For kro=4.00, the de Broglie wavelength is roughly the 
same size as the correlation distance ro, and the cross 
section is expected to be sensitive to changes in the 
charge density over a distance of this size. The function 
—Q(qro) is graphed in Fig. 1. For gro=2.50, the scat- 
tering angle @ is 36.5°; for gro=7.75, 6=151.3°. The 
contribution to Q(gro) from U(10) is less than three 
percent, being less than one percent for groS7.00; the 
function U(10) arises from that part of g(D) which fixes 
the value of g(0). 


IV. DISCUSSION 


The first-order cross section ¢ and the one-proton 
part of the second-order cross section o;° depend upon 
the square of the first-order form factor F(q).? The two- 
proton part of the second-order cross section 2° 
depends upon the product of the form factors F(q) and 
¥(q). If F(q) and S(q) were the same, then 0’, o;°, and 
a2” would have the common factor [ 4eE*/(hieq)* | F(q) P; 
differences in magnitude and in dependence on the 
scattering angle among the three parts of the cross 
section would be apparent. In general, however, F'(q) 
and &(q) are not the same. The difference to be expected 
in one case is indicated below. 

From Eq. (5) it is apparent that (q) is related to 
f(S) in the same way that F(q) is related to the one- 
proton charge density poo(R,).!° Once the function 
g(D) has been chosen, the relation between poo (R,) 
and f(S) and, therefore, between F(q) and ¥(q) is fixed 
by the condition" 


f f(S)g(D)dR y= (Z—1)po0 (Rz). (30) 


If a form for f(S) is chosen, poo’ (R.) is determined by 
Eq. (30). To give an indication of the relation between 
f(S) and poo (R,) fixed by Eqs. (25) and (30), f(S) is 
taken to be a Gaussian function whose volume integral 
is normalized to Z. 
Zé 
f(S)=—— exp(—a’S?). 
(x)! 


With Eqs. (25) and (31), Eq. (30) yields 


(31) 


poo (R.) _ 





2mro?(0.7904)aRg 


x[7(=)-7(—) +-7(=)] (32) 


0 See reference 2, Eq. (7). 
"! See reference 2, Eq. (18). 
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where 


T (8) =exp(6?/a*) | 20nd "+aRe||1 ~eri(“+0R.) 


a 


-cn lar, | -ei(*-or.) | (33) 


Erfx= (2/s/) fo* exp(—F)dt is the error function. The 
one-proton charge density given by Eq. (32) is finite at 
R,=0 and behaves like (1/R,) exp(—a’R.”) for large 
R,. The choice of the simple functions g(D) and f(S), 
which are given by Eqs. (25) and (31), does not imply an 
unreasonable one-proton charge density. 

On account of errors arising from the edge effects 
discussed below Eq. (25), Eq. (27) cannot be applied 
with any certainty to light nuclei. If the difference be- 
tween F(q) and §(q) is neglected for heavy nuclei, 7,” 
can be compared with o™ and o,, which are given by* 


eth? 

| F(q) |? cos*(@/2) ; 
(heq)* 
4e*k? 


a? = 


(hcq)* 


oV= 


(34) 


re? 
| F(q) |? Soe (6/2) —sin?(@/2) }}. 
C 


In the range 2.50S9roS$7.75, the absolute value of the 
ratio ¢2/o™ is a decreasing function of gro. The ratio 
o2/o™ for lead at gro=2.50 is —0.30; the ratio 
a2” /o,® is —56. Since the two-proton cross section is 
negative, its addition to the first-order cross section 
substantially reduces the cross section at small scat- 
tering angles. Perhaps part of this reduction can be 
observed near the maxima of the first-order cross sec- 
tion, where this cross section describes the scattering 
fairly well.” In the usual phase-shift analysis of electron 
scattering,” that part of o:® which arises from the 
n=(Q term in Eq. (1) is included in the cross section; 
consequently a, cannot be added directly to the phase- 
shift cross section. 

In conclusion, the correlation contribution to the 
scattering, at least as estimated in this paper, does not 
have a distinctive or easily recognized form. It is 
possible, although unlikely, that this situation would be 
altered if g(D) were chosen to have a different shape. It 
is also possible that the absence of characteristic effects 
is the result of the choice of the separable form (4) for 
the two-proton charge density. 
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Measurements have been made on the charge spectrum of cosmic rays at geomagnetic latitude 41°. The 
value 888 particles/m* sec sterad was found for the primary alpha-particle flux. For the flux of nuclei with 
6<£Z<8 the value 7.4+1.7 particles/m? sec sterad was found, and for the Z 29 flux, the value 4+2. It is 
most probable that all of the Li, Be, B nuclei observed were secondary. The experiment sets an upper limit 
0.25 on the abundance of primary Li, Be, B relative to the medium elements (6< Z< 10). 

The data were obtained during balloon flights at a level of 16 g/cm*. Events selected by a Geiger counter 
telescope were measured with a Cerenkov detector, and a record was kept of the pulse heights. When the 
pulse was greater than two relativistic protons would produce, a cloud chamber above the Cerenkov detector 
was triggered. In that way 394 events were photographed. As often as not, the photographs showed the 
track of a multiply charged particle traversing the telescope unaccompanied. The corresponding pulse 


height then served to determine the particle’s charge. 





N a previous article’ the author reported an experi- 
ment in which a Cerenkov counter and cloud 
chamber were used to measure the integrated flux of 
cosmic-ray alpha particles with energy greater than 
0.67 Bev/nucleon. That article will be referred to in the 
following material as I. This sequel is concerned, partly, 
with the corresponding flux for energy greater than 
1.75 Bev/nucleon, that being the cut-off energy for alpha 
particles at 41° geomagnetic latitude. For the present 
experiment important changes were made in the in- 
strumentation. By increasing the geometric factor and 
recording pulse heights, nuclei with 3¢Z<8 were 
identified in significant numbers. A preliminary report 
on the new material was made at the Minnesota meeting 
of the Physical Society in June, 1954.? 


1. METHOD 


A charged particle traveling through a medium with 
index of refraction n emits Cerenkov radiation if its 
velocity exceeds c/n, the velocity of light in the medium. 
For nuclei traversing Lucite (w= 1.5) the critical energy 
is 320 Mev/nucleon. The amount of Cerenkov radiation 
increases for more energetic nuclei but approaches a 
plateau value in the high energy limit. For a given 
velocity the amount of radiation is proportional to the 
square of the particle’s charge. Because of the geomag- 
netic cutoff, at sufficiently low latitudes all primary 
cosmic rays with a given charge produce nearly the same 
amount of Cerenkov radiation. Therefore, primary 
nuclei with different charges ought to produce distinct 
peaks in the pulse-height distribution from a suitable 
Cerenkov counter operating near the top of the atmos- 
phere. If there were no complications, the pulse-height 


* The research was supported in part by the joint program of 
the U. S. Atomic Energy Commission and the Office of Naval 
Research. 

+ Present address: Department of Physics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

‘J. Linsley, Phys. Rev. 97, 1292 (1955). The first two sections of 
I are intended to serve for the present work as well. 

2 J. Linsley, Phys. Rev. 96, 829 (1954). 


spectrum would give the charge spectrum of the cosmic 
rays directly. 

One of the most troublesome complications is the 
continuous background produced by individual second- 
ary particles and by local multiplicative events. It was 
both argued and demonstrated in I that the background 
from a Cerenkov counter can be made smaller by orders 
of magnitude than the background from ionization 
counters that have been used for the same purpose. 
The velocity dependence of Cerenkov radiation gives 
complete discrimination against slow particles and 
relatively good discrimination against multiplicative 
events. In this experiment a cloud chamber assisted the 
counter in distinguishing individual multiply charged 
particles from groups of fast secondaries generated 
in local interactions. 


2. APPARATUS 


The role played by the cloud chamber did not require 
it to contain absorber plates. Without such plates it 
could be made thinner, in terms of the mean free path 
for nuclear interaction, than the Cerenkov counter, so 
it was placed above the latter as shown in Fig. 1. 
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Fic. 1. Arrangement of components. 
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Figure 2, a block diagram of the electronics, indicates 
how events were selected for recording. The three 
Geiger counter trays defined a geometry within which 
single particles were accepted. Coincident counts from 
the three intensified the trace of the cathode-ray tube, 

causing the pulse from the Cerenkov counter to be re- 
corded photographically. If the pulse was large enough 
the cloud chamber was triggered. The geometric factor 
for the telescope, that is, the constant of proportional- 
ity between counting rate and isotropic flux, was found 
by calculation from length measurements to be 
3.16+0.07 cm? sterad. 

The Cerenkov counter consisted of a polished cylinder 
of Lucite 1 in. in thickness and 2.5 in. in diameter 
coupled optically with Canada balsam to the end 
window of a DuMont type K-1197 photomultiplier. 
Bright aluminum foil was sealed to the outside surfaces 
of the cylinder, and finally it was taped to the phototube 
with a few layers of Scotch No. 33 electrical tape. 
Figure 3 is a pulse-height distribution for sea-level 
cosmic rays obtained using the flight equipment. The 
multiplier gain was temporarily increased to reduce 
error in measuring the film record. The resolution is 
about as good as that of any ionization counter that has 
been employed in high-altitude work for a similar 
purpose. The relative width of the distribution at half- 
maximum is 35%, a twofold improvement over the 
counter used in I. 

A small portion of the particles admitted by the tele- 
scope missed the Cerenkov radiator partially or com- 
pletely. Since that situation could be taken into account 
by the small and straightforward correction to be 
described, it was expedient, at the time, to tolerate it. 
In the distribution of Fig. 3, 13% of the pulses are 
smaller than half the most probable size. By an auxiliary 
experiment using a smaller lower aperture for the 
telescope, it was found that in one-third of those cases 
the particle was actually slow. Therefore, the leakage 
was about 9%. In the high-altitude experiment alpha 
particles were required to produce a pulse at least half 
the most probable size for Z=2. Taking into account 
the leakage, the effective geometric factor for alpha 
particles was 2.88-+0.08 cm? sterad. 
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Fic. 2. Block diagram of the electronics. 
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Fic. 3. Pulse-height distribution for sea-level cosmic rays. Pulse 


heights are expressed in units of the most probable pulse. The zero- 
size pulses resulted from slow particles and leakage. 


The photomultiplier gain was low enough to insure 
against space charge limiting for the largest pulses of 
interest, with a generous safety factor. An amplifier 
consisting of five 6BH6 tubes arranged in two feedback 
loops provided the necessary electronic gain of 2000 with 
adequate linearity and stability. For the flights the over- 
all gain was adjusted so that linear response would be 
obtained out to 75 times the mean pulse for individual 
singly charged particles. Thus, full scale deflection on 
the cathode-ray tube would fall between the expected 
peaks for Z=8 and Z=9. In adjusting the gain and in 
setting the edge discriminator, pulses from sea-level yu 
mesons served as a standard signal. 


Fic. 4. Sample of the pulse record. The line running across below 
the pressure gauge and clock was made by the unintensified CRT 
spot. The dots correspond to slow particles. Fast protons produced 
deflections of about two spot diameters. There are four pulses the 
~ = my produced. The two largest pulses would correspond 
to Z2=6 and /. 
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Fic. 5. Cloud-cham- 
ber construction details. 
(1) Front glass, 
in. Herculite, (2) joints 
in Lucite welded with 
methylene dichloride, (3) 
clearing field plates, 0.018 
in. brass, chrome plated, 
(4) clearing field con- 
nection, (5) velvet, (6) 
front inlet, (7) hole 
plate, (8) diaphragm, 
(9) inlet for pump-up, 
(10) Alnico permanent 
magnet, (11) valve re- 
lease coil, (12) Lucite 

















Lucite 
Iron 


valve seat, (13) spring- 
dashpot assembly to 
reseat valve clapper, 








(14) guide rod. 
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For ease in operating the equipment the pulse-height 
recording system and the cloud-chamber system were 
kept separate so far as possible. The film in the recorder 
moved continuously an inch a minute. The camera faced 
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Fic. 6. Schematic diagram of the control system. 























the 2BP11 cathode-ray tube on which pulses were 
displayed, a Wallace and Tiernan pressure gauge that 
read the residual atmosphere, a sweep-second clock, and 
a neon bulb that registered cloud-chamber expansions 
opposite the corresponding Cerenkov counter pulse. The 
gauge and clock were illuminated periodically. Figure 4 
shows a sample of the record. Small pulses could be 
measured on the film to +0.2% of full scale without 
difficulty ; large pulses, to +0.4%. 

Figure 5 shows construction details for cloud chamber 
and valve. The front section of the chamber was welded 
from Lucite sheet using methylene dichloride as a 
softening agent. The thickness of the front section to 
vertical radiation was 1.6 g/cm? brass plus 2.0 g/cm? 
Lucite. A 40-60 methy] alcohol-water mixture supplied 
the vapor. Lucite is reasonably resistant to methy] 
alcohol in water, but it is found that after about six 
months of continuous operation the surfaces of the front 
section become excessively crazed, and the section has 
to be replaced. Our experience agrees with a comment 
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Fic. 7. Cloud- 
chamber photo- 
graphs. On the left, 
a rather nice but not 
particularly — bright 
alpha track. On the 
right, the most 
heavily ionizing par- 
ticle we have photo- 
graphed. 


by Wilson* that Lucite surfaces within a cloud chamber 
lead to unusual freedom from contamination, presum- 
ably by absorbing contamination nuclei. 

Figure 6 is a schematic diagram of the control system. 
During a balloon flight the cloud chamber and other 
parts of the apparatus are housed in a pressurized 
gondola. To compress the argon and vapor in the cham- 
ber front, gas is pumped into the space behind the dia- 
phragm from the balance of the gondola. The expansion 
ratio is pressure defined: there are no mechanical stops 
to constrain the diaphragm. The control device is a 
switch that operates when the chamber pressure reaches 
an adjustable preset increment above the pressure 
in the balance of the gondola. Operated in this way, the 
chamber expands rather slowly compared to a cloud 
chamber whose expansion ratio is volume defined. The 
inherent slowness of the expansion is partially offset by 
using a back valve with a relatively large port and by 
using helium, for the sake of its low viscosity, to fill the 
gondola prior to a flight. 

Figure 7 shows photographs, obtained in the present 
experiment, of an alpha-particle track and the track of 
a very heavy nucleus. The flash that illuminated the 
tracks was delayed 0.16 sec relative to the triggering 
pulse. The dead time following an expansion was about 
65 sec, of which 45 sec were spent in recompression. 
There was no clearing expansion. Perhaps the dead time 
could have been made substantially less without de- 
preciating the quality of the photographs. We have not 
looked into the question. 

The cloud-chamber control switch 
temperature-compensated. However, 


is not itself 
the expansion 


3J. G. Wilson, Principles of Cloud Chamber Technique (Cam- 
bridge University Press, Cambridge, 1951), p. 51. 


ratio varies with the temperature inside the gondola 
since the reference for the control switch is the pressure 
of the gas confined within the gondola. An analysis 
shows that as a result the range of temperatures within 
which the chamber will produce satisfactory tracks is 
about 50% greater than the corresponding range for a 
fixed expansion ratio. 

At the high altitude of these experiments the equilib- 
rium temperature of the gondola is governed primarily 
by a radiation balance determined, for daytime flights, 
by the relation between the following two properties of 
the gondola’s skin: the absorption coefficient for solar 
radiation, and the average emissivity for radiation at 
ordinary terrestrial temperatures. An orange canvas 
that was selected without any thought as to its radiation 
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Fic. 8. Records of gondola temperature. (A) Flight of October 
12, 1953 at 55° (experiment I). (B, C) Flights of February 6 and 
9, 1954 (present experiment). The arrow indicates the time at 
which the flight reached ceiling. 
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Fic. 9. Pressure records. The continual small variations in pressure, which resemble noise, really took place. They 
indicate that the motion of Skyhook balloons is rather complicated in its details. 


properties has given nearly ideal results, as the data of 
Fig. 8 show. Curves B and C are for the two flights 
of this experiment. Curve A belongs to an earlier flight! 
at a different latitude and season of the year. The 
gondola was 40% smaller and the power dissipated in it 
was three times less than in the more recent flights. 

Two inches of glass wool insulation and a hot water 
bottle are used to prevent too much cooling during the 
balloon’s ascent. There is a fan inside the gondola to 
combat temperature gradients. 


3. FLIGHTS 


The equipment, which weighed 165 lb, was sent to 
high altitude by balloon February 6, 1954 at Goodfellow 
Air Force Base in Texas. Recovered intact, it was flown 
again February 9. The time-pressure records are shown 
in Fig. 9. Because a camera jammed there were no cloud- 
chamber photographs for the last three hours on 
February 6. Aside from that the equipment functioned 
properly throughout both flights. 

The data from the two were first analyzed separately, 
but since the separate results were consistent in every 
way the data have been lumped together in this report. 
The cloud chamber was in operation at high altitude for 
10 hours all told. Out of that time it was sensitive for 
2.70+0.04 hr. The mean recovery time of the chamber 
was determined from measurements on the flight films. 
Three hundred ninety-four events were photographed, 
and the photographs were of uniformly good quality. 
During the 10 hours the mean pressure of the residual 
atmosphere was 16.2+0.2 g/cm’. 


4. SEPARATION INTO SINGLE PARTICLES 
AND BACKGROUND 


It was believed from previous experience that the 
cloud chamber evidence alone would provide clean 


separation between events in which a multiply charged 
particle produced the trigger by itself and al! other 
events. Whenever three criteria were satisfied: (a) there 
is a counter-age track that reprojects through the tele- 
scope apertures, (b) the density of that “allowed” 
track is greater than twice minimum, and (c) there are 
no related tracks except those of obvious knock-on 
electrons, it was argued in I that the track must nearly 
always belong to a fast multiply-charged particle 
coming from outside the gondola; hardly ever to a slow 
secondary from a local interaction. Also if (a), (b), and 
(c) were not all satisfied, the event could not be of the 
desired type. In this experiment 193 events satisfied 
criteria (a), (b), and (c), and the remaining 201 did not. 
Separate pulse-height distributions for the two groups 
are shown in Fig. 10. Pulse heights are expressed in units 
of the average for an infinitely fast unit charge. The 
calibration will be discussed later. 

There being so many alpha tracks for comparison, it 
was felt that Li could be distinguished from He or 
nuclei with Z24 according to track density. On the 
strength of density estimates, therefore, five events 
have been ascribed to alpha particles although the as- 
sociated pulses were exceptionally large, and two have 
been ascribed to Li nuclei although the corresponding 
pulses were no larger than produced by the five alphas. 
It seems a reasonable guess that five alphas out of 168 
would produce large interactions in the chamber floor 
or Cerenkov radiator. In the three anomalous events it 
may be assumed, in order to reconcile the appearance of 
the track with the pulse height, that a heavy nucleus 
interacted in the chamber floor. 


5. ALPHA-PARTICLE FLUX 


Alpha particles account for 168 events in the single- 
particle distribution. For these events especially, the 
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separation from background was very distinct. For methods that discriminate against at least one of the 
example, only 8 background events satisfied criteria serious sources of background—slow protons and 
(b) and (c) but failed to satisfy (a), and they failed by showers. 


wide margins. Six new measurements have been reported since the 

The raw flux, 60 particles/m? sec sterad, needs to be_ publication of I. McClure‘ observed the pulse-height 
corrected for (1) local interactions above the floor of the distribution from an ionization chamber with Pb ab- 
chamber, which amount to absorption, and (2) inter- sorber and guard counters. Alpha-particle pulses were 
actions in the floor of the chamber. It is estimated that not resolved. Pomerantz® observed at two latitudes the 
alphas that got as far as the Cerenkov radiator before counting rate from a similar chamber biased at 3.2 I min. 
interacting were almost all detected, but that half the In Peters’ measurement’ alphas were identified from 
allowed alphas that interacted in the chamber floor ionization in emulsion and range. Horwitz? used a thin 
failed to trigger. Two events classed as background show _ Cerenkov counter with shower protection and succeeded 
what seems to be an incoming alpha together with in pretty well resolving the alpha-particle pulses. So did 
backward prongs from an interaction in the floor. For Bohl" using two thin scintillation counters and a Pb 
interaction mean free paths 50 g/cm? in Lucite and absorber for eliminating slow protons. 
85 g/cm? in copper the corrections amount to 5% and The results obtained by the Minnesota Group!*!°-2 
1.3%, respectively. can be fitted by the empirical formula J,= K/(1+£)!” 

We find, therefore, that the flux of relativistic alpha (J, the flux of primary alpha particles with kinetic 
particles at 41° beneath 16.2 g/cm? of atmosphere is energy per nucleon greater than £ in Bev) with K = 280 
64+6 particles/m? sec sterad. Extrapolated using an  particles/m? sec sterad. That value for K is about 25% 
absorption mean free path in air of 50 g/cm*, that lower than the previously accepted value.” So far as the 
implies a primary flux value of 88+8 particles/m? other results in Table I are concerned, the new value 
sec sterad. gives serious disagreement in only one case, the meas- 

Table I isa summary of measurements to date" by urement by Davis e/ al. at 55°. 

4G. McClure, Phys. Rev. 96, 1391 (1954). 

5 M. Pomerantz, Phys. Rev. 95, 1691 (1954). 6. BACKGROUND 


§ Goldfarb, Bradt, and Peters, Phys. Rev. 77, 751 (1950). J : : ; 7 

7B, Peters, Proc. Indian Acad. Sci. 40, 230 (1954). It was possible to derive a rather detailed picture of 
—— Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 the nature and origin of the background events. To 
( oN Horwits, Phys. Rev. 98, 165 (1955). begin with they were sorted into four groups. In the 

 L. Bohl (to be published). Sonilkcleteniaiie 

4 Davis, Caulk, and Johnson, Phys. Rev. 91, 431 (1953). 3B. Peters, Progress of Cosmic Ray Physics, edited by J. G. 

12 F, McDonald (private communication to Professor E.P. Ney, Wilson (North Holland Publishing Company, Amsterdam, 1952), 
1953). p. 226 
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descriptions given below ‘light track’ means one that 
could have been, and presumably was, made by a 
relativistic proton or alpha. Tracks of fast nuclei with 
Z>3 have a striking appearance that is not duplicated 
by protons or alphas, however slow. Most of the ‘dense 
tracks’ referred to have that striking appearance. The 
few remaining could have been made by fast Li nuclei. 
The descriptions follow: 


I. The photographs show a shower originating above 
the chamber floor, but there is no dense secondary track 
that reprojects through the Cerenkov radiator. 

II. There is a single light track that traverses the 
chamber in a roughly vertical direction without 
scattering. 

III. There is a dense track that reprojects through 
the Cerenkov radiator. There may or may not be related 
tracks indicating that the dense track is secondary. 

IV. The remaining events. In these, with a few ex- 
ceptions, no clue was discovered in the photographs as 
to the location or nature of the trigger event. 


In order to interpret these groups, let us assume that 
in the events of group II the track belonged to a primary 
that interacted beneath the chamber. Then events in 
I and IT have a common characteristic: one can be sure 
that no relativistic particle with Z> 2 contributed to the 
Cerenkov counter signal. Figure 11 shows that there is 
a marked difference between the integral pulse-height 
distributions for I+II and for III. The distribution for 
ITI is similar to that for the allowed heavies. 

As for group IV, Table IT shows that the pulse-height 
distribution for those events is almost identical to the 
distribution for I+-II+ III, except for a constant factor. 
The difference between the events in IV and those in 
I+II+III seems to be only superficial, and we suggest 
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Fic. 11. Integral pulse-height distributions. Filled circles are for 
background events in which there is evidence that no fast particle 
with Z>2 contributed to the Cerenkov counter signal. Open circles 
are for background events in which there is evidence to the con- 
trary. Triangles are for allowed single particles. 
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TABLE I, Summary of alpha-particle flux measurements. 








Flux 
Lati- particles/m* Depth Asir 
tude sec sterad g/cm? g/cm?* Method 


10 30+8 12 44 ion chamber 

13 = 49+13 ? ? biased ion chamber 

18 81+22 ? ? biased ion chamber 

30 80430 16 50 emulsion 

30 72+15 20 45 emulsion 

41 110+20 rocket 2 proportional 
counters 

Cerenkov counter 

2 scintillation 
counters 

Cerenkov counter, 
cloud_chamber 

biased Cerenkov 
counter, cloud 
chamber 

emulsion 

3 proportional 
counters 

biased scintillation 
counter, cloud 
chamber 


Reference 


McClure 
Pomerantz 
Pomerantz 
Goldfarb 
Peters 
Perlow 





Horwitz 
Bohl 


i Wt Kb 
41 90+10 14 


41 8848 
* 135220 


present 
work 
Linsley 


Goldfarb 
Davis 


51 340+120 
340+40 


55 230+60 McDonald 








* Energy threshold 670+100 Mev/nucleon determined by counter bias. 


it is a direction effect: the primaries approached the 
Cerenkov radiator from large zenith angles instead of 
from above, and the secondaries either avoided the 
chamber or left tracks whose significance was not ap- 
preciated. Possibly in some cases there was a nonionizing 
link between the interaction and the ionization that 
fired the tray of counters above the chamber. 

The distributions for I and II are quite similar. One 
can surmise that the unseen primaries for I were 
similar to the primaries seen in II, and that the unseen 
secondaries for II were no different than the secondaries 
observed in the group I events. 

One arrives at the following view: 


(1) The small pulse background came from local 
showers induced by protons (80%) and alphas (20%). 

(2) At least 30% of those showers occurred above the 
chamber floor. In 40% of the cases the shower occurred 
beneath the floor but the primary traversed the cham- 
ber. In the remainder the primary came in at a large 
zenith angle. 

(3) The pulse-height distribution for proton- and 
alpha-induced background falls off very rapidly with 
increasing pulse height. In this experiment the proton 
and alpha induced background was negligible for Z>3. 

(4) Pulses as large as an allowed Be nucleus would 
give were produced only when a particle with Z>3 
traversed the radiator. 

(5) However, many of the large pulses had to be 
considered background because the heavy nucleus 
managed to traverse the radiator from directions that 
were supposed to have been prohibited. In the region 
Z>3 there were about as many background as allowed 
heavy particles. 

(6) Twenty percent of the background heavy par- 
ticles came from local breakup interactions above the 
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TABLE II. Integral distributions for background events.* 








Group 


Ill IV I+II4+III 2I1V 





17 

17 32 
17 16 
15 11 
13 

9 

7 

7 
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wn AiN 
nn 


OMIA WN 








* Entries are number of events with pulse equal to or greater than would 
be produced by an allowed single particle with charge Z. 


chamber floor. Thirty percent came in at large zenith 
angles, missing the chamber. Fifty percent traversed the 
chamber and multiplied below the chamber floor. The 
“multiplication” in those cases could have been simply 
the production of a knock-on electron. 


7. PULSE-HEIGHT CALIBRATION 


Before we go on to deal with the observations on 
nuclei heavier than alpha particles, the pulse-height 
calibration needs to be discussed, for the results we are 
leading to depend more on pulse information than those 
presented so far. 

Some predictions can be made concerning the single- 
particle pulse-height distribution. Let ho be the average 
pulse for an infinitely fast unit charge. For simplicity 
let the distribution for a given charge be characterized 
by the abscissas of the half-maximum points, and for 
Z=1 let them be called 4(1+S). For the counter that 
was used S had about the value 0.2. The writer has 
pointed out" that for a Cerenkov counter the relative 
width of the pulse distribution for particles of the same 
speed but different charge should decrease as 1/Z. The 
point is that the statistical fluctuations in the contribu- 
tion from knock-on electrons behave the same as 
fluctuations in the number of photons, not worse. For 
infinitely fast particles of charge Z the pulse dis- 
tribution should extend, therefore, from Z?ho(1—S/Z) 
to Z*ho(1+5S/Z). But at the latitude of the present 
experiment a multiply charged particle at cut-off veloc- 
ity produces in Lucite only 85% of full signal. So in 
this experiment we expect the pulses for charge Z to 
fall between 0.852Z7/9(1—0.2/Z) and Z*ho(1+0.2/Z). 
Those limits are shown in Figs. 10 and 12. 

Care had been taken in designing the equipment to 
avoid any appreciable nonlinearity, so calibration con- 
sisted in measuring io. The value was determined to a 
good first approximation from the average measured 
pulse height for the identified alphas. Mu-meson pulses 
recorded just before the flight gave a check at Z=1, and 
the cloud-chamber bias gave another check point. The 
first ho was uncertain by +10% because there could 
have been systematic errors in measuring the film record 


4 J. Linsley and N. Horwitz, Rev. Sci. Instr. 26, 557 (1955). 
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and there is statistical uncertainty in the averages. But 
then, using the approximate calibration, the entire 
single-particle distribution was examined. It was found 
that by adjusting Ao slightly all but one of the large 
single-particle pulses would fall in one of the intervals 
marked Be, C, N, O. The new value was adopted and is 
considered very accurate. 

There was no evidence of drift in calibration during 
either flight or between flights. 


8. TOTAL DISTRIBUTION 


The pulse-height distribution for the entire 13 hours 
the equipment was at high altitude is shown in Fig. 12. 
In the intervals where pulses from allowed C, N, O 
nuclei should fall the count per unit pulse height seems 
to be significantly higher than in the gaps between. The 
total count in the C, N, O intervals is 88. In the Li, Be, 
B intervals it is 87. Forty events not shown in the figure 
overloaded the amplifier. 


9. ABUNDANCE OF LITHIUM, BERYLLIUM, 
AND BORON 


Referring again to Fig. 10, we shall say that the single 
particles include 5 Li, Be, B nuclei, 14 C, N, O nuclei, 
and 2 nuclei with Z> 9. To be on the safe side in setting 
an upper limit on the flux of light nuclei, one event is 
being counted as Li although the pulse misses the 
Z=3 interval. Another event is being rejected, although 
the track is acceptable, because the pulse falls between 
the intervals for Z=6 and 7. 

By taking into account additional information given 
by the total distribution a somewhat more reliable value 
than 5/14 can be derived for the (Li, Be, B)/(C, N, G) 
ratio. The numbers in Table III indicate that the 
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Fic. 12. Pulse-height distribution for all events. The pulse-height 
scale is the same as for Fig. 10. 
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TABLE III. Data on heavy particles. 








Total Cloud chamber Single 


Pulse events particles 
group (2.7 hours) (2.7 hours) 


Li, Be, B 87 17 5 


C, N,O 88 23 14 
Z>9 40 4 2 


Best count 
(2.7 hours) 


5.32.2 
11.042.5 
442 


count 
(13 hours) 











counting rate for Z 2 9, including background, happened 
to be lower than average during the 2.7 hours the cloud 
chamber was sensitive. The rate for pulses in the 
C, N, O intervals happened to be somewhat high, and 
that for Li, Be, B pulses happened to be about average. 
The entries labeled ‘best count’ correspond to 2.7-hr 
samples with the observed composition but having 
average size according to the 13-hr rates. The best value 
given by this experiment for the (Li, Be, B)/(C, N, O) 
ratio at the level of observation is 0.48+0.22. The shape 
of the total distribution is in good accord with that 
figure. If the ratio were as great as unity it would be 
somewhat hard to understand the fact that Be and B 
pulses are not resolved. 

Heavy nuclei had to traverse 6.0 g/cm? air equivalent 
of local matter before being identified. Those that suf- 
fered collisions were absorbed, for heavies that were 
visibly secondary have been treated as background. 
Collisions in the atmosphere give rise to diffusion and 
were taken into account accordingly. Values reported by 
Kaplon et al.'® were used for the diffusion parameters. 

We find the extrapolated flux of C, N, O nuclei to 
be 7.4+1.7 particles/cm? sec sterad, and the flux of 
nuclei with Z > 9 to be 442. Those values agree with the 
results of other investigators.!*!* Carbon, nitrogen, and 
oxygen are about equally abundant in our sample. That 
agrees better with the earlier report by the Rochester 
Group than with its latest findings. 

As for the light elements Li, Be, B, the diffusion 
equations applied to our conditions give the relation: 


N1/Nu=N19/Nu+0.44, 


where V;, Nw are the observed flux values for the 

groups (Li, Be, B), (C, N, O, F, Ne), respectively; 

N°, Nw are the corresponding primary flux values. 

Since V,/N y= (Li, Be, B)/(C, N, O), these are our con- 

clusions: according to the best available evidence con- 

cerning the diffusion process it is most probable that all 
6 Kaplon, Noon, and Racette, Phys. Rev. 96, 1408 (1954). 


'6 Kaplon, Peters, Reynolds, and Ritson, Phys. Rev. 85, 295 
(1952). 


the Li, Be, B we observed were secondary. The abun- 
dance of Li, Be, B in the primary radiation is probably 
less than one fourth that of the medium elements. 

They agree with the original measurement on the 
abundance of the light elements, which was made by 
Bradt and Peters," and with subsequent determinations 
by Kaplon eé¢ al.,}® Stix,!® Bohl, Hourd ef al., and 
Peters.’ They disagree with Dainton et a/.,”” Gottstein,” 
and the latest findings of the Rochester Group." 

The results that indicate a finite primary flux of the 
light elements have all depended on multiple scattering 
measurements in emulsion for charge determination. 
That method has recently been criticized by Biswas 
et al.” But the reliability of the alternative emulsion 
technique, which involves use of insensitive emulsions, 
has also been questioned. Two previous experiments 
using counters for charge determination’®'* agree with 
this one in assigning to the primary Li, Be, B flux a 
most probable value of zero. The significance of the 
primary Li, Be, B question for theories of cosmic ray 
origin is too well known to require comment. 


10. CONCLUDING REMARKS 


The equipment we have developed seems to afford a 
convenient and reliable means of counting relativistic 
alpha particles in the presence of very strong back- 
ground. We estimate that with similar equipment it 
would be feasible to measure the flux of fast cosmic-ray 
alphas down to 200 g/cm? depth in the atmosphere. In 
that way the absorption mean free path could be meas- 
ured with quite good accuracy. At present there is some 
doubt about the value of that parameter.” 

Our study of the background in this experiment 
indicates that a telescope consisting of a thin Cerenkov 
counter and another proportional device such as a 
scintillation counter would be an effective and con- 
venient instrument for accurate flux measurements 
over the entire charge spectrum of cosmic rays. Indi- 
cations are that the charge resolution would compare 
favorably with that achieved in measurements with 
emulsion. 


17H. Bradt and B. Peters, Phys. Rev. 80, 943 (1950). 

18 T. Stix, Phys. Rev. 91, 431 (1953). 

1 Hourd, Fleming, and Lord, Phys. Rev. 95, 647 (1954). 

® Dainton, Fowler, and Kent, Phil. Mag. 43, 729 (1952). 

21K. Gottstein, Phil. Mag. 45, 347 (1954). 

* Biswas, Peters, and Rama, Proc. Indian Acad. Sci. 41, 154 
(1955). 

% G. Segré, Nuovo cimento 9, 116 (1952). 
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In an attempt to study the forces by which the hyperon A° is bound in light hyperfragments, several 
assumptions are made: (1) perturbation theory is adequate; (2) vertices like N > A°+0 are dominant: 
(3) the spin of the @ is 0 or 1, and the spin of the A is 4 or }; (4) there are no attractive contact potentials; 
(5) A—nucleon forces are much weaker than nucleon-nucleon forces. If these assumptions are granted, the 
trend of the binding energy of the A as a function of the mass number can be predicted for each coupling type. 
Certain assignments of spin and parity [(sa,s9) = (4*,0*), (4-,1-), and ($-,1-)] can be ruled out, because in 
these cases a A cannot be bound by H’, He’, or heavier nuclei, contrary to experimental findings. 





NCE one adopts Gell-Mann’s hypothesis! that the 
hyperon A° is a particle of isotopic spin zero, it is 
very tempting to speculate about the nature of the 
forces which cause the binding of a A° to nucleons in 
“hyperfragments.” To judge from the binding energies 
(a few Mev), these forces are not very strong, and 
therefore, for the purpose of a first qualitative survey, 
arguments based on perturbation theory may be 
justified. 

The very weak interaction which causes the A to 
decay into nucleon plus pion is, of course, without 
relevance to the problem. The virtual process A > A+-7 
is also forbidden because the pion has isotopic spin one. 
One might consider the emission by the A of a pion pair, 
and its reabsorption by a nucleon, or vice versa; this 
mechanism would give rise to an ordinary (attractive) 
force. However, a simpler possibility, namely the ex- 
change of a single meson, is suggested by the observed 
associated production of A+@.? This is most directly 
accounted for by assuming virtual transitions of the 
type 

NeAt+6, AON+8, (1) 
(N=neutron or proton, 6=6 or 6+), with matrix ele- 
ments large enough to give the correct cross section for 
associated production, according to the tentative 
schemes 
Nit NON + NN '+A+8, 
a+N-N—A+8. 


For the second process, the cross section is known to be 
far below “geometrical” (viz. ~1 millibarn for pions of 
energy 1.4 Bev*), suggesting that the matrix elements 
(1) are not too large for the application of perturbation 
methods. 
To lowest order, the A—JN interaction due to (1) 
would be given by 
Ni+6+N 
Ache} 
Ait+6+Az 


1M. Gell-Mann, Phys. Rev. 92, 833 (1953); M. Gell-Mann and 
A. Pais, Proceedings of the Glasgow Conference, 1954 (Pergamon 
Press, London, 1955). See also T. Nakano and K. Nishijima, 
Progr. Theoret. Phys. (Japan) 10, 581 (1953). 

2 R. G. Sachs (to be published). 

8 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
861 (1954), and 98, 121 (1955). 


‘|oNrbs (2) 


The theory is obviously similar to the historical “meson 
theories of nuclear forces,” suggesting the use of 
Feynman diagrams in which the proton, neutron, and 
A are thought of as three states of the same particle, 
the “baryon.” Owing to the virtual @ line, the matrix 
element always contains the factor 


{mé+ | p—p’ |?—[Ea(p)— Ev(p’) ?}”. (3) 


In the “static approximation,” EZ, and Ey are replaced 
by the respective rest masses. This is certainly per- 
missible if the wave function of A and nucleons in a 
hyperfragment is sufficiently smooth that no wave- 
lengths <my~ occur in the Fourier analysis. Then, the 
factor (3) is equivalent to a Yukawa potential 


V(r)=e"/r with pw=[me?—(my—my)*}'. (4) 


Its range is, of course, rather small (only slightly larger 
than mo). 

The factors introduced by the interaction vertices (1) 
will depend primarily on the spins and parities of the 
particles involved. For the @, which is known to decay 
into two m’s, the possibilities are 0+, 1-, 2+, etc. As for 
the A, there is some indication from angular correlations 
found in associated production events* that its spin is 
at least $. However, we prefer not to rely on this rather 
scanty evidence and want to include the simplest case: 
spin 4. Nothing is known about the parity of the A, 
relative to the nucleon. We select for study the simplest 
cases: 


se=0*, 1-; sa=$4, $*+(sv=}*). 


As a typical example, take the case ss=0*, sa=}-. 
To describe the various @ emission and absorption 
processes, we use one scalar complex field for @* and 
6-, and another one for and its antiparticle. Either 
field will be denoted by 6, the charge involved being 
obvious. Using for wave operators always the same 
symbols as for the corresponding particles, we write the 
interaction: (NysA)@[+Hermitian conjugate]. This 
“pseudoscalar” interaction is easily proved to be 
equivalent (in lowest order) to the “pseudovector” 
interaction (Nysy,A) 9,9, except for a factor (my+ma)—. 


4 Ballam, Hodson, Martin, Rau, Reynolds, and Treiman, Phys. 
Rey, 97, 245 (1955). 
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TABLE I. Spin-dependent coefficients ¢, in the potential energy [g*Vc,; see Eqs. (5), (6), and (10)]. 
The states of lowest energy are marked by boldface type. 








A- 2 
Coupling A+? orn 
(static) 


oa 


3 4 
A+H!? or He? 
Ce s Ce 





@ 


Oo HO HO MO 


Noe 


—] 
+3 


-1 
+1 


—3 
—1 


+1 
-1 
+3 
+1 


+1 
—3 


-1 0 0 
+2 1 +2 
—5 —6 
—2 —4 


+1 0 
~9 me 


+2 +6 
+5 +4 


+2 —2 
—1 —6 
—6 
—2 
+1 
+6 


3/2 
5/2 
1/2 
3/2 
5/2 


+2 
+6 








In the nonrelativistic approximation, it reduces to 
o-V6. For a A of spin 3, one may use the Rarita- 
Schwinger description®: A,=vector-spinor, subject to 
y»A,=0 and 0,A,=0. Since, obviously, no scalar or 
pseudoscalar interaction exists in this case, the simplest 
possibility is the vector coupling: (NA,)d,8, or, non- 
relativistically : v-' V0, where v denotes the vector matrix 
linking the spin states $ and 3: 


(j, m|v,|j— 1, m)= L7—m?*}}, 
(j, m| vein, |j—1, mF 1)=F[( jm) (j+m—1)}, 


with j=. In this particular case the A has negative 
parity relative to the nucleon (ss=$-, se=O+). The 
construction of other vertex types is straightforward. 
Interactions like (Nysy,A,)0,0,8 which involve a sym- 
metric tensor have been set aside. 

In each case, it is now easy to write down the A—N 
interaction to second order (two baryon lines connected 
by one virtual @ line). If the vertices involve derivatives 
(8, or V7), one meets with the well-known complications: 
contact potentials (~é(r) in the static approximation), 
and tensor forces. Because of their short range, the 
tensor forces can hardly have significant effects, and 
we shall ignore them. The contact potentials also would 
be rather harmless if they were all repulsive (“repulsive 
core” of small extension). An attractive contact po- 
tential, on the other hand, should not appear in a 
reasonable theory, and we shall in such cases assume 
the presence of direct contact interactions between 
A’s and nucleons, such as to make the total contact 
interaction zero or repulsive. This amounts to con- 
sidering only the Yukawa potential (4) as relevant. 

Having thus obtained, for each case, the A—N inter- 
action, we can turn to the question: how can such a A 
be bound by a light nucleus, like the deuteron or the 
triton? Since the A binding energy appears to be small 


* W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941). 


experimentally, it is natural to take the A—N forces as 
weak compared to the V—N forces, and to assume that 
the nucleon ground state configuration is practically 
unaffected by the presence of the A. Then, one can 
compute the potential energy of the A with this nucleon 
configuration, up to a constant factor (square of the 
coupling parameter); if the A is to be bound, this 
potential energy must be negative and large enough in 
magnitude to overcome the repulsive effect of its 
kinetic energy, in the ground state. Qualitatively, by 
comparing the potential energies in various light hyper- 
fragments, it will be possible to predict the trend of the 
binding energy as a function of the mass number A, for 
the various cases, and to try a comparison with the 
experimental data. 

In this context, clearly, finer details in the nuclear 
wave function can be ignored. For instance, the 
deuteron will be considered a pure *S; state, disregarding 
the *D, admixture. The wave function of a hyperfrag- 
ment (A baryons=A—1 nucleons plus one A; note that 
the A is treated as one state of the baryon) is written 
as an antisymmetrized product of a spin eigenfunction 
and a space coordinate function, the total spin being 
the vector sum of the spins of the A and the nuclear 
core. If the space part (normalized to 1) is denoted by 
J (X1,X2,°++,X4), where the first vector (x) refers to the 
A, the potential energy involves exchange integrals of 
the form 


Vu= fan fae, aig fer Y(|x:—xz]) 


Xf*(X1,X2,X3,° + *,Xa)f(X2,X1,Xs,°* + ,X4), 


(S) 


with Y(r) given by (4). In the lightest hyperfragments, 
Ag5 (A—1<4), f is symmetric in the nucleon co- 
ordinates: 


Vie=Vis=-++=Vua=V (A§5), (6) 





A®* BINDING IN 
and the potential energy becomes simply g*Vc,, where 
g is the unknown coupling parameter (suitably defined 
in each case), and ¢, a numerical factor depending on 
the total spin s (and, of course, on A). The calculated 
values of ¢, are listed in Table I. The states of lowest 
energy are marked by boldface type. Note that, owing 
to the short range of the Yukawa potential, V is positive 
in all situations of interest (however, V<O for a P- 
state, A=2). 
We observe first that the cases 


(/) 
(8) 
(9) 


can be ruled out, because for A =4 and 5 (and also for 
A>5) the potential energy is positive or zero in all 
spin states, prohibiting A binding, whereas, experi- 
mentally, A hyperfragments with A24 have been 
clearly identified. (It should be borne in mind, of course, 
that the rejection of the cases (7), (8), (9) is subject to 
the various assumptions made in this study, for instance 
that the spin of the “nuclear core” is not altered by the 
captured A. If actually the A—N forces were much 
stronger than we assume, the situation might be quite 
different.) 

It is easily seen that for a A of spin } and a scalar 
meson (sg=0*) there are essentially only two coupling 
types (linear in 6): scalar and pseudoscalar, all others 
being equivalent (as far as second order A—N forces 
are concerned). Therefore, ruling out the scalar coupling 
(7) means: If the @ has spin zero and the A has spin 3, 
then the A must have negative parity relative to the 
nucleon. Note the obvious implication for the decay 
process A>N-+a (s,=0-): the interaction (NA)z is 
possible, whereas (Ny5A)z is not. 

In the case of a vector meson (sg= 17), the discussion 
is more involved, because either the vector field itself 
or its curl can be coupled with the baryon field. It turns 
out, however, that there is no difference in the static 
approximation in cases (8), (9); hence the assignments 
Se=1-, Sa=}- or $- are equally objectionable as sy=0*, 
Sa=4t 

In all other cases studied, there are spin states in 
which the A is attracted and will be bound, provided 
g’ is large enough. As for the dependence on A of the 


Ssa=4t, se=Ot, (6) 
(0-6) 


(v6) 


Pg joe 
ar ee sg=1-, 


SA ; Sg= Pr, 
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binding energy, for A=3, 4, 5, it follows from the 
expression g’Vc, for the potential energy [and the short 
range of Y(r)] that the nuclear core acts on the A 
essentially like a potential 


(10) 


(x 
U(x)=constX Ges 
1 


where p(x) is the nucleon density [ fd*xp(x)=A—1}. 
In other words, except for the factor |c,|, the potential 
well U has a range which covers the nuclear volume 
and a depth inversely proportional to the same volume. 
If the ground state value of c, happens to be the same for 
two neighboring hyperfragments, one would then 
expect the A binding energy to increase with decreasing 
volume of the nuclear core. For instance, in all cases 
listed in Table I, the A should be more strongly bound 
in He* (A=5) than in He* or H® (A =4), because Het 
certainly has the smaller volume.* In going from A=4 
to A=3 (A+d), the nuclear volume does not change 
much, whereas |c,| remains unchanged in some cases 
but decreases in others. Therefore, if it could be as- 
certained experimentally that the binding energy is 
substantially smaller for A =3 than for A=4, we would 
interpret this as favoring the spin } for the A. 

Beyond A=5, the nuclear wave functions are less 
simple, and we have not attempted to extend Table I. 
On the average, |c,| should increase as A—1, with 
fluctuations depending on the spin configurations, and 
except for such fluctuations, the A binding energy 
should slowly increase toward an asymptotic constant 
level. For A=7(A+Li‘), where |c,| could be as high 
as 11 or 12, one may foresee a rather large value for 
the binding energy. 

Finally, it may be remarked that a similar study 
could be made of the forces which bind @’s in hyper- 
fragments, on the assumption that such forces are 
mediated by the virtual A field.’ However, experimental 
knowledge of @ fragments is still scanty. Also, the 
possibility of discarding certain spin and parity assign- 
ments, on the same grounds as above, is much more 
remote because, according to these theories, there 
always exist states of charge in which the @ is attracted 
by the nuclear core. 

See, for instance, the wave functions computed by G. Mor- 


purgo, Nuovo cimento 9, 461 (1952). 
7A. Pais and R. Serber (to be published). 
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Asymmetries in neutron-proton scattering have been measured at 350 Mev with a 16% polarized neutron 
beam. Recoil protons were detected at angles between 10° and 65° in the laboratory, with asymmetries 
measured to about #% accuracy. When compared with the results of )—m scattering with polarized protons, 
the present experiment gives information on the spin dependence of the scattering matrix. 





I. INTRODUCTION 


EVERAL successful experiments with high-energy 

polarized proton beams have been reported re- 
cently.'-* However, measurements with polarized neu- 
trons have encountered difficulties, mostly associated 
with the small polarizations (<20%) obtainable from 
(p,m) reactions in the region of a few hundred Mev.*-* 
Neutron beams having this degree of polarization give 
scattering asymmetries [ e= (L—R)/(L+R)] which are 
only a few percent in magnitude, and are therefore 
difficult to measure accurately. Larger polarizations 
(50-80%) might be expected for neutrons elastically 
scattered from light nuclei, since that method has 
proven so useful for polarizing protons. However, 
intensity problems are severe if one attempts first to 
produce neutrons by (f,m) reaction, second to scatter 
them elastically from carbon, for example, and finally 
to use the resultant beam for a scattering or production 
experiment. Hence all neutron experiments to date, 
including the one reported here, have polarized the 
neutrons directly in an exchange reaction and worked 
with small asymmetries. 

Our experimental arrangement is shown in Fig. 1. 
The beam axis AA’ is defined by the center of the 
telescope T and the point P at the center of the steel 
collimator tube. The target, either T or 7”, intercepts the 
internal beam at a radius of 63.4 in. or 67.4 in., res- 
pectively, with emitted neutrons observed at 0° or 20° 
to the incident protons. The beam is collimated by steel 
and lead located in the shield wall, and is monitored by 
a triple coincidence telescope counting protons recoiling 
30° downward from a Lucite sheet M. The beam is then 
scattered at S, with recoil protons being observed by 
counter telescopes north and south of the beam at 
equal angles @, and @,. 

The plan of the experiment was to compare the south- 
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north asymmetries in the scattering from carbon and 
hydrogen of the presumably unpolarized beam from 
target T and the possibly polarized beam from 7”. 


II. DESCRIPTION OF APPARATUS 


Stringent alignment, symmetry, and stability condi- 
tions are imposed upon the apparatus by (a) the ex- 
pected small polarization of the 7’ beam, and (b) the 
rapid angular variation of the n—> differential cross 
section at 300-400 Mev, which gives rise to spurious 
asymmetries if 6,--6,. A description of the various parts 
of the apparatus follows (see Fig. 1). 

T and 7” were 1 in.X1 in.X$ in. (the } in. was in 
the radial direction) blocks of carbon, with some data 
being taken with a 7” target consisting of a 1} in.X1 in. 
X1 in. chamber constructed of 0.002 in. stainless steel 
foil and containing D,O as a target material. The latter 
target gave a polarization and intensity only slightly 
larger than those from carbon, and was abandoned 
because of the possibility of bubble formation (which 
would move the effective neutron source) and implosion 
danger. Both T and 7” were mounted on probes which 
could be radially located to +0.003 in. with the aid of 
micrometer stops on the outside of the vacuum chamber. 

The collimator was built up from seven one-foot 
lead blocks, bored out and spaced in the shield wall as 
indicated in Fig. 1. A }-in. wallX3-in. i.d. steel tube 
fitting tightly in these blocks served to hold the defining 
“slit,” which was a 2-in. i.d. steel tube six feet long with 
one end at P. Sighting holes in brass disks fitted in at P 
and P’ were used for setting telescope 7 along the colli- 
mator axis, the disks being removed during the experi- 
ment. It was possible to center the telescope on the axis 
to about 0.003 in. by using the diffraction patterns from 
the sighting holes. 

The alignment of monitor M was not critical, since 
no absolute counting was done. Proceeding along the 
beam axis, we next encounter S and S’, two points above 
the scattering table. S was the center of a 0.012-in. 
diameter hole bored in a carbon block, and S’ was the 
tip of a conical marker, 44 in. from S on the beam axis. 
The scattering table was a structure of aluminum I- 
beams, with a semicircle of bent channel supporting the 
outer ends of the two scattering arms, which were 
pivoted about S. The two arms were of 2-in.X4-in. Al 
bar faced with ground }-in. steel plates on the 2-in. sides 
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Fic. 1. Experimental layout for 350-Mev pol 


in order to permit accurate repositioning of the counters. 
The arms were offset in such a way that counter arrays 
would look directly at the scattering center S. 

Equal angles north and south of the beam were 
achieved by locating two reference posts on the scat- 
tering arms at equal distances from point S, the scatterer 
center (see Fig. 1). Then two Al bars were clamped 
together and drilled through so that they would fit 
snugly over the posts R and S’, or R’ and S’. The two 
identically drilled ‘‘angle bars” were then separated, and 
by choosing appropriate holes in each bar equal @, and 
6, could be set. Angles from 0°-90° in five-degree 
intervals were obtainable with these bars. 

Levelling screws on the three points of the scattering 
table rested on a heavy steel base, with the screws being 
adjusted so that the tops of the scattering arms were 
three inches below beam height. These arms supported 
the counter telescope mounts, which were symmetric 
about the horizontal plane containing the beam. There- 
fore it was possible to lift counter telescope I, for 
example, from its supporting arm, rotate it through 
180° about its horizontal axis, and place it on the other 
arm. This is equivalent to rotating I through 180° of 
azimuth. 

The counter telescopes I and II were similar to each 
other, but no effort was expended to make them iden- 
tical. Therefore one measurement of asymmetry con- 
sisted in counting scattered flux per unit monitor for one 
of the telescopes south of the beam, and then inverting 
this telescope and counting flux scattered north of the 
beam. 

The three scintillation counters in a telescope each 
consisted of a terphenyl-polystyrene plastic scintillator 
attached to a Lucite light pipe and viewed by an RCA 
6199 photomultiplier. The first scintillator to see the 
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arized or unpolarized neutron-proton scattering. 


scattered particles was 23 in. wide X 4} in. highX0.2 in. 
I 8 r g 


thick, the second was 2 in.4 in.X0.2 in., the third 
23 in.X<43 in.X0.4 in. The second counter defined the 
solid angle, and was usually placed at 70.8 cm from 
scatterer S, while the first and third counters were 
12.8 cm and 21.4 cm in front of and behind the second 
plastic, respectively. The copper absorber was located 
between the last two counters, and was adjusted at 
each angle to keep a 320-Mev low-energy cutoff on the 
incident neutrons. The efficiency vs angle and energy of 
such telescopes has been reported earlier.” 

The purpose of using two telescopes was not only to 
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Fic. 2. Differential range curve of proton recoils from hydrogen 
at 20° to an incident neutron beam produced by 420-Mev protons 
on D.O at target position 7’. (See Fig. 1.) 


7A. J. Hartzler and R. T. Siegel, Phys. Rev. 95, 185 (1954). 





SIEGEL, HARTZLER, AND LOVE 


OPTICAL 
CENTERLINE 
AT 10.00" 


PROBE COUNTS PER UNIT MONITOR 


BEAM 
CENTERLINE 
AT 10.01" 
e 
o** ®e6 


1 1 | 
8 10 12 14 
PROBE POSITION IN INCHES 








Fic. 3. Beam intensity vs probe position obtained for a D,O target 
at 7’. (See Fig. 1.) 


double the rate of accumulating data, but also to pro- 
vide a check against certain types of electronic drifts. 
With two telescopes on opposite sides of the beam at all 
times, a steady drift in the monitor or equal drifts in the 
two telescope circuits would produce equal and opposite 
asymmetries in I and II with the unpolarized beam. At 
first some effects of this type were noticed, but stabili- 
zation of the monitor circuits produced asymmetries 
with the polarized beam which were generally the same 
for I and II, and which were zero for the unpolarized 
beam. 

The electronic circuits were essentially the same as 
those used in our earlier work,’ consisting of fast 
(7X10- sec) diode coincidence circuits with associated 
amplifiers, limiters, and scalers. Differential range 
curves were taken with a fourth counter in each tele- 
scope in anticoincidence with the other three. Addition 
of a biased diode transfromed the coincidence circuits 
into anticoincidence circuits for this purpose. 


The CH; and C scatterers had equal stopping power, 
and were machined blocks 6 in. high by 1 in. wide by 
0.800 in. and 0.537 in., respectively. The liquid hydrogen 
targets were constructed of Styrofoam and had an 
inner liner of 0.002-in. Cu foil defining a useful target 
volume 4 in. on each edge. Background measurements 
were made with a similar empty target. 

Even after the initial alignment of the scattering 
table, i.e., placement of S and S’ on the beam axis, the 
process of inverting telescopes and loading them with 
different amounts of Cu absorber often warped the 
table and changed the angular setting. For convenience 
in“realigning after each disturbance, two dial gauges 
attached_to the steel base frame were mounted below 
andfnear S and S’, so that movements relative to the 
base were easily detected and corrected. Once initial 
alignment was accomplished, additional angular errors 
were limited to +0.003/44. Our aim was to keep the 
total angular error of alignment to 1’ of arc, and results 
indicate that this was usually attained. 


Ill. NEUTRON BEAMS 


The spectra of neutrons emitted from the various 
internal targets were badly smeared out in energy, as is 
illustrated by Fig. 2. This is a differential range curve of 
protons emitted from liquid hydrogen at 20° to the 
neutron beam from the D,0O target at 7”, and shows little 
indication of a high-energy peak in the neutron spec- 
trum. This is different from the beams emitted at 0° 
from Be at these energies,’ and makes observations with 
“monoenergetic” neutrons rather difficult. However, we 
found that the Cu absorbers which imposed a 320-Mev 
lower energy limit on the neutrons left sufficient 
intensity (~2X10* cm~ sec~') of higher energy neu- 
trons for our purposes. Above cutoff (indicated by the 
vertical line in Fig. 3), the rising efficiency of the counter 
telescopes gave an effective neutron spectrum peaked at 
350 Mev and about 35 Mev wide at half-maximum. 

It was important to place T or 7’ accurately on the 
axis AA’, since otherwise the beam would cut across the 
collimator at a slight angle, with a resultant skewness 
about AA’ in intensity and/or angular distribution of 
the neutrons within the beam. Because the beam pene- 


TABLE I. Asymmetries from polarized neutrons scattered from hydrogen. 
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10 1.530.98 
15 
20 =3.89+0.64 
25 
30 4.16+ 1.06 


1.24+0.56 
2.330.56 
3.50+0.80 


3.18+0.63  1.71+0.42 


3.68+ 1.13 
1,131.15 


1.93+0.35 1.580.46 


2.16+0.44 


1.88-+0.43 
3.04+0.47 1.67+0.40 
4.71+0.45 
3.52+0.53 3.3340.43 
4.02+0.60 
3.01+0.59 4.01+0.76 3.430.47 
4.45+0.56 


0.50+0.59 





— (4.20+0.74) 


— (3.18+0.76) 


— (3.58+0.64) 
— (4.85+0.63) 


0.85+0,60 
— (2.96+0.72) 











SCATTERING OF POLARIZED 
tration into the target and thus the neutron source 
shape were not known very precisely, optical sighting 
was not considered adequate for centering these 
targets. Instead they were located by means of 
beam intensity patterns obtained with a probe counter 
(r in Fig. 1) which scanned the beam about eight 
feet behind point S. This probe was a plastic 
scintillant 5 in. high by 4 in. long in the beam direction 
by 0.18 in. wide, mounted on a photomultiplier and 
moved across the neutron beam by means of a lathe 
screw. The centering procedure was to measure inten- 
sity at points on the edges of the beam, and then to 
move T or 7” until the centroid fell on the axis AA’. 
Usually one-half hour sufficed to achieve this to an 
accuracy of 0.005-0.010 in. Complete traversals of the 
beam (Fig. 3) were then made to check its symmetry, 
which was ~1% throughout the useful portion of the 
beam. The angular spread within the beam was not 
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Fic. 4. Asymmetry in 350-Mev n—> scattering vs lab recoil 
proton angle for unpolarized neutrons (crosses) and 16% polarized 
neutrons (solid circles). 


measured, but the zero asymmetries observed when an 
unpolarized beam was scattered are considered ade- 
quate proof that the beam was symmetric in all respects 
about the axis AA’. 

One source of false asymmetry was the stray magnetic 
field of the cyclotron, which was measured to be 10 
gauss in the region of the scattering table. Both from 
computation and from the small asymmetries measured 
with the unpolarized beam we were convinced that this 
was not a major source of error. 

On occasion a slight (<1%) asymmetry in small- 
angle scattering of the T (unpolarized) beam from CH: 
or liquid hydrogen was observed. A check of the align- 
ment usually removed this effect, but during one run 
it persisted and was removed only by rotating the 
scattering table about S so as to change the angular 
positions by 3.5’ of arc. This was probably a valid 
procedure, because the spurious asymmetry was con- 
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Fic. 5. Polarization vs c.m. scattering angle 
in n— > scattering at 350 Mev. 


centrated at small angles (where the n— > cross-section 
varies rapidly) and was hence of the type to be caused 
by misalignment of the table. After the run in which 
this effect appeared, the counter telescopes and table 
were tightened up and checked and little further 
trouble was encountered. 


IV. RESULTS AND DISCUSSION 


Table I shows the asymmetries in n—? scattering of 
polarized neutrons measured during all our runs. The 
D,O data has been reduced to equivalent carbon 
asymmetries by making use of the measured polariza- 
tion of the beams (see below). In the early stages of the 
experiment, when much time was spent investigating 
possible cause of spurious asymmetry, the (CH,—C) 
subtraction was used in obtaining the hydrogen effect 
because of the greater machining precision attainable 
for solid scatterers as compared with Styrofoam targets. 
However, liquid hydrogen is vastly superior as far as 
background is concerned, and was used for most of the 
data in Table I. 

The mean asymmetries computed from Table I are 
listed in Column C of Table II. Column B contains the 
asymmetries for unpolarized neutrons (from target 7) 
scattered from hydrogen or CH2. The data from these 
two columns are shown in Fig. 4. Before every run with 
polarized neutrons, an unpolarized beam was scattered 


TABLE IT. Asymmetry and polarization os angle for 350-Mev 
neutron-proton scattering. 
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€(0) (percent) 


Polarized 
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— (0.94 +0.53) 
— (0.36 +0.29) 
0.11 +0.20 
0.27 +0.30 


0.35 £0.27 


EK -—(0.13+40.51) 


1,73+0.21 


2 
— (1.22 +0.44) 
— (3.70 40.53) 
— (4,04 +0.47) 





0.106 +0.014 
0.132 +0.028 
0.147 +0.014 
0.289 +0.030 
0.213+0.019 
0.246 +0.038 
0.210+0.022 
0.273 +0.032 
0.039 +0.032 
— (0.075 +0.027) 
— (0.227 +0.034) 
— (0.248 +0.031) 
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Fic. 6. Polarization vs c.m. scattering angle 
in p—n scattering at 310 Mev. 


at 10° or 15°, where spurious asymmetries were ex- 
pected to be seen most readily. If no asymmetries 
appeared, we were satisfied that the alignment was 
correct, and proceeded with the experiment. 

Assuming charge symmetry and neglecting the differ- 
ence in energy between the protons incident on carbon 
at 7’ and the neutrons incident on scatterer S, a meas- 
urement of beam polarization can be made by measur- 
ing the asymmetry in protons recoiling at 20° from car- 
bon at S. In this case e= (J,—J,,)/(I,+].)=P*, where 
P is the polarization. For P2o°" we thus obtained 
(0.163+-0.007). (Quoted errors are statistical standard 
deviations from counting only.) Once a carbon detector 
was calibrated in this way, we could measure P2o°P2° 
=0.181+0.016. Here we have arbitrarily taken the sign 
of the polarization as positive. 

The asymmetry vs laboratory angle observed for the 
recoil protons in m— p scattering can be converted into 
polarization vs center-of-mass angle for the scattered 
neutrons by reversing sign, dividing by the beam polar- 


ization, and using the kinematic transformations from 
laboratory to center-of-mass system. The result is 
plotted in Fig. 5. 

One of the main purposes of this investigation was to 
provide new information about nucleon-nucleon scat- 
tering which would be useful in phase-shift analyses. 
However, the effective energy of this work (350 Mev) is 
not much higher than that at Berkeley (300 Mev) where 
p—n scattering has been carried out with polarized 
protons and deuterium as a “free” neutron target.* A 
comparison of our Fig. 5 and Fig. 6, which displays the 
data of Chamberlain ef al.,° shows a striking similarity 
between the results of the two experiments. This 
similarity may be interpreted as evidence for charge 
symmetry in nucleon-nucleon scattering. Noting that 
our polarized neutrons are to be compared with the 
polarized portons used by the Berkeley group, we have 
measured P,_,(0)=TrM'tMo,-N/TrM'M, while they 
have measured P,_,(0)=TrM'Me,:-N/TrM'M, where 
M is the n— scattering matrix. (The notation is that 
of Wolfenstein and Ashkin.’°) The equality of the two 
results indicates that M is symmetric in its dependence 
on @, and @,, at least insofar as the nuclear force con- 
tribution is concerned. The electromagnetic interaction 
contributes a negligible amount to the scattering for 
the angles investigated in the two experiments. 
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A study is carried out of the vacuum polarization in a strong Coulomb field. Radiative corrections are 
neglected. A perturbation calculation is avoided by making use of the explicit solutions of the Dirac equation 
in a Coulomb field. The Laplace transform of the polarization charge density times r* is found and used as 
a basis for further study. It is proved to be an analytic function of the strength of the inducing charge. 
It is verified that the first-order term in a power series expansion in the strength of the inducing charge just 
corresponds to the Uehling potential. The third-order term is studied in some detail. The leading term in 
the polarization potential close to the inducing charge and the space integral of the induced potential 
divided by r are found to all orders in the strength of the inducing charge. Ambiguities are handled by a 


method corresponding to regularization. 


Some experimental applications are considered. The corrections to the Uehling term in these cases are 


found to be small. 


I. INTRODUCTION 


ECENT measurements of energy level differences 

in mu-mesonic atoms have raised the question as 

to whether quantum electrodynamical corrections to 

these level separations are of observable magnitude.'~® 

It is expected that the main quantum electrodynamical 

effect on the levels in mu-mesonic atoms would be the 

effect of vacuum polarization, arising from the coupling 

of the electron-positron field to the Coulomb field of 
the nucleus.’ 

Likewise quantum electrodynamical corrections to 
the x-ray fine structure separations in heavy elements 
may be of observable magnitude. In this latter case, 
vacuum polarization can be expected to be important, 
although it is not the only quantum electrodynamical 
effect expected to play a role.’: 

The phenomenon of vacuum polarization in an 
external field, to first order in a power series expansion 
in the strength of the inducing field, has been discussed 
previously.’ Furthermore, in the case of a constant 
external field, it has been discussed to all orders in the 
strength of the inducing field.".'* For the case in which 
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the inducing charge is a point charge, the first-order 
potential will be referred to as the Uehling potential. It 
is well known that it gives rise to a measurable con- 
tribution to the Lamb shift in hydrogen. The effect of 
the Uehling potential on the x-ray fine structure 
separation and on the levels in mu-mesonic atoms has 
also been considered.?*-*.*.§ It may here be remarked 
that the Uehling potential falls off exponentially at 
large distances from the inducing charge, and behaves 
as (Inr)/r at small distances. 

The Uehling potential is the leading term in a per- 
turbation expansion in which aZ is treated as a small 
expansion parameter. (a is the fine structure constant, 
and Z is the magnitude of the inducing charge, in units 
of the elementary charge.) The use of the first-order 
term only when considering the effects of vacuum 
polarization on hydrogen levels can thus be expected 
to be a very good approximation. This may not be the 
case when one considers mu-mesonic atoms or x-ray 
fine structure in heavy elements, since aZ is then of 
order unity. It is thus of interest to consider higher 
order effects. 

With this in mind, we have undertaken a study of the 
vacuum polarization in a strong Coulomb field. We 
avoid a perturbation expansion by making use of the 
explicit solutions of the Dirac equation in a Coulomb 
field. Radiative corrections are neglected. 

We first consider the general expression for the 
induced charge density and we show how the sum over 
states representing the charge density may be broken 
up into partial sums referring to different angular 
momenta. We next show how these partial sums may be 
expressed in terms of a contour integral of the Green’s 
functions of the radial Dirac equations. The Green’s 
functions are explicitly constructed, and their relevant 
properties discussed. Some further discussion is given 
in Appendix I. 

The Laplace transform of the polarization charge 
density times r? is found and discussed. The expression 
is regulated and renormalized, and shown (in Appendix 
II), to be an analytic function of aZ inside the circle 
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Fic. 1. Feynman diagram for 
the polarization potential using a 
Coulomb field interaction repre- 
sentation. 


|aZ|=1. The first-order term is extracted and shown 
to correspond to the Uehling term. The third-order 
term is discussed in some detail, and likewise the be- 
havior of the polarization potential close to the origin 
is discussed. Except for the Uehling term, the charge 
renormalization turns out to be finite up to aZ=1. 

Higher-than-first-order vacuum polarization effects 
on the energy levels of mu-mesonic atoms are con- 
sidered and found to be small. 

We also study vacuum polarization effects on the 
x-ray fine structure separation, arising from the first- 
and third-order terms. 

The contribution to the Lamb shift in hydrogen from 
third-order vacuum polarization is found to be neg- 
ligible. 

In Appendix III, the asymptotic behavior of the 
polarization potential is discussed briefly from the 
standpoint of the Euler-Heisenberg Hamiltonian. 

In Appendix IV, some summation formulas are 
derived. 


Il. EXPRESSION OF THE POLARIZATION CHARGE 
DENSITY AS A SUM OF CONTRIBUTIONS FROM 
DIFFERENT ANGULAR MOMENTUM STATES 


We are interested in the vacuum expectation value 
of the current operator; 


ju=}elvac| dy—V7, | vac), (1) 


where —e is the charge of the electron, in the presence 
of a Coulomb field arising from a point charge of mag- 
nitude eZ located at the origin r=0. 

Only the timelike component of (1) is different from 
zero, and we may thus write the induced charge density ; 


p(r)=}e D 4 trace(y(r)y*(r)), 
—$e Do trace(y(r)y*(r)), (2) 


where ¥(r) is the solution to the time-independent 
Dirac equation in a Coulomb field, and (+) indicates 
a sum over all positive energy states (=electron states), 
and (—) indicates a sum over all negative energy states 
(= positron states), as defined by the Coulomb field. 
This charge density gives rise to an electrostatic 
potential, Vp(r), which may be represented by the 
Feynman diagram in Fig. 1, using an interaction repre- 


KROLL 


sentation based on the solutions to the Dirac equation 
in the Coulomb field. 

The sum (2) is divergent as it stands. In the course 
of our study we shall try to give a more proper defi- 
nition and to separate the physically meaningful 
quantities from meaningless infinities. 

We study the Dirac equation in the Coulomb field, 
and consider simultaneous eigenstates to K, J, and the 
Hamiltonian." K has all nonzero integers as eigenvalues, 
and J, has the eigenvalues; 


m= —|k|+3; —|k| +9; «++; |k|—4. (3) 


We are then led to radial equations which we write in 
the form 


(D.+2)[ w(x) ]=0, 


Y 


where 


(D.)= 


dx x x 
[w(x) ]=[wi(x) ; wa(x)], 
y=aZ=Z/Ameohc, 
x=1(moc/h), 
= E/moe* 
(E is here the energy). 


The complete solutions can be written in terms of 
the radial eigenfunctions, and spherical harmonics as 
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x |k| 

i k—m—}}! 
v2(km; r)= —“w(0| —| Yjx-41-4"" (0; ¢), 
x 2k—1 


(S) 


k—m+}}} 
Yierti4+” *(6; 9), 


2k+1 
k+m+3 
2k+1 


kl 
V3(km; == -an(a)] 
|k| x 


1 ; 
valk; ==] Viersi4"**(0; 9). 


The labels & and z are suppressed in w; and wy. Using 
addition theorems for spherical harmonics, we find 


> trace(y (km; r)y*(km; r)) 


m=—j 


- EE vetem; r)p»(km; 1) 
2|k| 2 
a LX w,(x)w,*(x), 


T v=l 


(j=|k|-3) (6) 


SL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition. 
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o(®)=ZLoi(1)+0-0(0)} 


with 


e2\k| 1 /moc 
ris tL en 
24r PNR 


XE {w(x wi* (x) +-we(x)we* (x)} 
— Lo {wi(x)wi* (x) +we(x)we*(x)} J, (8) 


where [w(x)] are solutions to the radial equation (4) 
for a given k, and given £, and with appropriate nor- 
malization. (+) and (—) indicate respectively sum- 
mations over positive and negative energy eigenstates 
to the radial equation. After the summation over m the 
spherical symmetry of the induced charge density is 
apparent. 

We shall now focus our attention on the radial equa- 
tion (4) and for convenience we shall suppress the 
index k from the solutions in the next paragraph, as we 
have done so far. 


Ill. EXPRESSION OF THE SUMMATION OVER THE 
RADIAL EIGENSTATES AS A CONTOUR INTEGRAL 
OF THE RADIAL GREEN’S FUNCTION 


Let 0<y<1. The boundary conditions, 


(a) [w] finite at x=0, 


9) 
(b) [w] bounded at infinity, : 


define the eigenvalues and eigenfunctions of the radial 
equation (4). Let z be any complex number, not an 
eigenvalue to (4). We may then construct a Green’s 
function, K, to the radial equation in the form of a 
bilinear sum; 


w, (x1; €)w,* (x2; 
K y»(x1,%2; 3)= >, ———— . 


(6) Z—€eE 


(10) 


where the sum is over all eigenvalues e. This Green’s 
function has the property (provided [w] is properly 
normalized) ; 


(Dey +2)(K (x12; 2)) = 5 (a;— x2). (11) 


7 


2 
= 























P(R) 


Fic. 2. Contours used in connection with the contour integral 
representation of the sum over the energy states. 
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2 ~-plane 


C,(R) 


c,(R) 





Fic. 3. Special contours used in the discussion of the contour 
integral representation of the sum over the energy states. 


The Green’s function is an analytic function of 2, 
except possibly at the location of the eigenvalues. The 
set of eigenvalues consists of a point set on the real 
z-axis, between 0 and 1, and with z=1 as a point of 
accumulation, and of the half-lines 


z21 and zSil. (12) 


Let us introduce cuts in the z-plane along the half- 
lines defined by (12). It will be found that the Green’s 
function has simple poles at the discrete eigenvalues 
and branch points at z=1 and z=—1, and that it is 
otherwise a single-valued analytic function in the cut 
plane. 

Let us consider the contours E(R) and P(R) in the 
cut z-plane. (See Fig. 2.) E(R) is a simple curve, starting 
at the point +R+0i, ending at the point +R—0i, 
which encircles all the discrete eigenvalues precisely 
once. P(R) is a simple curve, starting at the point 
—R-—Oi, ending at the point —R+0i, which encircles 
none of the discrete eigenvalues. 

After the introductory remarks on the Green’s 
function as defined by (10), it is apparent that the sum 
over states in (8) that we are interested in can be 
represented by: 


Do {wi(x)wi* (x) +-we(%)we* (x)} 
(+)R’ 
— DL {wil(x)wr* (x) +-we(x)ws* (x)} 


(—)R 


1 
Enews dz trace(K (x,x; 2)) 
2ri J eR’) 


(13) 


2ni 


dz trace(K (x,x; 2)) 


P(R) 


in the limit R’, Ro. This limit will exist only after 
some regularization process has been performed. 

In view of the analyticity of the Green’s function, we 
may deform the contours E(R’) and P(R). In particular, 
we consider the contours C;(R), C2(R), C3(R), Cs(R), 
1(R), Li(R; R’) and L,(R; R’) shown in Fig. 3. 
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Thus 


f is:K=— f as-K- ff dz-K— dz-K 
E(R’) 1(R) C.(R) C4(R) 
-f is-K- f dz-K, (14) 
Li(R; R’) Lo(R; R’) 


f as-K= f dz-K+ dz-K+ dz-K. 
P(R) 1(R) C2(R) C3(R) 


This is a convenient set of contours, since it will turn 
out that the physically meaningful contribution will 
appear as an integral along the contour /(R), while the 
ambiguities are connected with the other contours. 
Upon regularization of the expression for the charge 
density, and passing to the limit Roo and RR’, 
only the integral along the imaginary z-axis will con- 
tribute. 





(K (x1,%2; 2))= 


K(z) we™ (x1; 2)w (x2; 2); 


6(x%1— 22) 


K(z) 


The diagonal elements of K are continuous functions 
of x, and x2; the nondiagonal elements have a finite 
step-discontinuity at x;=2. It is apparent that 


(Dzi+2)- (K (x1,"2; 2))=6(x1— x2), (18) 


so that we have indeed found another expression for the 
Green’s function. This construction is very similar in 
principle to the construction of a Green’s function for 
an ordinary second order linear differential equation." 

The solutions [w)] and [w®)] can be expressed in 
terms of the functions defined below. We define single 
valued functions in the cut plane: 


(+1)! by (2+1)4,o=1; 
(sz—1)* by (2—1)t,0=7; 
(22—1)*= (2+1)#(z—1)?. 


(19) 


Im{ (2*—1)#} 20. 


s=(P—y*)}, 
a=s—tyz/(2—1)}, 
b=2s+1, 
A=k—ty/(2—1)!. 


(20) 


We will use the following confluent hypergeometric 


4R. Courant and D. Hilbert, Methoden der Mathematischen 
Physik (Verlag Julius Springer, Berlin, 1931), Part I. 
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The utility of (13) is a consequence of the fact that 
there exists an alternative expression for the Green’s 
function in terms of the regular and irregular solutions 
to (4) for z not an eigenvalue, so that the summation 
over states in (10) can be avoided. Thus: For z not an 
eigenvalue, we construct two linearly independent 
solutions [w(x;z)] and [w®(x;z)] to (4), by re- 
quiring that [w)] be finite at the origin and [w®)] 
bounded at infinity. Let 


K(z)=we™ (x; 2)w1™ (a; 2) —wi™ (x; z)we® (x; 2); (15) 


then 
(0/dx)K (z)=0, 


and K(z) #0, if z is not an eigenvalue. Let 


+1 ifa«>0 


(16) 


if «=0 
0 if «<0. 
Let 


6(x2—21) =e (x1; 2)w1 (x9; 2); wi (x1; z) we? (x9; a 


we) (41; 2)we® (a9; 2) 


( 


Ww? (x1; z)w, (x2; z) : 


= pest a7) 


We” (x1; 2)wi (x25 2); We (x1; 2)we (x9; 2) 





functions: 
» I'(p+n)I'(q)t" 
Ferg: Oak ees 
n—oT'(g-+m)I (p)n! 
l'(p+1—g)P'(q) 


T'(2—9)P' (p) 


(21) 





F(p+1—q; 2—q; 4), 
(22) 
(23) 


G(p;q;)=0 


H(6;9;)=F(;9;)—G(p; 9; 4), 


where 
arg (i!-*) = (1—q) argi. 


For some of the properties of these functions, see Ap- 
pendix I. We note here the integral representations 


F(p;q; 4) 
r'(q) 


“T(r Q—p) 


valid when 


1 
ff dere a—ayers, (24) 
0 


Re{p}>0, Re{q—p}>0; 


and 
H(p; 9; 4) 
['(p+1—q) ¢* 
=——_—__——¢! | dzg-*at-?-\(4—1)?"', (25) 
ae 


where — $2 <argt<}m, valid when Re{p}>0, and g not 
a positive integer. For further discussion, see Appendix I. 
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Having made these definitions, we are able to deter- 
mine [w“) ] and [w®)] in terms of the confluent hyper- 
geometric functions, by examining the behavior of F 
and G at the origin and at infinity, The variables x, and 
x2 are real and non-negative, and by (19) we may 
write 

—4n Sarg{—i-x(22—1)!} <4, 
and thus get 
wy) (%; 2) =4(s—1) 4 2x(22?— 1)?" exp[ix(2?—1))] 
{AF (a; 6b; —2ix(z?—1)!) 
+aF (a+1; 6; —2ix(z?—1)!)}, 
¢; ) = (s+1)![2x(2?—1)!} exp[ix(2?—1)!] 
X {AF (a; b; —2ix(z?—1)!) 
—aF(a+1;b; —2ix(2’—1)!)}, 
(27) 
p32) =1(2—1)![2e(22@—1)!}* exp[ix(2?—1)*] 
X{\-H (a; b; —2ix(z?—1)!) 
+aH(a+1;b; —2ix(2?—1)4)}, 
2) = (2+1)*L2x(2?— 1)! }* exp[ix(z?—1)*] 
X {AH (a; b; —2ix(2?—1)') 
—aH(a+1; 6; —2ix(2?—1)4)}. 


T'(a+1—b)r'(d) imb 
exp(—). (28) 
T'(2—b)0' (a) 2 


The last result is best obtained by letting x become very 
small in the solutions (27), and using (16). 

Using (27) and (28) and the definition (17), we may 
construct the Green’s functions explicitly in terms of 
the confluent hypergeometric functions. By examining 
the Green’s function we may establish that (see Ap- 
pendix I for some details) : 

(a) The Green’s function has simple poles at the 
discrete eigenvalues. These, of course, lie on the real 
z-axis between z=0 and z=1. 

(6) With the exception of the poles, the Green’s 
function is a single-valued analytic function of z in the 
cut z-plane. 

(c) The Green’s function has branch points at z=1 
and at z=—1. 

(d) With x; (or x2) fixed and finite, and z in the cut 
plane, not at a pole, the Green’s function considered as 
a function of x2 (or x1) is finite at the origin, and bounded 
at infinity. 


(26) 


we) (x : 


Thus, 





K (2) =4s\(z?—1)! 





@-1 
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as raf dn exp{ — 2ix(2’—1)*(é— DY} 


847 


We discuss in Appendix I how various propagation 
functions may be defined in terms of contour integrals 
of the Green’s function, and how these can be used to 
solve the time-dependent radial equation. 


IV. THE LAPLACE TRANSFORM OF THE TRACE OF 
THE GREEN’S FUNCTION WHEN x,=x.=x 


Using the results of the preceding section, we find: 
D,(x; 2)=trace(K,(x,x; 2)+K_.(x,x; 2)) 
T(a)P(i—b) [—2ix(2?—1) 
TOrati—b) (#1) 
Xexp{2ix(z?—1)})} 


1y 
x| boils 
(22—1)! 


X H(a; b; —2ix(22?—1)!) 


| Fe 5b; —2ix(z?—1)#) 


a 
+——F(a+1; 6; —2ix(2?—1)4) 


1+-a— 
xX H(a+1; b; -2ix(?—1))] 
+az[ F(a; b; —2ix(z?—1)!) 
X H(a+1; 6; —2ix(2?—1)!) 
+F(a+1; b; —2ix(2z?—1)') 
XH(a; b; = 2ie(e?—-1)))}. (29) 


Ex(p; ~is)= f e~?*D,. (x; 2)dx. (30) 
0 


This Laplace transform exists everywhere in the cut 
plane when z is not at a pole of K. 
We denote: 


u=ip/2(2—1)}, 

Q=(1—¢)/[1+u][1+¢(u—1) ], 
[i—s[1+ ut] 

[1+4(u— — 


(31) 
(32) 
yz 
= n 
(22—1)! 





(33) 
Using the integral representations (24) and (25), we 
get 

1 
soaltor b—a) 








a ey ae 


P'(a-+1)P'(b—a—1) 


(1 


(a+1—b) 
‘Lr (ar (b—a) 


— ge —a- “lyb-e-2 (n — 1)°+ 


-£*(n—1)* b-o-2(] — £)e-e-2 


T(a+1)r(b— 


“a-prearen—tye||, (34) 
a—1) 
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whence 


I'(d) I'(b) 
E,(p; —iz)=—— —1(] — ¢)b-a-1pb-o-1 (4 a-1 
(p; —is) —f af a | saltore fia csi es Ai 








aI’ (b) 
eee Bp 1) 
P(a+1)P'(b—a—1) 
os srl 
*T@re—a 
1 C) > b—-a—1 —{1)>" b—a—2 —1)¢ 
foep eter ee) 
2—1 (¢—1) [uta }Lutn—17 [uty] [Lu+n—1 eH 
oy?-*-t(g—1)°* (a+1—b)n>-*?(n—1)* 
i ee 
[uty | [Lut+n—1 +! [uty] fut+n—1]}2 
1 ty [ [1—f}-" [i—¢} 
; | 
2—1 (21) [14+ 01 + 4(u—1) [1+ })-""[1+t(u—1) Je! 
af1—¢}-" “ (a+1—6)[1—¢} | 
( Cite }-"(1+t(u—1)} [1+uf]}>[1+4(u—1) } 











t(i-g" tte) fut y— dy 














with ‘=1/n. Thus 





1 1 1 
E,( ;—1 = d x —_ 
2 Bey =f ext if yilfi—i +a] al 





+f a | (35) 
C1—si+e(u—1)] [i+w] ss 





V. DIVERGENCE DIFFICULTIES AND 1 , 
REGULARIZATION OF THE E,! (p; —iz)= aug 
LAPLACE TRANSFORM 2—1J5 


ty 
(#—1)! 


of 





now perform the contour integrations of (35) in ac- 
cordance with (13) and pass to the limit, and finally 
sum the result over & as indicated by (8). We should 
then get an expression for the Laplace transform of the | 1 i 1 


According to our earlier considerations, we should 1 1 
f he 


+ + ' 
1—¢][1+ué] [14+¢(u—1)]} (2-1)! 





induced charge density times r*. By inspection of (35), 
however, it is seen that the result would diverge. In 
addition, delicate considerations would arise as to 7 1 
what order should be followed in the integrations and +s4{1 ~tetig—— <, Seer ae 
summations. In our opinion, the theory does not give . 
any answer to such questions. 1 iy2? 1 

To deal with this situation, we will proceed as follows: - - | _ 
We first sum E; over & in accordance with (8). We then [i+] (i—¢JL1+¢(u—1)] 
carry out the integration over ¢ (which will give an 1 
infinite term in first order in y). We finally carry out the 4. . (37) 
contour integrations over z and at the same time we [i+ut] 
will remove ambiguities by a regularization process. 

For convenience, we shall first remove what will be The expression (37) arises from the first three terms 
shown to be the Uehling term from our expression. We in a power series expansion of (35) in y. Let 
write 


[1 i+w] [i+t(u—1)] 








‘ab 1 
(21)? 


Ey(p; —i2)= Ex'(p; —iz) +E," (p; —i2), (36) W"'(b; i) =D REND; —iz). (38) 
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Let 0<e<} and 0<é<}. 


W'(; dt RO! 


1—6 
#—1 k=l (= 2—1)! 
1 1 


-+ 
(1—/]f1+0)] [1+e(u— 1)] 


Y 1 
stl tigen | ar sewn 
it te (1-101 +t(u—1)] 


x[1— i — 


| 
serge ~ie] 


1 1 
| — + ——____ —.||. (39) 
[1-0] [1-1[1+4(u—1)) 

It may be shown (see Appendix II) that for w finite, 
the order of summation over & and integration over ¢ 
may be reversed in (38). The expression (38) is thus 
consistent with our program, and it is also gratifying 
to see that the ambiguity concerning the order of in- 
tegration and summation exists only for E;,’. 

The expression (39) is a polynomial of second degree 
in y. Let us write this explicitly as 


W'(p; —iz; €;8)=W (p; —iz; €; 8) 
+yW (p; —is; €; d)+YW (p; —is; €; 6). 


Consider the coefficients of the even powers. When 
integrated over the contour /(R), the integrals will 
vanish. The only possible contribution actually comes 
from the contours Z;(R:R’) and L2(R:R’), and so is 
dependent on the way we pass to the limit in the contour 
integration. We will set these terms equal to zero. It is 
also clear that the induced charge must change sign 
when the inducing charge does, and therefore even 
powers of y cannot occur in our result. Evaluating 
W), we get 


(40) 


W (p; —iz; €; 8) 


1 {—|- “|+ 1 
(#1)! awle 21° 4u 2(1+n) 


aa tk ieee 1 2 
-+|—(---) -—|+= In(1+) 
2u2\e 2 4us 1 


+0(€)+0(8), 


(41) 
W (p; —iz; €; 6) 


1 ; iz 1 | 
‘4 ee lees 1)? 2(2?—1)! 


+A (p; 





—iz; €; 4), 
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—iz; €; 6) 
iz! 


A(p; 
ee 
3(2— 1)5/2 


te) ist 
EE as 
dzl 3ui(2?—1)! pocenat 
tA 1 Ll @siwd 
x|1--+=]+——_| - > {---) 
u wy (2-1) 2 24 2 


1 
—) }ro19+06) (43) 


2eu? 4? 4u 


The first sum in (42) is independent of ¢ and 6. Inte- 
grated around the contours and passing to the limit R, 
R’—«, the only contribution comes from the integral 
along the imaginary z-axis. Let z=iy in this integration. 
Finding the inverse Laplace transform, we thus get for 
the induced charge density and the potential, to first 


order in y, 
é Y 
~) f dy 
Areor \3a/ Jy 
2mocr 


xexp| _ a (y?+1)! 


MTL 


2m 


¥L3+29*] 


WV, (r)= 
‘ "Tet 


; (44) 


y[3+2y*] 


dy— Ee 


Ly’+1}} 


ocr 
xexp| - (+1). (45) 


In the expression for the charge density the infinite 
point charge at the origin, required to effect charge 
renormalization, has been omitted. The potential (44) 
is precisely the Uehling potential. 

The contribution from the term A in (43) we set 
equal to zero. Its actual value depends on the way we 
perform the limiting process for the contour. We see 
that it is of the form 


cotce(1/p)’, 


or, finding the inverse Laplace transform, this corre- 
sponds to a charge density 


co (1/1r)?6(r)+-¢2' (1/r). 


Such terms in the charge density vanish upon regulari- 
zation, which is easily seen from a study of the dimen- 
sions of the coefficients.'® 

We now study W’’(p; —iz) and write 


W'" (p; —i2)=W"' (p; —iz)- YW (p; —i2), 


18 W. Pauli and F. Villars, Rev. Modern Phys. 21, 434 (1949). 
co’ has the dimension of a charge and is therefore independent of 
the pair field mass, while co’, having the dimension of charge 
divided by an area must be proportional to the square of the 
mass. In the notation of Pauli and Villars, the conditions 
S p(x)dx=0, S'p(x)x*dx=0, remove these terms. 


(46) 





850 E. 


where 


YW (p; —is) 





oe ry [ 1 
= d k 
rae | z shri cover oae 


‘ 1 | 1 : wv. 
oe eg 2k 0] 





= 1 1 
f si rnd 


E Se i 
| e+ gn +e 
6 2k ° 2k 


1y2" 


(—1)! 





x| 1 ‘3 1 
[i1—f][1+t(u— yori 


* - 7 
x| 7 n0—'|I ~~ 


This expression arises from the third power of y in a 
power series expansion in y of E” in (36). 

Let us define the function ¥(2; x), when |x| <1, by 
the power series: 


(48) 
and let ¢(x) denote the Riemann zeta function. We 
carry out the integration over / in (47) and get 
W® (p; —iz)=W® (p; —iz)—}i(2—-1)4 

[== 152°+-6 r 


2 Inu 
es 
3(22—1)? = 6(z2—-1) | (2*—1)? 





where 
2i(22—1)!W® (p; —iz) 


s* 4 
=— {= Int(-+-u) +2920 In(i—) 
(2?— 1) (3 


2 r “dx 
+28—“Lin(1—w) +08 }42 f — In?(1—2*) 
3 3 0 & 


1+u4 
—- inc —u*) lIn——+ 2] in} 


1—4u 


2? | (2) 1 1+u4 
———— (2,4) ln——— 2? 
(22—1)0? 1—u 


rr itn 
-"{in 


~2u | +m In?(1-+- 4) +32ap (2,u?) 
6L 1—x 
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1 e*dx 1+ 
+- f — In(1—2*) In—— 
2 o & 


1—x 


1 1+ 1+u 
-[- ton ~40| in} 


1—u 1—u 


2 
- 2(1—u) In%(1 
et ie "aia 





Ir 
— (1+u)p (2,0?) —w(1- iad? 


1+u 
-f inc —uv)—u Oat -»)| in} 


= 


1 
= —emeneitined (f <n bls 
ates reef wW(2,u) 


rr 
— (1+3u)y(2, sisadlitmanctibihiill” wanton 


1+u 
-| in 4 In(1 -1)-2u(1-W)| in}. (50) 


1—u 


The expression W®) is a continuous function of u for 
positive #. It further satisfies the relation 


1W(p; —is)| <ci|u/(e2—1)}| 


for some c, if 0SuS1. We thus see that W® inte- 
grated over the contours C1, C2, C3, Cs, Li, Le vanishes 
in the limit R, R’>0. We shall call W® the “regulated 
W®,” and in general denote regulated functions by a 
bar. On the other hand, the bracketed expression in 
(49) gives a contribution to the contour integral 
depending on the manner in which we go to the limit. 
The result would be of the form 


kitks Inp. 


Both these terms can be removed by regularization.'® 

The remaining terms, W’’’(p; —iz), can be handled 
in exactly the same way. In this case only the integral 
along the imaginary axis of this function contributes 
to the contour integral for the charge density, and the 
contribution is finite for all p. To renormalize the charge 
it is necessary to remove a term constant in #; the 
remainder, denoted by W’”’(p; —iz), then vanishes at 
p=0. We have further proved that the integral of W’”” 
is an analytic function of y in the region || <1 (see 
Appendix IT). 


16 This corresponds to a charge density of the form: k1'5(r)/(r?) 
+k»'(1/r’). This has, of course, no very precise meaning, since in 
order that the Laplace transform “exist” it is necessary that h,’ 
be infinite. 








VACUUM POLARIZATION 


VI. FURTHER STUDY OF THE RENORMALIZED 
LAPLACE TRANSFORM 


By the results of the preceding section, and of Ap- 
pendix II, a power series expansion in y can be carried 
out. The radius of convergence is |-y| =1, and only odd 
powers of y will occur. Let us denote 


(51) 


a(p)= f dxe-”p(x)2?, 


q(p)= . perigh (9), (52) 


q” (p)=4(p)—v9 (p)-—v*¥q (9), 
q' (p)=9(p)—vq (p). 


We thus have 


37(3)(4) — — Mist sa ee “4 
vq” (p) em ip yW® (p59), (54) 


("=-=(~ =“) dyW""(p;y). (55) 


(53) 


The induced charge gives rise to an electrostatic poten- 
tial Vp(r), according to 


1 - , - 
Ve(r)=—-— *du+— udu. 
p(r) ~e'f p(u)u ut— f p(u)judu. (56) 


We also define 


U(p)= f i Vy(rie mada, r=(h/moec)x, (57) 


and get (using Poisson’s equation) 


; he ee P 
u=(—) —— ff alp’yp. 
mel € p? “9 


From this we may find the Laplace transform of positive 
integral powers of x times the polarization potential by 
a differentiation with respect to p. 

We expand (50) in powers of , and carry out the 
integration over y. Using (54), we thus have 


(58) 


Sx? | 


roo (F OO ata 
‘Osta @ 
a or in Laer 
3347 


rie +0109} 30 
6-15 — ) (59) 
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converging when 0S p<2, or 


+r 


¥q®(p)= “(~) { — (0.112879) (p/2) 


4r T 
+ (0.170044) (p/2)*— (0.274793) (p/2)? 
— (0.118519) (p/2)4 Inp 
+ (0.303301) (p/2)*+-O(p*)}. (59”) 


The term proportional to ‘ Inp is not unexpected. 
It gives rise to the leading term in the third-order 
charge and potential at large distances: 


€ 2 h \4 
ro EN) 
4reor \ 2253 mocr 
40 )( h ) 
2253 mocr 


(as r+), The same term can be derived from the 


Euler-Heisenberg Lagrangian. (See Appendix ITI.'”) 
For large p, we get 


limg®(p) e sfmoc\*tr 7 2 
ri) 
pot 4n?\ h 69 3 


(60) 


po 
Aor’ 


| (61) 


We now return to W’”’’(p; y). After an integration by 
parts with respect to /, we may write it in the form 


W''(b; 9) 
¥ pitti] 
raps, (1—¢)L1+ut]L1+t(w—1)] 


cE |r oe-o(- eon) 








2yy" - dt 
[Lits*]!/o [1+] ‘= 





| [RO* cosg 


+ y’) ; 


(1 
—Q#(k—}kg—}y? InQ)]— [ks0" sing 


vy 
— (hg— gk?g'— bhy’g InQ— dy 0] + +X'"(y). (62) 


\’’’(y) is determined so that, identically in y, 


lim W""(p; y)=0. (63) 


1 The discussion in Appendix III implies p’”’(r) falls off faster 
than (1/r7) so that (60) indeed gives the leading term in the 
charge density at large distances. Since the Uehling term will be 
seen to dominate at small distances, one notes that the induced 
charge densities at large and small distances are always of op- 


posite sign. 
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We find (see Appendix IT) 


n”"(y) = 








> | ks 7? 
[1+y?]P k= e+yyfit+y} ae 
vy 2y < é 
[i+y?]! n=] k=] 
(n+s)k 
x| a 
Serer 





+ 
(1+4%) 





n+k 2(n+k)* 
ky" 
ererowErs 
(n+k)*(1+5") 
We may also find the limit of the integral of (62) with 


respect to y, when p goes to infinity. The result is (see 
Appendix IT) 


() € (““) 
lim g/”’(p)=—-{ — 
poet P 4r\ th 


es ah RT 


ykn 





2 « kn 
| 4 
n=1 k=iL(n+s)*+y7? (n+k)? 


yn’ . ( Y )+ vk 
~ om & tant —— 
(n+k)* n+s/ (n+k) 
ky* 7 


- + |}: (65 
3(n-+k)® 2(n-+k)? 


The fact that this limit is finite corresponds to the 
presence of a point charge at the origin, just as in the 
case of g®)(p). 

q’’(p) can be expanded in powers of #, for small 9, 
and expressions analogous to (65) obtained for each 
coefficient. We have carried out the calculation for the 
lowest terms only, obtaining 


0 e fmoc\? 
|") - (“*) (yn) 
Op (p=0 4r? h 


0 kL n?+2ns | 

x{ =| 

kat n=tb (n+s)?+7?+ (n+s)[(n+s)?+77]}! 
2k(n+s) 


(n+s)+[(n-+s)-+7} 


2 


ott 7? k ks 
+5° [54 s+ ]- 
i= L2 2k} 2(k+s) (k+s) 


Jer -n| . (66) 
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The f’s are terms added to remove the (diverging) 
terms to first and third order in y. 
For small y, we may expand 


[- yn | é (““) 
ap’ P out) 4a" h sf 


5 1 1 yf 19 
x |r. 2) 20)+—9) +] +(5) 
wo cS 32L 2 
95 55 e fmoc\?* 
-—+(4)-—+16) 07) |=-——("") 
16. 16 \ 4 
X {7(0.015191)+-y7(0.007127)+0(y)}. (67) 


For |y| $1, we may write 


F ”(p) € (~ : 
ap” =) 4? ) 


[0.015191 JF :(y2). (68) 


The function F; is shown on the graph in Fig. 4. 


VII. POLARIZATION POTENTIAL AT SMALL 
DISTANCES. CORRECTIONS TO ENERGY 
LEVELS IN MU-MESONIC ATOMS 


We return to the question of the polarization charge 
at the origin. We combine (61) and (65) and write 


h 3 
s0'=4e(—~) lim Lyg®(p)+9'"(p)]. (69) 
poo 


Moc 


Expanding for small y, we get 


e 2 7 wr 3 1 
so’—“{f r09)+—" |4of - (4) +-$7(2) 
T 3 9 6 20 4 

27 2 
-=6(8)-F0)+-68)-109) | 


34 2 13 
+7 | 16) +20 - (18+ -)r\6) +125 (5) 
21 3 24 


1 ; 
+ (2)¢ +00) |+00" , (70) 


or 


50’ S—ef{y*(0.020940)+-y° (0.007121) Fo(y*)}. (71) 


The function Fy has been rather roughly evaluated 
numerically and is represented graphically in Fig. 4. 
For small y, we have [from (70) ] 


Fo(y?)=1+77(0.5183)+0 (7). (72) 


6Q’ represents the part of the higher-than-first-order 
polarization charge which is located at the origin. Since 
the total polarization charge (to higher than first order) 
vanishes, —6Q” is the part of the higher-than-first-order 
polarization charge located outside the origin. Thus, for 
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Fic. 4. The functions Fo(y?) and F;(y*) defined in the text in 
connection with the polarization potential near the inducing 
charge and the space integral of the polarization potential divided 
by r. 


r small compared to the mean radius of the outside 
charge distribution, we get for the higher-than-first- 
order potential 


Vp’ (r)=Ve(r)—yV p™ (r) 50"/ (4reor). (73) 


A mean radius, rp’, for the charge distribution outside 
the origin may be defined by 


rrimae f rp'(rhdr /' — 00! 
a ) h \3 
=tim—| —"(p)-+—a9(0) |te(—) / -’ 
re Lop Op Moc 


1+2(0.3401) Fo(7?) 


h \F1+72(0.2692)F (7?) 
~(0.8579)(— )I | is 


Moc 


The mean radius is thus about equal to the Compton 
wavelength of the electron. It is also interesting to note 
that the mean radius does not change much in the 
range: 

0Sy7s1. 


We use (73) to estimate the displacement of energy 
levels in mesonic atoms, due to higher than first order 
terms in the vacuum polarization. 

We use Schrédinger wave functions for a pure 
Coulomb field to describe the meson, and assume that 
Z is sufficiently high, and the principal quantum 
number sufficiently small, so that the meson is well 
inside the mean radius (74). We thus find the leading 
term in the displacement, AE,’, simply as the expecta- 
tion value of the potential Vp’(r). Let EZ, denote the 
unperturbed energy. Then 


AE,!=(n|Vp'(r)|n), 
AE,!/E,=—2-50'/Ze=2at y? (0.020940) 
+-y4(0.007121)Fo(y2)}. 


(75) 
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Thus, for uranium, Z= 92: 
AE,’ /E,1.6X10-. 


For low Z, the approximation (75), while not so well 
justified, is almost certainly an upper limit. The con- 
tribution is then particularly small due to the smallness 
of y. 

In this estimate, we have ignored the effect of the 
finite nuclear size. Nevertheless, we are confident that 
(75) gives a good picture of the order of magnitude 
involved. Our conclusion is thus that with present day 
experimental accuracy, level displacements in mesonic 
atoms, due to vacuum polarization in higher order than 
the first, are not detectable. 

The effect of the Uehling potential (44) on level dis- 
placements in mesonic atoms has been considered 
elsewhere.”:*5.§ In this case, the effect must be con- 
sidered susceptible to measurements. In some recent 
measurements® on x-rays from mesonic atoms, for the 
purpose of obtaining a value for the mass of the mu- 
meson, there is indeed some indication that the effect 
of vacuum polarization has to be considered in the inter- 
pretation of the results for consistency with other mass 
determinations. In the case of the first-order term, it is 
also easy to extend the result to the case of a nucleus of 
finite size.® 


Vill. EFFECT OF VACUUM POLARIZATION ON X-RAY 
FINE STRUCTURE. THIRD-ORDER CONTRIBUTION 
TO THE LAMB SHIFT IN HYDROGEN 


We consider the effect of vacuum polarization on the 
x-ray fine structure separation in heavy elements, in 
particular the 2p;— 2, separation. Our interest in this 
question derives from attempts that have been made to 
infer something about the nuclear size from an analysis 
of measured separations. 

Schawlow and Townes’!® have pointed out the 
existence of a systematic deviation of the experimental 
separation from the theoretical prediction, which varies 
rapidly with Z. They demonstrate that such an effect 
could be attributed to short range departures from the 
Coulomb interaction. An attempt to attribute the 
effect entirely to the finite size of the nucleus leads to a 
nuclear radius considerably larger than that obtained 
from other experiments. It is clear that quantum elec- 
trodynamical modifications of the Coulomb interaction 
will also contribute to the effect, and indeed if one now 
regards the nuclear radius as known from other experi- 
ments, one may make use of this effect as a means of 
observing quantum electrodynamical effects in heavy 
elements. 

One such effect, although by no means the only one, 
is the effect of vacuum polarization. Estimates of the 
contribution from the Uehling potential to the 2p;— 2p; 
separation have been made previously, taking the 
leading term only in an expansion of the expectation 


18 A. L. Schawlow and C. H. Townes, Science 115, 284 (1952). 
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Fic. 5. The contribution of the Uehling potential to the 
26;— 2), separation in heavy elements in units of the Rydberg. 


values in y.§ This approximation turns out to be 
inadequate when Z is large, and we have therefore 
carried out a more precise computation, as follows: 

Using relativistic Coulomb wave functions for the 
2p; and 2p, states, we have calculated the level shift 
due to the Uehling potential by evaluating the expec- 
tation values in the appropriate states. We express the 
result in the form of correction factors to the shifts one 
would obtain by taking the leading term only in an 
expansion in y. Thus 

—9moc*a'Z® 


—e(2p,|yVp™ | 2p;)=———C (2p), 
11207 (76) 


—2moc?a7Z® 


—e(2p4|-yV p™ | 2p;)=———C (2). 
e(2p4|yVp™ | 2p4) a (2p) 


The contribution to the fine structure separation thus 
becomes 


Ap®=R, bp; dp = (a5Z*/80x)C, 


C=[9C (2p) —2C(2,) 1/7, 


where R,, is the Rydberg constant. C(2p;), C(2p,), C, 
and 6p are given in Table I, and 5p“ has been repre- 
sented graphically in Fig. 5 for some values of Z. 

The large values of C shows that the lowest order 
approximation is not justified. Note in particular the 
rapid variation of 5p“) with Z. 

We have here neglected the presence of the other 
electrons in the atom. They give rise to two corrections 
which may properly be considered in this connection. 
The first correction is the effect of screening on the 
wave functions for the 2 electrons, and is the more 


important one. It could in a rough way be depicted as 
a diminuition of the parameter Z occurring in the wave 
functions for the 2 electrons. It would thus decrease 
the parameter C. Such an estimate would, however, 
necessarily be rough, since it is the very different be- 
havior of the 2p; and 2; wave functions near the 
origin that gives rise to the shift due to vacuum 
polarization, and only a calculation using “screened” 
wave functions could establish how screening affects 
this different behavior. The second effect is given by the 
difference in radiative corrections to the interactions 
between, respectively, the 2p, and 29, electrons and 
the rest of the electrons in the atoms. This can be 
expected to be small. 

Let us next consider the effect of the third-order 
polarization potential on the fine structure separation. 
From the Laplace transform (57) it is easy to obtain 
the expectation value of Vp®(r) over nonrelativistic 
wave functions in a Coulomb field, as an expansion in 
powers of . It is considerably more difficult to find the 
expectation values over Dirac wave functions because 
of the occurrence of fractional powers of r in the ex- 
pression for the square of the wave function. 

As an orientation we shall first consider the con- 
tribution to the fine structure separation for small y. 
This may be found as follows: We expand the square of 
the Dirac wave function in powers of y and take only 
the leading term. We thus get (after an integration over 
angles) 


$ do-#IV2p)/= (1/24)y(yx)*+O(y'), 


§ dw-#|¥02p) "= (1/24)y (yx)? 
XL (vx)*+ (9/4)y*]+0(y’). 
Using (57), (58), and (59’), we thus get 


e(2p;| °V p® | 2p))—e(2p4| ¥V P® | 2p) 


& (3/32m)ary®moc?(0.01417)+0(y), (79) 


giving the ratio of the third- and first-order shifts: 


5p® /§p™ ~— (0.212) y?+0(7’). (80) 


[In obtaining this result, the constant C has been set 
equal to 1 in (77). ] 

We have tried to improve the estimate given by (80) 
by a method which cannot really be strictly justified. 


TABLE I. Values of the parameters defined in Eqs. 
(76) and (77). 








bp) 


7 0.287 
9 0.172 
3 


5p 9)/8p 2) 


— 0.06 
— 0.06 
— 0.06 
— 0.06 
—0.05 


C(2p4) 


3.82 
3.20 
2.74 
2.24 
1.85 


C(2p4) c 


0.65 ; 
0.65 4 
0.65 . 
0.66 . 
0.67 : 





0.104 
69 0.0500 
19 0.0213 
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We carried out the following computation: Using (57), 
(58), and (59’) we find the averages of the polarization 
potential V® over xe~?*, x°¢~?*, ae-?* and x*e~?*. We 
then use these averages to find, by interpolation, such 
averages as x%e~?* where g represents the fractional 
exponents occuring in the square of the Dirac wave 
function. In this way, we arrive at the values of 6, 
given in Table I. In view of the fact that the numbers 
in the last column are fairly small, it did not seem justi- 
fied at this time to carry out a more elaborate evalua- 
tion. We estimate that the errors in the last column of 
Table I may be as high as 50%. 

One may thus assume that the Uehling term gives the 
main contribution to the shift arising from vacuum 
polarization. The shift has the same rapid Z dependence 
as the deviation found by Schawlow and Townes,”:!8 and 
is of a similar order of magnitude. It has, however the 
wrong sign, which may be taken as an indication that 
other quantum electrodynamical effects play an im- 
portant role. 

The contribution from Vp® to the energy level dis- 
placement in hydrogen is easily computed, using (57), 
(58), and (59). The result is, for the 2s state, 308 cycles/ 
sec, and therefore entirely negligible. 


APPENDIX I 


F(p; 934), G(p;q; 4), and H(p; q; 4) are special solu- 
tions to the differential equation 


d? d , , 
—+ (q—1)—— p y(t) =0. 
E (q—-) > rio (1) 


G and H are defined so that they satisfy the same well- 
known recursion relations as F. 

Using Pochhammer’s contour P,'* we may find an 
integral representation for F, valid for all p and gq, 
except when p or p—q is an integer: 


—T'(q) exp(—imq) 


F(p; 9; )=———— a 
ar (p)P(q— 9) sin(xp) sin{x(q—9)] 
x f dsor(1—2y P-lest, (2) 
» 


By deforming this contour, we get the asymptotic ex- 
pansions: 


I'(q) 
F(p; 9; t)=——(+1) -°g(p; p—q4+1; —te*™”” 
I'(q—p) 


r'(q) 


+e'l?-i—_¢(1—p;q; 2), (3) 
l'(p) 


l(p+1—q) 
H(p; 9; )=——_———t°g(p; p—qt+1;—#), (4) 
r(1—g) 
%E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Cambridge University Press, Cambridge, 1950), fourth 
edition, p. 256. 
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when — 4m Sargt S42, where 
o=sign(arg?), 


2 T'(n+q)l' (n+p) 
8(P395)~L ~ . rm. 
no T'(q)0 (p)n! 

The integral representations (24) and (25) are easily 
established: (24) by direct evaluation of the integral, 
and (25) by noting that the integral satisfies the dif- 
ferential equation (1), and that it has the same leading 
term in the asymptotic expansion as H, as given by (4). 

Let us now study K(x1,%2;2). If we write (for the 
case x <2): 





1 1 
K (x1,%2; 2)= , - A mil’ (a+n, b; — 2ix(z?—1)4) 
n=) m=) 
X H(a+m; b; —2ix(22—1)4), (5) 


we may write 


K (%1,%2; 2) = K' (x1,%2; 2)+K" (x1,%2; 2), (6) 


1 1 
K'(x1,%2;2)= > Yo Ama (a+n; b; —2ix(z?—1)*) 


n=) m=( 


XF(a+m; b; —2ix(2’—1)#), (7) 


K"' (%:%2; 2) = > > A mnF (a-+n; b; —2ix(z?@—1)*) 
XG(a+m; b; —2ix(z?—1)4). (8) 
[w (x; 2) ]J=[w® (x; 2)]—[w(x;2)]. (9) 


We shall study the behavior of K”’ as we pass the cut 
in the z-plane. Let us denote: (where f(z) is a function 
of z) 

p>1 or 


f(P) = jim. f(2), f-(p)= lim | f(2), 
(p—1)44= — (p*—1).4, 
b—1=a,+2_, 


p<-1, 


Ae] = |A-| = [a4] =|], 
(p—1)4#/(p—1)_'=—p/|p|, 
F(a; b; —2ix(p 1!) 

=exp[2ix(p?—1)*_]F_(a+1; b; —2ix(p?—1)!), 
In|? 

appa aa fu oul . 
|p| A+a4 
p |r/? 
gel = 
|p| Ayay 
__ p |Al? Tay) P(a4) 
ip] ua, P(1—a_)P(a_) 
(1 —a4)P(ay) 
(1a F(a) 


W14., 
—(—1) 


al 
pr) 


(9) 





p [APT 
We) = (— 1)-"— Gu 
\p| Aya4T 
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a_r»_I'(a,)0 (1—a,) 
K,(p). (17) 
a4d4T (aT (1—a_) 


K_""(x1,%2; p)=K4"" (1,22; p). 


K_(p)=— 


Thus: 


(18) 


By inspection, we see that K” has no poles, and that 
K” is regular at z=1 and s=—1. Thus; K’’(x,x9; 2) 
is a single-valued analytic function in the whole complex 
plane. It follows that K” when integrated along E(R) 
or P(R) gives zero. The charge density could thus have 
been defined only in terms of K’. However, an examina- 
tion of the asymptotic behavior of K’ using (3) shows 
that then the method of deforming the contours so 
that all physically significant contributions would come 
from the integral along the imaginary axis would fail. 

Concerning K’ we see that possible poles are located 
at the zeros of K(z), i.e., at the points where a is a non- 
positive integer. A closer examination shows that the 
poles are precisely at the bound-state eigenvalues, and 
the correctly normalized bound-state eigenfunctions 
may be obtained from the residues of K’ at these poles. 
The correctly normalized continuum state eigenfunc- 
tions may likewise be obtained by considering the sum 
of the integrals of K’ over the contours L,(R; R’) and 
L,(R; R’), letting R go to R’. 

Let us now consider the time-dependent radial equa- 
tion: 


(Dz: +10/d7)[o(ax1; 7) ]=0. (19) 


Let C be some contour in the cut z-plane, which does 
not go through a pole of K(x,x2; 2). Let 


2ri 


1 
Geolsts; )=— ff dsl (asta; ) (20) 
+4 


Consider in particular the contours P(R) and E(R)- 
These contours define transformations Gz,r) and Gp:r) 
such that if [ f(x) ] is some “physically well behaved” 
function, then: 


Liles Jec= f dy(Gecry(x,y; 7) )Lf(y) J, (21) 


Lfle;*)Jeum= f dy(Gr(ey; DLA), (22) 


0 


are solutions of the time-dependent radial equation. 
This result is easily verified formally by substituting 
(21) or (22) into (20), and inverting the order of inte- 
gration and differentiation. 
For certain functions f the transformed functions 
approach a limit as R goes to infinity. In this case, 


[ f(x; 0) Je+Cf(«; 0)Jr=[f(x)]. (23) 


We can see this in a somewhat unprecise way as follows: 
Let f(x) be expanded in terms of the radial eigen- 
functions, (both discrete and continuum eigenfunc- 
tions), and let / be such that there is a co such that no 
eigenfunction occurs in the expansion whose eigenvalue 
is larger in absolute value than co. Let R be larger than 
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co. Using the radial equation inside the integrals (21) 
and (22), and letting 7-0, the result (23) follows 
readily, provided that the interchanges of order of dif- 
ferentiation and integration are allowed. 

All these remarks are purely formal; to be more 
precise means essentially to prove an expansion theorem 
for the radial eigenfunctions. 

We thus see that the transformations (20) play the 
role of time development transformations (“propagation 
functions”), and various types of such functions can 
be constructed by selecting suitable contours. 

The procedure here outlined makes possible the con- 
struction of radial propagation functions for each k. 
From the matrix elements of the radial propagation 
functions and products of spherical harmonics, we may 
construct the corresponding propagation functions of 
the full Dirac equation in the case of a Coulomb field, 
in the form of a sum over k. If we let the strength of the 
Coulomb field go to zero, the sum over & can be ex- 
plicitly carried out, and we obtain the usual propagation 
functions for a free Dirac field. 


APPENDIX II 


We prove here that 


[ dyW""'(p; y) 
0 


is an analytic function of p and ¥ in the region 
Re[p]>0; |y| <1. 
Writing 
x= (1—2)/[1+7(u—1)], (1) 
then, after performing an integration by parts, we may 
write W’” in the form 


W'' (p; y) = Wi" (p; y+W 2" (p; ¥), 


1 ~ 
wins 9)= f dx > Ti (p; y; x), (2) 
0 k=1 


1 a 
wi"(psa)= f dx >) T™(p; 5), 
0 k=1 


p=(1+y")}, 
Ty (p; 9; %) 


Y 1 ‘i 
at p? 1+«(u— 1) {i+nu—z] 
[OBO Ive ng], 





| kO®* cosg 


T2 (p; ¥; ) 
dy 
pe [1+u—x][1+2(u—1)] 





{[#0 cosg 


p 
—O*(k—}kg’— hy? InQ) ]——[kQ"s sing 
vy 


— (kg — bh¢g + Hlev'g InQ—}y°)*] |. (4) 
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It is the behavior of the 7 at x=0 and x=1 which 
prevents the analyticity properties of the integral over 
W’”’ from being almost self evident. We therefore split 
the x-integration into three intervals 


OSxSe; eSxS1-5; 1-587, 
with 
O<e<}; 0<6<}. 
We consider the region 
Re{p} 20; 


The idea of the proof is to show that the integral over 
the central interval has the desired analyticity proper- 
ties, and the other two integrals tend to zero with e and 
6, uniformly in the region defined by (6). 

We have 


ly| Syo<1. (6) 


ty 
Re{ (1-791 | 2u>0 (7) 
p 
for some 0<y <4, depending on po only. 
Q=a(1+2(u—1)V[1+u—2], 
x[1+u—<x] | 


[1+a(u—1)] 


We consider W,.’”’. Let 


Atpsysn)= f dx YT, 
0 k=l 


g=—In 


| 
p 


1-8 ” 
Balosyi= f dx >) T,, 


k=1 


1 e 
Clean f dx >) T.™. 
13 


k=1 


(a) Let 0 Sx Se. Then there is a Ko, independent of 
P, ¥, Y, €, x such that: 


|QUG-v) cosg| Sx*Ko, 
|Q-' sing| Sx#Ko, 
|Qg| Sx*Ko, 

|Qg?| Sx*Ko, 

|Qg*| Sx*Ko, 

|Q InQ| S«*Ko, 


|Qg InQ| Sx"Ko. 
Furthermore, 
|Q| $4, |Q@#-»"| Sx*Ko(2)™", 
1 2 


s ; 
1+u—x| [1+ 


e x 1 1 
f sien even, 
o |1+a(u—1) a |1+n| 
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Then, 


Ad(psy;y=>d dx- Ty, (10) 
k=1 


0 


y | 
Ao(p; y; 7)| SKiet— (11) 


for some K, independent of p, y, y, and e. Also, 


gi |p| 
f dy-A2(p; ¥; y)| S$K2e"——_, (12) 
0 


1+|p| 
for some K; independent of p, y, and «. 
(6) Let ¢ S$xS1—6. Then 


1-3 
dx: T2' », 


Bp; 9;Y=L 
k=1 


and B2(p;¥; 7) is an analytic function of p and y in 
the region 


ly|<yo, Re{p}>0. 


Furthermore, 


y |u| 
|Bo(p; 3 y)| SKs 


a ee | 
1+y? |1+|? 


for some K; independent of p, y, and y. Then, 


f dy- B2(p; y; Y) 
0 


is an analytic function of p and y in the region 


ly|<vo, Re{p}>0, 


and 


f dyBo(p; ¥; y) 
0 


for some K,4 independent of p and y. 
(c) Let 1—5S%1. Then, 


_ Pl 
<K,—— 


1+|p| 


\InQ| $3(1—«) $j, 
kQ* cosg—O* (k—3hg’— 37° InQ| SKs(1—x)*x*k, 
ksQ sing—O*(Hg— Ub'g!+ ber*g InQ—Iy%e| 
SK5(1—x)5x*k?, 


|g] $3(1—2) $3, 


for some Ks independent of 9, y, y, and 6. Also, 
2 [ul 96 
S| axT,”| <Ke 
kel 714 |1+-«|? [1+ 4?] 
| | yd 


“| tu? C1+y"] 








\C2(p; ¥; v)| SK 





858 
for some Kg independent of p, y, 6, and y. Then, 


f C2(p; y; y)dy (17) 


sxe? 
1+|p| 


for some Ky independent of 9, y, 6. 
(d) Thus 


f dyW2" (p39) 
0 


is an analytic function of p and 7 in the region: 


ly|<yo; Re{p}>0. 
Furthermore 


1 e © 1 
Wel" (p; y) = f dx } T = > ie dxT ,™, 


) k=l k=l 0 
and 


‘ |p| 
f aw6;9)| sk 
0 1+|9| 
for some Kg, depending on 7 only. 
The proof for W,’” is entirely similar, only the 
estimate now becomes 


Ks 


(19) 
1+|p| 


f dyW1'"(p;y)|S 
0 


for some Ky depending on ¥o only. 

Using similar methods, we may prove that the order 
of integration over ¢ and summation over k may be 
reversed in the expression for W®, and the analytic 
properties of W® may be studied using (47) in the 
text. 

Concerning the derivation of the expression (64) for 
\’"(y), we see that the contribution from W,’” vanishes 
because of (12), (14) and (17). To find the contribution 
from W,’”’ we may set u=0 in 7; in (3) and expand 
the denominators in powers of x. Integrating the double 
series term by term we get (64). 

In deriving (65), we first note that W,’” gives no 
contribution because of (19). The constant comes from 
integrating \’”’(y), and from W,’”. To find the con- 
tribution from W,’” we replace ¢ and y by the new vari- 
ables (which may be justified): 


i: _O-Ai+u] 
ite fi4ee—-0) 





(20) 
We let p> and get 


im f dyW 2!" (p; y) 
Pr Jy 
1 1 be 
=-1f af att—ey {eer cos['y Ing) 
0 0 sa 


1 
——ks#*q! sin[y Ing] +-2e*y*[Inn ]— key" 
Y 


E. H. WICHMANN AND 


N. M. KROLL 


— bee y*[ n'y J+ dee*y* LIne] 


—$UngJ[Inn ey}. (21) 


We then expand [1—{n}° in a power series, and inte- 
grate the resulting double series term by term. 

The expression (66) can be derived by similar 
methods. It may be noted that a certain care has to be 
exercised in all these integrations, especially in the 
regions 

tA; 


inl; yro. 


APPENDIX III 


We consider the Euler-Heisenberg Lagrangian den- 
sity”! ; 


4 


cE 
L[x]=}eok-+———+ 0(E). 
[Jhb ++ 018) 


E is the electric field strength, and the magnetic field 
has been put equal to zero. We assume that the field can 
be derived from a spherically symmetric potential, and 
thus get the field equations from the variational prin- 
ciple: 


E=—yV(r), if rdrL{V(r)}=0, 


d dV en dV\3 dV\° 

ste atta(G) CS) 

dr dr 90n?motc? \ dr dr 
Assuming the leading term to be a Coulomb potential, 
we immediately get the asymptotic form of the poten- 


tial: 
22a f h \4 1 
Fe (aes) 7a) 
225m \mocr 8 


This agrees with (60). 





eZ 
V(r)= | 
4treor 


APPENDIX IV 


(a) We may define a function y(n; x), when |x| <1 
by the power series: 


sm 
¥(n; x)= k e 


k=1 R” 


We shall study only ¥(2; x), which occurs in the ex- 
pression for W®). We have the integral representation: 


1 dt 
vesa)=— f eo 
0 


when |x| <1. Introducing an appropriate cut in the 
x-plane, we may continue y, using the integral repre- 


*” W. Heisenberg and H. Euler, Z. Physik 98, 714 (1936). 
"H. Euler, Ann. Physik 26, 398 (1936). 
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sentation. In particular we get the relations: 


¥(2; 1—x)=y(2; 1)—[Inx JOn(1—2) ]—y(2; x), 


1 
¥(2; —x)=—y(2; 1)—} Inte—¥( 25 --), 


x 
¥(2; —1)=—}3y(2; 1), 
¥(2; 3)= 30 (2; 1)— 
¥(2; 1)=$(2). 


(b) In deriving (66) and (67), we have to evaluate 
certain double series. We shall tabulate the sums we 
have evaluated, and indicate the method. Let p>1 and 
q>1. Then: 


5 In?(2), 





x Sones q eon 


r-) 2 1 
=> + |-ror@-re+0. 
n=l m=ntiLm?n* mn” 
Let r=1 (r an integer). Then 
o © 1 


n=l m=l mn(m-+n)" 


dx 
=(—1)'[(r- yf rs ali al —x) ] 


0 
= (—1)™{(r—1)!}' lim 


yr gayr 1 


e 1 
x | lim — f dxx¥—(1 -1)+| 
0 de 0 


or" 1 


=(--1)""[(r—1)! * lim ~ lim 
iperleasatiersei rH ayrie— T(1+-yte) 


P(y)P( +e 





Y, xc 
a (n+ 2 (n+ a] 


Pie 
ai) ]| 


= (r41)E(24N-¥E F2+DE(r—D. 
l=—0 


IN STRONG 
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Using these results, we may easily construct the 
table: 


x x 


1 
Sa eae eng tap, 


n=l m=1 m(m-+n)? 


b 4] x 


1 
=} (4) 


n=l m=1 praryee 


wo x 


n=1 m= m?(m-+-n)? 


= 3f(2)—35(4), 


2 © 1 
= 95 (5)—(29¢(3), 
n=1 m=1 m(m-+n)4 


Eo) oo 


> LD ———=35(2)¢(3)— (11/2)¢(5), 
n= m=1 m?(m-+n)* 


a 2 


= (9/2)§(S)— 2f(2)¢(3), 


2 
n=l m=l m(m-+n)? 


@ wo 


1 
r eareaeyr tet) ae 


n= m=1 m(m+n)? 


2¢7(3), 


xo ao 


§?(3)— (4/3) (6), 


n=l m=] w(m-tny' 


xe 4 


= 367(3)— 35 (6), 


n=1 m=1 m(m-+n)3 


«© x 


1 
+ ag =$(2)¢(4)—$7(3) +45 (6), 


n=1 m=! m'(m+ ay 


x to) 


ene i 


t ag (p—1)—¢(p); 
n=] m=] (m+n)? 


p23, 


o @ m 


MP 5 =3[¢(p—1)-¢(p)]; | p23. 
n=l m=l (m-+-n)?+ 


The last two relations are trivial if one chosen (m+n) 
as a new variable of summation. 

To evaluate these sums numerically, we have used 
the tables of Davies for the Riemann zeta function for 
integral arguments.” 


2H. T. Davies, Tables of Higher Mathematical Functions, Vol. 
IT, p. 244. 





PHYSICAL REVIEW VOLUME 


101, 


NUMBER 2 JANUARY 


Quantum Field Theory in Terms of Vacuum Expectation Values 


A. S. WicHTMAN 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received July 18, 1955) 


Vacuum expectation values of products of neutral scalar field operators are discussed. The properties of 
these distributions arising from Lorentz invariance, the absence of negative energy states and the positive 
definiteness of the scalar product are determined. The vacuum expectation values are shown to be boundary 
values of analytic functions. Local commutativity of the field is shown to be equivalent to a symmetry prop- 
perty of the analytic functions. The problem of determining a theory of a neutral scalar field given its vacuum 


expectation values is posed and solved. 





1. INTRODUCTION 


ECENT work in relativistic quantum field theory 
has made heavy use of certain basic singular 
functions defined as vacuum expectation values of 
products of fields taken at various space-time points. 
In this paper, we present some results of a systematic 
study of relativistic field theory based on such vacuum 
expectation values. For simplicity, we treat the case 
of a neutral scalar field interacting with itself. The 
methods used have generalizations in any field theory. 
The objects of our attentions are the singular 
functions : 


FO) (2,+ + +n) = (Wo, (21) (x2) - - -(%n)Wo), 


where Wo is the vacuum state, assumed to be the unique 
state of energy and momentum zero, and ¢(x) is a 
neutral scalar field. As is well known, F“ has to be 
understood as a distribution in the sense of L. Schwartz. 
It is a linear functional which gives a complex number 
for each infinitely differentiable function f(x1,---x,) 
which vanishes outside a bounded region of space time: 


PO= fae ‘ dxf (a1,- : -¥n)F™ (x1,° ; *%q). 


(We call such f testing functions.) Furthermore, 
F™(f,)—0 if a sequence of testing functions 
fx (x1,**+%,) (vanishing outside a fixed bounded region) 
and all their derivatives converge to zero uniformly in 
space time. We shall study the structure of F™, ex- 
ploiting systematically the Lorentz transformation 
properties of ¢(x) which are given by 


U (a,A)o(x)U (a,A)1=(Ax+a). (1) 


Here, {a,A} is an element of the inhomogeneous Lorentz 
group meaning the operation of transforming by the 
homogeneous Lorentz transformation, A, followed by 
translating by a. U(a,A) is the corresponding unitary or 
antiunitary operator which yields the transformed wave 
functions. We shall also determine the consequences 
for F™ of the assumptions that no negative energy 
states exist in the theory and that ¢(x) is a local field. 
Finally, we shali show how, given a set F“”, n=1, 2, 

-*, one can construct a theory of a neutral scalar 


field which has these F‘”) as its vacuum expectation 
values. We do not show that any set of F“ outside of 
those determined by the free field actually exists. 


2. CONSEQUENCES OF LORENTZ INVARIANCE 


For Lorentz transformations without time inversion, 
we know that U(a,A) is unitary. Thus, 


FO) (21, + +n) = (U(a,A)W0,U (a,A)b (a1) - + + (20) Vo) 
= (Wo, d(Axi+a)---¢(Ax,+a)V), 


and therefore 
FO (41,+ + +4_,)=F™ (Axy+a, ++ -Ax_,+a) (2) 


for {a,A} without time inversion. Here we have used 
(1) and the Lorentz invariance of the vacuum state: 


U (a,A)Wo= Vo. (3) 


For Lorentz transformations with time inversion, we 
have, on the other hand,! 


FO (a1,+ + +n) = (U (a,A)-Wo, (21) - -b(%n) Wo) 
_ [(Wo,U (a,A)p (x1) 7 “p(Xn)Wo) |* 
=[(Wo, 6(Ax+a):- -p(Ax,+a)¥o) }*. 
Thus, 
FO) (x,,+++%,)=[F™ (Axita,-+-Ax,t+a)}* (4) 


for {a,A} with time inversion. 
A somewhat similar relation is derived from the 
hermiticity of ¢(x): 


F (x1, oe -%,)= [(¥o,(o(x1 )e- (xn))*Wo) * 
=[(Wo, 6(*n)- - (x1) Wo) }*. 
Thus, 
FO) (x1, + +%q)=[F (aq, + +01) }*. (5) 


3. CONSEQUENCES OF THE ABSENCE OF 
NEGATIVE ENERGY STATES 


From (2), we see that F is a function only of the 
differences of the x1,---x,. We shall therefore write 


FO =F (§,, ree En-1), 


‘ For convenience in printing we shall often denote the complex 
conjugate, d, of a number a, by [a]*; this latter notation is the 
same as the notation we use to denote adjoint of an operator. 
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where 


§:=%1—X2, be=Xe—X3,°°* Ent =Xn-1— Xn. 


We shall assume that F™ has a Fourier transform and 
shall show that if 


PO (Ey: tead= f exp(-iE pj- &;) 
jal 


KG" (pi,° : *Pn-1)d'py- . d'Pn-1, 


then G™ vanishes unless the p; satisfy 
p7= (p;°)?— 


by virtue of the assumption that no negative-energy 
states exist. 
If W is an arbitrary state, its component of mo- 


mentum ? is 
fe ‘p-ad4gU (a,1)W. 


Thus, by our hypothesis that no negative energy states 
exist, 


p? =0, p >0, 


fereaar (es, Hi * 1, E;+a, S541" ar 3 


= fercaaces (x1) ++ -b(x;) 


XK o(%j41-@)+ + + O(X4_,— 
= (v. (x1): ° 


ota) fe ip-adigU (—a, 1) 


Xo(xj41)° -6(0)¥) 


vanishes unless p is within or on the forward light cone. 
Therefore, G(p1,--+Pn-1) vanishes if any of its 
arguments lie outside the forward light cone. In the 
special case n= 2, this result is well known. 

It is an important consequence of this property of the 
G™ that the distributions F‘” are boundary values of 
analytic functions. This result is displayed in and 
simultaneously proved by the formula 
inn—1) 


FO (&)—1m,:° Ena 


=f exo-i 3 pi: (&;— inj) 
j=1 


XG (pi: r -Pn-1)d'py- : -ODy1, 


where the four-vectors n; are restricted to lie in the 
future light cone. The 8(m—1)-dimensional open region 
thus defined in the 8(m—1)-dimensional space of the 
components of the &,:+-&,—1,m,°**Mn-1 is called the 
future tube. Thus, PF” (£1,---&,—1) is a boundary value 
of a function analytic in the future tube. 


FIELD 


THEORY 
We introduce the notation 
25, 341 = E;— 193 
Equation (2) implies the Lorentz invariance of G : 
G (p1,* ++ Pat) =G™ (Api, --APn—1), 
for A without time inversion, and Eq. (4): 
G™ (p,,- ‘ ‘Pa =[G™ (—Api,- ++ —APn-1) ] . 


for A with time inversion. Consequently, we have 
throughout the tube 


F (219,° + *Sn—1,n)=P™ (Aza, *-AZn-1,n) (6) 


for A without time inversion and 


*Sa-L = [F (A212, Ss 


for A with time inversion. 
We use the following theorem, whose proof will be 
published in another paper. 
Theorem.—A function f(z:,:- 
variables 2;,:- 


FO) (19 ++ AZn~1,n)]* (7) 


-Zn) Of n four-vector 
-Z, analytic in the tube: 


—« <Rez;,<©, Imz; in the future cone, 


and invariant under the homogeneous Lorentz group 
without time inversion : 


f(t1,+ + + Sn) = f(Azi,- + -AZp) 


is a function of the scalar products 2;-z:, 7, R=1, 2, ---n. 
It is analytic in the complex manifold over which the 
scalar products vary when the vectors 2), --:2, vary 
over the future tube. 

If we introduce the complex vectors 


j-1 
Zij=). 2e,e41 for i<j, 

k=i 
then the theorem tells us that the F™ are analytic 
functions of the squares of the lengths of these vectors 


F(*) = F(™) (zg; 2), (8) 


As the variables 2;,;,1 vary over the tube each variable 
zi varies in an open set of the complex plane. From 
the explicit form 


= (f—in? = P— 9? — 2-9 


one can easily see that this set fills the entire plane 
except for the positive real axis and the origin. The 
situation is indicated in detail in Fig. 1. Of course, the 
zi7 are not independent, so that the manifold they 
define is not just the topological product of cut planes. 
The theory of a scalar field can be regarded as a 
boundary value problem for this set of analytic func- 
tions. We give an example of such a set, those arising 
from the theory of a scalar field ¢(x) satisfying (O +m?) 
<¢(x)=0 and the commutation rules [¢(x), ¢(x’) | 





A: 8. 


€ IN THE INTERIOR 
OF PAST CONE 





_ 


€ IN INTERIOR OF 
FUTURE CONE 


€ SPACE LIKE 





Fic. 1. Domain of variation of the complex variable 2*= (¢--in)* 
= ¢*—n*—2it-n, when £ varies over all space time and in the 
future cone. The labeled points indicate values of s* in the physical 
limit » — 0 for typical positions of é. 


F™ =0, 


=i A(x—2’): 

m2 Hy (m(2:2*)*) 
FO (2,2) = (—) >: centasitiigilpipiaineitiiitateiabininitins 
Sri m/(z19*)! 


Hy (m(z32)') Hy (m(2,-15n?)*) 
oes ++ -—_____—_—_———., meven. (9) 
m(2z342)! mM(Zn—-1, ne)? 


The sum in (9) goes over all “pairings” of the sequence 
(1---m), a “pairing” being a division of the set into 
(n/2) disjoint subsets. The formulas assume a more 
familiar aspect if one goes over to the physical limit in 
which 


a (8). 


(--— 


8x m/(2?)! 
4. CONSEQUENCES OF THE COMMUTATION RULES 
The local commutation rules 


(o(x),o(y) ] =0, 
imply that 


(x—y)*<0, 


F®) (x,- ° * Xj;Xj41,° e -X,)=F™ (x,- . *Xj41,%;° . *Xn) (10) 


as long as x; and x;,; are space-like separated points. 
These relations can be extended by analytic continua- 
tion to relations of the analytic functions F (z;/): 


F® (242) =F™ (P27), (11) 


where P stands for the operation of permuting the 
subscripts j and j+1, and, by definition, 24’=2;7. The 
proof is simple. (11) coincides with (10) for all 2,’ 
on the negative real axis. Consequently, it holds every- 
where by analytic continuation. Thus, the local prop- 
erty of a field ¢(x) is characterized by a global sym- 
metry relation on the analytic functions F™. 

Unlike the local commutation rules, the more special 
canonical commutation rules require a certain amount 
of heuristic juggling before a translation in terms of 
of analytic functions is possible. 
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2 
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Se 
wd 


We start from the equation 


Fic. 2. Contour for 
the integration of Eq. 
(14). 








ag 1 
[= o,6(6x9) =~83(x:— x2). 


(12) 
0(ct) 1 


Integrating over all space, we have 


dg 
fen[ tox, o(t) =i 
0 (ct) "3 
or 


lim (2caty>| fextoe+asn, $(t,X2) | 


At-0 


- fextou—a, m), 6(4) | =>. (13) 


Now we assume that, in the limit, the only contribution 
to this integral will come from the singularity on the 
light cone, an assumption whose validity will be dis- 
cussed at the end of this section. For the first term in 
the first commutator of (13), the integral then can be 
written 


0 


feat f de(—sLeay-ey---, 
(cAt) 


where £= (cAt, x:— x2). In the complex plane of Fig. 1, 
this corresponds to an integration just below the real 
axis from (cA/)* to the origin. From the first term in the 
second commutator we get a similar integral just above 
the real axis. This suggests that the two terms con- 
tribute a contour integral around the branch cut. The 
second terms combine to given an equal contribution. 
Thus, it seems plausible that the canonical commuta- 
tion relations are equivalent to the requirement that 


1 
lim Saag fat — a Meet), (14) 


B~Oe' CR) mi 
where the contour, C(R), is that indicated in Fig. 2, 
and it is understood that on the right-hand side the 
point x; is identified with x;41. 
It is not difficult to verify that the F‘" of the free- 
field case satisfy (14). One writes 


Hi (m(2?)*)  Ji(m(2*)*) 
m/(z*)! oh m (2?) 


Yi(m(z*)!) 
m(2)t 





aici 
Tt 
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Now J;(m(z*)*)/m(z*)! is an entire function of z*, so 
that the contour integral of (14) vanishes by Cauchy’s 
theorem. On the other hand 


Yi(m(2*)#) 1 © (—m*x?/4)" 
m(z?)8 - r\(r+1)! 

m(z?)$ 2 
x {2 toe | -yiett)—vir+2)|-—. 


am?z? 


The precise definition of the ¥(r) is irrelevant since 
their contribution to the integrand is an entire function. 
The contribution from the last term is 


m? —2i 1 
— dz? =—, 
8ridccry Lams?) 2ri 


From the terms involving the logarithm, we get 
1 «2 (—m?R/4)" 


Qe mor '(r+-1) !(r-+1)' 


which approaches zero in the limit R — 0. The resultant 


Hy (m(2)*) 1 
im f =— 
C(R) 


formula, 


R- m(z*)* 2ri 
shows that the F“ of Eq. (9) satisfy (14). 

In current renormalization theory, the canonical 
commutation relation (12) holds for the unrenormalized 
fields, but the renormalized fields are supposed to 


satisfy 


0p 1 
|=, 60] =—é(x—y), (15) 
dx? 


- z°my’ Lat 


where 0 <Z <1. If Z>0, our previous analysis requires 
only trivial modifications: a .1/Z appears as a factor 
on the right-hand side of (14). However, for Z=0, the 
commutator is essentially more singular than in the 
case of a free field. In order to understand this case, 
we study F® in more detail. 

It is an immediate consequence of the Lorentz in- 
variance of G®), that the most general F) is of the form 


2 m? Hy (m(22)4) 
resy= f — 


Sri 


(16) 


(apart from a constant), where dg is a weight function 
which will be shown to be positive in Sec. 5. It would 
be tempting to argue that the operation indicated in 
Eq. (14) can be carried out under the integral sign 
in (16) so that 


1/a= f dg(m). (17) 
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This is indeed correct if fo*dg< «©, but if /o*dg= ~, 
then (17) is somewhat misleading, as the following ex- 
ample shows. 

Let 


dg(m)=dm, for m>0. 


Then, using a standard integral representation of the 
Hankel function, we get 


1 “a eo 
F®)(g -—f di(#—1 if 2d 
) ond, t(#—1) ie g(m) 
Xexp[ —mé(—2?)*] 
=(-#)91r)2n)* f axe—ie 
1 


= (8x1) "LL (@)*). 


The corresponding singularity of the commutation re- 
lation is obtained by examining the distribution: 


(Wo,Lb(x1),6(x2) | Wo) =lim{ F® (z)—[F (z) }*} 
70 


(18) 


0 #=(x1—2x2)?<0 


= 1 (19) 
—i() ¢? >0, 
4m (¢?)4 
where e(¢)=sign(£). 


e(€)(#)~ is that very special kind of distribution, an 
integrable function. However, its derivatives are not 
functions nor can they be expressed in terms of 6 func- 
tions and their derivatives except in the following 
rather singular way. Let f be a testing function. Then 


1 of 
f dtée() (2) f= lim | “a f dQ(E)E*—(£) e(£) 


og 


1 
~ J eos f(e(&)(F)- ax| (20) 


Ry 


In (20), the first and second integrals on the right-hand 
side are over the entire mantle of the light cone, while 
the third is over the four-volume later and earlier than 
the hyperboloids ®={*,#>0 and P= 7, #<0, re- 
spectively. The second integral can be written 


2 
" 


which is just of the right type to yield the right-hand 
side of (15). 

To obtain the commutation rules at a fixed time, 
one takes f=0/dx°, where h is positive and symmetrical 
in time, and shrinks to zero the time interval in which 
h is nonzero. The first term of (20) is then zero and the 
last two different from zero. If f is held fixed and § > 0, 
each of the last two terms becomes arbitrarily large, 


; f 40(8)«()f()= f d'te(8)5(2)(2), 
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although their sum nearly cancels. The expression as a 
whole is proportional to (0) in an approximation which 
becomes better and better as / shrinks toward the origin 
of time. Thus, the right-hand side of (15) should indeed 
be i-!06(x—y) but it does mot arise from a term in 
(Wo,[o(x),o(y) ]-%o) of the form (2ri)o€(x—y) 
X6((x—~y)*) as the derivation of (17) would indicate. 
We conclude that the treatment of the canonical com- 
mutation rules in the case, fo*dg= % , requires a direct 
consideration of the singularities of F(z). In such a 
case, to replace (14) by an appropriate alternative is 
not difficult, but to avoid complications unessential to 
the present paper we defer the discussion. In particular, 
in Sec. 6 we consider only the local commutation 
rules. 


5. POSITIVE DEFINITENESS CONDITIONS 


Since the length of a vector is greater than or equal 
to zero, we have 


|aafiteta fare (x1)b(21) Vo 


12 


tarp fdrndiesfa(aeo (noe or- oe | > 





for all ao, ai, a2,--- and all testing functions f,(x;), 
fo(x1,%2),- +>. Therefore, 


Disa f : fin, + +%;) 


KFC (x5 4; 0 X4,V1,°° yi fi(nn,: . - 3) 


X dtx,-- -d4x,d*y,---d*y;>0. (21) 
We will refer to (21) as the positive-definiteness con- 
ditions. The simplest consequences of (21) are obtained 
by setting all but one of the a; equal to zero. For 
example, for a,+0, we find 

fi (a) F © (x1— 2X2) fi (xe)d4*x d4x_>0. (22) 
It can be shown that (22) is a necessary and sufficient 
condition that F® be a Fourier transform of a positive 


measure of not too fast increase? (generalized Bochner 
theorem). For a2+0, we have 


J fleeaPen—n, Xe— Vi, Vi- V2) 


X fo(y1,¥2)d*xrd4*xed*y1d*yo, (23) 
an inequality whose consequences have not been char- 
acterized as neatly as those of (22). 


2L. Schwartz, Theorie des Distributions 


(Hermann & Cie, 
Paris, 1951), Vol. 2, p. 132, Theorem 18. 
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We shall not study the relations (21) in detail in this 
paper but we want to point out their general significance 
for field theory. F™ is intimately connected with the 
S-matrix elements for those processes in which the 
sum of the number of ingoing and outgoing particles 
‘SM, €.2., 


i 
(Woh * (pr )p™*( po’ bi (pi)o™ (po) Wo) 


is the S-matrix element for the scattering of two mesons 
of momenta /; and pz, to produce two mesons of mo- 
menta p;’ and p2’. The positive-definiteness conditions 
will therefore imply relations not only for the S-matrix 
elements of a given process, but also relations between 
the S-matrix elements of different processes. It might 
be argued that such relations can yield nothing more 
than those results arising from the conservation of 
probability. We do not believe that to be true. The 
positive-definiteness conditions deserve a detailed 
investigation. 


6. INVERSE PROBLEM—DETERMINATION OF A 
THEORY FROM ITS VACUUM EXPECTATION 
VALUES 


If one is given analytic functions F (z,,?), n=0, 
1, 2, ---, then one can construct a theory of a scalar 
field, ¢(x), in which the n-fold vacuum expectation 
value of ¢(x) is just the boundary value of F‘”, pro- 
vided that the F™ satisfy certain conditions, most of 
which have been discussed in the preceding sections. 
The construction will be carried out explicitly, the 
conditions on F“") being introduced as they are needed. 

First, we reconstruct the Hilbert space from the 
F™, Certain vectors of it will be defined as conjugate 
linear functionals on the spaces of testing functions. 
Then addition, multiplication by a scalar factor and 
formation of the scalar product will be defined for these 
vectors. The full Hilbert space is then obtained by a 
standard completion process. 

Let Vo denote the conjugate linear functional which 
yields for the testing function f (x,---x,) the value 


fires ¢ -X,)d4x,° ° “dx, F™ (x4,- . *¥n). 


Let VY, denote the conjugate linear functional which 
yields for the testing function f (x,,---x,), the value 


fiom, P -t_) i (ot) (x, - i‘ XayVay" ‘ Vm) 


Ke™ (vie Ym)dter: + -dtxndtyy: ++ d*ym. 


The V,™ and Wo, together with the null functional 0, 
can be made into the basis vectors of a linear vector 
space if we define multiplication by a scalar and addi- 
tion as follows: a¥,™ is defined as Way, while 
V,™+W, is the conjugate linear functional which 
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yields for the testing function f‘(x,,---x,;) the value 


fiom, . +0) FO) (x), . *¥1,V1,° . Ym) 
Xe™ (y1,° . Vm) d4x° . -d4x,d*y, ee d\n 


+ fre, ea) FO (ay, «sary yiys Yn) 
Xh™ (91,- . Vn) d4x,- ° -dxyd*y,- ° -d‘y,,. 


The sum Wo+¥,™ is defined similarly. It is obvious 
indeed that addition is associative and commutative 
and has a zero, the null functional. Further, inverses 
(negatives) exist and scalar multiplication is commuta- 
tive, associative, and distributive. In short, the set of 
all linear combinations of the basis vectors V,™) and 
WV forms a linear vector space, . 

We introduce a scalar product into by means of 
the following formulas: 


(Yemrtar)= f(a, , *X%_) Fine 


: 4 (%_,° ° 1,1, ° e Vm)h™ (4y1,° . Ym) 


X dix: --d4xnd4y:-++d“ym, (24) 


o¥on)= fF (, **¥m) 


Xg™ (1,- > + ¥m)d*y1- + -d4“ym. (25) 
Equations (24) and (25) define the scalar product for 
the basis of our linear vector space. It then turns out 
that for linear combinations of the basis vectors, it is 
consistent to define it as linear in its second argument 
and antilinear in its first. 

The scalar product so defined will have the desirable 
property, (6,v)=[(W,®) }*, by virtue of the hermiticity 
condition (5) on F™. It will be positive definite 
by virtue of the positive definiteness conditions (21) 
on F™, Thus, with this definition, § has all the prop- 
erties of a Hilbert space except completeness. So we 
complete it by the standard method. 

Next we define the unitary operators U(a,A) which 
give the representation of the inhomogeneous Lorentz 
group. Consider first the action of U(a,A) for {a,A} 
without time inversion on the basis elements Wo and 
Vi): 

U (a,A)Vo= Wo, 


U (a, A)V,=WVy-), 
where 
g™ (x1,° + xn) =e™ (A (x1— a), +A (x%,—@2)). 


The U(a,A) preserve scalar products of the basis 
vectors, 


(U (a,A)¥,™,U (a,A)Vi™) = (Vo, Yam), 
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by virtue of the Lorentz invariance property of the 
F™ given in Eq. (2). Furthermore, on the basis 
vectors, 


U(a,A)U (b,M) =U (a+Ab,AM). (26) 


The operators U(a,A) can be extended to all vectors in 
§ by linearity and, so defined, are unitary. 
For the {a,A} containing time inversion we define 


U (a,A Vo = Wo, 


U (4, A)¥ = Vx), (27) 


where 
ge) (a4,+ + Xn) =[g™ (AT (x1—@),--- A (x4,—a)) }*. 
This definition has as a consequence 
(U (a,A)¥,,U (a,A)¥,™)=((V 0 ,™) }*, 


by virtue of the Lorentz invariance property of the 
F‘ given in Eq. (4). Just as for the operators for 
{a,A} without time inversion, (26) is satisfied, and the 
U(a,A) can be extended to all vectors, and, so defined, 
are antiunitary. 

The U(a,A) which are determined in this way are 
guaranteed to contain no negative energies by virtue 
of the analyticity of the F‘ in the future tube. The 
details of their momentum spectrum can be ascertained 
from the set on which the Fourier transforms of the 
F™ do not vanish. The real four-vector, p, is in the 
momentum spectrum of U(a,A) if for some F™, the 
Fourier transform with respect to at least one of the 
variables does not vanish at . 

The action of the field operator ¢(x) [or better its 
average, ¢(f), with the testing function f(y) ] on the 
vector V,) is defined as follows: ¢(f)¥,™ is the con- 
jugate linear functional which, for the testing function 
f™ (x1, ++%,) yields the number 


fire, . -t_) Fett) (x, - XVM," * -V'm) 
Xf (v)g™ (vi1y- + Vm) dbar: + «d*xnd4yy- + -d4y.,. 


This is just the vector ¥Vs,™, where f(y)g™ (y1,- + +m) 
is regarded as a testing function in (m+1) variables. 
¢(f)Wo is defined as Vy. ¢(f) is defined as the closed 
linear extension of this operator. 

On the basis vectors and their finite linear combina- 
tions ¢(f) possesses the property 


o(f)*=¢(f), 


where f(x) is the complex conjugate of f(x). Thus, 
¢(f) will be formally Hermitean if f is real. 

The transformation properties of the operator ¢(f) 
follow immediately from those of the ¥,. For U(a,A) 
unitary, we have 


U(a,A)o(f)¥,m= U (a, Ay 
=WV yy m=(f’)U(a,A)V,. 
Therefore, 


U(a,A)o(f)=9(f’)U (a,A), 
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with f’(x)=f[A7(x—a)] in agreement with (1). For 
the anti-unitary U(a,A) we have similarly: 


U(a,A)o(f)¥ r= U(a,A)Vso™ 
=V x *m=9(f*)U(a,A)¥,™ 


U(a,A)(f) =9(f*)U(a,A), 


with f* defined as in (27) in agreement with (1). 
The local commutation rules of ¢(f) can be verified 
as follows: 


O(f1)O(f2¥or=Vs,1,0%=Vs,5,0%=O(fo)b(fiVo™, 


when fi (x)fe(y) for all (x—y)?>0. The proof depends 
on the fact that for such f; and fo, 


filx) fey [FOC 


by virtue of Eq. (10). 

To complete the reconstruction of the theory we 
need only show that the vacuum expectation values of 
products of ¢(/)’s are the F‘”). This is an easy conse- 
quence of the formula ¢(fi)¢(f2)---o(fn)Vo=WVy,...fn- 
It implies 


(V0,o(f1) a -$(fn)Vo) 


Therefore, 


ayy,t + )—FOO(+ + -yya,+ +) J=0, 


5 fico : *fn(Xn)F™ (x1,° . *Xn)d'x- a -d'xn, 


which was to be proved. 
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Our reconstruction remains valid in a theory in which 
the field ¢(x) is not a complete description of the sys- 
tem, e.g., in a theory of interacting neutral mesons and 
nucleons. However, in such a case the reconstruction 
process given here will not recover the entire Hilbert 
space. If one were to define a theory by its analytic 
functions F™, rather than by its field equations and 
commutation rules, then, to be sure that the theory was 
one of a single field ¢(x), one would have to impose 
some kind of “completeness” requirement. For example 
one could require that the set of vectors (1): --¢(/n)Wo 
for n=0, 1, 2, --- span the whole Hilbert space, where 
the f; are testing functions which vanish outside of a 
spacelike slice of space time of arbitrarily small thick- 
ness Af in the time direction. 


7. CONCLUSION 


A theory of a neutral scalar field can be reformulated 
as a theory of a denumerable set of analytic functions of 
complex variables, F‘"’, n=0, 1, 2, --+. Relativistic in- 
variance implies that the F‘ are invariant under 
Lorentz transformation without time inversion and are 
therefore functions of certain complex variables z;/. 
Local commutation rules of ¢(x) imply F (2,7) 
=F) (Pz,?), where P is any of a certain set of per- 
mutations of the labels i, 7; the positive definiteness of 
the scalar product implies a set of inequalities con- 
necting the boundary values of the fF‘. Given a set 
of F™ satisfying the conditions listed, one can re- 
construct a theory of a neutral scalar field. 
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Radiative Corrections to Decay Processes 


R. E. BEHRENDS, R. J. FINKELSTEIN, AND A. SIRLIN 
Department of Physics, University of California, Los Angeles, California 
(Received August 1, 1955) 


Radiative corrections associated with the electromagnetic field have been determined for the decay of 
a fermion of arbitrary mass into a lighter one with the emission of a single boson or of two other fermions; 
no special assumptions have been made about the nature of the interaction responsible for the instability. 
The particular example of the muon-electron decay has been worked through in detail. Sufficiently accurate 
experimental determination of the muon spectrum would permit the observation of a Lamb term without 


vacuum polarization. Modified formulas for the Michel parameter p are given. 


INTRODUCTION 


LL instabilities of the elementary particles are 
somewhat modified by fluctuations of their elec- 
tromagnetic fields.'* These fluctuations are responsible 
first for the emission of real photons, simultaneous with 
the decay and independent of the surrounding matter 
(inner bremsstrahlung) and second for damping effects 
associated with the unradiated field. This damping may 
1S. Hanawa and T. Miyazima, Progr. Theoret. Phys. (Japan) 


5, 459 (1950). 
? T. Nakano ef al., Progr. Theoret. Phys. (Japan) 5, 1014 (1950). 


be described in terms of virtual photons and is exactly 
similar to the processes responsible for the Lamb- 
Retherford shift. The total probability of decay with 
and without inner bremsstrahlung would of course 
exceed the probability of unperturbed decay, were it 
not for the damping effect of the virtual photons; 
however both effects are of the same order and must be 
considered together. 

We have considered the decay of an arbitrary charged 
fermion into a lighter one with the emission of a single 
boson or of two other fermions, without making any 
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special assumptions about the nature of the interaction 
responsible for the decay; and for this general situation 
have calculated perturbations associated with both 
real and virtual photons. The simplest reactions covered 
by these general results might appear to be 


S51 S2+B, (a) 
Si <a Sot 2v. (b) 


Reaction (a), when the single boson is a photon, as well 
as the corrections in question both belong entirely to 
quantum electrodynamics; the discussion of (a) might 
in this case appear entirely unambiguous. However, 
the fact is that no example in which ®=y has been 
experimentally established. When @® is a strongly- 
coupled boson, the present calculations are not ade- 
quate. Therefore, our general results will not be dis- 
cussed for case (a), but they will be illustrated in 
detail for (b). A well known example of the latter is the 
muon-electron decay; this is the case of main interest. 
Here one is relatively safe in applying quantum electro- 
dynamics, since the muon as well as the electron is very 
weakly coupled to other fields. As we shall see, however, 
some questions of principle do arise in connection with 
the beta interaction; fortunately the corresponding 
numerical uncertainties appear to be small. 

If the loss of rest mass is large, the order of magnitude 
of the effect (measured by the fractional change in the 
probability of decay) is 


AG/P& (1/137) [ln (m1/mze) F. 


In the muon-electron decay (In207)?= 28.4 so that the 
effect is large for an electromagnetic correction. In 
addition, A®/@ is energy-dependent. 

Our main reason for starting this calculation is related 
to this last point and has to do with the procedure for 
inferring the beta interaction from the shape of the 
electron (positron) spectrum. The interpretation of this 
spectrum is usually based on Michel’s one-parameter 
formula; that is, it has become customary to express 
the experimental results by giving the value of p. 
However, since Michel’s formula ignores radiative cor- 
rections, it seemed possible that the observed spectrum 
might differ from his in a significant way, especially in 
the interval near the endpoint, which is most important 
for fixing p and where the electron has an energy ~ 100 
rest masses. In that case, one would be misled about 
the value of p and therefore about the nature of the 
primary beta interaction. It turns out that although 
one would not get into serious error in this way about 
the general structure of the beta interaction, neverthe- 
less these corrections, of the order of 5 percent, ought to 
be taken into account, especially in discussing the pos- 
sibility of a universal Fermi interaction. 


FORMULATION 


We consider the decay of a spinor particle (rest 
energy m) into a lighter one (rest energy mz) as the 
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result of an arbitrary tensor interaction (I'). If m:=mz2 
and I'=+,, one has the usual examples of quantum 
electrodynamics. 

An ordinary scattering of a particle without change 
in rest mass may be described as a Lorentz rotation of 
its momentum vector (p;); a scattering with change in 
rest mass may also be regarded as a rotation in suitable 
variables.’ Let the familiar angle of the Lorentz rotation 
be 6 and let the new angle correlated with the change in 
mass be w. They may be defined by the relations 


(1a) 
(1b) 
We shall express all results in terms of these angles. For 


example, Michel’s formula for the muon decay with no 
radiative corrections is* 


Od p=[m2m2/2(2r)*h' EE? | K 1(coshé) 
X (coshw—coshé)+3K, sinh6 
+K;3(coshw—cosh@) ]d*p, (2) 
Ki=g0°+2(g?+ 227+ 23") +22, 
Ke=gi°+2g:?+ 23", (3) 
K3=g0°— 2g:°-+ 2g3?— 


The interaction Lagrangian suitable for studying radi- 
ative corrections may be written as follows®: 


coshé= p; *p2/mym2, 


o= In(m,/mz). 


Litt=g ~ ae," (Al pW) +e x LA (Warne). (4) 


Here the electromagnetic interaction is written in its 
usual form. The first term is some arbitrary linear com- 
bination of invariants mixed in the proportions g,= ga., 
where c=0---4, and constructed from the tensor fields 
¢,” which are responsible for the decay [for an ex- 
ample, see Eq. (14) ]. The index p runs over all com- 
ponents of each tensor. Equation (4) will be abbreviated 


2 
Litt= gh, @prte > pA, 
k=l 


(Sa) 


(Sb) 


®=) a,¢,°I",”, 
A= LA Yue 


RADIATIVE CORRECTIONS (VIRTUAL PHOTONS) 


Denote the three diagrams of order é’ by a, 6, and c; 
and let a be the vertex modification. The correction to 


3 These new variables (P,) may be expressed in terms of the 
usual four components (;) as follows: pPs= pi, pPs= (m’—=p,2)/ 
2m, pPo= (m*+Zp;?)/2im. 

In the new variables, the change in length of a four vector 
appears as a rotation in the 5,6-plane; i.e., if s’=Ap;, then 
P; =Pscoshw—iPesinhw, P.=—Ps sinhw+iPs coshw, where 
w=Ind. 

4L. Michel, Proc. Phys. Soc. (London) A63, 514 (1949). 

5 We define the T,% as follows: M=1; T,'=y,; v20y,* 
= him vey) T t= —iysys; M= —iys=yrvzvs7ve. We use the 
y’s as defined in reference 6. 
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the matrix element associated with this diagram is 
BoM (@)= (ge/4x%) (02k) 


X @(pi—k— m) “yk °C (R*) dk, 
where® 
CR) = NE (PN) rnin?) 
M(®)=> a,9,"M (T,’). 
By a standard reduction, one obtains 


A.M (®)= (—ge*/8x){y.(pot+- m2) ®(pitm)y,J1 
— [ye ® (pit my. +7. (pet ms) Prev y | 20 


+ ViVeP7+V uJ sor} ’ ( 7 ) 
where 


n= f (dy/ py?) In(p,?/Amin’), (7a) 


1 
Ju=2 f (4y/P,?) Pv, (7b) 


1 
Jau= f dy[ Prof yr by +t6.7— bber In (A?/p,7) ], (7c) 
0 
Py=hit (1—y) pr. 


A method of evaluating these integrals is indicated in 
the Appendix. The results are: 


Ji =[F1+0(@— 2w<) ]/mymz sinhé, 
Jog=[(Fo—F 3) Poot F fie |/mime, 


J er = (909r/q°)F 4— [ (P209r+QePor)/2mime |F 3 
+ (Poepor/2mym2)F2+F sber, (8c) 


(8a) 
(8b) 


where g denotes the momentum transfer in the decay: 


q= p2— pr. (8d) 
The angles @ and w are defined in Eq. (1) and we is the 
minimum cut-off angle: 


(8e) 


w<=In(Amin/me). 


The functions F; are defined as follows: 


2 sinhé 2 sinhé 
Fs(6xs)=1(— )-1( ) 
e*—e é—e* 


sinh} (w—6) 
w—6) Inf — 
vaar otha Os) 


®R. P. Feynman, Phys. Rev. 76, 769 (1949). We fellow the 
notation of that paper, except for the definition of @ [Eq. (1a)] 
and for d‘K=dK,dKdK;dK,. In particular, the scalar product 
of two four-vectors a and b is defined by (a-b)=aobo—a,b; 
—d2b2—4a3b;. C(k*) is a convergence factor depending on the upper 
limit \ and the infrared limit Amin. 
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F (6) =28/sinhd, 


1 w sinh6—8@ sinhw 
F; (0,w) - (0+ ), 
sinhé coshw— coshé 


@sinhOd—wsinhw 6e-* 
fe | 








F4(0,w) =1+0+ “te . 
coshw—cosh@  sinhé 


w sinhw—6 sinhé 


F(6,w) = +} (w—2w,)— 2. 
i 2(coshw—coshé) thy exis 





In Fs appears the upper cut-off angle w,: 


w>=In(A/mz). (9f) 


Here J (x) is one of the Spence functions and is defined 
by’ 


L(x)= f In(1—#)(dt/2). (9g) 


The matrix element (7) simplifies slightly when 
taken between the initial and final plane wave states. 
Then 


A.M (®) = (—ge*/2r){ (pi pro) JI ® 


—3[ p:J2®+@J 2 |+-4 70 Py 7¥J tor} - (10) 


After mass and wave function renormalization the con- 
tribution of the other two diagrams (the self-energy 
diagrams 6 and c) is 


— (ge?/2r) (Ri +R.)®, (11) 


where 


Ry=} In(A/m2)—|n(me2/Amin) +9/8= fw>+w<t+9/8. 
(11a) 


To get R., substitute m, for me. Then 


R= Rt R.=w>t 2we— Fwt 9/4. (11b) 


To order e’, the total radiative correction to the matrix 
element arising from the virtual photons is therefore 


AM (®) = (—ge*/2m){[ (pi po) Ji + RI® 


—$3[pJo®+ OJ op.) +417 PyrVJ wor}. (12) 


After elimination of the Dirac matrices, as far as this 


7 The following relations were found useful in our calculations: 


L(x)=— 2 2"/n?, x<1; 
n=l 


L(x) = — 40°—L(1/x)+4(Inx)?+1n(—1)(Inx), x>1; 
L(x) =In(1—2x) In(x) —3e°—L(1—x), O<x<1. 


A detailed study and table of this and related functions is given 
by K. Mitchell, Phil. Mag. 40, 351 (1949). 
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is possible, Eq. (12) may be written as follows®'*: 
AM (1) = (ge?/2r){ S+7TF0/sinhO+ro}T°*, (13a) 
AM (T,"*) = (ge?/2x){ (S—37+46/sinhé+r))r,¢” 
+A,P}, 
AM (I ,,) = (ge?/2m){ (S— T—6/sinhd+r2)l,, 
+6,."BT,,}, 


(13b) 


(13c) 


where 
S= (0—F,) coth6+ (1—@ coth@) (w— 2we), (13d) 
T= (@ sinh6—w sinhw) /(coshw—cosh@), (13e) 
A,=((F3s—F2)/2my |pi,¥F (F3/2m2) poy 
+( (msm) (Fs/¢)+ (F2— 2F 3)/2m1 ]q,, 


V2B,= iL (F2—F3)/mi |piy—i(P's/me) po, 


(13f) 
(13g) 
(13h) 
(13i) 


an 3 1 
r= 3w>— 24 4, 
"= —2, 


r2= —w>t+}w—9/4. (13j) 


5,,”* is the completely antisymmetric tensor of ab- 
solute value unity. The result (13) is the lowest order 
radiative correction to a transition associated with an 
an arbitrary tensor interaction and connecting two 
spinor states of different rest mass. It is applicable to 
both reactions (a) and (b). It is seen that the transition 
amplitude for the vector interaction (13b) reduces in 
the limiting case where m,= mz (or w=() to the usual 
electromagnetic result.®* 

The infrared divergence appears in exactly the same 
form in all five interactions. This contribution will be 
cancelled by a similar term arising from inner brems- 
strahlung, i.e., from the real photons. 

On the other hand the cutoff for short wavelengths is 
not cancelled except in the vector and pseudovector 
cases. In addition, if there is no transition, i.e., if 
w=60=0, then AM does not vanish except in the vector 
case. 

A field theory containing a beta interaction is not 
renormalizable, i.e., it is not known how sensible results 
may be extracted from the infinite terms arising in 
such a theory. In the present calculations, which are 
made to the lowest order, these divergent terms are 
contained in ro and re. Fortunately, however, they 


8 This notation means the following: for the scalar case (=0), 
we pick up the upper signs and the left index in '*; for the 
pseudoscalar case (o=4) we pick up the lower signs and the right 
index in [4 An identical convention is understood for the 
vector and pseudovector cases: always the upper and lower signs 
correspond to the left and right indices in ['“?), respectively. 
Equations (13b) and (13c) for the matrix elements are dependent 
on the representation of I',. Of course, this does not affect the 
transition probabilities. 

* It is easily seen that the term proportional to q, in Eq. (13f), 
vector case, vanishes identically in the case of electrodynamics 
(w=0). On the other hand, it turns out that, for arbitrary w, this 
term does not contribute to the transition probability for the 
two neutrino decay, discussed in the next section. 
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depend only logarithmically on the upper cutoff A, and 
if \ is chosen to correspond to the Compton wavelength 
of the proton, the A-dependent terms amount to only 
about 20 percent of the total calculated correction. We 
shall interpret our results by assuming that the calcu- 
lation is meaningful except for these uncertainties in r. 


TRANSITION PROBABILITIES 


In the two-neutrino decay: 


$5" = Gal,” ¢1, (14) 
where the tensor ¢,’ is formed from the wave functions 
¢1 and ¢- of the two neutrinos. 

The exact expression for the transition probability 
may be written 


Pd p= (d*p/2(2m)®E:E2) Sey (Typ /4) 


aa’ pp’ 


XTr{ (po+m:2)M,?(pit-m:)M,}, (15) 
where £, and £2 are the energies of the initial and final 
charged particles and p is the momentum of the latter.'° 
M ,’(=M,°+AM,’) is the complete matrix element 
where AM,’ are the virtual photon corrections given 
in (13). Finally, 


Top” =3 Try lvl J 


x ff ee ae 0(p.— pk W aks /KR’, (15a) 


where the & and K represent the momentum and energy 
of the two neutrinos. After the sum and integration over 
neutrino spin and momenta indicated in Eq. (15a) have 
been performed, then Eq. (15) gives the spectrum of 
the decay product. The coefficients defined in (15a) 
have the following simple properties, which we take 
from Lenard": 


[e=0, oxo’, 
[®= [*#= Tq", 
In" =1n8= (20/3)[gan— qn], 


ly p= (7/12)(1 saad Py) (1 ag P +") 


X (9°8pp’— 4404o")Oar’s (15e) 
where P,, is a transposition operator. In virtue of 
(15b), the double sum reduces to a single one 


@=[1/2(2m)SE,Ex] De de® D pp’ (I op'**/4) 
XTrf (ps+m2)M,*(pit+-m) (M,+24M,,*) } 


10 Hereafter p and p refer to the three-vector momentum of 
particle 2 while /2, as before, represents its four-vector momentum. 

A, Lenard, Phys. Rev. 90, 968 (1953). Equation (15b) is an 
immediate consequence of the simple relation 


Try ore J=—Trlylonle), 0%’. 
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to order e. With the aid of (15), (15c), (15d), and 
(15e), the calculation may now be completed. In the 
tensor case, there is a simplification because M,, and 
AM),,: are antisymmetric in Ap and }’p’, respectively. 
Hence, 7” may be replaced by 


[?= (7/3)8xr° (G°S op’ — 4909p’). (15f) 


The final result may be expressed in the form 


3 é 
e=>), 1+—e.), (16) 


c= 2x 


Here the ®,© are the unperturbed transition prob- 
abilities and the a, are 


da9 «= SF +T+1, (16a) 


sinhé 
4w sinhw— 30 sinhd 
sinh@ coshw—cosh6+}(cosh@+ 1) 


+n, (16b) 





da, g= S+ 


ta2=S 
(w sinhw— 46 sinh@) cosh@— (coshw— cosh) (6/sinhé) 
(cosh@) (coshw—cosh@)+? sinh’6 





(16c) 
where S, 7, and r; are given in Eq. (13d), ff. 


INNER BREMSSTRAHLUNG 


The process of inner bremsstrahlung also contributes 
corrections of order e?/2x to the spectrum of particle 2. 

The differential transition probability for this process 
has been worked out by Lenard." However, Lenard 
used the approximation of neglecting m2 in comparison 
with the momenta and energies involved. Following the 
pattern of that calculation, we obtain the following 
differential transition probability for the case of arbi- 
trary masses m; and m2: 


AO, 4° pd*x = [a pd*xe?/8 (2m) SE, Exe |) 6 £0°No, 


Now= [ (mm) —-G IG 
+2 («-G)°G?/ (pix) (pox), 


2N1.3= (CL (mF m2)? 2mym.—G*] 

+3 (my— mz?) }Q+4G*+ (x-G)? 

x [2G*+ (mF m2)" V/ (pi-x) (pox), 
iN 2=[(mi—m2?)?—4(pi-x) (pox) —4 
—}(my+m;7)G? ]Q— («-G)? 

X[G*+4(p1: pe) V/(pr°K) (p2-x) 44 

+4[ (pi-K) (Po-x)-!— (pare) (pr-x) 7] 
X[pi-G+p2-G]. 


(17) 


(17a) 


(17b) 


(17c) 
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Here x and ¢ are the momentum and energy of the real 
photon; G and Q are defined by 


G=pi-— pork, (17d) 


O= ZX [(pa-es)/(ha-a)— (pr-es)/(hr-«) F, (17e) 


where e; are the polarization vectors of the photon. 
Setting m.=0 in Eq. (17), we obtain Lenard’s results. 
In that case, the pseudoscalar case coincides with the 
scalar and the pseudovector with the vector. 

We are interested in the spectrum of particle 2 rather 
than in the differential transition probability. Thus, 
the next step is to integrate over the photon momenta. 
This leads to an invariant integral, which is most con- 
veniently calculated in the rest system of particle 1. 
As a rule, we integrate first over the photon energy and, 
afterwards, over the angle. As a consequence of the con- 
servation laws, the maximum energy of the photon 
depends on its direction. Explicitly, in the rest system 
of particle 1: 

wo= g’/2(m,— E2+ p coss), (18) 
where 6 is the angle between the photon and particle 2. 
When rewritten in covariant notation, these integra- 
tions yield 


PP p=d*p(e?/2m)d 6 bP, (19) 


bo, 4= 2D+ (cosh0+ 1)—!(coshw—coshé)W 


b:,s=2D+[0+ (coshw—coshé)?¥ ] 
X [3 (coshw—cosh6) (cosh0¥ 1)+sinh’}", 


2=2D+[20+2(coshw—coshé)?Z ] 
X[3(coshw—cosh@) cosh@+2 sinh?@}-, 
where 


D=2(6 coth@—1)(w—w<—1—1In2)+[L(e**) 
— L(é-*) ](cothé) — 1—6e-*/sinhé 
+[26 cothd+ (sinhw)/(sinhé)— 1] In(1—e*-*) 
+[28 coth6— (sinhw)/(sinhé)— 1] In(1—e&*), 


Q=4(6 coth6—1) sinh*w, 
W = (5/3)0 coth6+6(coshw)/3 sinhé— 2, 
Y = (10/3) (@ coth@—1)+[ (5/3) coshw 1 ](6/sinhé), 
1@coshw 5 5 sinh} (w—6) 


+-@ cothd—-— n : 
6 sinhO 6 3 sinhé sinh}(w+é) 


sinhw 





It is important to observe that in the expression for 
D there is a factor [namely, In(1—ée-*)] that is 
logarithmically divergent at the end of the spectrum 
(@=w). Now, let us suppose we ask for the probability 
of finding particle 2 between p.—Ap, and 2, where 
Ape represents the experimental interval (more ex- 
plicitly, Ap: is a four vector of components AE; and 
Ap2,” the last two quantities representing the energy 
and momentum intervals, respectively). In order to 
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answer that question, we imagine that we integrate 
Eq. (19) with respect to d*p between p— Ap and p. As 
Ap is assumed to be very small in comparison with the 
energies and momenta involved, all the well behaved 
functions of Eq. (19) may be regarded as constants and 
taken out from the integral sign. The divergent func- 
tion In(i—e-*), however, requires a more careful con- 
sideration. To an excellent approximation, an ele- 
mentary calculation yields 


1 P 


In(i—é*)d*p 
A*p 


p—Ap 


=In(1—e "+e" (pi: Ap2)/m? sinhd). (20) 

The final result of the bremsstrahlung calculation is 
then given by Eq. (19), ff., where in the expression for 
D, we must replace the factor In(1—e~*) by the right- 
hand side of Eq. (20). Of course, we imagine that in Eq. 
(19), d*p is replaced by A*#, the experimental momentum 
interval. 

The divergence at @=w is now removed. Further- 
more, Eq. (20) shows that in the vicinity of the end 
point, the shape of the spectrum depends logarith- 
mically on the experimental energy interval. 


TOTAL CORRECTED TRANSITION PROBABILITIES 


Combining Eqs. (16) and (19) and taking into 
account Eq. (2), our final result may be written as 
follows: 


Od p= (myrmid'p/2(2r)*h LE, E2c*) 
X[K 1(coshé) (coshw—coshd)+3K» sinh’ 
+K;(coshw— cosh) ], (21) 
where 
Ki= §P+297+92+93) +92, 
K.=9gr+ 292°+93", 
R,=90—292+292—92, 
j= gol 1+ (e?/2n) (a+ be) J. 


Thus, the influence of the virtual photon corrections 
and inner bremsstrahlung may be regarded as a per- 
turbation of the interaction constants g,. Of course, this 
perturbation depends on the momenta #; and #2 through 
the angle 6. 


(21a) 
(21b) 
(21c) 
(21d) 


LIMIT CASE OF SMALL MASS 


When mr is negligible in comparison with the energy 
E:, our final expressions for the radiative corrections 
can be greatly simplified. Of course, this approximation 
is applicable to the study of the muon decay, provided 
that we do not consider the low-energy part of the 
spectrum. In this section, we shall retain terms of order 
m/ Ey or e?/2e and neglect terms of higher order (e.g., 
e’m2/2xEy or (m2/Eo)*) whenever this approximation 
does not introduce divergences in the high-energy part 
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of the spectrum; moreover, we shall express our results 
in the rest frame of particle 1. In this approximation 
the scalar and pseudoscalar, as well as the vector and 
pseudovector, radiative corrections coincide. 
Let us define 
Eo= 3m, 


Thus, Zo is the maximum energy attainable by particle 
2. Then, our results may be expressed as follows: 
P(n)dn= A[3K in (1 —n)+2K a? 
+3K3(m2/E)(1—n) Jndn, 
A =m Eo 3(2r)*h7c8, 


where the K’s are defined in Eqs. (21a), (21b), (21c), 
and (21d). The a’s now reduce to 


(23) 


ao =a4= 2U+2(1—7)— Inn+-6(ws —w) —3, 
a =a3=2U+6(3—2n)-!(1—n) Inn—4, 


a2= 2U+2(3—2n)(3—n)™ Inn—2(ws —w) — (9/2), 
(24c) 


(24a) 
(24b) 


where 


n/m? —t2?+ (Inn) [In (n!— 1) — 2w | 


=| 
+ (5/2)w— w+ wf Inn+w— 1], 
bo= bs =2V +43n'[n'!+-4— 179] 
X [Inn+w J+6— 297, 
bs =bs=2V +3 (1—n)n 1(3—2n)*] 
x {[Sn1+17— 34 ]Lnn+w]+34n— 22}, 


b2=2V+4[(1—n)n*](3—n)“ ]{ [791+ 22—179] 
X [Inn+w ]+22n—34—6(n— 1) In(1—n)}, 


(24d) 


(25a) 


(25b) 


(25c) 


where 


V=> 9"/m*—14+2(w—we—In2)(Inn+w—1) 


m=1 


+ (2 Inn+2w—1—n7) In[1—9+ (2/me) AE]. 


(25d) 


We observe again that the infrared divergences 
arising from the virtual photons are compensated by 
similar terms originating in the inner bremsstrahlung 
calculation. The divergent terms associated with high 
photon energies in the radiative corrections again 
cancel for the vector case, but in the other cases we 
find uncompensated logarithmically divergent terms 
[see discussion following Eq. (13) ]. Moreover, in the 
vicinity of the end point of the spectrum (n= 1), these 
results depend logarithmically on the experimental 
energy interval AZ, (the last term in the expression 
for V). 

In Table I and Fig. 1, the functions (2/21) (a;+6,) 
are given for the three cases (S, 7, and V) for an experi- 
mental energy interval of AE=2m,. The “virtual” 
coefficients a; are nearly independent of energy, while 
the b; are positive and decrease near the end point; 
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Fic. 1. Percent change (100 AP/@) in probability of decay for 
the various tensor cases as a function of the energy (7). 


therefore the total correction a;+),, also decreases there. 
This decrease in the 6; may be understood as follows. 
Over the whole spectrum most of the inner brems- 
strahlung is emitted only in a narrow cone along the 
motion of the electron [angular opening ~ (2m2/Ez2)!]; 
however, near the end point the conservation laws in- 
creasingly restrict the maximum-energy photons allowed 
in this cone.” 

We also notice that the energy dependence of 
(e/2r)(a:+b;) is very similar for the three cases 
(scalar, vector, and tensor). This fact may be used to 
derive a simple expression which may be useful for 
reducing experimental results. Suppose we approximate 
the three curves (e’/27) (a;+5,) by a function h(n,AE)." 
Then taking into account Eqs. (3) and (21), we can 
write 


K,=K{1t+A(n)]. (27) 


With this approximation, Eq. (23) reads 


P(n)dn= A (1+h(n; AE))ndn[ 3K (1—n) 
+2K an?+ (3m2/E)K3(1—n)]. (27a) 


2 The dominant contribution to the integral of Eq. (17) may 
be approximated as follows 


+B 
[In(g*/2mrn) If, do(6—1+2p—p%)p~, 


where p= 1—£ cosg. The integrand is peaked in the forward cone. 
As in the approximation leading to Eq. (20), g? may according to 
the conservation laws be replaced by 2m,m2(coshw—coshd 
+ piAp2/mymze) ; therefore the logarithmic factor decreases near 
the end of the spectrum (@—w). 

8 Jt is true that the three cases differ significantly in the low- 
energy part of the spectrum (7<0.1). However, on the one hand 
the intensity is very weak there and, therefore, this error will not 
affect appreciably the A;. On the other hand, the parameter p is 
essentially determined in the region 7>0.2. In our numerical 
calculations we have defined the function 4(n) by simply taking 
the average of the three (a;+b;)(e/2x) at each point but, of 
course, the results are not sensitive to this particular choice. 
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This expression has the advantage that the whole 
effect of the radiative corrections is concentrated in 
the function h(n; AE). Equation (27a) is a three param- 
eter expression. Following Michel," we can eliminate 
one of the parameters by integrating Eq. (27a) from 
n=0 to n=1 and equating the result to r~', where r is 
the mean lifetime of the muon. We obtain 


4/rA = K,(1+A + 2K2(1+As)+ (2m2 ‘Ey)Ks, 


where 


Auo(AE)=4 f h(n; AE)[3n2(1—n); 9p. (27c) 


(27b) 


Here the subscripts 1 and 2 in Aj,2 correspond to the 
first and second terms in [ ; ], respectively. In Eq. 
(27b), we have already neglected a term of order 
emoK 3, ‘QE. 

Solving for K; in Eq. (27b) and substituting in Eq. 
(27a), we obtain finally 
rP(n)dn=4ndn[1+h(n)— Ax ][3n(1—n) 

+ 2pn{ (4/3)n—1+$Ain—A2(1—n)} 
+ (m:2/Eo)p'(1—n)(1—2n)]. (28) 


Here p and p’ are two parameters related to the K; by 
p=2KerA=3KoKi(1+Ai) 
+2K2(1+A2)+2(m2/Eo)K3}", 


p= 3K3rA . 


(28a) 
(28b) 


We notice that for p’ <1, the last term in Eq. (28) 
is extremely small in comparison with the main terms 
except for the region of small energies (see footnote 13). 
Neglecting this term, we get 


rP(n)dn=4n?dnf1+h(n)—Ai ][3(1—7) 
+ 2p{ (4/3)n—1+4Am—Ao(1—7n)} ]. 


This one-parameter expression, together with Eq. 
(28a), represents to a good approximation the influence 
of radiative corrections on the muon spectrum. If we 
neglect the radiative corrections, i.e. if we set h(n) =A, 
=A,=0, Eq. (28c) reduces to Michel’s formula. 

The function h(n) as well as A; and A, are slowly 
varying functions of AE, the energy interval used in 
the experiment.'® In general, this dependence on AE 
will only affect the shape of the spectrum near the end 
point. As A; and Ag» involve integrals over the whole 
range of n, we can expect their dependence on AE to be 
still less than that of h(n). (Obviously, this is especially 
true for A; because in that integral the region near the 
end point gives a very small contribution.) 

We observe that the inclusion of radiative corrections 
modifies the interpretation of Michel’s equations in two 

4 L. Michel, Phys. Rev. 86, 814 (1952). 

‘6 As the three functions (a;+5;) (e#/2x) depend on AE through 


the same term [twice the last term of Eq. (25d) ] if we want to 
pass from a certain AE to a new AE* we can simply set 


(1—n)me+2A4E* 
(1—n) (me) +24E 


(28c) 


h(n, AE*) = h(n, SE) +2(2 Inn+2w—1—n7) In 
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ways. On the one hand, the theoretical expression for the 
decay is slightly modified [Eq. (28c)] and, therefore, 
for a given experimental curve, the p obtained by com- 
parison between theory and experiment will be slightly 
different. On the other hand, the connection between p 
and the K; is also modified [ (28a) ] and, therefore, for a 
given theoretical combination of the g, (i.e., of the 
unperturbed interaction strengths) the theoretical p 
will also be slightly different. 

In order to illustrate this last point, we have calcu- 
lated the A, for AE=2mz (i.e., approximately 2 percent 
of the spectrum range) and obtained A;=4.6X 10~? and 
Ao=1.6X 10-*. Inserting these values of A; in Eq. (28a) 
for an interaction S+aT+0P (a=+1; b=+1) inthe 
charge retention order, we get p=0.727 instead of the 
value p=0.750 obtained without the consideration of 
radiative corrections. Similarly, for an interaction 
S+aA+bP, we get p=0.480 instead of p=}. 

With the same values for A;, the form of Eq. (28c) 
suggests that the p obtained by comparison of theory 
and experiment will be slightly increased. 


DISCUSSION 


The energy-dependent radiative corrections described 
in Eq. (23), ff. and in the figures produce a distortion 
of a few percent in the Tiomno-Michel curves. If this 
distortion can be experimentally established, it is 
thereby possible to isolate the “Lamb term” for the 
muon, since there is no contribution from the vacuum 
polarization. This experiment on the fine structure of 
the muon spectrum therefore provides information 
complementary to that obtained from the mu-mesic 
atom where the situation is reversed: there only the 
vacuum polarization is observed and the Lamb term is 
negligible. 

We have considered the muon particularly since this 
is the case best covered by the theory. Other particles, 
the neutron and one of the K-particles, for example, 
undergo beta decay; but at least in the case of the 
neutron the most important radiative correction is not 
electromagnetic, but mesonic. 

A nonrelativistic second-order perturbation calcula- 
tion with Chew’s model, including the cutoff and 
coupling constant appropriate to the pion scattering, 
leads to the result that the Gamow-Teller constant is 
increased relative to the Fermi constant by about 30 
percent.'® The experimental evidence on nuclear beta 
decay implies that gg.r./gr. is greater than one, pos- 
sibly 1.2. These numbers are compatible with the 
assumption that in the Fermi interaction itself S=7 
and that the apparent inequality is associated with the 
meson cloud. Although no convincing quantitative 
argument can be based on meson theory, the sign and 
order of magnitude are correct; as with the correction 
to the magnetic moment, which is very similar, the 
prediction is qualitatively right. 

(1988) J. Finkelstein and S. A. Moszkowski, Phys. Rev. 95, 1695 
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TABLE I. Percent change (100 A@/@) in probability of decay 
for the various tensor cases as a function of the energy (n). The 
function h(n) is the average of the three lines of this table. 








” 0.1 4 0. J . 0.9 0.95 





3 
Scalar 19.3 4 +0.94 -0.90 —4. 
Vector 26.3 a 7 
Tensor 33.9 7 

> 


h(n) 26.5 +0.86 








According to the idea of the universal Fermi inter- 
action, the same coupling, both in form and strength, 
should be responsible for the decays of the neutron and 
the muon. According to experiment the strengths are 
nearly equal. But even if the primary couplings are the 
same, one would expect the observed rates to be dif- 
ferent, because for example only the neutron carries a 
meson cloud. The net rates will certainly be influenced 
by radiative corrections which are different in the two 
cases. We have found that the change in lifetime asso- 
ciated with the electromagnetic corrections to the 
decay of the muon amounts to about 3 to 5 percent. In 
order to clarify the situation about the universal inter- 
action, it is evidently necessary to carry through a cor- 
respondingly accurate calculation for mesonic correc- 
tions to the decay of the neutron. 
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APPENDIX 


Consider the integral 


f (dy/p,2) In (py2/Aw2). 


If we make the substitution 


y=bcotha+a, a=—(p2-q)/¢, 
p='¢ csch’a, 
then this becomes 
coth™!(p2-q) /g 
da(—2 In sinha+1nb*q?/),,”). 


coth™(pi-@) /@ 


— (1/bq*) 


The first term may be integrated by using the ex- 
ponential form of sinha. The result is 





2 (9 (: —————) 

-In 
mm sinhdl 2 sinh} (w+6) 

sinh} (w—6) sinh} (w—6) 

(——*) ~ 2 ( 

sinh} (w+6) sinh} (w+6) 


e) | 


Using the relations of note (7), we easily pass to the 
form of Eqs. (9). The other integrals are done in the 
same manner. 
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The question is considered as to whether complete rotational symmetry in isotopic spin space is necessary. 
In particular, the classification of elementary particles on the basis of the representations of a finite group is 
attempted. It is found that for the particles whose reactions are known, the law of conservation of charge 
results in a scheme essentially equivalent with ones previously proposed. However, some additional freedom 
is found which would accommodate particles with rather unusual properties if such are ever observed. 





I. INTRODUCTION 


NE of the most widely used principles of present 
day elementary particle physics is that of charge 
independence. It is generally taken to be synonymous 
with the invariance of strong interactions under all 
rotations in isotopic spin space. This concept has been 
very useful in describing nuclear interactions and pion- 
nucleon interactions as well as in bringing some order 
into our qualitative understanding of the production, 
reaction and decay of the strange particles. In view of 
this success, it seems imperative that one should 
reexamine the experimental evidence to determine 
whether it is indeed sufficient to establish the isotropic 
nature of isotopic spin space. 

In the present paper, we wish to look into one particu- 
lar aspect of this problem: Does invariance under a finite 
group of rotations in isotopic spin space provide enough 
symmetry to furnish a basis for the classification of 
elementary particles and to account for all experimental 
evidence of “charge independence?” 

We ask this question because so far all experimental 
evidence for charge independence, direct or indirect, 
concerns only systems with relatively few states whose 
equivalence under isotopic spin rotation does not require 
the symmetry implied by the full group. In particular, it 
is rather striking that the charges of all “elementary” 
particles that have been found do not exceed unity. 
This observation provides a further motive for in- 
vestigating finite groups of isotopic rotations, as these 
admit only small multiplets with few different charge 
states. 

It should be noted that the argument for an isotopic 
gauge transformation and the necessity for a b-field? is 
eliminated if only a finite instead of the full continuous 
group of isotopic rotations is involved in the invariance 
principle. 

In trying to investigate the possibility of restricted 
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2C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954). 


invariance, a fundamental problem arises. This concerns 
the connection between the charge and the symmetry 
operations, or, in other words, the assignment of charge 
within a multiplet. It should be emphasized that the 
same problem exists even in the usual considerations. 
Originally, the isotopic spin was defined so that the 
generator of the infinitesimal rotation around the z-axis 
was essentially the charge operator. A consequence of 
this relation is that the three conservation laws of 
charge, heavy particles, and isotopic spin in the z 
direction are not independent. Loosening the relation 
destroys the interdependence and so provides an addi- 
tional selection rule. It is precisely such a procedure that 
resulted in the “strangeness” selection rules of Gell- 
Mann.! 

In the present case, only finite rotations are available. 
Hence charge cannot be connected with an infinitesimal 
generator. To avoid the question of what happens with 
an arbitrary definition of charge, we have adopted a 
definition which is as close to the ordinary one as is 
possible within the present context. We have then 
considered the consequences of invariance under various 
finite groups together with the conservation of charge. 
Since charge conservation no longer generates invariance 
under arbitrary rotations around the z-axis in isotopic 
spin space, one obtains a situation which is in general 
quite different from the usual case of invariance under 
an infinite group. Nevertheless, for the known “ele- 
mentary” particles the result is essentially the same as 
that obtained by assuming the continuous rotation 
group and the classification scheme of Gell-Mann. There 
do exist, however, the possibilities of additional selection 
rules and of the occurrence of particles with rather 
strange properties such as multiplets with a gap in the 
charge spectrum. 

It must be emphasized that these results are all based 
on the assumed assignment of charge. Descriptions 
quite unlike the conventional ones could perhaps be 
achieved with a somewhat more general connection 
between charge and the group operations. 


II. PROCEDURE 


We shall first determine those finite subgroups of the 
full three dimensional rotation group that should be 
considered. The'existence of, the x-meson triplet requires 
the group to have at least one three-dimensional 
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TaBLe I. Character table of the double tetrahedral group (7). 
w=exp(#ri). Representations Io, I’, Ty are the representations 
Do, D, Dy of the full rotation group. 
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irreducible representations. Omission of reflections nar- 
rows the choice to the tetrahedral, octahedral, and 
icosahedral groups (7, O, J, respectively). Nothing 
essentially new results when inversions are included. 

The occurrence of doublets such as the neutron and 
proton necessitates the use of double-valued as well as 
single-valued representations. Character tables for all 
representations of the three groups 7, O, and J are given 
in Tables I-III. 

For the continuous group, the relation between the 
charge Q and the generator J, of infinitesimal rotations 
around the z-axis is usually taken to be 


Q0=I,+a. (1) 


The constant a is the same for all states of a multiplet. 
A rotation Cy, through an angle ¢ around the z-axis is 
therefore 


Cy=expli¢(Q—a) }. (2) 


For the finite groups, we choose one of the axes of 
largest symmetry to be the z-axis. Let this be an -fold 
axis. We require Eq. (2) to hold for all these rotations. 
Thus, 


2x 
Cunamexp| i (0-2)| (3) 


n 


would seem to be the most natural generalization of 
relation (1). Of course Q is then defined only modulo n. 
Consider now an/-dimensional irreducible representation 
of the finite group. It will accommodate an /-fold 
multiplet, each member belonging to an eigenvalue of 


TaBLE II. Character table of the double octahedral group (Q). 
Representations I's, ':, I'y, I'y are the representations Do, Di, Dy, 
Dy of the full rotation group. 
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C2zjn- The invariance of the transition operator under 
this rotation implies that in any reaction the product of 
the eigenvalues of C2,/, for initial and final states must 


be equal. There results the analog of the J, conservation 


law, 
> (Q—a)=const [modn]. (4) 


all particles 


Combined with charge conservation, it yields the con- 
servation law 


>< a=const [modn], (5) 


all particles 


which is just Gell-Mann’s rule in a somewhat weakened 
form. 

The general procedure of the investigation is the 
following : First we assign the known particles to various 
irreducible representations of the group chosen. Charge 
assignments in agreement with Eq. (3) are then made. 
To verify whether these assignments are consistent with 
the observed fast reactions, two conditions must be 
checked. The conservation law [Eq. (5) ] must be 


TaBLE III. Character table of the double icosahedral group (/). 
a= (1+4/5)/2; B= (1—+/5)/2. To, U1, U2, Ty, Us, U2 are the 
representations Do, Di, De, Dy, Ds2 of the full rotation group. 
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satisfied and the reducible representations furnished by 
initial and final states must contain a common irreduci- 
ble representation of the finite group. The latter is the 
analog of conservation of total isotopic spin. We assume 
as a separate postulate the conservation of heavy 
particles. Our analysis will be based on the particles V, 
P, A°, 2+, 2-, xt, w-, 2°, 0+, 0, and & which undergo the 
fast reactions 

a +pA'+@, 

6-+p-2++2*, 
and 


O-+ pdt. (6) 


The spontaneous decay of the strange particles, of 
course, must be forbidden, as well as the reaction 


6+-+-n— A+ 2, (7) 


whose nonoccurrence has been noted experimentally. 
It has been stated that the reducible representations 
furnished by the initial and final states must be resolved 
into irreducible constituents. Since the charge operator 
is not in general directly expressible in terms of the 
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group elements, the reduction of the representation may 
leave the charge matrix unreduced. In other words, the 
charge matrix may have elements connecting different 
irreducible representations of the finite group. Now the 
Hamiltonian must commute with all operations of the 
group and must also commute with the charge operator. 
The latter condition means that in effect the symmetry 
is enlarged with a corresponding effective enlargement 
of the irreducible representations. Thus, selection rules 
in addition to Eq. (5) are obtained. The consequences of 
these considerations for the different groups enumerated 
before are discussed in the next sections. 


Ill. TETRAHEDRAL GROUP 


From the character table of the tetrahedral group, we 
see that the representations Io, Ty, and I’; are identical 
with the representations Do, D;, and D, of the full 
rotation group. These will be called the ordinary repre- 
sentations. In addition, there are two one-dimensional 
and two two-valued two-dimensional representations. 

If only the ordinary representations are used for the 
elementary particles, Gell-Mann’s assignment is dupli- 
cated. This is obvious since in this case Q is (up to a 
constant) the infinitesimal generator for rotations 
around the isotopic z-axis as in Eq. (1). 

It is, however, possible to assign particles to the other 
representations consistent with the requirement that 
reactions Eq. (6) be fast and reaction Eq. (7) slow. One 
of these can in fact be obtained from the ordinary 
assignment by a simple rule: the matrices representing 
the finite rotations are multiplied by the corresponding 
matrices of the one-dimensional representation (I'9’)%, 
where S is the strangeness of the particle under con- 
sideration in the original assignment.’ This rule is based 
on the fact that strangeness is conserved, and that I'y’ is 
one dimensional. The other assignments are generated 
by multiplication instead with (I'9’)™S+"*, where m and 
n are integers and h is the heavy particle number. For 
the particles mentioned earlier there are therefore many 
possible assignments which give indistinguishable physi- 
cal results. We shall adopt the convention that all these 
particles have the ordinary assignment. 

Additional particles, such as Z-, can then be ac- 
commodated in a variety of ways, because the finite 
group has several irreducible representations of the 
same multiplicity. If they are all assigned to ordinary 


3It must be noted that the matrix representing the charge is 
unaltered. Only the matrices corresponding to group elements are 
changed in the manner indicated. 


CASE, KARPLUS, 


AND YANG 

representations, the result is identical with the use of the 
infinite group. Otherwise, it can be shown that the 
assignment is equivalent to one with all particles having 
the ordinary assignments, but with this additional 
selection rule: each particle has a new quantum number 
w=0, 1 or 2 which is additively conserved modulo 3. 


IV. OCTAHEDRAL AND ICOSAHEDRAL GROUPS 


The examination of these two groups can be carried 
out in a similar fashion. The octahedral group has the 
features of the tetrahedral group with one additional 
complication. First of all, without the representation 
I’,, there are two sets of the small representations of the 
infinite group, Io, Ty, and I, and I'p*, T;*, and T,*. 
These two sets are related in the same way as the three 
sets of the tetrahedral group. The result is that the 
properties of the complete symmetry are retained with a 
possible additional quantum number w=0, 1, which is 
additively conserved modulo 2. 

The representation I',, which has no analog in the 
tetrahedral group, can accommodate a pair of charged 
particles whose charges differ by two units. This presents 
an interesting new possibility. The irreducibility of 
direct product representations involving [',, however, 
ensures that a particle which belongs to it can only 
interact elastically or be produced in pairs. 

The icosahedral group has only one set of the small 
representations of the infinite group. There is then no 
alternative to the ordinary assignment of the known 
particles. The other irreducible representations either 
contain multiply charged particles (1'j,I'2,I’y) and/or 
share the unusual properties of T',(fy*,T:*,l',) in that 
the charge spectrum of the multiplet contains gaps. For 
the same reasons as before, there are severe restrictions 
on the inelastic reactions they can undergo. 


CONCLUSION 


We have seen that for all the groups considered, the 
existing experimental information requires assignments 
that lead back to the full symmetry with respect to all 
isotopic rotations. It should be emphasized that this 
conclusion is reached under the assumption that the 
relationship between the charge and the isotopic spin 
rotations is essentially the same as the one currently 
adopted for the full group. Only the discovery of a 
multiplet of new particles with a strange charge 
distribution could definitely require the use of the finite 
group with representations unlike those of the infinite 


group. 
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Relations between Bound-State Problems and Scattering Theory* 
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An operator that takes an “unperturbed” two-particle eigenvector belonging to the discrete spectrum of 
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a potential well of finite width into that including a short-range interaction is examined in the limit as the 
well width tends to infinity. It is found to approach the K operator, which satisfies the integral equation 
using the principal value of the kernel. The result sheds light on Brueckner’s equations, which can now be 
formulated entirely in bound-state language. The connection between forward scattering amplitude and 


energy shift used in a recent paper on the x-mesonic atom is also commented on. 





ie a series of papers by Brueckner,' an approximation 
method for the solution of the many-body bound- 
state problem is presented in terms of the Francis and 
Watson treatment? of the analogous scattering problem. 
The essential Brueckner modification consists in re- 
placing the direction indicators (ie) in the Green’s 
function by the principal value. This is equivalent to 
a specific boundary condition different from that appro- 
priate to scattering, and it is by no means clear that 
the resulting state vector is the one needed to approxi- 
mate that of the bound state. Consequently we wish to 
examine, starting from a bound-state situation with a 
finite boundary, just what modified continuum-state 
vector emerges from the bound-state vector in the 
limit of a large boundary. 

Another instance in which the bound-state problem 
has been connected with scattering is the determination 
of the energy shift in the r-mesonic atom.’ A somewhat 
different limiting process is involved, but our remarks 
have bearing there also. 

Consider first a bound-state problem of two particles 
with well-defined boundary conditions. Assume that 
each of the particles moves in an individual poteniial 
well of constant depth,‘ V c(i), different for each 
particle, and the same range r. V¢ is later to be deter- 
mined in a self-consistent manner from the presence of 
the other particles, via an approximation of the many- 
body problem in terms of pair interactions. 

Let V ¢(12)=Vec(1)+Vc(2), where V ¢(1) and V¢(2) 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: Lockheed Aircraft Corporation, Van Nuys, 
California. 

t Present address: University of California Radiation Labora- 
tory, Livermore, California. 

§ This work was done while this author was at the Radiation 
Laboratory of the University of California in Berkeley, on summer 
employment. 

1 See K. A. Brueckner, Phys. Rev. 97, 1353 (1955), and previous 
papers referred to there. 

2 N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 

3 Deser, Goldberger, Baumann, and Thirring, Phys. Rev. 96, 
774 (1954). 

4 The notation is the same as in reference 1, except that we 
use Vc both for the potential well and for its depth. After the 
range is allowed to tend to infinity, it becomes simply Brueckner’s 
Vc, which is independent of r. 
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are the energy-dependent “potentials” that Particles 
Nos. 1 and 2, respectively, experience, and which depend 
on the distance only via their ranges; let Ho= Ho1t+Ho2 
be the total kinetic energy operator for the two par- 
ticles, and Eo be the total energy. The wave equation 
can then be written 


[HotVc(12) Wr = Er. (1) 

We now add the interaction 12 between the particles 
1 and 2: 

[Hot V c(12)+ 012 Wie= Ee. (2) 
The unnormalized “perturbed state” vector ¥12 satisfies 
the integral equation 

¥i2=¥12+[E,— Ho— Vc(12) F'(1— Po) owas, (3) 
where Po is the projection onto the unperturbed state 
12; explicitly Po= |Yi2 Xi2 |, if the normalization 
is chosen so that (¥,y) = (WY y) =1. 

If the interaction were weak and the kernel in Eq. (3) 
expanded in a Neuman series, then the usual perturba- 
tion series would result for ¥12. Here, however, v2 is 
considered strong, so that perturbation theory is not 
applicable (otherwise one could use Hartree theory). 

We introduce an operator Rz so that 


V12 w= Rp (E, i, 
and the shift in the binding energy due to the inter- 
action 2 is 
AE2.= E,— Ey= (W12 ,v1212) 
= (Yn Re?(Ep)vn2). (4) 
The operator R,'® must then satisfy the integral 
equation 
Rp" (E) = 012+ 012 E— Ho— Ve(12) P 
X(1—Po)Ra"(E), (5) 
and can formally be expressed as 
Rpg (E)= {1-0 E— Ho— Ve(12) F'(1— Po) } “012. (6) 
We shall be concerned with the limit of Rs!?(E£) as the 


ranges of the potential wells tend to infinity, while the 
energy E and the well depth V¢ are kept constant. 
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“Vo -E, -E, 0 


Fic. 1. The energy axis. The crosses are the “unperturbed” 
bound states, the heavy line is the continuous spectrum, and the 
circle is the “perturbed” bound state corresponding to Eo. Ve is 
the well depth. 


The interest in performing the limiting process with 
the operator Rg, lies in the fact that the diagonal ele- 
ments of Rg in the bound-state problem give the energy 
shift of Eq. (4), while in the scattering problem a 
similar operator gives the forward scattering amplitude ; 
it is a possible relationship between the two that we 
are seeking. 

Let us consider the unperturbed spectrum of two 
nucleons in a potential of depth V;(12) and finite 
radius. Schematically this is represented by the points 
on the real axis indicated in Fig. 1. In the region E>0, 
there is the continuous spectrum, and on the negative 
half-axis above the point — V ¢ there is a finite number 
of discrete eigenvalues. As the well radius increases, 
new discrete levels emerge successively as though 
“dropping out of the continuum,” while each discrete 
level shifts toward the bottom of the well, —V¢. After 
the limiting process has been accomplished, the con- 
tinuum extends down to — Vc; the well has been filled. 

We focus our attention for the moment on some 
specific energy E» of the unperturbed discrete spectrum, 
and on the corresponding perturbed level E,. (The 
language is not to be interpreted as implying the actual 
use of perturbation theory.) If we were to follow an 
individual pair of levels, perturbed and unperturbed, 
as the well radius increases, we would, in the limit, 
invariably end up at E=—Vc¢. Instead, we let the 
well radius increase according to an infinite sequence 
1, 2, ++, chosen in such a manner that as the well 
radius changes from 1; to 7;,1 the original level occupy- 
ing E leaves, and the next discrete level in the spectrum 
shifts precisely to Eo. If the well width increases accord- 
ing to this sequence, then there will always be a discrete 
level of the unperturbed spectrum at the energy Eo, the 
point of interest. 

At the same time we follow the sequence of energy 
values E,:1, Epo, --- of those perturbed levels which 
correspond to the unperturbed ones occupying Ep 
when r runs through rn, r2, ---. The sequence {E,,} 
will have Zp as its limit point. 

As the walls of the well recede to infinity in the de- 
scribed manner, the density of levels surrounding Ep 
will tend to infinity, and the two points occupied by 
nearest neighbors of the level at Eo will approach Eo 
symmetrically.’ As the level density increases, the sum 
involved in the expansion of the kernel occurring in 


’ While the two neighboring levels of EZ» are in general not 
symmetric with respect to Ep to start with, as the well becomes 
infinitely wide the asymmetry is a higher-order effect than the 
level spacing. 


the equation for Re(Eo), 
(E—Ho—Vc}'(1— Po), 


on the basis of the unperturbed eigenfunctions, can be 
approximated better and better by an integral, in 
which the energy interval between the two nearest 
neighbors of Eo is omitted. Since the latter approach Ep 
symmetrically, the result will tend to the Cauchy 
principal value of the integral extended over the 
singularity at Eo. If we call K the limit of Rg as the 
well radius becomes infinite, then K will therefore 
satisfy the integral equation 


K=012+0:2.0LE—HAo— Ve(12) RK. (7) 


It is, thus, the customary K matrix.® 

The energy shift AE is obtained from the diagonal 
elements of Rg taken not at Eo, but at the perturbed 
energy E,. We now simply avail ourselves of Fredholm 
theory to see that Rg is a continuous function of E, and 
that therefore Rg(E,)—Rp(E£o)—K (Eo) as the walls of 
the well recede and E,— Ep. Consequently, in the limit 
of large potential wells, the energy shift becomes pro- 
portional to the expectation value of the K-matrix. 

For a short-range interaction v2, the energy shift 
can be approximated by 


AE12= |Y12(0) | *(o,Ra(Ep)d0), (8) 


where ¢o is a plane wave. In the limit as the nuclear 
volume tends to infinity, then, AE;2 becomes propor- 
tional to 

Koo= (¢0,K@o). (9) 


The forward scattering amplitude, on the other hand, 
is the expectation value in the state described by ¢o of 
the operator R* which satisfies the same integral equa- 
tion as K, except that the principal value is replaced by 
an ie in the denominator. The K operator, however, is 
not the real part of Rt. 

The first of Brueckner’s equations’ is thus satisfied 
by the quantity appropriate to the bound-state problem. 
It is the large-nucleus limit of the operator whose 
expectation value yields the energy shift due to the 
interaction 2. 

The second set of equations of Brueckner is inter- 
pretable in the same bound-state language much more 
appropriate to the problem than the scattering termi- 
nology. These equations, then, demand that the poten- 
tial depth V¢(1) in which particle 1 moves be equal to 
the sum of the energy shifts* which it experiences when 

¢B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

7 We are referring to reference 1, Eq. (5) as the first, and Eq. (6) 
as the second, of Brueckner’s equations. The first is that for the K 
operator, there called #, in the presence of the potentials V¢(1) 
and V¢(2); the second equations express those potentials in terms 
of the K matrix. 

§ That these energy shifts are to be calculated in the presence of 
the potential wells, V¢(12), for both particles constitutes the self- 
consistency requirement. The physical justification for this is not 
entirely clear. The situation is quite different from that in the 
Hartree picture. Here one seems to add pair interactions to the 


“average potential,” which, in some sense, is already supposed 
to represent all the pair interactions. 
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its interaction with all other particles in the nucleus 
are successively turned on adiabatically. As the nuclear 
volume V tends to infinity, every individual energy 
shift tends to naught as V~'. The nucleus, however, is 
to contain a number of particles that increases pro- 
portionally to the volume. The sum of the shifts due to 
all other particles, therefore, will in general not ap- 
proach zero, and 


Ve(I)= 2 AE: (10) 


il 
will have a finite limit. 

If the Brueckner equations are thus approached 
from the bound-state situations, there is no ambiguity 
in the boundary conditions. It is clear that the require- 
ment of current conservation is too vague for us to 
obtain uniquely the conditions actually used. Any 
purely real (or purely imaginary) wave function will 
satisfy that condition. The boundary condition implied 
by the integral equation for the K operator specifically 
requires the wave function to vanish on a spherical 
surface at large distances. Other current-conserving 
state vectors would vanish on different surfaces. 

It might be well to mention in this context the kind 
of ambiguity in boundary conditions that is most 
easily overlooked. One may write a formal solution to 
Eq. (5), thus: 


Rz”= M2+ 02 E—Ho— V e(12) lio Po)ti2 


X (1— Po) 012. (11) 


Since we have shown that Rg goes over into the K 
operator, it follows that it does not tend to the operator 


R= N22 PL E— Ho- V c(12) — 012 | 042, (12) 


which is, in fact, simply the real part of Rt. In the 
language of phase shifts, the eigenvalues of R are pro- 
portional to sind cosé, those of the K operator, to tané. 
It is the appearance of the projection Po in the de- 
nominator of the kernel of Eq. (11) that makes the 
arguments leading to Eq. (7) inapplicable.® 

By way of a summary we can say the following about 
our results concerning Brueckner’s equations. The first 
of the equations is satisfied by the quantity appropriate 
to the bound-state situation in the limit of a large 


® The claim that the operator R of Eq. (12) satisfies Eq. (7) has 
been made, for example in K. A. Brueckner and C. A. Levinson, 
Phys. Rev. 97, 1344 (1955); see Eqs. (3) and (5) there. In the 
language of perturbation theory, the difference between R and K, 
ie., Eq. (12) and the solution of Eq. (7), appears first in the third 
order. The expansion of the kernel in Eq. (12) contains contribu- 
tions to the real part which come from even products of imaginary 
parts of zero-order Green’s functions, i.e., 5 functions, which never 
enter in the expansion of Eq. (7). 
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nucleus, namely the Rg operator, whose limit is the K 
operator. The self-consistency requirement, contained 
in the second equations, can be formulated entirely in 
bound-state language, and demands that each particle 
sees an effective potential that is equal to the sum of 
the energy shifts, in the presence of the effective 
potentials, due to successive pair interactions with all 
the other particles. Whether or not this requirement 
makes good physical sense we do not wish to decide. 
For any possible future attempts to sharpen the 
Brueckner equations in order to take more detailed 
nuclear surface effects into account, it is important, 
however, to decide which end of the approach can be 
physically understood. The surface correction terms 
will depend on whether (a) the primary justification of 
the coupled equations is the analogy with the multiple- 
scattering situation, and the bound-state formulation is 
therefore correct only in the limit of an infinite nucleus; 
or whether (b) the more fundamental physical require- 
ment is that contained in the energy-shift terminology 
and Brueckner’s equations are to be understood physi- 
cally only as a limiting case of the former. 

The similarity between the bound state and scattering 
equations was also used in a paper® on the energy shift 
of r-mesonic atoms. It is the resemblance between the 
dense level distributions on the left and on the right of 
the energy origin—one due to a Coulomb field of 
vanishing strength, the other due to the introduction of 
a large, finite normalization volume—that was exploited 
there. Presumably, it is the peculiarity of the Coulomb 
field—with its infinitely many discrete levels between 
the ground state and zero energy, which become in- 
creasingly dense near the origin—that is to justify the 
connection made between the two sides of the origin 
in the limit of vanishing Coulomb potential on one 
side, and of infinite universe on the other.” 

The point here, however, is that the authors of that 
paper used R as in Eq. (12), as the alleged limit of the 
bound-state operator Rg. Consequently, they connect 
the energy shift with the real part of the forward 
scattering amplitude. 

In view of our demonstration that it is K, of Eq. (7), 
and not R that emerges from the operator Raz, the use 
of Eq. (12) for connections between scattering and 
bound-state theory is in principle incorrect. For a 
calculation at zero energy, however, there is no prac- 
tical difference. The operators K and R are equal at 
zero energy. 

10 If a well-behaved potential were used in place of the Coulomb 
field, the similarity between the level situation on both sides of 
zero energy would entirely disappear. In that case the eigenvalues 


on the left would shift, one by one, into the origin and the last 
one would vanish even before the potential does. 
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The existing time-dependent formal theory of scattering is valid only for the simplest case. The theory 
is extended to the general case of rearrangement collisions including the case where all or some particles 
are indistinguishable. 

The outstanding feature of the scattering process is the existence of asymptotically constant observables. 
The formal expression of this fact is the existence of a set of basis functions ®, such that, if the Schrédinger 
state is written as a linear combination /c(n,t) exp(—iE,t)®,dn, the coefficients c have time-independent 
limits c,(m) for ==, the squares of which are observed probabilities. While in the simplest case the 
,’s are eigenfunctions of the unperturbed Hamiltonian, they form in general a nonorthogonal and linearly 
not-independent set which can be explicitly given, but there exists no linear operator of which they are 
eigenfunctions. As a consequence, it is impossible to define an interaction representation in which the 
states have asymptotic limits, and no linear S-operator exists. An S-matrix is defined, and it is shown to be 
connected with cross sections in the usual manner. An expression for the S-matrix in terms of time-inde- 
pendent solutions is given and shown to reduce to the usual one in the simplest case, but not in general. 
An integral equation for the scattering amplitude is given which is nonlinear. It has, however, the advantage 
of exhibiting directly the contribution of bound states in addition to Born’s approximation. Unitarity and 
reciprocity relations for the general case are derived. 








I. INTRODUCTION 


HE general case of scattering, where the reaction 

products may be different from the colliding 
systems, has been extensively studied in the time- 
independent forrialism.'~* Stueckelberg,‘ Schwinger,® 
and Dyson® introduced a representation of the scat- 
tering operator as the limit of a time-dependent operator 
U. This representation is not only satisfactory from a 
fundamental viewpoint, but also practically advan- 
tageous. The time-dependent formalism has since re- 
ceived much attention’ but it has not been generalized 
sufficiently to describe the general case of rearrange- 
ment collisions. The definitions of the S-matrix given 
by Schwinger and Dyson are not valid for the general 
case. This limitation seems to have been recognized 
only by Belinfante and Mller." 

The purpose of the present paper is the definition and 
characterization of the S-matrix as a limit of a time- 
dependent function for the general case. 

Since the time-independent theory cannot only deal 
with all scattering problems in configuration space, but 
is also able to produce time-dependent solutions by 
appropriate linear combinations of steady-state solu- 


1 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
2 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
3J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
*E. C. G. Stueckelberg, Helv. Phys. Acta 17, 3 (1944). 
5 J. Schwinger, Phys. Rev. 74, 1439 (1948). 
6 F, J. Dyson, Phys. Rev. 75, 486, 1735 (1949). 
7B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
8S. T. Ma, Phys. Rev. 87, 652 (1952). 
( ®M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
1953). 
© H. Ekstein, Phys. Rev. 94, 1063 (1954). 
1 Coester, Hamermesh, and Tanaka, Phys. Rev. 96, 1142 
(1954). 
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tions," the present paper does not fulfill a real need in 
this field. The need for a reformulation arises in field 
theory, where the use of configuration space is im- 
possible or awkward, and it is in view of this application 
that the present study was undertaken. In addition, 
some aspects of the theory in configuration space are 
more easily accessible in a formulation which is time- 
dependent at the outset, e.g., the orthogonality of 
steady-state solutions which describe different entrance 
channels (Sec. IV). 

We start with a re-examination of the basic question : 
which mathematical expressions represent the observed 
quantities? 

In scattering experiments, the evolution of the wave 
packet in time is masked by the rapid succession of 
independent and incoherent scattering events. The 
time-dependent theory describes only the single scat- 
tering event, and not a steady stream of incident 
particles. 

For clarity, a telescoping of these two concepts will 
be avoided. 

The characteristic empirical fact in scattering experi- 
ments is that the measured probabilities (differential 
cross sections) become, for sufficiently large distances, 
independent of the distance between the region of 
collision and the location of the measuring device. In 
the theory of the single event, this must be interpreted 
as the existence of a limit of observables as time 
increases. The objects of the theory are these asymptotic 
constants. 

The “initial” information to which these constants 
are correlated comes from monitoring experiments, in 
which the incident beam is analyzed after removal of 
the target. The probability distribution of constants of 


4. Ejisenbud, thesis, Princeton University, 1948 (unpub- 
lished). 
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the motion (momenta and internal coordinates) of the 
free projectile is measured. It is then inferred that in 
the actual scattering experiment the incident projectiles 
also have this distribution a long time before they 
interact with the target, i.e., in the distant past with 
respect to the time of collision; and even if the incident 
particles have been released from the source only a 
short time before their collision, it is useful to think of 
the incident particle as having traveled an infinite 
distance before collision. It is unrealistic to assume, as 
was done in the older literature, that one has in a 
scattering experiment any information concerning the 
initial state at a finite time (say, /=0). (See Sec. XII.) 

The reformulation of scattering theory (by Schwinger 
and Dyson*:*) is not primarily a device to introduce 
symmetry between past and future, but a step necessary 
to establish correspondence between measured and 
calculated quantities. 

The purpose of scattering theory is, then, to find the 
connection between the asymptotic limits of proba- 
bilities or probability amplitudes for ++ «© and — ~. 

In the one-channel case, these amplitudes are the 
coefficients of the expansion of the Schrédinger wave 
function in terms of eigenfunctions of the kinetic- 
energy operator. This is intuitively obvious, and can 
be shown to be mathematically correct. For the general 
case, the system of basis functions must be chosen with 
great care, if the expansion coefficients are to have 
limits. If the basis system is chosen arbitrarily, i.e., an 
“unperturbed Hamiltonian” Hp is arbitrarily separated 
from the Hamiltonian H, the expansion coefficients will 
not have limits; if one attempts to use a substitute 
limit, demonstrably incorrect results are obtained. 
(See end of Sec. II.) 

In scattering experiments, one tries to define the 
momentum of the incident projectiles as sharply as 
possible. This has led to the identification of the state 
in the distant past (or at ‘=0) with a plane wave. The 
use of a non-normalizable function as a state V(t) leads 
to mathematical complications’ which are unneces- 
sary. In the present paper, the entire general theory is 
based on finite wave packets of very general nature. 
The passage to the limit of sharp initial momentum is 
made only where the connection between the S-matrix 
and cross sections in the (idealized) experimental 
situation is established. (See Sec. XII.) 

In Sec. II, the single-channel scattering theory is 
recapitulated in a somewhat different manner, in order 
to show its inadequacy for the general case. In Sec. III, 
a set of basis functions ®, is defined such that the 
Schrédinger state V(t) tends to 


Vii J c4(n) exp(—iE,l)®,dn 


for ‘=+. In Sec. IV, the S-matrix is defined, ex- 
pressed in terms of eigenfunctions of the Hamiltonian, 
and shown to give the usual results in simple cases. 
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In Secs. V and VI, unitarity and reciprocity theorems 
are derived. In Sec. VII, it is pointed out that no linear 
operators exist which transform either the state in the 
distant past into that in the distant future (S-operator) 
or the set of basis functions into the orthonormal! set of 
“scattering” eigenfunctions ¥,* (Mller’s wave oper- 
ator). Transformation properties of the S-matrix are 
discussed in Sec. XIII, and two nonlinear integral 
equations of general validity are derived in Sec. IX. 
Certain simplifications, which occur when all particles 
involved are distinguishable, are discussed in Sec. X, 
and the S-matrix is identified with the coefficients of 
asymptotic expansion in configuration space in Sec. XI. 

The present paper considers only processes which can 
be described in configuration space. Application to 
field theory will be made in a later paper. 


II. INADEQUACY OF THE ONE-CHANNEL THEORY 


The definition of the scattering operator S as the 
limit of an operator U is, strictly speaking, only appli- 
cable to the case of two colliding particles, or, slightly 
more generally, several particles which are infinitely 
separated both before and after the collision, as con- 
sidered by Belinfante and Mller.* To show how this 
one-channel theory is limited, we summarize it in a 
somewhat modified manner. (We set #= 1.) 

We consider a time-independent Hamiltonian 


H=W+YV, (1) 


where W is the kinetic energy and V is of limited range. 
Its positive-energy eigenfunctions are Wz, .(x): 


Az, (x)= Epe,., (2) 


where s are parameters of degeneracy which may be 
discrete or continuous, but £ has a continuous range. 
A general state of the system without admixture of 
negative-energy eigenstates at the time ‘=0 may be 
represented by the Schrédinger wave function 


Vv(0)= foes n.se)abas, (3) 


where the integration may also mean summation with 
respect to some parameters s, but not with respect to E. 
The coefficient a(E£,s) is a square-integrable function. 
The state at some time ¢ is then given by 


Vv(j= femee ve Eds. (4) 


f a(E,se, :(x)ds 


is absolutely integrable for eyery x (a rather mild 
requirement), then, by the general properties of Fourier 
integrals, 


lim v(t)=0, 


| t|-+00 


(4a) 
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and since the range where V <0 is limited, 


Jim, f V*(i) VU (ide? =0. (5) 


In other words, the wave packet ¥(¢) will ultimately be 
outside of the range of V, and its further development 
is then described by the differential equation 


idV/dt=WY)|t|—+ ~). (6) 
Hence,!* 
VHF, (x) (H+), (7) 


where , is time-independent. If, therefore, the inter- 
action representation is defined, at all times, by 


#(t) =e!" Y(t), (8) 
we are assured that the limit 
(+ 0) =o, (9) 


exists and it is at least reasonable to assume that an 
operator § defined by 


o, = SO_ (10) 


exists, and that it is the limit of an operator U(t,r) 


defined by 
©(t)=U(t,r)®(7). (11) 


In the general case, however, no single Hermitean 
operator V can be split from the Hamiltonian H such 
that the essential Eq. (5) holds. For instance, in the 
simplest case of exchange scattering, we have a particle 
1 incident on a particle 2 bound by a fixed center. 
The Hamiltonian is 


H=W,i+Wet Vit Vit Viz, (12) 


where V;, V2, and V2 are the potentials between the 
center and the particles, and between the particles, 
respectively. For exchange scattering we have then 


jim (VitVis)¥() =0, (13) 


but 
lim (Vet Vi2)¥ (t) = 0, (14) 
t-++0o 
for that part of Y which describes exchange. Therefore, 
it is not possible to define an interaction representation 
such that Eq. (9) holds. Both the forms 


®, (1) = ef Wit Wat V2) Mp (7) (15) 
and 


b(t) = et Wat V DAY (1) (16) 


will fail to have limits for either ++ © or — ©, so that 
no operator S can be defined in accordance with Eq. 
(10). 


46 This description is oversimplified for brevity. The point is 
that for large times, the bulk of ¥(¢) is of the form (7). Since we 
need only space-integrals in the following, the omission of V for 
|t|+00 is rigorously correct. A more detailed discussion of the 
limiting process is given in the Appendix. 
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The distinction between the cases where ®(+ ~) 
exists and where it does not, is not a matter of mathe- 
matical subtlety which can be overcome by defining a 
substitute limit: it is a real physical distinction which 
leads to different results. 

As a consequence, the usual time-dependent theory 
of the S-matrix fails in the multi-channel case. Consider 
again the case of exchange scattering. The usual 
formula (e.g., reference 9) for the differential cross 
section i— 7 is 

vii~| (;, Vy;*) |*62;,2j, 


where ®; is an eigenfunction of the unperturbed, y;* 
one of the total Hamiltonian. In exchange scattering, 
the particle initially bound is found at large distances 
from the center of force. This situation must be de- 
scribed by a ®; which represents a positive-energy state 
of the unperturbed system of energy £,. If the energy 
E; is negative, it is clear that no solution of the equation 
E;=E; for such states $,; exists. Therefore, the usual 
formalism would predict no exchange scattering, if 
taken literally." 


Ill. THE BASIS FUNCTIONS 


We consider a time-independent Hamiltonian H in 
the Schrédinger representation with a number of po- 
tential terms. All potentials are assumed to be of 
limited range. In particular, no Coulomb interaction is 
considered at this point: long-range forces may be 
considered as a limiting case. 

The division of configuration space into external and 
internal regions is well known.'~* We assume that in 
the external region at least one term of the Hamiltonian 
vanishes so that the solution of the time-independent 
Schrédinger equation in each part of the external 
region is a superposition of basis functions ®, which 
represent bound fragments not interacting with each 
other. The channel a is characterized by the vanishing 
of the interaction term V, (and no other term). To 
illustrate this definition, which differs slightly from 
the usual one, by a simple example, consider a system 
consisting of two particles and an external field, vanish- 
ing outside a region near the origin. In the 6-dimensional 
configuration space, one can distinguish four channels 
as follows: 


|r:| small, |r2| large; |r2| small, |r;| large; 
|r:+12| large, |r1—r2| small; 
|rit+r2| and |r;—re| large. 


The definition of channels is only based on geometric 
relations, and does not include spins or internal coordi- 
nates of fragments. 


16 Although this point is rather obvious, it is perhaps not 
unnecessary to point out the limitations of the usual formalism, 
because it is frequently considered to be generally valid. Gell- 
Mann and Goldberger (reference 9) treat several multi-channel 
cases time-dependently, starting each time from prime principles 
and obtain correct results. Their S-matrixf ormalism, however, 
is restricted to single-channel processes. 
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The operator 


H-V.=H, (17) 


may be subdivided into the kinetic energy of the 
relative motion of the mass centers of fragments, and 
the Hamiltonian describing the motion of internal 
coordinates of the fragments. The basis functions are 
then products of the plane wave functions of the 
mass centers and of bound-state eigenfunctions of the 
fragments, if all particles are distinct; if some of the 
particles are identical, the basis functions are sym- 
metrized or antisymmetrized linear combinations. In 
the latter case, a basis function ®,, is finite in all those 
channels which are obtained by permutation of identical 
particles in one channel a; in the above example, these 
are the first and the second channels. The effective 
Hamiltonians in this group of channels are obtained 
from Eq. (17) by a permutation operation. We will 
then say that the basis function ®, belongs to a group 
of channels a. The basis functions ©, of one group of 
channels are not mutually orthogonal, and in either 
case they are not orthogonal to those of other channels. 
The basis functions of one group of channels form, in 
general, an incomplete set, since only bound states of 
fragments are contained in it; however, the basis func- 
tions of the “free” channel (all individual particles 
noninteracting) form always a complete set by them- 
selves. Thus, the complete set of basis functions is not 
linearly independent and, of course, not orthonormal. 
They cannot be considered as eigenfunctions of a 
Hermitean operator Ho. 

(While the channels are defined outside the internal 
region, the basis functions ®, are defined everywhere, 
and their overlap is important. We do not use special 
solutions for the internal region, as do Wigner and 
Eisenbud.! 

In the absence of admixture of bound states of the 
total system, the arguments of Sec. II show that the 
entire wave function W(¢) will ultimately be in the 
external region. While Eq. (6) does not hold, we have 
for the part of Y which is contained in channel a 


idV/at=HW (|t|-~), (18) 


and it is clear from the definition of the basis functions 
®,, that 


V0 fcalners#%badn (to+), (19) 


where £, are the eigenvalues of H., Hs, etc., and the 
integration is meant to include summation over all 
channels. 

While the basis functions are not orthonormal, they 
have the property that the normalization integral over 
the total configuration space 


(Pn,Pm)< 0 (nm). (20) 


We may assume them to be normalized so that 


(©,,P,) =5(n—m)+g(n,m), (21) 
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where g(n,m) is square-integrable and bounded. This 
leads to the asymptotic orthogonality of the basis func- 
tions in the following sense: 


lim («. Je-*acalmdm ) 
t>+t00 


=c,(n)e~**"*+ lim fe*tecnsm)ea (mdm 
t->400 


= 64 (m)e~*Ent, (22) 

The last step follows from the general property of 

Fourier integrals which has been used already in Sec. II. 
As usual, the absolute square of the scalar product 


(Paka, ¥ (¢)) 


is the probability of finding fragments in certain bound 
states m, with their mass centers having relative mo- 
menta k,. The asymptotic orthogonality of the ®,’s 
guarantees that, in spite of the unusual properties of 
the basis functions, the asymptotic probabilities are 
just the absolute squares of the coefficients c(m) in 
Eq. (19). 


IV. S-MATRIX 


For >+ «, 
HY 0) f ete (ny Pade. 
Therefore, 
V(0)= lim feet %cx (nyPadn, (24) 
t-++00 


To put this equation into a more useful form, we use 
the mathematical relation 


+00 
Jim f()=+ lim ef exp(+¥el)f(d)dt, (25) 


which is correct if the limit of f(¢) exists.!” If we set 
f()=e''g, (26) 


where A is a Hermitean operator, and g is time-inde- 
pendent, we get 


eo 
lim e'4¢g=+ lim e f eiAF Otgdy 
t++00 e+ 0 


=F lim g= lim [1—(A+ie)“1A ]g. (27) 
iA ze orto 


17 This theorem was first used in connection with scattering by 
Gell-Mann and Goldberger.? However, they use the right-hand 
side of Eq. (25) to define a substitute limit in a case where the 
proper limit does not exist. In the present paper, the limit exists 
properly, and Eq. (25) is used merely as a mathematica] tool. 
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By the use of this transformation, Eq. (24) becomes 


¥(O)= lim, fcx(m) 


X<[1—(H—-E,+ie)"(H—E,) }®,dn. (28) 


The functions 
Vat= lim [1—(H—E,¥Fie)-\(H-E,) a (29) 


are solutions of the steady-state Schrédinger equation 
describing outgoing and ingoing waves, respectively, 
which are asymptotically equal to ®,. Indeed, if we set 


Vn~=P,+ Went, (30) 
the Schrédinger equation is 


(H—E,Wen*= — (H—En)®n, (31) 


and 


Yen*=— lim (H—E,Fie)"(H—E,)Pn, (32) 
er) 
and Eq. (29) follows.'® 
We shall now prove that the solutions y,* and ¥,~ 
each form an orthogonal system, even if they belong 
to different groups of channels. 
By comparing Eqs. (24), (28), and (29), we have 


lim 
t-—++00 


cities (nyoadn= f caln)bFdn, (33) 


or, symbolically, 


dim fF) a= Ya", 
= 


(34) 


although this equation is meaningful only if multiplied 
by a square integrable c(m) and integrated, and the 
time limit taken subsequently. Hence, 


J lon) (ba ta) 
=lim f c(m)e “(Ba Ea)t(, ©,,)dm 
-_ f c(m)e~‘#m—B0) [5 (n—m)-+9(n,m) ]dm 


=c(m)-+im f c(om)e#=- g(a 


(35) 


=¢(n). 


18 In the following, the “lim” symbol will frequently be omitted 
for brevity. 
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The last two steps follow from Eq. (21) and from the 
asymptotic vanishing of Fourier transforms of square- 
integrable functions. 

Equation (35) proves the orthonormality of the 
eigenfunctions y,* and, separately, of the y,~. 

It should be remembered at this point that the 
functions ¥»a* belonging to a group of channels a do 
not form a complete set, since their asymptotic parts 
®, include only bound states of the colliding fragments. 
Therefore, Eq. (35) is not absurd, as it would be if a 
subset of the y,* were already complete. Nevertheless, 
the result is surprising: there is at least one channel 
(the “free” channel) which has already a complete set 
of ®,’s. Each of these ®,’s has an associated y, which 
nevertheless is orthogonal to all y,’s of other channels. 

Equations (24) and (33) may be written explicitly 


¥(0)= f c_(n)pntdn= f C4 (n)Pn-dn. (36) 


The S-matrix consists of the elements of the integral 
operator which relates the initial packet c_(m) to the 
final packet c,(m). It is shown in Sec. XII that the 
S-matrix so defined is related to cross sections in the 
usual manner. 

In virtue of the orthogonality of the y,’s, we obtain 
from Eq. (36) 


col) f Wa tt)e(om)am 


(37) 


Hence, 


S(nm) = (Wan Wm"). (38) 


This result is formally identical with one obtained by 
Gell-Mann and Goldberger.? However, because of the 
different definition of our y,’s, it has different conse- 
quences. 

The representation of the S-matrix as a double 
time limit is obtained from Eqs. (34) and (38): 


S(njm)= lim (e#-#0,,e54-En"q). (39) 


From Eq. (29), we have 


vn =Vatt ((a- E,— ie)“ 


a (H—E,+ ie) ](H— E,)®. (40) 


From Eq. (38), 


% The operator H is not in general Hermitean with respect to 
nonsquared integrable functions. If it were, one could conclude 
that ((H—E,)Pn, Ymt)=(n, (H—Enmt)=0 on the energy 
shell since ¥m* is an eigenfunction of H. However, there is no 
reason to doubt that the adjoint of (H—E,—ie)" is (H—E, 
—ie)“, as long as e is finite. 
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S(n,m) = (Wn Wnt) = (Wnt mt) + (((H- E,—ie) 
—(H—E,+ie)](H — Ex) ®n, Ym*) 
1 


En— E,—te 


1 
=a(n—m)+{— -- 
En—E,+ie 

x ((H— En)Pn, Wm) 
=6(n—m)—27rid(E,— En) 


X ((H— En)Pn, Ym*). (41) 


Similarly, by solving Eq. (40) for y,,+ and substituting 
into Eq. (38): 


S(n,m)=65(n—m) 


—2ri6(En— Em) n-, (H—Em)®m). (42) 


In the usual notation, 


Sam=8am— 29i5(En— Em) Ram, (43) 


where & is defined only on the energy shell E,= Em. 
Two matrices R,»* can then be defined in general by 


Rt = ((H- E,)®n, Vm*), 


Ram = (Wn, (H— Em) Pm), (44) 


which are equal on the energy shell, but not otherwise. 
It can be verified that these results are equivalent to 
the usual ones if a proper Hermitean scattering potential 
V exists so that Eq. (5) holds and 
(H—V—E,)®,=0. (45) 
For then, Eq. (44) gives 
Rant = (VOiYm*) _ (4,, J ‘Wm*), (46) 


which is the familiar expression.’ If the particles are 
distinct, and if @ is the entrance channel and B one 
other channel, we have 


(H—E,)®,'=V g@,? (47) 
for a basis function ®,° of channel 8, and 
vate=,"— (H—E,—ie)'V o®,*. 
Hence, by Eqs. (44) and (17), 
Ram* = (®1°,V hat), 


(48) 


which is also in agreement with previous work. 
Next, we consider two identical particles, one inci- 
dent, the other initially bound. The Hamiltonian is 


H=W+V(1)+V(2)+V (12), (12) 


with V(12)=V(21). The basis functions ®, are linear 
combinations of eigenfunctions of the truncated 
Hamiltonians 
CW+V (1)—EnJxn(21)=0, 
(49) 
(W+V(2)—En ]xn(12)=0, 
namely 


@n= (1/V2) xn (12)x0(21)). (50) 
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If we set as a first approximation y,,+~®,,, we have 


Ramt =3({LV (1) + V (12) Jxn(12) 
+[V (2)+V (12) }xn(21)}, (xm(12)+xm(21)}) 

= (xn (12), [V(1)+V (12) ]xm(12)) 
+ (xn(21), [V(2)+V (12) ]xm(12)), 


which is identical with Oppenheimer’s approximation.” 
It is seen that the formula for R,,,* contains both the 
“direct” and “exchange”’ scattering. 


(51) 


V. UNITARITY 


The inverse integral operator S~'(n,m) is evidently 
defined by solving Eq. (36) for c_(n): 


C in)= fs '(n,m)c4(m)dm. 


Again, we can conclude from the orthogonality of the 
Vn: 

é: (n)= f (Uttar Jex(m)dm, (53) 
so that 


S™ (n,m) = (ont Wm), (54) 


and, by comparison with Eq. (38) 


S(n,m) =[S-!(m,n) }*, (55) 
which proves the unitarity of the S-matrix for the 
general case. 


VI. RECIPROCITY RELATION 


We prove the reciprocity relation only for the simplest 
case, where the Hamiltonian is real. In this case, the 
bound-state eigenfunctions in*the ®,’s may]be con- 
sidered as real, and the complex conjugate of ®, merely 
has the direction of the momenta reversed. This may 
be expressed by writing ,*=_,. From Eq. (39), we 
have 


S(—m, —n)= lim (e(4-Em th, * ei(H-En) rh, *) 
t~o 


T—2 


= lim (e(A-En) re ,* ei H—-Em) th, *) 
t-@ 
T~-— @ 


lim (e~t(H-En) th, ¢—i(H—-Em) th, ) 
t@ 
T— 2 


lim (e~i(H- En) th, ei H-Em) th, ) 


t~—o 
tT 2o 


=S(n,m). (56) 


VII. NONEXISTENCE OF AN S-OPERATOR 


If it were possible to define a linear operator Ho so 
that 
H@®,=E,9,, (57) 


is ”N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (The Clarendon Press, Oxford, 1949). 
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the asymptotic form of the Schrédinger wave functions 
could be written 


Vf eBeeg nan = ete, (58) 


and an operator S could be defined by 
}, = SG_, (59) 


as in the single-channel case. Since, however, the set of 
®,’s is not linearly independent, a given basis function 
®, may be represented as a linear combination of others 


bon f alia, (60) 


and if Ho were a linear operator, it would follow that 


(61) 


A= fee (n)®,dn, 


which is in general not compatible with 


H@®,= FE). (62) 


Consider as an example a basis function ®, which 
represents a bound state of all but one particle and the 
remaining particle with small kinetic energy so that E, 
is negative. ®; can be represented as a linear combina- 
tion of the “free” channel functions ®,/ which are just 
products of plane waves and form a complete ortho- 
normal set by themselves: 


ne f (®,!,6,)®,/dn, (63) 


and if Ho were a linear operator, 
Hébr= f Eq! Oy! ds)bs!dn, 
whereas by the definition of Ho, 


Ho; => Es f (®,/,2;)®,/dn. (65) 


Since these two expressions should hold for every point 
of configuration space, we may conclude from the 
uniqueness of Fourier integrals that they are incom- 
patible. Hence, no linear operator Ho can be defined, 
and therefore neither can any operator S in the usual 
sense (i.e., no one-to-one association of one dense set 
of state vectors to another one). It is also impossible 
to define, in the general case, a linear wave operator Q 
through 


nt =29,. (66) 


As a proof, consider again the representation of the 
basis function ©, with negative energy E, by plane 
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wave functions ®,/. If a linear operator existed, we 
could conclude 


vit= [ean an= [se vatdn, (67) 


However, we have shown that all y,*’s are mutually 
orthogonal; hence the linear combination of y,,+/ must 
be orthogonal to ¥:*, contrary to the above conclusion. 
Therefore the continuous matrix S(n,m) must be con- 
sidered simply as an array of numbers rather than, as 
in the single-channel case, a particular representation 
of a linear operator defined in Hilbert space. 


VIII. TRANSFORMATION OF THE S-MATRIX 


It is not possible to make use of the general transfor- 
mation theory of linear operators as in the single- 
channel case. Nevertheless, the usual transformations 
can be carried out without difficulty. First, the choice 
of the basis functions ®, is sufficiently arbitrary so that 
linear combinations of degenerate ®,’s can be formed 
to obtain functions which are eigenfunctions of the 
total spin, isotopic spin, etc. Second, the R-matrix 
which is a function of two sets of momenta may be 
represented as a sum of spherical waves with respect 
to both variables: one only has to expand both ®, and 
Wm* and carry out the integrations. In this manner, one 
obtains the usual discrete matrix elements Snm, well 
known in the time-independent theory. 

However, it is not possible to use spherical waves at 
the outset of the theory. Time-independent functions 
which represent outgoing or incoming waves are singular 
at the origin and therefore not useful as basis functions. 
Standing spherical waves lack the property that packets 
of the form 


Vv()= fclo)iye-*#='in 


become (and remain) asymptotically solutions of the 
Schrédinger equation, since a part of a packet of 
standing waves will ultimately flow back to the origin. 
Hence, only functions of the plane-wave type are 
acceptable basis functions. 


IX. INTEGRAL EQUATIONS 


We have defined two matrices R+(m,n) which are 
equal on the energy shell Z,,=£,, but not otherwise. 
We shall now obtain integral equations for these 
matrices. 

If in the equation defining y,+ [Eq. (29) ] 

v.t=®,— (H—E,—ie)(H—En)®n, (68) 
each term is premultiplied by (H—E»,)®m, one obtains 


((q— Em)®m, Vat)= ((H-— Em)®m, ®,) 


—((H— En)®m, (H— En—te)"(H—E,)®n). (69) 





THEORY OF TIME-DEPENDENT SCATTERING 


We now assume that the rigorous eigenfunctions 

nt, together with negative-energy solutions ¥ (bound 
states of the total system) form a complete set and we 
represent the function (H—£,,)®, as a series of these. 
Using the definition [Eq. (44)] of R+, we obtain the 
integral equation 
Rt (ml) R** (nl) 

dl 

E(l) — E(n)—ie 

((H— Em)®m, vo) ((H—E,)®,, vs)* (70) 

eras) | 

6 E,+ | E,| 


R*(m,n) = ((H— En)Pm, #)- f 





In the last term, the transition to the limit e=0 can 
be carried out since all E,’s are negative. 
Similarly, one obtains the integral equation for R-: 


R-(In)R-* (Im) P 
E()— E(m)— Ps 
((H— En) Pn, Yo)*((H — Em) Pm, Po) 


b Emt | Es! 





R-(mn) = (®», (H— E,)®,)— J 





(71) 


These integral equations have the great disadvantage 
of being nonlinear. The impossibility of finding linear 
integral equations in the general case seems to be 
connected with the nonexistence of a proper scattering 
potential V.! 

Iteration of the integral equations leads to results 
quite similar to those of the usual perturbation theory. 
If we set 


((H—Em)P®m, Pn) = V (mn), (72) 


(although there exists no linear operator of which V (mn) 
is the matrix element), the two expansions are, in 
absence of bound states, 


V (ml) V* (nl) 


R+(mn) = V (mn) — Vea tia 
SlbJ— —té€ 


(73) 


V (ml) V* (nl) 
E(l) — E(m)—ie 





(74) 


R-(mn) = V* (nm) — f 


Since” 
V* (n,m) = (®,, (H— En)Pn)= ((H—En)®n, Pm) (75) 


is equal to V(mn) on the energy shell, the two expan- 
sions are equivalent. 

The third term in Eqs. (70) and (71) can be evaluated 
explicitly and could be considered as a correction to 


21 Note added in proof.—If the functions ®, were eigenfunctions 
of a linear operator Ho, Eq. (70) would reduce to Eq. (5.14) of 
reference 9. For the scattering of mesons by a fixed nucleon, Eq. 
(71) is identical with Eq. (5.36) of G. C. Wick [Revs. Modern 
Phys. 27, 339 (1955) ], where @ is defined by Wick’s equation 
(5.23) and use is made of Eq. (5.28). 

Tt is easy to verify the self-adjoint property of (H—£,) with 
respect to the functions @, and ®,, from their definition in 
coordinate space, by Green’s theorem. 
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the first term which is Born’s approximation: whether 
it is of practical value remains to be seen. 


X. DISTINGUISHABLE PARTICLES 


If all particles are distinguishable, certain simplifi- 
cations are possible. The basis functions ®,4 are then 
eigenfunctions of H, [Eq. (17) ]. That part of the wave 
function which is in channel a has the asymptotic form 


eat), (x), 
where Wa, is time-independent. For the present case, 
bound states of the total system, y, may also be 
considered without additional complication. The total 
wave function has the asymptotic form 


V(x)—->d. e~ Halt 4 (x) + >>, eH wy, (76) 


10 
The states y, vanish exponentially in the external 
region, and are asymptotically nonoverlapping with 
the wave packets of the channels. Hence they may be 
included as an additional channel 6, with H,=H: 


V(x) Lia e~Halt-Oy, + (x). (77) 
t40 


Clearly, Yo. =o. 

Let P. be a projection operator which annuls the 
wave function everywhere except in the channel a. 
Then, 


P.W—¢exp[—iHa(t—to) Wa+(x). 


t—+00 


(78) 


We define operators U, by 
U a (t,to) = e*# alt) Pet (t- to), 


Since W (t) = e~*# (-f (to), it follows from Eq. (78) that 


(79) 


lim U a(t,to)W (to)=Wa+(), (80) 


and the limit exists under the indicated conditions. 
In general, 
U.(4+, to)= lim exp[iH.(t—t) |P« 
t+t00 
Xexp[—tH(t—to) ]. (81) 


Since the projection operators P, cover nonoverlapping 
parts of the wave function for +++ ~, 


lim (P.V,Ps¥)=0 (ax8). (82) 
to+00 


Hence, the constancy of the normalization (¥,¥) 
requires that 
= Dia(Pa¥,Pa¥) oa (Y (to), V (to) ) = La (Wat Wa +). (83) 


It follows from Eq. (80) that 


Da Val(4, ly) UVal+~, fy) =1, (84) 
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and 


Vaz =Ua(+ ©, bo) V (to) 
=U4(+ ©, bo) dia Val(+ ©, bo Par. 


For the single-channel case, these equations reduce to 


UtU=UUt=1, (86) 


(85) 


which expresses the unitarity of the U-operator. The 
operators U,'(+ «, fo) have meaning only when they 
act on wave packets Wa, i.e., on square-integrable wave 
packets of channel eigenfunctions (a), as can be seen 
from Eqs. (84) and (86). 

In order to relate the state of the distant future to 
that of the distant past, we observe that, by Eqs. 
(80), (84), and (81), 


Var=U,(@ 0) (0)=Ue(~ 0) Eg Ust(— 2, OWs 


= lim dg ef at Pe *Ht-2) Pye tH, P 


t-@ 


(87) 


rT=-—2 


Since each of the operators e~*”6" acts only on a wave 
packet of channel functions (8), the resultant function 
will still be in the same channel, so that the operator 
Ps may be omitted. 
We define operators 
Sag= Ua a 0)Ugt(— 2 ’ 0), 
with domains restricted in the foregoing sense. Then, 
Vai= Ye Sash p_. (89) 


The constancy of the normalization requires again that 


Da Wa-Wa-)= Di a(WarWa+), (90) 


a Sap'Say= i, 


if the unit operator is meant only to reproduce wave 
packets of channel eigenfunctions (7). By interchanging 
+ and — signs in Eq. (87) and in view of Eq. (88) we 
have 


(88) 


and, hence 
(91) 


Va-= Los Sap, (92) 


and constant normalization requires that 
Le SyaeSpat=1, (93) 


with respect to any wave packet of channel eigen- 
functions (8). 

Let us summarize the results: the state in the distant 
past (future) is completely specified by the sets of 
functions Pa_(Wa+). Each function ~e, is a square- 
integrable wave packet of channel eigenfunctions (a); 
they are not mutually orthogonal. The connection 
between past and future is given by a square array of 
operators Sag by the scheme: 

vi- | 


(Wit | (Si Sis | | 
Woe So See ve| 


we. th 
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if the functions Wa;(Wa_) are considered as vector 
components and the operator array acts in the sense of 
matrix multiplication. The inverse to Eq. (94) is 


vi | Snuf Sat eo Vi4 | 
Yo | Siat Soot +++ | | Way} 


a 


| 
| 
| 
} 
| 
| 


| 


While none of the operators Sag is unitary, the array of 
the Sas is unitary in a somewhat extended sense of the 
word. 

The general case of indistinguishable particles can be 
reduced to that considered here, if it is postulated that 
the wave packet ¥a_ should be equal (or the negative of) 
any Wa’, which corresponds, in configuration space, to 
the interchange of any two particle coordinates. This 
is the analog of the usual procedure in the time- 
independent formalism.” 


XI. IDENTIFICATION WITH HEISENBERG’S 
S-MATRIX 


In the case of distinguishable particles, the R-matrix 
obtained from time-dependent theory can be connected 
with the asymptotic form of the time-independent 
solutions y,* in configuration space. Consider a channel 
a which corresponds to the free motion of NV fragments, 
with mass centers m---ry. The interaction term V. 
vanishes if all relative distances (r;—r2)--- are suffici- 
ently large. The Schrédinger equation for s+ may be 
written 


(Ha— E)vs*=—V avs", 


where 8 is the “entrance channel,” i.e., Ygt has the 
asymptotic form #,. In channel a, Eq. (96) yields 


Ust= — (Ha—E-ie)"'V st + bass. 


Equation (97) is now written in that representation 
which diagonalizes the momenta of the fragments, 
k,---ky and the internal energies of the fragments, i.e., 


vet =D gi(ki- - -kw)x(7), 


where the functions x; are products of bound-state 
eigenfunctions of the internal Hamiltonians. 


(96) 


(97) 


N 
g1=Sea(k—k’)—D[W (ks) —E:x—ie} Vest. (98) 
1 


The remainder of the calculation is identical with the 
one in the single-channel case* except that several 
momenta k and coordinates r’ are involved. One 
transforms g; into coordinate representation by Fourier 
integrations, going to the limit of large r, and large 
relative distances (ri—r2)---. The result is a product 
of Green’s functions of the individual fragments with 
a coefficient 
(Pa, V We") = Rt (name), 


=P. A. M. Dirac, The Principles of Quantum Mechanics (The 
Clarendon Press, Oxford, 1947), third edition, p. 196. 








THEORY OF TIME 
where ®, corresponds to those momentum vectors 
which point toward the location of the fragments (i.e., 
k,||r1, etc.). 

This identification of the matrix R with the asym- 
ptotic form of the time-independent solution is valid 
only for identifiable particles. For the general case, 
the connection is complicated, as can be seen from the 
exchange scattering considered in Sec. IV. We obtained 
there the direct and exchange scattering amplitudes 
together from the general formalism, but we would 
have to add up contributions from two essentially 
different parts of configuration space if we wanted to 
obtain the observable cross sections from the time- 
independent solutions. The only possibility for using 
time-independent formalism is to disregard the identity 
of the particles at first and to make the necessary 
corrections subsequently, as it is done usually.” In 
field theory, such a procedure would be extremely 
awkward, if at all feasible. Thus, the only reliable 
foundation for scattering in field theory is the time- 
dependent approach. This was the main motivation 
for the present investigation. 


XII. CROSS SECTIONS 


In scattering, the question is not that usually con- 
sidered: given the state at an initial time, what are 
probabilities at a later time? It is rather: given that 
the state at a time (say, zero) is known when the target 
is removed to infinity, what are probabilities at times 
t+ co when the target is returned to its place (say, 
x=0)? The data obtained in the monitoring experiment 
can be evaluated as follows: If it is known that a wave 
packet is described by 


Wi= f clo)bae*'dn, (99) 


for all times at which the target is sufficiently far from 
the projectile, then the monitoring experiments provide 
information (partial or complete) on c(m), since 


v(0)= feta, (100) 


after removal of the target. When the target is restored, 
Eq. (100) does not hold, but ¥(¢) is still described by 
Eq. (99) for H+— «, when the projectile is far removed 
from the target. Hence, the monitoring data describe 
the function c_(n). 

The particular form of c_(m) usually considered (and 
from which the more general case can be handled by 
linear superposition) is that for which c_ describes a 
state in which the internal coordinates are characterized 
by sharp discrete quantum numbers, while the mo- 
mentum k of the projectile is almost sharp. Suppose 
that, in the monitoring experiment, the wave function 
was found to have the form of a plane wave with 
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propagation vector ko,= Ko inside a large box of edge a, 
and to vanish outside. We can then infer that in the 
scattering experiment 





2 \! sin(ak,/2) sin(ak,/2) 
Cc ikn)=(—) : — : 
sin[a(k,—Ko)/2 | 
x 
k,— Ky 


Tra 





(101) 


Onno, 


where c_ has been normalized as usual, and m stands 
for all discrete subscripts of ®,. Let 


1 sin(ax/2) 


5a(x)= (102) 


Tv x 


2 \! sin(ax/2) 
FE a vow 
3a x 


so that 


liméa=6(x) (104) 


lim(A,)?=6(x). (105) 
The asymptotic probability density for finding the 
system characterized by momenta k and discrete labels 
n, is 

2 


(106) 


P(k,n)= | , f (ken| S| k’n’)_(k’n’) dk’ 


If a were taken to the limit now, the result would show 
no scattering because a projectile spread over all space 
has a vanishing chance of hitting a finite target.* We 
are interested in the number V(k,m) of measurements 
if the current density 7 of projectiles is given. Clearly, 
the number of incident particles per second is 
n=aj, (107) 
and, hence, 
N=@jtP. (108) 
It is now possible to let a increase, j being fixed. The 
number of measurements (k,n) per interval dk and 
per second is 


N 12 
—= j lim|) f a(kn|S|k’n’)c_(k’n’)dk’| , (109) 
t an n’ 


% This is due to the fact that we use no box to define the basis 
functions. The fact that in an idealized scattering experiment, the 
probabilities vanish and the cross section appears as an alternative 
to (rather than proportional to) the probability, is pointed out 
by W. Heitler, The Quantum Theory of Radiation (The Clarendon 
Press, Oxford, 1954), third edition. 
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or, by Eqs. (101-103), 


N 
ite f tne f dk’ (| S| k’ne) 
t an 
2 


Xba(Re’)ba(ky’)Aa(ke’— Ko) . (110) 


If the two functions 6, are first taken to the limit, the 
integral gives, by Eq. (43), for k’~ ko, 


—2mwi(kn| R| pono) (dp/dE)Aa(po— Ko), 


where £p is the energy of the initial ® as a function of 
momentum #, and fo is that momentum which satisfies 
Etinai= Eo(p). After squaring, A, is taken to the limit: 


N 
l 


dp \? 
= (2m)*j| (kn|R (=) nits 
(2m)*7| (kn| R| porto) | ik (po— Ko) 
2n)*j|Ryol? sy Vou Fy). (111) 
= ( 3)*7| fo (=) dp L¢— £19). 


The differential cross section is 


dQ 
do =— f NRdk 
jt 


dp dk 
= (2m) 4d f |Ryo|* ke 0(Ey— Eady 


40 uf 


dp dk 
= (29r)*dQ Ryo mona —kf, 
40 f 


(112) 


where Ryo and the other factors are taken on the energy 
shell. Although we have used units #=1, Eq. (112) is 
also correct in cgs units if p and k are considered as 
propagation vectors rather than momenta. Equation 
(112) can be written in terms of final and initial 
momenta and velocities p,;, 2;, vy in the more familiar 
form 


do= (2x/h)*dQ| Rys|?(p7/02)). (113) 
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It has now been shown that the S-matrix defined in 
Sec. IV has the same relationship to cross sections as 
the S-matrix usually defined for the single-channel case. 
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APPENDIX 


In the following, we distinguish between strong and 
weak convergence of asymptotic limits. From 


lim ¥(é)=0, 


| t|—+00 


(Al) 


it follows that (¥(#),VW(t)) vanishes asymptotically, 
but, of course, not that (¥,W) or (W,WY) vanish. 
The equation 
jim V¥(@)=0 (A2) 
holds in the strong sense, i.e., it can be formally multi- 
plied by a bounded function, integrated over space, 
and the time limit taken subsequently while (A1) holds 
only in the weak sense. To avoid confusion, all equa- 
tions involving time limits of functions, except (4a), are 
meant to hold in the strong sense. To summarize the 
notation explicitly, Eq. (A2) is an abbreviation for 
lim(/, V¥(t))=0, (A3) 
where W(t) is a solution of the time-dependent 
Schrédinger equation, square integrable, and contain- 
ing no admixture of eigenstates of the total Hamiltonian 
which belong to the discrete spectrum, and f is a 
bounded function, not necessarily square integrable. 
A more precise mathematical discussion is found in 
reference 12. The possibility of including admixtures of 
discrete-state eigenfunctions is discussed in reference 10. 
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Optical Model Potential for Pion-Nucleus Scattering 
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The assumption that two-body forces are not appreciably modified within nuclei offers the possibility 
of calculating the optical-model potential from two-body scattering phenomena. For instance, the dispersion 
relations recently proposed by Goldberger permit one to make a calculation of the pion-nucleus well depth 
directly from observed pion-nucleon scattering cross sections. The results predict a rather striking variation 
with energy for this potential and appear to be in fair agreement with the available experimental data. 
The physical basis for the potential is investigated. Numerical calculations using meson theory (in the 
form proposed by Chew) are in disagreement with the results from the dispersion relations (as well as 
the experimental values). This involves solving an equation closely related to that used by Brueckner et al. 
in their study of nuclear saturation. The relations of the potential to various nuclear properties are dis- 
cussed—for instance, it is shown in detail that the resolution of the nuclear radius is limited to the range 


of the two-body interaction. 





I. INTRODUCTION 


TUDIES of the elastic scattering of fast particles 

by atomic nuclei have frequently been made within 
the framework of the “optical model.” According to 
this model one replaces the interaction between particle 
and nucleus by a complex potential well having the 
form 


V (x)= Vo(wo)p(x), (1) 


where p(x) is the nuclear density at point « normalized 


to 
owes Va, 


the nuclear volume. The complex quantity Vo(wo) is 
called the “well-depth” and is a function of wo, the 
energy of the incident particle. 

The applications of the optical model to nuclear 
scattering have been twofold. The most frequent 
application has involved obtaining the well-depth 
Vo(wo) [for some p(x) ] which best fits the scattering 
data at energy wo.?' The second application supple- 
ments this by attempting to deducethe values of Vo(wo) 
from the interaction between a pair of elementary 
particles.*® 

It is this latter aspect of the optical model to which 
this paper is devoted. We shall be specifically concerned 
with m-meson-nucleus scattering. According to the 
most elementary theory, Vo(wo) should have the form 
[excluding the term involving meson absorption—this 


*On leave of absence from the University of Wisconsin’ 
Madison, Wisconsin. 
1 We shall, for simplicity, treat the nucleus as being sufficiently 
heavy that its recoil at the time of collision can be neglected. 
2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
3 T. Taylor, thesis, 1954, Cornell University (unpublished). 
4 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 
5J. O. Kessler and L. M. Lederman, Phys. Rev. 94, 689 
(1954). 
®R. Jastrow, Phys. Rev. 82, 261 (1951). 
7K. Watson, Phys. Rev. 89, 575 (1953). 
® N. Francis and K. Watson, Phys. Rev. 92, 291 (1953). 


term is correctly included in Eq. (6) }: 


‘S pe? Wf Wr(c.m.) Ju 
Vo(wo) = area wc) | nemuman | fo(wo), (2) 
2 E, Me? h 


where fo(wo) is the forward scattering amplitude in the 
center-of-mass coordinate system (to be abbreviated 
c.m.) for pion-nucleon scattering averaged over the 
neutrons and protons of the nucleus.’ uv is the pion 
rest mass, M the nucleon rest mass. £ is the kinetic 
plus rest energy of the pion in the laboratory frame of 
reference. Wr(c.m.) is the kinetic plus rest energy of 
the system in the c.m. system. Finally \ is determined 
from the nuclear radius R[V 4= (44/3)R*] by 


h 
r=4(—)r (3) 
uc 


The expression (2) is readily obtained from the form 
for Vo(wo) given in Sec. II, Eq. (32), on observing that 
fo(wo) is related to the forward scattering amplitude in 
the laboratory system, fo 1a» by 


fo tab/ P= fo(wo)/k, (4) 


where k and p are respectively the momenta in the 
center-of-mass and laboratory systems for pion-nucleon 
scattering. 

It is convenient to treat separately the real and 
imaginary parts of V; 


Vo(wo) = Vr(wo)+iV 1 (wo). (S) 


We briefly review the expected’* form for Vr(wo) 
which arises as a result of inelastic scattering within 


_* We shall consider only positive or negative pion scattering. 
For x+-mesons for instance, 


f= i] F443] nta[i—4] a, 


where fy and /; are forward scattering amplitudes for isotopic 
spin } and 3, respectively and Z and A are the respective atomic 
number and mass number of the nucleus. We shall assume that 
ZA /2 in this paper, so x+- and x~-mesons will have identical 
fo’s. [For x~-mesons, we replace Z by (A—Z) in the above 
expression. ] 


891 





FRANK, GAMMEL, AND WATSON 





i L 1 dean 1 
60 100 = 140 2 160 62200 = 260 300: 340 
(E> pe") MEV 








Fic. 1. The mean free path in units of (#/yc) for a pion in 
nuclear matter, as calculated from Eqs. (6), (7), and (9), is given 
as a function of the pion energy within the nucleus in the labora- 
tory frame of reference. 


the nuclear medium. We have 
1 :.% 
—=—+-. (6) 
Pk Se 


Here », is the pion velocity in the laboratory frame of 
reference, \; is the mean free path for either an inelastic 
scattering or absorption of the pion by the nucleus, 
and X, is the mean free path for an inelastic scattering. 
The latter is given by 


1 3 uc\ 7 uc 

d, 4nd? h h 
where ¢@ is the average of the r*-proton and m~-neutron 
total scattering cross sections (see reference 9). It is 


é=4y[o(x*, prot.)+o(xt, neut.) ]. (8) 


y represents a correction to the free-nucleon cross 
sections due to nuclear binding. It has been calculated 
from the model of Goldberger.’°" 

For \, we use the model’? which considers 1/A, to be 
proportional to the capture cross-section oz of pions by 
deuterons.” We write 


1 uc 1 
—= |= [0.107] -(o14+99], (9) 
A ee n 
where 


n=k/pe (10) 


is the pion momentum in units of yc. 


1M. L. Goldberger, Phys. Rev. 74, 1269 (1948). A formal 
derivation was given in reference 8. 

1M. H. Johnson, Phys. Rev. 83, 510 (1951). 

2 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 

3 We take og= (4.45/n)(0.14-+7? lem? from the semiempirical 
formulas of M. Gell-Mann and K. Watson, Ann. Rev. Nuc. Sci., 
1954. The proportionality constant I’ is taken to be ['=4 (see 
reference 12). 

4 The model is summarized and some numerical values are 
given in N. Francis and K. Watson, Am. J. Phys. 21, 659 (1953). 


Values for A, are given in Fig. 1. For quantitative 
reference these are also tabulated in Table I. 

We shall be primarily concerned with Vr(wo), the 
real part of Vo(wo). This depends upon the real part of 
fo, which is (by reference 9) 


Re(fo)= (1/3)[2 Re(f,)+Re(/;) J, (11) 
= (1/3k)[Jyt+-4J4).- 


Jy=sin2a3;+sin2a3:+ 2 sin2a3s, 


12 
Jy= sin2a;+ sin2a1:+2 sin2a3, ( 


where the a’s are the pion-nucleon phase shifts in the 
notation of Anderson, Fermi, Martin, and Nagle.'® The 
indices $ and } refer to the isotopic spin of the pion- 
nucleon system. 

Given the phase shifts, it is now possible to calculate 
Eqs. (11) and (12) and thus the real part of the po- 
tential depth Ve(wo). A considerably more elegant 
method has recently become available with the publi- 
cation by Goldberger'* and by Goldberger, Mijazawa, 


TABLE I. Values of [A:(uc/h)] and V; (in Mev), as calculated 
from Eqs. (6)-(9) are given as a function of the pion kinetic 
energy in the laboratory frame of reference. 








Vi 
(Mev) 





atte 


1.50 
2.39 
3.44 
5.90 
2.81 
6.30 
4.50 
9.30 
44.60 








and Oehme"’ of dispersion relations obtained from the 
“principle of causality,” by which it is possible to 
calculate J; and J; directly from observed total cross 
sections. Indeed, Jy and J; have been so determined 
by Anderson, Davidon, and Kruse.'* In our work we 
shall take the numerical values of J; and J; as given 
by these authors. 

We can thus calculate the well-depth Vo(wo) entirely 
from observed pion-nucleon cross sections and compare 
the result with experiments concerning pion-nucleus 
scattering. The results should have an important 
bearing on models of nuclear structure, as has been 
frequently discussed."® In Fig. 2, we give Vr(wo) as 


18 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 
16 M. L. Goldberger, Phys. Rev. 99, 970 (1955). 

17 Goldberger, Mijazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 

18 Anderson, Davidon, and Kruse, Phys. Rev. 100, 358 (1955). 

19 See for instance, G. Takeda and K. Watson, Phys. Rev. 97, 
1336 (1955). 
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calculated from 


ue*fuc? Wr(c.m.) 71 ; 
V r(wo) = po | [Jy+3J;], (13) 
2NLEx Me In 


using J; and J; as given in reference 18. Vr(wo) is 
also tabulated in Table II. 

As has already been mentioned, Eqs. (1) and (2) 
[and thus Eq. (13)] are not exact, according to the 
general theory of the optical model. Instead, these 
equations are approximations which are expected to be 
valid under certain conditions. These conditions will 
be discussed in the remainder of this paper, the major 
points being: 

(1) The validity of the form (1), which will be 
investigated in the next section. 

(2) The value of the energy, w at which Vo(wo) is to 
be evaluated. This is determined from the equation 


(14) 


w= wo Vow), 


where wo is the actual energy of the meson. 


TABLE II. The value of the real part, Vz, of the optical model 
potential as calculated from Eq. (13) and the dispersion relations 
of Goldberger and Anderson et al. (E,—,c?) is the kinetic energy 
of the pion “inside the nucleus.” \ = 1.0. 

Ve 
Mev 
—23 
—30 
—41 
—46 
—39 
—13 
+25 
+38 
+41 
+47 
+49 


(3) That it is not the scattering amplitude fo for 
mesons scattered by free nucleons, but the fo for pion- 
nucleon scattering in the presence of the potential 
V(x), which is to be put into Eq. (2). This correction 
will be considered in Secs. IIT and IV. 

(4) Nuclear binding corrections. These will be dis- 
cussed in Secs. IT and V. 

(5) General conditions of validity.7**° The most 
important of these is the assumption that two-body 
forces within the nucleus are very nearly the same as 
between free particles and that many-body forces are 
negligible. This is presumably to be tested by compari- 
son with experiment of the results given in Fig. 2 and 
Table II. 

Another likely condition on the simple theory given 
in this section is that the mean free path A; be long 
enough for the energy of the meson to be fairly well 
defined between scatterings. This permits the use of 
the amplitude fo only on the energy shell. The uncer- 


*” G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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tainty in the pion energy, AZ,, between scatterings is 
given by AE,=n/Al, where At=),/x,. From this 
AE,/E, can be calculated and is shown in Fig. 3. The 
condition AE,/E,«K1 seems to be reasonably well 
satisfied except near E,—yc?=200 Mev. 


II. GENERAL FORM OF VJ. 


The potential V,, in the approximation that detailed 
structure of the nucleus is neglected,’ is 


(15) 


A 
Ve= Dd (ta); 


a=l 


where ¢, is the two-body scattering operator for scat- 
tering the meson by the ath nucleon in the nucleus. 
The symbol (---) means the average of /. over the 
ground state of the nucleus. If we make the impulse 
approximation,” ¢, is given as the solution to (y is the 
usual infinitesimal positive parameter) 


1 


ta= VatVa oe ant ike 
E.+in—K.—V. 


‘ (16) 


where E, is the energy of the meson in the laboratory 
system (to be abbreviated as “lab’”’) and K, is sum of 
the kinetic energies of the pion and nucleon. V4 is the 
interaction energy of the pion with the nucleon. If the 
V. is neglected in Eq. (16), ta becomes just the usual 
two-body scattering operator. 

Equations (15) and (16) represent a pair of equations 
to determine V.. In the next section this determination 
will be discussed in detail. In the present section we 
shall assume that ¢, is known and discuss only Eq. (15). 


40. -——_—_— 
| 
| @ EXPERIMENTAL VALUES OF 
30} LEDERMAN ET AL 
} 





— ee 1 ————EE———E 
120 oe 200 240 280 320 
(E-pe) MEV 


Fic. 2. The real part of the optical model potential is shown 
as a function of the energy of the pion in the nucleus. This is 
obtained from the dispersion relations of Goldberger (reference 
16) and the evaluation of these by Anderson et al. (reference 18). 
The “experimental points” shown are those of Lederman ef al. 
(references 4 and 5). 
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Fic. 3. The relative uncertainty in the pion energy 
between successive scattering. 


We shall also assume that /, is at least very similar to 
the actual free pion-nucleon scattering operator. 

Since the nucleons are equivalent (in the isotopic 
spin formalism) we can drop the index a in Eq. (15) 
and write 

V.=A(t). 


We desire to evaluate V, in the laboratory frame of 
reference. In this coordinate system we write explicitly 
tz for the t-operator, using the symbol ¢ for this quantity 
in the center-of-mass coordinate system. 

The relation between these is” 


; o*W y*(c.m.) 
n= (Wk) (— — -) , ae 
E,Er;Wnouav)Wny f (lab) 


(15) 





where w and Wy(c.m.) are the c.m. pion and nucleon 
energies and E, and Wy(lab) are the corresponding 
lab values. The subscripts 0 and f refer to values before 
and after the scattering, respectively. Each of these 
energies is the sum of kinetic and rest-energies. k and 
k’ represent the initial and final pion momenta in the 
c.m. 

We shall be primarily concerned with pion energies 
not much in excess of 200 Mev, so we may treat the 
nucleon nonrelativistically. This means that the Wy 
terms may be dropped in Eq. (17). (The approximations 
of this section actually become better at higher energies, 
except for the minor modification of treating nucleon 
energies more carefully.) 

In the laboratory system the initial and final pion 
momenta will be designated as p and p’, respectively. 
Those for the nucleon are written as P and P’. (P+0 
since the nucleon has kinetic energy in the nucleus.) 
We may approximate the Lorentz transformation 
equations to give 


Mcep— Pw 


M?e+wo 


Mcp’ —wP’ 
———. (18) 
Me+w 


For a discussion of the effect of the spread in P due 
to nuclear binding, we may consider the square-root 

21 C, Mdller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
23, 1 (1945). 
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factor in Eq. (17) to be approximately constant and 
write 


1 
tt= 'M2e—P'w || t 
: (ts orl 


1 
x——[pMe— 19 
eae 1) (19) 
using Eqs. (17) and (18). 

To evaluate V., according to Eq. (15’), we must 
average /;, as given by Eq. (19) over the ground-state 
nuclear wave function gy (Pi, ---P4). We may suppose 
spin and isotopic spin terms to nearly average to zero,!® 
so tz in Eq. (19) need not be considered as a function 
of these operators. Then 


(p’|V. p)=4 ft.cop's PPdgs*P)gv(P) 


X@P'EP5(p+P—p’—P’)[T],’ @P;], (20) 
if we omit writing explicitly the momentum variables 
of nucleons other than that one whose momentum 
variable appears in ¢z. The last factor in Eq. (20) 
represents the volume element associated with these 
other momenta. Henceforth we shall not write this 
factor, its presence being understood. 
Substituting 


gv(P)= Qn) fas exp(—iP-z)gy(z), 
etc., into Eq. (20), we have also 
(p’|V.|p)=[A (ny) [eraser exp[ —i(p’— p) -2’] 


Xexp[—iP -(2’— 2) }tz(p,p’,P)gv*(z’)gn(z). (21) 

In a qualitative way, we see that Eq. (19) depends 
only weakly on P when Mc*/w>>1, so the integral over 
P in Eq. (21) can be approximated by a 6 function of 
(z’—z). The integral over z then shows that | p’—p| 
~h/Ra, where R« is the nuclear radius. This is much 
smaller than p~p’ for energies of interest to us, which 
suggests that we can set p’=p in ¢z and take it out of 
the integral in Eq. (21). This forms the basis of Eqs. 
(1) and (2). 

To do this a little more carefully, we rewrite Eq. (20) 
as 


(p'|Velp)=A f ®Pt(p,p',P)gv(p—p'+P)gy(P) 
~A f @Pt,(p,p’,p)\gn(P)|. (22) 


The last step follows from setting p= p’ in gy*, which 
is a reasonable approximation in view of the arguments 
of the previous paragraph. Equation (22) tells us that 
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ty should be averaged over the momentum spectrum of 
the nucleons in the nucleus. This procedure is, of 
course, more or less self-evident intuitively. 

We shall suppose that this has been done and insert 
the averaged /, into Eq. (21). The new ?¢, is now no 
longer a function of P so it can be taken out of the 
integral. Equation (21) may then be integrated over P 
and z’ to give 


(p’| V.|p)=A(p’|tz| p) 
x fo expl—i(p’—p)-2]|gw(z)|*. (23) 


Here (p’|/z|p) is understood to have been averaged 
over the P values in the nucleus. This represents the 
first-order correction for nuclear motion. Numerical 
values will be given later. We now write 

| gw(z)|?= (1/Va)p(z), (24) 


where p(z) is the nuclear density normalized according 
to Eq. (1). 

Equation (23) is now transformed to coordinate 
space: 


(x’| V.|x) 


= (27) ‘faves exp(ip’ -x’)(p’| V.| p) exp(—ip-x) 


= (A/V aNL1/ (2m) f pe pC p) exp(ip’ -x’) 


xexp(—ip-) f @ exp[ —i(p’—p)-z]o(z). (25) 


In accordance with our previous arguments, we shall 
set p’=p in tz above. Now define 


n=p’—p, l=}(p'+p), (26) 


so t,, is a function of |/| only. This definition gives 


(x’ | V.|x)= (4/V4) { eu.) 


x’+x 
xewpl--('-9)}o(~—). (27) 


Let us next consider V, operating on a wave function 
describing the scattering of a meson by the nucleus: 


$(x)= f @p'a(pop’) exp(ig’-x). (28) 


Since we are supposing nuclear dimensions to be large 
compared to the wavelength of the meson, we may 
suppose a to be sharply peaked about p’=po, where po 
may be considered to be the momentum of the meson. 











1 1 1 1 1 
100 140 180 220 260 
(E,-pe®) MEV 





60 


Fic. 4. The modification of Vr due to nucleon motion. The 
Vr of Eq. (2) should be multiplied by the factor N [Eq. (22)] 
to correct for the nucleon velocities, assuming a Fermi momentum 
distribution. (The curve is indeterminate near Vr=0.) 


Under this condition, we find 
fe V .|x)b(x) dace (29r)3(A/V 4) t1(p0)p(x’)b(x’). (29) 


Thus, we may finally set 


(x’| V.|x)=6(x’—x)V (x), (30) 


where 
V (x)= (2%)*(A/V a) (p|tz| p)p(2). 


p is the momentum of the meson inside the nucleus. 
This has the form of Eq. (1), with 


Vo(wo) = (24)*(A/V 4) (pl tz] p), 


which leads immediately to Eq. (2) on expressing ¢z in 
terms of fo(wo). The requisite formulas for expressing 
ty in terms of fo(wo) will be reviewed in the next section. 

Let us close this section by recalling the approxi- 
mations made: 

(1) We must first consider the ¢z, in Eq. (23) to have 
been averaged over the nuclear momentum distribution. 
This means averaging the V of Eq. (32) in this manner. 
In Fig. 4, we see how this modifies the V of Fig. 2. 

(2) Equation (23) could be used as it stands as the 
optical model potential. It is more complex than Eq. 
(1) and involves more than just the forward scattering 
amplitudes, so it is evidently desirable to use Eq. (1) 
when possible. We see that 


|p’—p|—~h/Ra, 


(31) 


(32) 


so setting p’= p in ¢, can be justified when this quantity 
is negligible. The next approximation (30) is evidently 
justified under similar conditions. It would appear that 
Eqs. (31) and (32) are adequate, although perhaps 
marginal, for scattering well into the forward hemi- 
sphere for elements as light as carbon with pions of 
(wo—Mc?)>50 Mev. Explicit calculations by Kis- 
slinger” using V, in the form (23) seem to be in agree- 


2 LL. Kisslinger, Phys. Rev. 98, 764 (1955). 
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ment with this conclusion. An explicit calculation to 
check these arguments is made in Sec. IV. 

In connection with Eq. (31) we remarked that p is 
the momentum inside the nucleus. This follows, since 
in Eq. (28) it is the value of the wave function inside 
the nucleus which is important. Indeed the Schrédinger 
equation for elastic scattering is 


[Ex (p)+V.]o= Exod. 


In the nuclear interior we can approximately rewrite 
Eq. (23) as 


(p’| V.| p)= (21)°(A/V 4)(p| tz| p)5(p’— p), 
so Eq. (33) becomes an algebraic equation: 
E,(p)+ Vo(p)= Exo. (35) 


Solving this equation for p, we find the value of p at 
which V, is to be evaluated. This means that in Fig. 2 
we must add ordinate and abscissa to find the energy 
of the meson when it is outside the nucleus. We also 
note that, in Eq. (16) defining /., it is again the combi- 
nation E,o>— V, which occurs. Thus it is the two-body 
scattering in the dispersive medium which is important. 
In the next section we investigate this point in more 
detail. 

Finally, we note that in Eq. (27) the nuclear density 
is a function of }(x’+x) rather than of x’ only, as 
implied by the approximate Eq. (29). Physically, this 
means that the nuclear boundary is defined only to 
within the range of the two-body interaction by elastic 
scattering experiments [when interpreted according to 


Eq. (1) ]. 
Ill. SELF-CONSISTENT EVALUATION OF ¢ 


(33) 


(34) 


We now consider Eq. (16) for the evaluation of tq. 
A derivation of this integral equation was given in 
reference 7 (Appendix A). In the course of the derivation 
terms of relative order (1/A) were discarded.* 

For the discussion of Eq. (16) we shall use the 
expression (34) for V.; that is, we shall use V, in 
momentum space and in this representation consider 
it to be a diagonal operator and thus just a complex 
number. We shall furthermore [for the evaluation of 
Eq. (16) ] neglect the imaginary part V; of V., writing 
Vo=Ve. Comparison of Fig. 2 with Table I indicates 
that this is a reasonable approximation over the energy 
range for which our theory is expected to be applicable. 
[In the Appendix the effect of including V; in Eq. (16) 
is considered. No essential complication appears to be 
added to the integral equations; however, for a first 


%3 In the meantime an improved derivation using 
1 


la= Vat V——_—— J, 
Exot+n ‘-i Ka ae Ve 
in the notation of reference 7, has been found by one of us (K.W.), 
which indicates more clearly the nature of the approximation. 
(This will be — separately.) In a related context, K. A. 
Brueckner [Phys. Rev. 96, 508 (1954)] has made a detailed 
examination of the 1/A terms. 
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study of the formidable Eq. (16) some simplification 
seems in order.] Finally, to solve Eq. (16), we shall 
work in the c.m. system for the pion-nucleon pair and 
so re-express Eq. (34) in terms of ¢ in the c.m. system: 


V e(k)= (24)°(A/V 4) Re[ (k| ¢|k)}. (36) 


It is convenient now to effect decomposition into 
eigenstates of the isotopic spin J. If ¢! and # are the 
t-matrices for J=} and 3, respectively, Eq. (36) may 
be written as 


V (wok) = (2m)9(1/2)(A/V 4) Re{2(k|t4|k) 
+ (k|¢#|k)}. 


Equation (16) becomes for each isotopic spin state 
(explicitly in the c.m. system) 


(37) 


1 
t= V+ V——_—"-1, 
wotin—h 


h(k)=w(k)+V p(wo,k). 


(38) 


where 
(39) 


(We shall frequently omit writing the isotopic spin 
index.) Here wo is the c.m. energy of the meson (outside 
the nuclear medium) and w(k)=c(k?+y2c)!. 

Equation (38) is next decomposed into equations for 
angular and orbital angular momentum]labeled by 
(j,J). We write (for either isotopic spin state) 


(k’|t/ kK) =o DR’ by, | A) V 5 oO’) V;, **(0,M), 


7.4 M 
(40) 
(k’|V{k)= 20 DCR’ V5.0 R) V5, 0,0’) V5, "*(0,M), 


j,l M 


where 


V5.0" (0,0)= % (3; ¥, M—v| 7, M)Vi"-"(6,o)e. (41) 


vot} 


Here &’ is the nucleon spin wave function. The angles 
(6,6) represent the direction of k, etc. Substituting 
Eqs. (40) into (38) we obtain a set of equations for ¢;,:: 


(k’|t;.|k)= (k’ | V ;,1|R) 
if eee 
wot+in—h(k’’) 





(k’)*dk’’. (42) 


The forward scattering amplitude is most easily 
evaluated from Eq. (40) by choosing the axis of 
quantization as the polar axis, so that 6’=0=0. Re- 
calling that Y;“—’(0,6)=6y, ,[ (2/+1)/4 }}, we obtain 


(kl ¢)k)=(1/ (40) Tf (4+ Dtjery play JS, (43) 


where (¥ is the unit matrix in spin space. [We have 
continued to omit the isotopic spin index from Eq. 
(43).] 


Equation (42) is most easily evaluated in terms of 
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the K-matrix, which satisfies 
(ke| K;,1|ka)= (ke Vj,1| ha) 
+p a’) ("| Kj, 1) Ra) 
wo—h(k”’) 
t= Kj,1.—19K;j, 8 (wo— h)t;, 1. 


pl? dk", (44) 





and 
(45) 


That the (k’(t;,:|) given by Eq. (45) satisfies Eq. (42) 
is easily shown. As a matter of fact, the only new 
aspect of our Eqs. (42), (44), and (45) is that there is 
no restriction to the energy shell implied for k, k’. 

We define kp as the root of 


—h(ko)=0. (46) 


Then, doing the integral over the 6 function in Eq. 
(45), we are led to 
(’ | t;,2| Rk) = (k’| Ky, 1| 2) —ib(R’ | K;,2| Ro) (Rol ts,1]), (47) 
where 

mk? 


dh(k)/dk|k=ko 


b(ko) = (48) 


Equation (47) can be solved for (k|t;,:|&) to give 


(R| K 5,1} ko) ( (ko| K 3.1] ) 
(k| K ;,1|k) —ib— . (49) 


(R| tha k)= 
1+76( ‘ol K 5,1 | bo) 


[It is to be remembered that kp is defined by Eq. (46). ] 
The real part of Eq. (49) is (K;,, is real and sym- 


metric) 
Ref (| t;,2|&) ]= (k| Kj,1|R) 


_ P(bol Ki, | Ro)L (ho 


K;,1|k) F 


erg, (aD) 
148° (hol K; 1| Ro) P 


To actually calculate Ver(wo,k) from the Kj, we 
evaluate the ¢;,, from Eq. (50), and in terms of these 
(k|¢|k) for each isotopic spin state is obtained using 
Eq. (43). Next Eq. (37) is used to give V r(wo,k). This 
value of Ve(wo,k) must then be inserted into Eq. (44) 
to find the K;,;. This is evidently a complex mathe- 
matical problem. In the next section two specific 
examples of this problem will be solved in detail. The 
first is a simple one which can be treated analytically. 
The second involves choosing an interaction V as 
obtained by the Tamm-Dancoff method in meson field 
theory. In this case the problem was solved using a 
high speed digital computer (an IBM-701). 

In the approximation of Sec. II, it is only Vr(wo,ko), 
or the potential on the energy shell, which we desire 
when we are finished. [The off-the-energy-shell values 
are needed, of course, to solve Eq. (44). ] Setting 


(ko| K,1| ko) = — (1/6) tand(j,)), (51) 


where 6(j,/) is the scattering phase shift in the (j,/) 
state, we solve Eqs. (49) and (50) to give the usual 


expressions : 
(Ro| t;, 1| ko) = — (1/b) exp[48(7,/) ] sind(j,2), 
Re[_(ko| t;, | ko) ]= — (1/)[} sin26(j,1)). 


Using the usual notation! for the phase shifts 5(j,/), 
we evaluate Eq. (43) for the J=$ state: 


dV 
ReC (|e ky]=-———_| “a em] 
(2m)*w(ko)ko rs dko 
X4{sin2a3+sin2a3:+2 sin2a33}. (53) 


The quantity in {---} is recognized as being J; of Eq. 
(12). Re[¢#] is the same, but with J; replaced by Jj. 
Then Eq. (37) gives [if we set k= ko and replace ¢ by 
tis» according to Eq. (17) ] 


2r Wwy(c.m.) 1 
V r(wo,Ro) tab = -( *) (A/Va) anion sana 
3 E,Me Ro 


w(ko) dV e( 
x{ 14+ — 
Ro dko 


paves Jy]. (54) 


If we angie dV p(ko)/dko this reduces exactly to Eq. 
(13).** LE, is the lab energy which corresponds to the 
c.m. energy w(ko). | 


IV. SPECIFIC SELF-CONSISTENT CALCULATIONS 
OF Vr 

In the last section, we discussed the manner in which 
the “two-body scattering amplitude” fy of Eq. (2) is 
to be modified by solving the two-body problem “in 
the dispersive medium.” Following the notation used 
by Brueckner* and his collaborators, we shall refer to 
the latter as the “self-consistent” Vz. The value of Vz 
obtained from Eq. (2) we shall call the “free particle” 
Vr. It is evidently desirable, where possible, to use the 
approximate ‘‘free particle” Vz, since this is much easier 
to obtain than is the “self-consistent” V z. In the present 
section, we cmpare the values of Vz obtained by these 
two methods. 

We might remark in this connection that Brueckner 
et al.” found it necessary to do the “self-consistent’’ 
calculation in their work on nuclear saturation. 


A. Simple Model 
We suppose the two-body interaction V to have the 
form 
(k’| V4.1] k)= —Go(k’)6(k), 


where G is a constant and the functional form of ¢ will 
be specified later. The V3; of Eq. (55) is supposed to 


(55) 


% Note added in proof.—It should be noted that wr occurs in 
Eqs. (2) and (13) and not wy. In the no-recoil approximation, 
wr=wy. We wish to thank Dr. W. Riesenfeld for calling our 
attention to the fact that we inadvertently used wy in place of wr 
in preparing Fig. 2. Table II is correct, however. 

%K. A. Brueckner, Phys. Rev. 96, 508 (1954); Brueckner, 
Levinson, and Mahmoud, Phys. Rev. 95, 217 (1954). 
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Fic. 5. The free-particle values of Vz(wo,k) in the center-of- 
mass system calculated from the “principle of causality” (1) and 
from the T=$, j=%, /=1 phase shifts calculated by Chew (2). 
The difference between the two curves is Vo(wo), Eq. (61). 


be the submatrix V;,,; (J=3, j7=$,/=1) of Eq. (40). 
Then Eq. (44) for the K-matrix has the exact solution 
(as may be verified by substitution) 


(R’| Ky, 1|k)= —Go(k’)$(k)/(1+GI), 


¢?(k’) 
[= fe = dk’. 
wo—h(k’) 
Again, the K;,, of Eq. (56) is the submatrix for the 
(I=%, j7=3, 1=1) state. 
Using Eqs. (48) and (49) to relate K to ¢ and Eq. 


(36) to relate ¢ to Vr, we obtain [assuming for sim- 
plicity that V acts only in the (I=$, j7=$, /=1) state] 


(S6) 
where 


(57) 





| 


2x 
1 i 
1+GI/ 1+8°[ (ko! K3,1| Ro) P 


This is the “self-consistent” Vg. The “free-particle” Vz 
is obtained by replacing h(k’) in Eq. (57)_by w(k’) 
[see Eq. (39) ]. 
For numerical evaluation two models were chosen: 
w(k)=ye?+ (k?/2n), G=0.08028 (59) 


(in both models), and 
Case I 
o(k)=k/(we+k)* for 
=0 for 


k<6.65yuc 
k>6.65yuc. 


Case II. 


o(k)=k/(u2c?+- 2k)? for 
=() for 


k<6.65ye 
k>6.65uc. 
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On evaluating J, Eq. (58) may be solved algebraically 
for Vz. The results are shown in Table II, where 
V r(wo,ko) is given as a function of ko [wo—h(ko)=0 
determines ko, we recall] for both the “free-particle” 
and “self-consistent” problems. 

From Table II we observe that in Case I the “free 
particle” Vz is about ten times larger than the “self- 
consistent” Vz when (£,—wc?) is much less than 200 
Mev. At higher energies the two values are nearly 
equal. For Case II, on the other hand, the two values 
are about equal at all energies. 

The similarity of “free-particle” and “self-consistent” 
V p’s at high energies is quite understandable. Reference 
to Eqs. (38) and (39) suggests that for w>|V,!, the 
latter is negligible, so Eq. (38) reduces to a free-particle 
scattering equation. 

At low energies the difference between the two V’s 
for Case I is due to the considerable strength of the 
potential V at high momenta. In Case II, the V is less 
strong at high & and the “self-consistent” corrections 
are less important. Similar conclusions are drawn in 
Part B, where a much more complex problem is con- 
sidered. 

IV. B 


A pseudoscalar symmetric theory of the pion nucleon 
interaction which neglects nucleon recoil (that is, the 
cutoff theory proposed by Chew) predicts that there is 
no interaction except in those states for which the 
orbital angular momentum / is equal to 1. It predicts 
that the phase shifts even for these states are small 
unless in addition the isotopic spin T is 3 and the total 
angular momentum j is $. Thus it predicts that the 
main contribution to Vr(wo,k) in Eq. (37) results from 
the term with (k|/!|k), and the main contribution to 
this in Eq. (43) results from the term with /=1, j7=3. 

In this section we apply the cut-off theory for the 
T=$3, l1=1, j=} state, and treat the other states only 
in the following rough approximation. We replace Eq. 
(37) by 


V r(wo,k) = (24/A*) (| t(T =$, j= $§, 1=1)|k) 
+Vo(wo), 


where Vo(wo) represents the contribution of the other 
states. We have taken it to be independent of & as it 
would be (roughly) if S states made the main contri- 
bution to it. 

The magnitude of V (wo) was estimated in the follow- 
ing way. We may also write 


(61) 


1 
V r(wo,ko) =—— (3J,;+2J)), 
MNuwok 


WokKO 


where J; and J; are defined in Eq. (12). This is, of 
course, the free-particle V(wo,ko), and not the self- 
consistent one. This expression can be evaluated from 
the “principle of causality”,!”-!8 and the result is shown 
in Fig. 5. The first term on the right of Eq. (61) can be 
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evaluated in the free-particle approximation from 
calculations of the phase shift in the T=$, /=1, j=} 
state in pion-nucleon scattering. Such calculations have 
been made by Chew” and they fit the results of phase 
analyses quite well. The result of such a calculation is 
also shown in Fig. 5. Vo(wo) is taken to be the difference 
between these two curves. 

It is possible to estimate Vo(wo) from the results of 
phase-shift analyses of pion-nucleon scattering data. 
These give the phase shifts which are needed to evaluate 
the free particle V(wo,ko) from Eqs. (37) and (43). 
The result of such a calculation is not even smooth, 
as shown in Fig. 5. Thus it is not possible to judge 
whether or not the assumption that the main contri- 
butions to Vo(wo) are made by S-states is valid in this 
way. However, we felt there was no better way of 
doing the calculation than to use Eq. (61) and estimate 
Vo(wo) in the manner described. 

We may summarize our assumptions as follows: 

(1) The cut-off theory is used in calculating the self- 
consistent value of the first term in Eq. (61). 

(2) The contributions to V z(wo,k) from states other 
than T=$3, j=$, /=1 are not subject to “self-con- 
sistent” corrections discussed in this section, are inde- 
pendent of k, and have the values Vo(wo) shown in 
Fig. 5. 

The two-body interaction in the T=$, j=$, /=1 


state which results from a pseudoscalar symmetric 
theory of the pion-nucleon interaction is 


af? kk 1 
(e| Vk) =— — 


“= ——, (62) 
34 [w(k’)w(k) }' h(k’) +h(k) — wo 


where nucleon recoil is neglected. It is necessary to cut 
this interaction off in order to get a convergent theory 
of the pion-nucleon interaction. Following Chew, we 
use a cutoff equal to the nucleon rest mass. We use a 
value of f? which makes the T=$, j=$, /=1 phase 
shift in pion-nucleon scattering 90° at 196-Mev pion 
energy in the laboratory system (f?=0.1). 

With Eq. (62) for (k’|V|k) we must find a self- 
consistent solution of Eqs. (44), (50), and (61), with 
Eqs. (39) and (49) defining certain quantities appearing 
in these. To do this we use a straightforward iteration 
scheme. We first guess some V pg (wo,k) as a function of k. 
Equation (46) is not used to compute ko, which is held 
fixed throughout a calculation; rather, it is used to 
compute wo. To get our next guess, we need (k|t|) in 
Eq. (61) as a function of k, and this must be calculated 
from Eq. (50). From Eq. (50) we see that we need 3, 
(ko| K| ko), (k| K| ko) = (Ro| K|k), and (k| K| k). We get 
the value of b by evaluating the derivative of h at 
k= ko numerically. If we solve Eq. (44) with the value 
of wo found from Eq. (46) and with k4=ko, we get 
(kg|K|ko) as a function of kg, from which we can get 
(ko| K| ko) and (k|K| ko). Finally, if we solve Eq. (44) 


26 Geoffrey F. Chew, Phys. Rev. 95, 285 (1954). 
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with ka=k, we get (kg|K|k) as a function of kg, from 
which we can get (k|K|k). Thus we have all the 
quantities required to evaluate Eqs. (50) and (61), 
which gives us a new guess for V g(wo,k). 

A first guess of V r(wo,k)=0 leads to a solution in 10 
or 20 iterations except in difficult cases to be mentioned 
shortly. 

A few remarks on finer details are in order now. We 
load a table of the guessed V r(wo,k) into the computer 
memory at intervals k=0(0.4)6.4. (Our unit is uc/h, 
so that the cutoff is k=6.557.) The method described 
in detail by Gammel’ was used to solve Eq. (44) for K. 
This replaces the integral Eq. (44) by a system of 
simultaneous linear equations. The integration over k’’ 
is broken into two regions; the first extends from 0 to 
2ko and the second from 2k» to 6.557. Eight mesh points 
are used in the first region; 20 in the second. A redefi- 
nition of variables described by Gammel was made in 
the first region to avoid the singularity in the integrand 
in Eq. (44) at k’”’=ko. We get b by differentiating 
V r(wo,k) with respect to k at k=ko. Of course, it is 
easy to do this numerically with a table of Vr(wo,k) in 
the machine. For a given ka, the values of (kg|K|k.) 
were found for kg equal to one of these mesh points. 
To evaluate K for other values of b, a 5-point interpo- 
lation method was used. This interpolating is necessary 
in computing Eq. (50). Briefly put, the iteration 
procedure consisted of computing a new V table from 
an old V table. 

In those cases where no difficulty was encountered 
starting from V r(wo,k)=0 as the first guess, the new 
and old V tables agreed to 1 part in 10‘ after 10 to 20 
iterations. 

The amount of machine time required for this is not 
large; perhaps two hours suffices for all 10 to 20 itera- 
tions on an IBM 701. 

Of course, difficulties were encountered in some cases. 
Equation (50) is nearly the same as 


> sin2«= tanx—tan*x/(1+tan*x), 


which is awkward in the vicinity of x=7/2. We ran 
into this difficulty for ko=1.6. The lowest energy we 
tried (ko=0.4) also gave trouble because ¢ was very 
sensitive to V; that is, the output was very sensitive 
to the input. This energy has a very low value (~10 
Mev in the lab system) so we did not try to overcome 
the difficulty. These same difficulties show up in the 
hand calculations described in Sec. IV A. 

One would like to have existence and uniqueness 
theorems for such problems. While we realize that such 
things do not constitute a proof, we did succeed in 
finding a solution for each ko, and failed in efforts to 
find more than one. 

Graphs of the final Vz(wo,k) are shown in Fig. 5 for 
several wo as functions of k. 

The result of this calculation is that the final 


27 J. L. Gammel, Phys. Rev. 95, 209 (1954). 
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Fic. 6. Contour graph of (ka|t|ks), from which the potential 
is to be computed according to Eq. (23). Center-of-mass values 
are plotted. These should be converted to lab values according 
to Eqs. (17) and (18). 


V r(wo,ko) is not at all the same as that given in Fig. 2 
(it is much weaker and much too weak to agree with 
experiment). This means that in this respect approxi- 
mation 3 has failed. 

The source of this failure is the singular nature of 
the potential Eq. (62); that is, its off-diagonal compo- 
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Fic. 7. The “self-consistent” Dg (ka| V| Ra) 
for ko=0.8 and 1.2. 


nents are very large. This was verified in the hand 
calculations of Sec. IV. A and in the present calculation 
by requiring that Vr(wo,k) be equal to Vr(wo,ko) for 
k> ko and be equal to its value from Eq. (61) for k< ko. 
In this case the self-consistent V p(wo,k) results on the 
first iteration and Vg(wo,ko) is given by Fig. 2. 

We view this result as evidence against the interaction 
Eq. (62) since the “principle of causality” V z(wo,ko) 
agrees with the experiments, which suggests that the 
corrections discussed in this section should be small. 


Iv. C 


There is still a possibility that the large off-diagonal 
elements will still make the theory agree with experi- 
ment if one solves the Schrédinger equation correctly 
with the potential given by Eq. (23). A more general 
version. of Eq. (50) is 


Re(kp|t| ku) = (ke| K| ka) 
b*(ko| K| ko) (ke| K 
1-+8°(ko| K | ko)? 


K|ka) 





from which we may calculate the complete potential 
matrix given by Eq. (23). For p(z) in Eq. (24) we have 
used a rectangular distribution whose radius is given 
by Eq. (3). A contour plot of (k4|t|ks), from which 
the potential is to be computed according to Eq. (23), 
is shown in Fig. 6. 

We inadvertently did not use ¢z, (lab system) in 
Eq. (23), but used the center-of-mass /. The transfor- 
mation should have been made using Eqs. (17) and 
(18). This error is not serious for an estimate of the 
effect of off-diagonal elements of the potential, and it 
was not thought worthwhile to correct the calculation. 

We have solved the Schrédinger equation 


(p’| K | po) = (p'| Ve| po) 


Pl Vel b’)(p 
por— pp’? 


The solution must be compared to a solution of Eq. 
(64) with (p’|V.|p”) given by Eq. (23) except that 
(po|¢z| po) replaces (p’|tz| p’’) ; that is, we must compare 
it to a solution of Schrédinger’s equation for a potential 
whose range is given by Eq. (3) and whose depth is 
given by Eq. (2). [It ought to be stated that the neglect 
of the c.m. to lab transformation was made consistently, 
that is, it was also neglected in calculating (po| tz] po). ] 

The calculation was done for carbon and for ko=0.8. 
The results are contained in Table III. They are that 
the off-diagonal elements do roughly double the depth 
of the equivalent rectangular potential; they are not 
sufficiently large to achieve agreement with experiment. 
It is interesting that the effects of the off-the-energy- 
shell corrections are not more important in this case 
for which ¢z, is more than ten times larger off the energy 
shell as on it. (See Fig. 7.) 



















V. OTHER NUCLEAR BINDING EFFECTS 





In Sec. II we discussed corrections due to the nucleon 
velocity in the nucleus. There are still other corrections 
for nuclear binding, such as the error due to the impulse 
approximation. (This has been considered by many 
authors,”’ and will not be discussed by us.) 

There are also corrections to Eq. (2) due to correla- 
tions in nucleon positions within the nucleus. (This effect 
is well known in optics—as for instance in the study of 
x-ray scattering by liquids and in critical opalescence.) 
The formal development of the optical model to 
include such effects was given by Francis and Watson.*® 
A rough evaluation by them [Eq. (81) of reference 8] 
led to a correction, which is approximately 


“Vr? =Val 1+} (h/uc)(1/r,)], 


with A, given by Eq. (7). Here “V” is the value of Vz 
corrected for the nucleon correlation effect on the basis 
of a model for which the only correlations are due the 
Pauli principle. This formula is valid only when 


TABLE III. The values of tanéd/mwoko calculated for carbon 
and ko=0.8 by solving the Schrédinger equation (64) with two po- 
tentials. The first potential is that calculated from Eq. (23) 
without approximation, and the second is that calculated from 
Eq. (23) with the approximation which lead eventually to Eqs. 
(32) and (2). 





Potential I 


0.100 





Potential II 


us 0) = AO 


“Vp’~Ve. Except for (E,—uc?)~200 Mev, this does 
not seem to be a very significant effect. 


VI. CONCLUSIONS 


Except for the self-consistent evaluation using meson 
theory, the calculation of the well depth from the 
dispersion relations of Goldberger seems justifiable and 
in agreement with presently available experimental 
values. Further experimental study should provide 
considerable evidence for, or against, the basic assump- 
tion of two-body forces within nuclei. 

The calculation using meson theory was in order-of- 
magnitude disagreement with the value of Vr as 
obtained from the dispersion relations. The source of 
the disagreement was traced to the very strong inter- 
actions at high momenta in meson theory. 

It would appear that the experimental measurement 
of the well depth for both light and heavy nuclei would 
be of considerable interest, since the model which we 
have used implies that the well depth is independent 
of the nuclear size. If the model did not give a reasonable 
approximation to the actual well depth, we could not 
expect this treatment to be valid. 
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APPENDIX. GENERAL RELATION BETWEEN 
THE t- AND K-MATRICES 


In Sec. III, we set Vo=V pr, dropping the imaginary 
part. We now consider the modification of our equations 
which results when V; is kept. The equation for ¢ is now 
[see Eq. (38) ] 


1 
t= V-+V————_-4, 
wo—h+iV 


(A-1) 


the im term being superfluous. This may be rewritten as 


(wo—h) Vi 
=v+v| ———_}-iv]- —— =k (A-2) 
(wo—h)?+VP (wo—h?P?+V 7? 


TABLE IV. The potential Vz on the energy shell for the simple 
model of Sec. (IV-A). Vz is given in units of uc*. The calculation 
of 5Vr/Ve is discussed in the Appendix. 











Case I Case II Case II 
(Eq. (60)] (Eq. (61)] 6VRk/VR 
Free Self : Free Self Fos atin 
particle —_ consistent particle consistent 
ko Ve Vr Ve Ve 
0.4 —0.437 —0.066 —0.114 —0.144 0.002 
0.8 —0.746 —0.079 —0.189 —0.214 0.007 
1.2 —0.319 —0.088 —0.370 —0.366 0.150 
1.6 —0.013 —0.013 —0.449 —0.380 
2.0 —0.043 +0.043 





This equation is, however, equivalent to the set of 
equations 


(woo—h) 
K=v+v| = 5] ‘ (A-3) 
(wo—h)?-+V 2 
Vi 
t= K~i| —| (A-4) 
(wo—hP+V/? 


On going to the limit V;=0, we obtain just Eqs. (44) 
and (45). 

It is important to know the error introduced into 
Eqs. (A-3) and (A-4) by letting V0, since this 
procedure formed the basis of the calculations made in 
Sec. IV. For the model of Sec. IV—A, Case II, calcu- 
lations were made of the Vz given by Eqs. (A-3) and 
(A-4), and the Ve given by Eqs. (44) and (45). The 
results are presented in the last column of Table IV in 
terms of the ratio 6Vr/V er, where 5V z is the difference 
between the two Vp’s. The correction does not seem 
to be very important, except near the peak in the 
pion-nucleon scattering cross section. 
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Cyclotron Resonance in Bismuth* 


M. TINKHAM 
Department of Physics, University of California, 
Berkeley, California 
(Received November 23, 1955) 


WO reports of cyclotron absorption in bismuth 
have recently appeared.'? Because of the diver- 
gent results and interpretations offered, it seems worth 
pointing out that evidence available from various 
galvanomagnetic effects’* has long supported the 
following general band structure, first proposed by 
Jones.’ The conduction band consists of three sets of 
highly eccentric ellipsoids, arranged to preserve the 
trigonal symmetry, though having lower individual 
symmetries. The valence band consists of a single set 
of spheroids about the trigonal axis. These two bands 
overlap slightly, unlike the case of the usual semi- 
conductor. Abeles and Meiboom have made a thorough 
analysis confirming that this is the simplest satisfactory 
model and yielding a band overlap of about 0.012 ev. 
The hole and electron concentrations are equal in 
pure samples, being ~5X 10" cm at 80°K. Impurity 
atoms such as selenium and lead act as donors and 
acceptors.® 

Interpretation of de Haas-van Alphen measurements 
in Bi by Shoenberg® required the ellipsoids to be tilted 
slightly, and yielded absolute values of the electronic 
effective masses. Referred to the principal axes of the 
ellipsoids, his mass parameters become m,/m=0.0024, 
m2/m= 2.53, m3/m=0.025. Axis 1 is a binary axis 
perpendicular to the trigonal axis. Axis 3 is at an angle 
of 6° to the trigonal axis, the rotation being about axis 
1. Axis 2 is determined by orthogonality. We now calcu- 
late the predicted cyclotron resonance behavior accord- 
ing to Shoenberg’s model and compare this with the 

experimental results. 
The cyclotron resonance mass parameter is given’ by 

1 a ios 7 
if. 


al. 





is as: ’ 
M3M, MMe 


(m*)? mom; 


where a, 8, y are the direction cosines of the magnetic 
field with respect to the 1, 2, 3 axes of the ellipsoid. 
Thus, along principal axes the effective cyclotron masses 
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are 0.25, 0.0077, and 0.078m. All observed values 
consistent with this model must lie between 0.0077 
and 0.25m. Along the trigonal axis, all three ellipsoids 
give the same resonance condition, m*=0.054m, in 
excellent agreement with the experimental value 0.058m 
found by Dexter and Lax. 

Lacking knowledge of the orientation of the crystal in 
the plane perpendicular to the trigonal axis, we choose 
8 for one ellipsoid to give agreement with the line of 
Dexter and Lax at m* =0.055m. Then for (cos~'8)+ 120° 
(the other two ellipsoids), we compute resonances at 
m*/m=0.0083 and 0.0099. These should appear, un- 
resolved, as a line at about 75 gauss at the frequency 
used. Dexter and Lax quote 100 gauss for their low- 
field line; their published recorder trace suggests that 
the lower value would be fully as plausible. Their inter- 
mediate mass line is much less pronounced and might be 
presumed to arise from another source. Thus it appears 
that the important features of their results are quite 
consistent with an ellipsoidal model of the sort used by 
Shoenberg. 

A second remark concerns the effectiveness of circular 
polarization in dealing with ellipsoids of extreme 
anisotropy. It is easy to show that the ratio of intensities 
of absorption, o,/e_, is given by [(n!—1)/(n!+1) , 
where m is the ratio of the principal masses in the 
elliptic orbit involved. In the case of Bi with H parallel 
to the trigonal axis, »~ 1000, and this ratio is about 0.9. 
Thus if one wishes to interpret the narrow, low-field 
line observed by Galt! in terms of the Shoenberg 
ellipsoids, it is clear that circular polarization is not 
decisive ; therefore they are not justified in identifying 
the line as due to holes, and it is in fact probably due to 
electrons. The shape and apparent position of the line 
depend on the mixing of absorption and dispersion ex- 
pected in the propagation of an electromagnetic wave 
in a medium containing two carrier types. Detailed 
calculations show that important features of the experi- 
mental curve of Galt are reproduced by assuming Shoen- 
berg’s ellipsoids for the electrons and an ellipsoid of 
revolution about the trigonal axis for the holes. There 
is no reason to expect a hole mass at 0.0015m as reported 
by Galt; since the mass parameters m, m2, m3, and m, 
=m; quoted by Shoenberg are simply the components 
of a single mass tensor for electrons, such a mass is not 
consistent with Shoenberg’s model, which leads only 
to 0.054m along this axis, as quoted above. 

We wish to thank J. K. Galt and B. Lax for making 
preprints of their publications available to us. 

* This work was supported in part by the Office of Naval 
Research and the U. S. Signal Corps. 
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LETTERS TO 
Mobility in Zinc Blende and Indium 
Antimonide 


WALTER A. HARRISON 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received October 19, 1955) 


RYSTALS of the sphalerite structure are piezo- 

electric.' Therefore, there will be an electric 
polarization associated with the acoustical modes of 
vibration in zinc blende and indium antimonide. This 
polarization may lead to local charge accumulation 
and a periodic electrical potential. The contribution to 
the electronic scattering by this potential has been 
calculated for these two cases. It can be shown that 
there is a phase difference of 90° between the matrix 
element for scattering by this mechanism and the 
matrix element found by deformation potential theory ; 
hence it is valid to consider the mechanisms 
independently. 

Normal modes of vibration are developed in the form 
of traveling waves, assuming the crystal to be elastically 
isotropic as a working approximation. From the strain 
associated with each of the modes, the electric polariza- 
tion is found by using the form of the piezoelectric 
tensor determined by the crystal symmetry.! Use of 
the measured piezoelectric constant, however, gives 
the polarization in the absence of an electric field, and 
an induced polarization equal to (k,—1)/4rE must be 
added, where E is the internal electric field and &, is the 
static dielectric constant. By making this correction 
and using Poisson’s equation, the electrical potential 
is calculated. From this potential the matrix elements 
for scattering an electron of wave number k into a 
state of wave number k’ by longitudinal waves and by 
each of the transverse waves are found, assuming that 
the lattice vibrations of importance are fully excited 
and that an effective mass approximation is valid. 
The squares of the three matrix elements are then added. 
In the determination of the relaxation time for electron 
scattering, 7, the integral over k’ depends upon the 
choice of initial electron wave number k. The integra- 
tion has been carried out for k lying along the three 
directions [001], [011], and [111]. The results are 


1 amme’?C? KT 
r peehth? k’ 


where C is the measured piezoelectric constant, p is the 
density, c; is the acoustic velocity for longitudinal 
waves, and a equals 15.8, 15.6, and 15.1 for the three 
directions, respectively. An average value of a equal to 
15.5 was used. In the evaluation of a, the ratio of 
longitudinal to transverse acoustical velocities is 
determined from Poisson’s ratio which is assumed to 
be 0.3. Finally an average value of k appropriate for 
drift mobility is found? for low temperatures where the 
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conduction electrons are not degenerate, giving 
k=8(2mKT)‘/3x'h. The resulting expression for mo- 
bility is 


0.044pc2hk,? 


= A 
eC?m'(KT)} 


The temperature dependence will be modified if the 
electrons are degenerate; further, other parameters 
may vary with temperature, notably m and C. 

In zinc blende, pc?= 1.14 10" dynes/cm?,? k,=8.3,4 
C=4.2X 10' statcoul/cm?,® and m is taken equal to the 
electron mass. At 300°K, these values give 2700 cm? 
volt-sec. The data of Lenz® indicates a mobility of about 
300 cm?/volt-sec, but corrections for polarization sug- 
gested by Klick and Maurer’ might raise this con- 
siderably. Further, the importance of impurity scatter- 
ing in the measurement by Lenz is not known. 

Neither C nor k, is known for indium antimonide. 
Since m is very small and , is presumably quite large, 
an anomalously large piezoelectric constant would be 
required if this mechanism is to be important in 
indium antimonide. 

If the optical dielectric constant, equal to 14,° is 
taken as the lower limit for k,, m=0.013m,,2 and 
pc? =0.75X 10" dynes/cm?,! then a piezoelectric con- 
stant of C=2.4X10° statcoul/cm? is required for a 
mobility of 10° cm*/volt-sec at 300°K. 

The author is indebted to Professor F. J. Blatt 
and Professor F. Seitz for guidance and helpful dis- 
cussions on this work. 

''W. Voigt, Lehrbuch der Kristallphysik (B. G. Teubner, Leipzig 
and Berlin, 1910), p. 832. 

2 The author is indebted to Dr. Conyers Herring for critical 
comments on the averaging procedure. 

5 Averaged from the elastic constants measured by W. Voigt, 
given in Walter G. Cady, Piezoelectricity (McGraw-Hill Book 
Company, Inc., New York, 1946), p. 159. 

‘K. Héjendahl, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 16, No. 2, 91 (1938). 

5 Reference 3, p. 229. 

®H. Lenz, Ann. Physik 382, 449 (1925). 

7C. C. Klick and R. Maurer, Phys. Rev. 81, 124 (1951). 

8 Avery, Goodwin, Lawson, and Moss, Proc. Phys. Soc. 
(London) B67, 761 (1954). 

® Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 556 
(1955). 

0 Estimate by R. W. Keyes, Phys. Rev. 99, 490 (1955). 


Possible Source of Line Width in 
Ferromagnetic Resonance 
A. M. Crocston, H. Sunt, L. R. WALKER, 
AND P. W. ANDERSON 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received November 28, 1955) 


HE dissipation of power in ferromagnetic reso- 
nance is considered to be a two-stage process.' The 
spin wave state with wave number, , equal to zero 
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decays into states of higher wave number, which in 
turn are degraded by interaction with the lattice. How- 
ever, the relaxation times estimated from various 
processes for the initial relaxation time are far too 
long and have a temperature dependence unlike that 
observed. Usually the coupling to higher & is considered 
to be effected by those terms in the Hamiltonian which 
involve three or more spin operators. The form of the 
third-order terms allows no transitions conserving 
energy from the state, k=0, if the spin wave dispersion 
relation for an infinite medium is used. These terms, 
then, do not give true damping, yielding lines remote 
from the main line, which account for the moment 
calculated by Keffer.? The fourth-order terms, however, 
as evaluated by Kasuya,’ give a genuine relaxation 
time, rapidly decreasing with temperature. 

For a finite sample on the other hand, a dispersion 
relation may properly be established only for spin wave 
disturbances short compared to the sample size, but 
it is important to realize that it then differs markedly 
from that of an infinite medium. In a spheroid mag- 
netized along the axis of rotation, the dispersion rela- 
tion is 


w(k)=7[(Ho—-N Mot HaP) 
x (Ho— N.Mot+HexP+44Mo sin) }', (1) 


provided that 2x/k>>/, the lattice spacing. On the other 
hand, for k=0, one has the exact relation 


w(0)=y[Ho— (N.—N1)Mo]. (2) 


Here Hp is the applied dc field; Mo, the saturation 
magnetization; N, and N,, the axial and transverse 
demagnetizing factors; H.x is an exchange field; /, the 
lattice spacing ; and 0, the angle between k and the axis 
of magnetization. In the infinite medium the formula‘ 
for w(k) lacks the term, N,Mo, arising from the de- 
magnetization of the external field. Comparison of 
w(k) with w(0) now shows that for all spheroids, save 
the infinitely thin disk, there will be a closed surface 
in k-space on which w(k)=w(0). On this surface, & is 
of order (1/1)[44%M./H.x |}, its maximum value being 
(1/D)[ (44M o/ Hx) (N./4x) }!. One then has 2x/k of or- 
der 2x1(H.x/4rMo)' so that (1) is valid. As a result of 
this degeneracy, a genuine relaxation time may be found 
from a variety of processes which cause transitions from 
k=O to the degenerate manifold. Such mechanisms are 
effective also when the motion is described classically. 
Here they will normally give dissipation, but ‘at high 
signal levels the degeneracy combined with level de- 
pendent coupling terms arising from the nonlinear 
motion of the magnetization yields a situation in which 
the spin waves with w(k)=w(0) grow indefinitely at 
the expense of the k=0 state.® 

The quadruple terms now give for finite samples 
a relaxation term which depends linearly upon the 
excitation of the k=0 spin wave and linearly upon 
temperature; in addition to one of the type found by 


THE 


EDITOR 


Kasuya which is little affected by degeneracy. The 
triple terms may also contribute to damping if the 
field is sufficiently small for the equality, w(0) = 2w(k), 
to be fulfilled; for a sphere, this requires Hy)<8rM )/3. 
The decay constant for this process is independent of 
excitation and varies linearly with temperature. 

There is an additional mechanism, again giving a 
small line width in the infinite medium, which, in the 
presence of degeneracy, probably gives a larger con- 
tribution than those mentioned above. If the regularity 
of the lattice is disturbed in some random fashion, the 
resulting perturbation of the spin interactions makes 
possible many transitions between levels of the spin 
wave system which were forbidden by the regular 
perturbations so far discussed. In fact, double terms in 
the perturbing Hamiltonian are already sufficient to 
induce transitions connecting the state, k=0, to the 
manifold of states with the same energy. A line width 
can thus be calculated on the basis of double terms 
alone. Impurities, vacancies, and lattice defects are 
probably not numerous enough to make this line 
width appreciable. However, in ferrites with the in- 
verted spinel structure, the random distribution of 
ions on the octahedral sites gives rise to a fluctuation 
in the magnetic interactions throughout the lattice. 
Disregarding sublattice effects the relaxation time, r, 
obtained from a model in which the interaction between 
the spins varies in a random manner and without 
spatial correlation throughout the crystal, is given by 


1  S* (4nM,)! 
-=y— . 
T He! 


H,’aF, (3) 


where SS is the spin; H,” is the mean square field corre- 
sponding to the fluctuations in the pseudo-dipolar 
interaction energy of pairs of spins (fluctuations in the 
exchange energy do not contribute); @ is roughly the 
probability of occurrence of a disordered pair of 
neighbors; F is a pure number of order unity arising 
from an integration over the degenerate manifold. F 
varies rapidly with sample shape through N;, slowly 
through changes in Ho/4rMo, and depends upon the 
angle between Hp» and the crystal axes. For a spherical 
sample, with the values 4rMo/H.x«~10%, H,~10° 
oersteds, S=1, one finds a line width comparable with 
measured values. Since the area of the degenerate 
manifold goes to zero with N,;, F must do the same. 
The formula (3) thus predicts a marked shape 
dependence. 

It is to be noted that the 7 calculated here refers to 
a decay of the components of magnetization transverse 
to Hy into the degenerate manifold in such a manner 
as to preserve M,; thus 7 will only represent the relaxa- 
tion time for M, if the further decay from the degen- 
erate manifold to the lattice is fast compared to r. 

The double terms in this model also give rise to a 
frequency shift which is proportional to H,?/H.x; the 
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actual magnitude is not markedly affected by the form 
of the dispersion relation and is roughly that of the 
observed anisotropy. 


(1983) Kittel and E. Abrahams, Revs. Modern Phys. 25, 233 
53). 

°F. Keffer, Phys. Rev. 88, 686 (1952); N. Bloembergen and 
S. Wang, Phys. Rev. 93, 72 (1954). 

3 T. Kasuya, Progr. Theoret. Phys. (Japan) 12, = “yet 

‘C. Herring and C. Kittel, Phys. Rev. 81, 869 "(195 

°P. W. Anderson and H. Suhl, Phys. Rev. 100, 1789 * 1955). 


Relativistic and Screening Effects in 
Radiative Electron Capture 


R. J. GLavBer AND P. C. MARTIN, 
Harvard University, Cambridge, Massachusetts, 
T. Lrnvovist, University of Uppsala, Uppsala, Sweden, 
AND 
C. S. Wu, Columbia University, New York, New York 
(Received October 26, 1955) 


HE continuous gamma-ray spectrum (inner 

bremsstrahlung) accompanying orbital electron 
capture was recently investigated theoretically.! This 
theory takes the p-electron capture as well as the 
s-electron capture and the Coulomb effects into con- 
sideration and gives a better agreement with experi- 
ments in the low-energy region than earlier theories.?* 
A check of the theory was subsequently made‘ by in- 
vestigating the inner bremsstrahlung from A®’ by the 
method of scintillation spectroscopy with particular 
emphasis on the low-energy region. 

A general formulation of the problem of radiative 
capture from the various electronic states has been 
made.® According to this theory, the general expression 
for the radiative events w, per 1S-electron capture 
(w,)1s can be written, in the absence of relativistic and 
screening effects, as 


Za 2 
te) 
(we)is m4 ? 2 
where x is the photon energy given in units of Z’ ry 
=Z?X13.5 ev; Xmax is the upper limit of the photon 
energy; £; is the ionization potential for the /-electron, 
and J;(x) is a tabulated function. The summation has 
been carried out for /=1S, 2S, 2P, and 3P. In Fig. 8 
of reference 4 is shown the application of this theory 
to the inner bremsstrahlung from A*’. The agreement 
down to 100 kev is excellent. As predicted by the theory, 
the experimental distribution does show a sudden 
increase at around 30 kev. However, the experimental 
points below 100 kev lie below the theoretical curve. 
This discrepancy was found also for the inner brems- 
strahlung from Fe** by Madansky and Rasetti (Fig. 9, 
reference 4). 


rr E,— E,s 3 
cece) Ii(xdx, (1) 


max 
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In order to explain these discrepancies, the calcula- 
tions have recently been performed® taking account of 
the relativistic effects for the S-state spectrum, and 
including correction factors for screening. Both the 





| | 
05 00 oa ws 





Fic. 1. Inner bremsstrahlung from A*’. 


relativistic and screening corrections are energy- and 
charge-dependent, but the variation of the latter with 
energy is very small. The general expression (1) can 
therefore be written 


wdk a S§,(Z) Za? 
aa Re)(—) 
(wis @ ? Sis(Z) 2 


x—(E,—E\s) 7 
{1-———] Ii(x)dx, (2) 


Xmax 


where S;(Z) is the screening correction factor for the /th 
electron and R,(x,Z) is the relativistic correction factor 
for the energy x and charge Z. The numerical values 
for these correction factors were determined. 

The experimental data‘ on A*’ have been used in a 
comparison with the theory given by formula (2). The 
treatment of the data is exactly the same as before,‘ 
ie., the experimental points are corrected only for 
background and the theoretical curve is corrected for 
the various effects in the Nal scintillation counter. 
Figure 1 shows the result. The agreement is now 
excellent over the whole energy region. 

R. J. Glauber and P. C. Martin, Phys. Rev. 95, 572 (1954). 

2 P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

3J. M. Jauch, Oak Ridge National Laboratory Report ORNL- 
1102, 1951 (unpublished), 


‘T. Lindqvist and C. S. Wu, Phys. Rev. 100, 145 (1955). 
5 R. J. Glauber and P. C. Martin (to be published). 


Decay of Co and Cut 
R. H. NusspAum,* A. H. Wapstra, W. A. Brom, 
M. J. Srerx, G. J. NijcH, AND N. GRroBBEN 


Instituut voor Kernphysisch Onderzoek, Amsterdam, Holland 
(Received November 28, 1955) 


HE decay of 1.66-hr Co and 3.33-hr Cu® was in- 
vestigated in this institute with 8- and y-scintilla- 
tion spectrometers in various coincidence setups, with 
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the following results. Co™ was found to decay into a 70- 
kev excited state of Ni®™ by emission of an electron 
spectrum with a maximum energy of 1220+40 kev 
and a half-life of 1.66+-0.01 hr. 95+15% of the electron 
decays lead to the 70-kev level. An upper limit of less 
than 3% could be set to the intensity of any other y ray 
between 400 and 660 kev.' The decay of Cu® is ac- 
companied by y rays of 70+1, 280+3, 380+10, 580 
+20, 660+10, 940+-50, 1150450, and 1220+50 kev 
with intensities of 4+1%, 122%, 2441%, 143%, 
1142%, 13.43%, 144%, and 542% per decay re- 
spectively; y-y and 8-y coincidence measurements in- 
dicated the decay scheme given in Fig. 1. It is curious 
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Fic. 1. Decay scheme of Co™ and Cu®. Successful 
coincidence measurements are indicated. 























to note that the excitation energies of the levels found 
in Ni®™ deviate less than 5% from the simple formula 
E,,= 73m? kev. A similar structure is found in the level 
scheme of Zn*’,? where the levels fit the formula 
E,,=23n* kev (n= 2-6) with about equal precision. 

The positron spectrum of Cu® was measured with 
care in a magnetic lens 8-ray spectrometer and found 
to consist of three components with maximum energies 
of 1220+. 15, 940 and 560 kev with intensities of 51+5%, 
5+1% and 341% per decay : this measurement was not 
sufficiently precise to show the (~2% intensity) 1150- 
kev positron branch to the 70-kev Ni® state that is 
present according to scintillation 8-y coincidence meas- 
urements. These results are compatible with the y-ray 
measurements and the theoretical electron capture to 
positron emission ratios; the total capture to positron 
ratio is 0.68. 

The nuclear shell model assignments f7/2, ps3/2, and 
ps2 for the Co*, Ni®, and Cu" ground states agree 
with the proposed decay scheme. An assignment fs;2 to 


THE EDITOR 

the 70-kev Ni® state explains both the aliowed character 
(log ft=5.1) of the Co™ decay and the /-forbiddenness 
(log ft=6.7) of the Cu® decay to this state. The 280- 
and 660-kev states should be assigned 1/2- or 3/2-; 
the 1220-kev state 1/2-, 3/2-, or 5/2-. The experimental 
K-conversion coefficients 0.11 and 0.004 for the 70- and 
280-kev lines (obtained from a comparison of the in- 
tensities of the conversion electrons with the total 
positron spectrum in the magnetic lens and of the y 
rays with the total annihilation radiation) point toan M1 
character for these y rays, in agreement with the pro- 
posed level assignments in Fig. 1. 

A more elaborate report of our measurements and 
a comparison with older measurements will be published 
elsewhere. 

We thank Professor A. H. W. Aten, Jr., for his in- 
terest in this work, Mr. L. Lindner and Miss E. Klopper 
for the chemical separations and the crew of the 
Philips Synchrocyclotron for the many irradiations. 

+ This work is part of a program of the Foundation for Funda- 
mental Research of Matter (F.O.M.) of the Organization of Pure 
Scientific Research (Z.W.O.). 

* Present address: Physics Department, Indiana University, 
Bloomington, Indiana. 

1 Smith, Haslam, and Taylor, Phys. Rev. 84, 842 (1951), and 
ae Jordan, Maeder, and Stoll, Helv. Phys. Acta 28, 323 
2L. H. Th. Rietjens and H. J. van den Bold, Physica 21, 701 


(1955). 
3P. F. Zweifel, Phys. Rev. 96, 1572 (1954). 


Halo of Radio Emission and the Origin 
of Cosmic Rays 


G. R. BuRBIDGE 


Mount Wilson and Palomar Observatories, Carnegie Institution 
of Washington, California Institute of Technology, 
Pasadena, California 
(Received November 21, 1955) 


ECENT observations of radio emission in the 
Andromeda nebula (M31)! and on the back- 
ground radiation from our own galaxy’ (at a frequency 
of 81.5 Mc/sec) have shown that a considerable fraction 
of the radiation (~3 for M31), comes from roughly 
spherical regions centered on the galactic centers and 
having radii of the order of 15 kiloparsecs. An explana- 
tion of these results is that the emission is synchrotron 
radiation emitted by relativistic electrons moving in 
random magnetic fields in these halo regions. This then 
suggests that there is a much more widespread distribu- 
tion of diffuse matter and magnetic field normal to the 
galactic planes than has previously been supposed. 
These ideas have previously been proposed by Russian 
astrophysicists.’ 
An analysis of the data of Baldwin, using the equa- 
tions for the frequency and power emitted in the 
synchrotron mechanism, the stability of the sphere, 
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and the condition that the energy density of relativistic 
electrons in the sphere be much less than the energy 
density of cosmic radiation in the disk, has shown‘ that 
the most plausible values of the parameters are p 
(material density in the halo)~10-**— 10-27 g/cc, 
H(haio magnetic field)~~1—2X10-* gauss, » (hydro- 
magnetic turbulent velocity)~200km/sec, and E 
(energies of the electrons producing radiation at this 
frequency) 10° ev. We have assumed that there is 
rough equipartition between the kinetic and magnetic 
energy modes. In the disk rough equipartition exists 
between the kinetic, magnetic, and cosmic-ray energy 
modes. It seems plausible that the same may also be 
true in the sphere, and if this is the case the whole halo 
will be effective in accelerating cosmic-ray particles.° 

The radio observations suggest that the relativistic 
electron density is roughly uniform, and whether they 
are of primary or of secondary origin, if they were 
produced in the disk where there is a greater density of 
matter and radiation they can only achieve uniformity 
if they are both losing energy by radiation and gaining 
it by Fermi collision processes in the halo. The figures 
given above suggest that the average distance apart 
of the irregularities < 100 parsecs. 

Fermi® showed that the energy of a particle after V 
collisions would be W=Me exp[(V/c)?N ], so that 
only about 2.5<X10-* of the number of collisions de- 
manded in the disk will be needed in the halo to give 
the same energy spectrum. Also energies >>10" ev, 
which has been shown to be near the upper limit of the 
original Fermi mechanism,’ are possible using these 
new acceleration parameters. The mean free path for a 
nuclear collision of a proton in the halo is so large 
(corresponding to lifetimes of 10'-10" years) that 
there is small probability of a collision in the galactic 
lifetime (~5X 10° years). On the other hand, one inter- 
pretation of the mass spectrum’ which does not take 
into account nuclear effects in the primary acceleration 
in stellar atmospheres® suggests that the corresponding 
mean free path in the disk cannot be greater than 4X 10° 
years. Thus, while the gain in energy will be obtained 
primarily in the halo, the final destruction will take 
place in the disk. The effective path lengths for nuclear 
collision in disk and halo will depend both on the ratios 
of the masses (Maisx/Mnaio) and on the particle orbits 
which will be defined by the magnetic fields. For the 
halo densities suggested above, Maisk/Mnaio~ 10—10°. 
Haisk/Hnaio may be about 5,° and in the disk the field 
tends to be oriented along the spiral arms in the plane 
with leakage points into the halo.’° It may be possible, 
therefore, to reconcile the estimates of the distance 
apart of the turbulent elements in the halo deduced 
from the radio observations, and hence the efficiency 
of the cosmic-ray accelerating mechanism, with the 
efficiency of the destructive processes of nuclear collision 
in the disk. 

The major difficulty associated with the model is the 
source of the energy of the diffuse gas in the halo. 


THE 


EDITOR 907 
Because of its distribution and motions it cannot be 
supposed to originate in the way proposed by Oort and 
Spitzer," but it may be derived from the total energy 
of rotation of the galaxy through turbulent hydro- 
magnetic frictional effects. 

1 J. E. Baldwin, Nature 174, 320 (1954). 

sj. E. Baldwin, in preparation, and paper read at Symposium 
on the large scale structure of our galaxy at the International 
Astrcaomical Union, Dublin, September, 1955 (to be published 
in Trans. I.A.U.). 

31. S. Shklovsky, Astron. J. S.S.S.R. 29, 418 (1952); Astron. J. 
S.S.S.R. 30, 15 (1953); Astron. J. S.S.S.R. 31, 533 (1953); S. B. 
Pikelner, Doklady Akad. Nauk S.S.S.R. 88, 2, 229 (1953); Les 
particules solides dans les astres (Institut d’Astrophysique, Cointe- 
Liege, 1955); V. L. Ginsburg, Uspekhi Fiz. Nauk 51, 343 (1953). 

*G. R. Burbidge, Astrophys. J. (to be published). 

5 Strictly speaking, for such a model the cosmic-ray pressure 
should be included when the stability of the sphere is discussed, 
but the uncertainties in the numbers are such that this refinement 
is not important at this stage. 

6 E. Fermi, Phys. Rev. 75, 1169 (1949), 

7 Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 

8 Fowler, Burbidge, and Burbidge, Astrophys J. Suppl. 2, 
No. 17 (1955). 

9S. Chandrasekhar and E. Fermi, Astrophys. J. 118, 113 (1953). 

0 T,. Davis, Phys. Rev. 96, 743 (1954). 
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Nuclear Emulsion Observation of 
Annihilation of an Antiproton* 


R. D. Hit, Stic D. JoHANsson, AND F. T. GARDNER 


Physics Department, University of Illinois, Urbana, Illinois 
(Received December 1, 1955) 


N event, which we believe has a reasonable 
probability of representing the creation and sub- 
sequent annihilation of an antiproton, has been observed 
in emulsions exposed directly in the proton beam of the 
Berkeley Bevatron. 

A facsimile drawing of the event is shown in Fig. 1 
Star A is caused by a 6.2-Bev beam proton, and al- 
though this star has not yet been fully analyzed its 
visible energy is approximately 2 Bev. Emerging from 
star A is a high-energy track which makes an angle 
of 6.5° with the direction of the beam protons and which 
causes a secondary star, B, after traversing 1.4 mm in 
the same emulsion strip. 

Star B has 16 prongs, apart from the incoming track. 
An analysis of the nature and energy of each track 
in star B is shown in Table I. The total visible energy 
in star B, including rest energy of the pions and binding 
energies of the protons, is 1410 Mev. The total mo- 
mentum of the visible tracks in the direction of the 
incident particle is 840 Mev/c. 

The track of the incident particle of star B is very 
flat (0.24 dip per 100u), approximately 1.4mm in 
length. Its blob density has been accurately compared 
with ten proton tracks at the same depth in the emulsion 
and running closely parallel to the incident track. No 
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part of a calibrating proton track was more than 15y 
in depth or 100, laterally from the track in question 
and care was taken to count all tracks under the same 
conditions. The incident track has a blob density of 
25.40 blobs per 100y and the protons a blob density of 
22.14 blobs per 100u. The blob density of the incident 
track is thus 9% above the plateau blob density of 
23.31, assuming that the 6.2-Bev proton blob density 
is 5% below the plateau value.! Thus the incoming 
track may be a proton of 750+150 Mev, a K-particle 
of 400 Mev, or a pion of 110 Mev. One is therefore led 
to believe that star B may result from the capture and 
annihilation of an antiproton by a heavy nucleus in the 
emulsion. The energy available from annihilation of an 
antiproton of 750 Mev is approximately 2600 Mev. 
Star B exhibits an energy of 1410 Mev and if the as- 
sumption is made that as much energy is emitted in 
the form of neutrons as of protons (~550 Mev in- 
cluding binding energies), then the energy unaccounted 
for is ~ 650 Mev. Some of this energy could be absorbed 
in the production of one or two x° mesons. A multi- 
plicity of four charged mesons and one or two uncharged 
mesons appears to be in keeping with current ideas of 
antiproton annihilation. 

Attention should be drawn to the momentum balance 
of star B. If the incident particle is an antiproton of 
1400 Mev/c, only ~560 Mev/c forward momentum 
need be taken off by the neutral particles. This is 
approximately the same as the forward momentum 
shown by the protons (620 Mev/c). An interesting 
feature of the star, however, is the large lateral mo- 
mentum exhibited ; for instance, the average momentum 
per charged particle in a direction perpendicular to the 
incident particle is 153 Mev/c, whereas the average 
momentum per particle in the direction of the incident 
particle is only 102 Mev/c. This seems to lend support 
to the picture that the star may have resulted from 
the release of a large amount of energy by annihilation. 
It is of interest also to point out that all four charged 
pions move to one side in a relatively small cone. 

Two alternative possibilities of explaining the event 
must now be considered. The first is the possible 
alternative that the incident particle to star B is a 
deuteron of 1500+300 Mev. It seems, however, im- 
probable that a 17-prong star which has a visible energy 
of 1410 Mev should distribute practically zero energy 
among its neutral particles. Nor would a momentum 
distribution in which the incident deuteron has as 


TaBLe [. Analysis of star B. 








Track 1 2 3 4 5 6 7 8 9 
Identity p Lg 

Energy (Mev) 13.5 129 
R (uw) or g/gpiat 964. 1.04 


Track 10 il 12 15 16 17 
Identity ? p p p p 
Energy (Mev) 77 114 128 2.7 J 15 Ss? | 633.5 
R (wu) or g/gpias 1.36 2.7 2.5 634 11802 3.2 4660y 
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? p 
22.5 12 42 70 
1.77 1.41 
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Fic. 1. Facsimile drawing of the observed event. Star B prob- 
ably results from the annihilation of an antiproton, track 1, cap 
tured in a heavy nucleus. Track 1 arises in a primary star, 4, 
created by an incident proton, p, of 6.2 Bev. 


much momentum as 2800 Mev/c, whereas the ex- 
hibited forward momentum is only 840 Mev/c, appear 
very likely; especially when the neutral particles must 
have practically zero energy.” 

The second alternative explanation is that star B is 
produced by a high-energy pion. If we assume that there 
is as much energy carried away by neutrons as by 
protons, the energy of the incident pion would be 
approximately 2 Bev. The blob count of the incident 
track to star B is 11% above that of a pion of 2 Bev. 
On the basis of the probable error of the observed blob 
density of the incident track, we estimate the statistical 
chance to be 1 in 50 that a 2-Bev pion will have a blob 
density as high as the incident track. 

From the number of high-energy secondary pion 
stars relative to 6.2-Bev stars in our emulsions and from 
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a plausible theoretical estimate of 0.004 mb (¢?/42r~ 1) 
for the antiproton production cross section,’ we believe 
that the expected number of 2-Bev pion stars may be 
as high as 50 times the number of antiproton stars. 
Thus, combined with the probability factor from blob- 
density considerations, there may be roughly an equal 
probability that star B arises from the interaction of an 
antiproton as from a 2-Bev pion. However, since the 
momentum of a 2-Bev pion is 2140 Mev/c and the 
observed forward momentum of star B is visible only 
840 Mev/c, there is again considerable doubt cast on 
the possibility that the incident particle could be a 
high-energy pion. 

It should perhaps be pointed out that, since the vis- 
ible energy evolution in star B is only 660 Mev in ex- 
cess of the incident particle energy, the event is not in- 
compatible with the absorption of a hypothetical boson 
of approximately protonic mass. 

We are deeply indebted to the members of the 
Radiation Laboratory, University of California, and 
especially to Dr. E. J. Lofgren and Dr. G. Goldhaber, 
for the irradiation of the emulsions. 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1B. Judek and E. Pickup ae communication); A. Husain 
and E. Pickup, Phys. Rev. 98, 136 (1955). Using electrons from 
u—e decays, we have checked the ratio of plateau density to 
6.2-Bev proton blob density and find a value of approximately 
1.03, which, within experimental error, agrees with value of 1.05 
used above. Although there is some disagreement [see Kaplon, 
Klarmann, and Yekutieli, Phys. Rev. 99, 1528 (1955)] as to the 
value of the plateau to minimum blob-density ratio, most observers 
are in agreement on the form of the blob-density curve above the 
plateau. Above the plateau, we have used a combination of the 
curves of Husain and Pickup and of J. R. Fleming and J. J. 
Lord [Phys. Rev. 92, 511 (1954)]. 

? The possibility that star B is created by an Eisenberg type 
of particle seems no more likely than in the case of a deuteron; 
unless perhaps the normally emitted K particle decays to pions or 
is converted directly into kinetic energy. 

3D. Fox, Phys. Rev. 94, 499 (1954); R. N. Thorn, Phys. Rev. 
94, 501 (1954); G. Feldman, Phys. Rev. 95, 1697 (1954). 


Antiproton Star Observed in Emulsion* 


O. CHAMBERLAIN, W. W. Cuupp, G. GoLpHABER, E. SEGRE, AND 
C. Wrecanp, Radiation Laboratory, Department of Physics, 
University of California, Berkeley, California 


AND 


E. AMALpI, G. BAroni, C. CASTAGNOLI, C. FRANZINETTI, AND 
A. MANFREDINI, Istituto di Fisica della Universita, Roma 
Istituto Nazionale di Fisica Nucleare, 

Sezione di Roma, Italy 
(Received December 16, 1955) 


N connection with the antiproton investigation at 

the Bevatron, we planned and carried out a photo- 
graphic-emulsion exposure in a magnetically selected 
beam of negative particles. The magnetic system was 
identical to the first half (one deflecting magnet and one 
magnetic lens) of the system used in the antiproton 
experiment of Chamberlain, Segré, Wiegand, and 
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Fic. 1. Reproduction of the star. L is the incoming track (9.31 cm 
of range). For the explanation of the other tracks see Table I. 


Ypsilantis.! The selected particles left the copper target 
in the forward direction with momentum 1.09 Bev/c. 

Cosmic-ray events possibly due to antiprotons had 
been observed previously by Hayward,? Cowan,’ Bridge, 
Courant, DeStaebler, and Rossi,‘ and (in nuclear 
emulsion) by Amaldi, Castagnoli, Cortini, Franzinetti, 
and Manfredini.’ We were hopeful of finding events 
similar to the last one in our experiment as reported 
here. 

When the antiproton concentration in the beam used 
was measured! (one for about 50 000 pions), it became 
possible to make a rough estimate of the number of 
antiprotons that should come to rest in the nuclear 
emulsion stacks. Since the range of antiprotons from 
the selected beam was considerably greater than the 
length of the stacks, it was necessary to slow the 
antiprotons in an absorber (132 g cm~ of copper) before 
allowing them to enter the stacks in which they were to 
come to rest. The estimate of the number of antiprotons 
stopping in the stacks is hence rather drastically affected 
by the assumption made about their nuclear attenuation 
cross section in the copper absorber. If the attenuation 
cross section is assumed equal to that for protons we 
could expect about 7 antiprotons, while if it were twice 
that for protons we could expect only about 2.5 anti- 
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TABLE I. Analysis of the star shown in Fig. 1.* 








Ionization 
(1/I) 


Range 
(microns) 


E 
(Mev) 


PB 
(Mev/c) 


23 960 observed 0.90+0.06 430+70 

19 500 observed 1.29+0.09 
4250 total 
1100 total 
340 total 
202 total 
4050 total 
206 total 
100 total 


Track Identity 


a(?) 
98+9 
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- 








® The particle identity for tracks 6 and c is certain. That for track a is 
only slightly uncertain; a very improbable alternative is that it is due to an 
electron. The others can be protons or alpha particles. 


protons, in the scanned part of our stacks. Up to now 
only one has been found. We think, however, that we 
should not draw any conclusion about the attenuation 
cross section from these numbers, since our efficiency of 
observation is different for different scanning methods 
and is not easy to estimate. 

Intensive scanning in Rome and in Berkeley has 
produced one star, found in Rome, and shown in Fig. 1. 
It has outgoing tracks as indicated in Table I. The 
most reasonable assumption is that track a is a pion. 
If the black prongs are due to protons, the visible 
energy release may be computed as follows: kinetic 
energy of the two pions, 389 Mev; rest energy of the 
two pions, 280 Mev; kinetic energy of the black tracks, 
101 Mev; and binding energy for the black tracks, 56 
Mev. The total visible energy is 826 Mev. 

The momentum unbalance is 520 Mev/c, and in the 
most conservative (and very unlikely) assumption that 
four neutrons escaped, all with the same energy and in 
the same direction, the minimum invisible energy re- 
lease would be 65 Mev. A more realistic estimate of the 
energy represented by neutrons would be 160 Mev. 
It is possible that a very considerable energy went into 
neutral pions. Other assumptions on the identity of the 
heavy tracks give higher total energy releases. 

We must conclude that the visible energy release is 
consistent with that to be expected from the annihila- 
tion of an antiproton-proton pair; it would be harder to 
explain as due to a reaction in which all the energy is 
supplied by only one particle of protonic mass. 

From the magnetic analysis we can say that the 
particle that generated this star entered the copper 


TABLE IT. Mass measurements. 








Range interval 
from the end 
(mm) 


82.0—66.0 
74.6—19.0 


Method M/m 


1840+250 
1810+100 


M/M> 


1.00+0.14 
0.99+0.06 


0.95+0.07 
0.89+0.15 
1.02+0.04 





Ionization-scattering 

Ionization (mean gap 
length)-range 

Same as above 

Scattering-range 

Residual range-momentum 
(from orbit) 


5-0 
10—0 
93.14 plus 
132 g cm™ 
copper 


1740+130 
1635+280 
1865+ 70 


Weighted average 1824+ 51 0.99+0.03 
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absorber preceding the emulsions with a momentum of 
1090+ 20 Mev/c. The observed range is 132 g cm~ of 
copper plus 9.31 cm of emulsion. From these data we 
can calculate the ratio M/M, of the mass of this par- 
ticle to the proton mass, and we obtain 1.02+0.04, in 
which the main uncertainty is due to the uncertainty 
in momentum. We have not considered here the remote 
possibility of inelastic scattering in the copper absorber, 
which would lead to a lower mass value. Somewhat less 
precise values of the mass are obtained from measure- 
ments made exclusively in the emulsion. All these mass 
measurements are reported in Table IT. 

This event is corroborating evidence, but not final 
proof, for the interpretation given in reference 1 that 
the new particles observed at the Bevatron are anti- 
protons. It also gives support to the hypothesis that the 
star described in reference 5 was indeed due to an 
antiproton. 

A more detailed description of these results is being 
submitted for publication in Nuovo Cimento. 

* This work was performed under the auspices of the U. S’ 
Atomic Energy Commission. 

1 Chamberlain, Segré, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955). 

2 Evans Hayward, Phys. Rev. 72, 937 (1947). 

3 E. W. Cowan, Phys. Rev. 94, 161 (1954). 

* Bridge, Courant, DeStaebler, and Rossi, Phys. Rev. 95, 1101 
OT Aldi, Castagnoli, Cortini, Franzinetti, and Manfredini, 
Nuovo cimento 1, 492 (1955). 


Radiative and Nonradiative Boson Decay 
into Leptons* 


Stpney A. BLUDMAN AND MALvIN A. RUDERMAN 
Radiation Laboratory and Physics Department, University of 
California, Berkeley, California 
(Received November 28, 1955) 


HE decay K,y2—y+», which is the most common 
K-meson decay, is strikingly similar to y+». 
A simple phase-space estimate gives a K—y lifetime 
less than one-tenth the r—y lifetime, while the observed 
lifetimes are more nearly equal. In this note, we wish to 
point out that the long K, 2 lifetime and the absence 
of K.2 are both understandable in terms of the same 
interaction (axial vector) as has been invoked! to 
explain the absence of r—e decay. Since this interaction 
is one that suppresses the emission of fast electrons, it 
had been expected? that radiative decays like r—e+ »+ 
might be relatively important. That this is not so, 
however, can be shown in a simple way by a generalized 
equivalence theorem. 

Since ys merely inverts neutrino spins, and in the 
final state neutrino spins are summed over, the decay 
of a scalar meson by scalar (vector) coupling is identical 
with the decay of a pseudoscalar meson by pseudo- 
scalar (pseudovector) coupling. The essential feature 
of derivative coupling is that the matrix element squared 
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is proportional to 1—(v/c)=[m/(M+m) }, where 
and m are the electron or muon velocity and mass, and 
M is the pion or K-meson mass. The transition rate is 


71=[¢?(M?—m’)?/2M*](m/M)?, (1) 


where g is the effective boson-lepton coupling constant. 
The pseudovector interaction for the pion decay was 
motivated by the small ratio 1.3 10~ that this equa- 
tion gives for the probability of the pion decaying into 
e+yv rather than into y+. 

From Eq. (1), the ratio of K—e to K—y decay is 


TKet*/TKys = 2.51075. (2) 


When the coupling constant in Eq. (1) is adjusted to 
the observed lifetime, 


K,=0.707-¢,= 1.8X 10-8 sec. (3) 


No K,2 has in fact been reported, and the lifetime in 
Eq. (3) is in good agreement with the observed value.* 

The derivative coupling supresses the transition rate 
so long as 1— (v/c)=1+ (p,/E,)-(p./E.) ~0, a relation 
which is altered by photon emission. If radiative transi- 
tions were to be somewhat enhanced relative to non- 
radiative decays, K,3 and K,3, which appear to be a 
few percent of K,2, might be interpretable (at least 
in part) as radiative decays. That this is not the case, 
but rather that the radiative decay is of order a/x 
= (0.2% of the nonradiative decay, follows immediately 
from an equivalence theorem relating (pseudo)scalar 
and (pseudo)vector interactions. From (p,—eA)y. 
=m, and pwy,=my,, it follows, for every order 
in e, that 


g (We, u! (i@—eA)d|P,)=2 We, u| (p.—p,—eA)d|v,) 
= (me, =F m,) ge, u|d| Wr). (4) 


The minus sign holds when ¢ is a scalar meson wave 
function and the plus sign when ¢ is ys; times a pseudo- 
scalar wave function. For e=0, the matrix element of 
Eq. (4) is that for the nonradiative decay; if terms are 
kept linear in e, the matrix elements of Eq. (4) are those 
of the radiative decay. For both the radiative and the 
nonradiative decay, with derivative coupling, the matrix 
element for electron emission is m,/m, times the matrix 
element for muon emission. The ratio of radiative and 
nonradiative decay rates of spin-zero mesons is the 
same with derivative and with direct coupling.‘ 

In all four cases [.S(S),5 P(P), S(V), P(A)], the 
probability of radiative decay with the emission of 
muons or electrons of momentum / in the energy 
interval dE is 


a M? 4 
P(EydE=( )| 
a \ M?—m?/ | M?+m’—2ME 


E+p M?+m?—2ME 
x| 2 in )-20]+ =e 
E-p M(M?—m?) 


M(E+p)—m? 
xIn(—— -——) jax 
M(E—p)—m? 
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It is interesting to observe that for all four couplings 
the spectrum obtained is essentially that expected from 
classical radiation damping. 

We would like to thank S. Gasiorowicz, C. J. Goebel, 
and W. K. B. Watson for helpful discussion. 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 
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importance of radiative decay with pseudovector coupling. We 
are grateful to Dr. Treiman and Dr. Wyld for informing us of their 
results. 
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Multiple Pion Production in n-p Collisions 
at the Bevatron* 


WiLiiAM B. FowLer, GEORGE MAENCHEN, WILSON M. PowELL, 
GEORGE SAPHIR,f AND ROBERT W. WRIGHT 
Radiation Laboratory and Department of Physics, University 
of California, Berkeley, California 
(Received November 18, 1955) 


M‘ JRE than 500 events showing pion production in 
n-p collisions have been obtained by exposing 
a hydrogen-filled diffusion cloud chamber! to high- 
energy neutrons from the Bevatron. The neutrons were 
produced by bombarding an internal Cu target with 
6.2-Bev circulating protons. The cloud chamber was 
placed 75 feet from the target along a line tangent to 
the proton beam, and was in a pulsed magnetic field 
of 15 300 gauss. The beam at the chamber was colli- 
mated to 2 inch by 2.5 inches. A 19-inch paraffin filter 
was inserted into the beam 55 feet from the cloud 
chamber to reduce the number of low-energy neutrons; 
and a 2-inch Pb filter, followed by a small sweeping 
electromagnet, was inserted 40 feet from the cloud 
chamber to remove the y rays. The energy distribution 
of the neutrons undoubtedly extended from a few Mev 
up to 6.2 Bev. However, since no events were recorded 
with fewer than three outgoing prongs, neutrons 
below 280 Mev did not contribute. 

One event had seven outgoing prongs (Fig. 1). Meas- 
urements of momentum and relative ionization of the 
prongs are given in Table I. A reasonable assumption 
is that all the prongs are either pions or protons, and 
there is no evidence to indicate otherwise. Track 1 
ionizes slightly more than minimum and is therefore 
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Fic. 1. Photograph of seven-prong event interpreted as production of five pions in an n-p collision. 


an identified proton. Tracks 2 and 6 are minimum 
ionization and, therefore, are identified as positive 
pions. Tracks 3, 4, and 7 are negative and, therefore, 
are negative pions. Track 5 is unidentified from ioniza- 
tion and momentum. Since the transverse momentum 
can be balanced within the errors of measurement, 
there is probably no neutral particle leaving the colli- 
sion; and since all the particles are identified except 
Track 5 we know that under these conditions it must 
be a proton. The reaction is therefore believed to be 


nt+poptptatt+atetrt+r, 


where five pions have been produced in a nucleon- 
nucleon collision. The kinetic energy of the incoming 
neutron is approximately 4.7 Bev for this case. We 
are unable to rule out six-meson production, i.e., 
pp++———0 or pn+++-— — —, but both 
these possible reactions are considered less probable. 
The total charge of +1, the relatively high momentum 
of all the positive tracks, and the absence of a recoil 
blob at the origin make it highly unlikely that the 
event is a rare carbon or oxygen star from the methyl 
alcohol in the cloud chamber. 

Of the remaining events, 48 have five prongs and 473 
have three prongs. Table II shows the events classified 


according to the number of visible prongs and the 
number of pions produced in the collision. A pre- 
liminary analysis of the five-prong events indicates 
that 16 of these have one or more neutral outgoing 
particles, indicating the production of four or more 
pions. Identification of these events is based on (a) 
ionization and momentum measurements showing that 
two of the positive particles are pions (six cases), (b) 


TaBLeE I. Data on seven-prong event. 








Momentum 
used for 
momentum 
balance 
(Bev/c) 


Particle 
identifica- 
tion 


Ionization 
density 
(relative) 


Measured 
momentum 


Track Sign (Bev/c) 





0.85 


1 +0.05 
2 0.67 
3 


+0.04 
+0.10 
—0.09 
+0.06 
+0.3* 
—1.5 
+0.15 
—0.10 
0.065+0.003 


~1.5 
minimum 
minimum 


0.90 proton 
0.71 iv 
0.74 0.83 a 
1.19 a 
1.56 proton 


1.19 
3.0 


minimum 
minimum 
0.53 at 


0.63 minimum 


~3 0.065 ™ 








® The total energy of the outgoing particles is limited by the energy of 
the original protons in the Bevatron. The upper limit here is obtained in 
this way rather than from direct measurement. 
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TABLE II, Relative frequencies of multiplicities 
of pion production in n-p collisions. 








Observed type 


of event 7-prong 


5 Sor 
more 
0 


3-prong 5-prong 





6 or 
more 
0 


3 30r 4or 
more more 
29 16 1 


lor 2or 
more more 
473 a8 


Identified ‘em 1 


of pions 
No. of events 








lack of transverse momentum balance within the errors 
of measurement (seven cases), or both (a) and (b) 
(three cases). Production of three pions is indicated 
in three of the five-prong events that show transverse 
momentum balance. Because it is easier to establish 
the absence than the presence of momentum balance, 
3:16 can only be considered within statistics as a lower 
limit to the ratio of three-pion to four-or-more-pion 
production in the five-prong events. The group of five- 
prong events listed as “3 or more” pion production 
consists of those events for which the presence or 
absence of one or more neutral outgoing particles 
has not been established. The grouping of the three- 
prong events into the “one or more” pion-production 
classification reflects the lack of analysis of this group. 
In a similar experiment using neutrons from 2.2-Bev 
protons at the Brookhaven Cosmotron, no five-prong 
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events were found among 185 three-prong events. 
The mean available energy in the center-of-mass 
system in the Brookhaven experiment was determined 
to be 720 Mev, whereas in this experiment the avail- 
able center-of-mass energies extend up to 2 Bev. 

Similar evidence for high multiplicities has been 
found in x~-p collisions’ and p-p collisions. Negative 
pions with an average kinetic energy of 4.5 Bev yielded 
three cases of four-or-more meson production in 145 
interactions; 5.3-Bev protons gave two cases of four- 
or-more meson production in 39 interactions. 

The cloud-chamber pictures were scanned by Alfred 
S. Fischler, Mrs. Marjorie E. Isitt, Arthur A. Kemalyan, 
and Joseph H. Wenzel. They were all scanned at least 
three times. 

We are indebted to the members of the Bevatron 
staff for their kind cooperation. 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

+ Also at the University of San Francisco, San Francisco, 
California. 

1 Elliott, Maenchen, Moulthrop, Oswald, Powell, and Wright, 
Rev. Sci. Instr. 26, 696 (1955). 

* Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

3 Maenchen, Powell, Saphir, and Wright, Phys. Rev. 99, 1619 
(1955) 
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